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ÎÏÅÐÀÒÎÐÛ ÌÓËÜÒÈÏËÈÊÀÒÈÂÍÎÉ ÄÈÑÊÐÅÒÍÎÉ
ÑÂÅÐÒÊÈ Ñ ÎÑÖÈËËÈÐÓÞÙÈÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Â ïðîñòðàíñòâå `2 ðàññìîòðèì îïåðàòîð ìóëüòèïëèêàòèâíîé äèñêðåòíîé ñâåðò-
êè

(Hϕ)m =
∞∑
n=1

k(m,n)ϕn, m ∈ N,

ãäå ϕ = {ϕn}∞n=1, à ôóíêöèÿ k(x, y) îïðåäåëåíà íà R+ × R+ è óäîâëåòâîðÿåò ñëå-
äóþùèì óñëîâèÿì:

1◦ k(αx, αy) = α−1k(x, y), ∀α > 0;

2◦ |k(1, y)|y−1/2 ∈ L1(R+);

3◦ |k(1, y)|y1/2 èìååò íà R+ îãðàíè÷åííîå èçìåíåíèå.

Îáîçíà÷èì ÷åðåç A íàèìåíüøóþ C∗-ïîäàëãåáðó C∗-àëãåáðû L(`2), ñîäåðæàùóþ
âñå îïåðàòîðû âèäà λI + H + K, ãäå λ ∈ C, à K � êîìïàêòíûé â `2 îïåðàòîð.
Äàëåå, îïðåäåëèì â ïðîñòðàíñòâå `2 îïåðàòîð Mα, ãäå α ∈ R, ðàâåíñòâîì

(Mαϕ)n = niαϕn, n ∈ N.

Ïóñòü B � C∗-àëãåáðà, ïîðîæäåííàÿ âñåìè îïåðàòîðàìè A èç àëãåáðû A è
âñåìè îïåðàòîðàìè Mα. Äëÿ àëãåáðû B ïîñòðîåíî îïåðàòîðíîå ñèìâîëè÷åñêîå
èñ÷èñëåíèå, â òåðìèíàõ êîòîðîãî ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
íåòåðîâîñòè îïåðàòîðîâ èç ýòîé àëãåáðû.
Íà îñíîâå èññëåäîâàíèÿ C∗-àëãåáðû B äëÿ îïåðàòîðîâ âèäà

B = I +H1 +MαH2,

ãäå H1 è H2 � îïåðàòîðû ìóëüòèïëèêàòèâíîé äèñêðåòíîé ñâåðòêè, ïîëó÷åíî ýô-
ôåêòèâíîå ñêàëÿðíîå óñëîâèå íåòåðîâîñòè è ôîðìóëà äëÿ âû÷èñëåíèÿ èõ èíäåêñà.

A. Almeida (Aveiro, Portugal)
jaralmeida@ua.pt

APPROXIMATION IN MORREY SPACES

We introduce a new subspace of Morrey spaces where the approximation by nice
functions is possible. Consequently a description of the closure of the set of all in�nitely
di�erentiable compactly supported functions is given in Morrey spaces.
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ÊÂÀÇÈÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÀËÃÅÁÐÛ È ÈÕ ÀÂÒÎÌÎÐÔÈÇÌÛ

Êâàçèïåðèîäè÷åñêàÿ àëãåáðà åñòü çàìêíóòàÿ ïîäàëãåáðàA â ïðîñòðàíñòâå îãðà-
íè÷åííûõ ôóíêöèé íà Rm, ïîðîæäåííàÿ êîíå÷íûì ÷èñëîì ýêñïîíåíò ei2π<hj ,x>, ãäå
x ∈ Rm, hj ∈ Rm, è < hj, x > ñêàëÿðíîå ïðîèçâåäåíèå.
Ïóñòü çàäàíà êâàçèïåðèîäè÷åñêàÿ àëãåáðà A0 íà Rm è îòîáðàæåíèå α : Rm →

Rm.
Îñíîâíîé âîïðîñ: äëÿ êàêèõ îòîáðàæåíèé α íàèìåíüøàÿ èíâàðèàíòíàÿ àëãåáðà

A, ñîäåðæàùàÿ A0, òàêæå áóäåò êâàçèïåðèîäè÷åñêîé? Â ÷àñòíîñòè, êàêèå îòîáðà-
æåíèÿ α ïîðîæäàþò àâòîìîðôèçìû çàäàííîé êâàçèïåðèîäè÷åñêîé àëãåáðû? Ýòè
âîïðîñû âîçíèêàþò ïðè èññëåäîâàíèè îïåðàòîðîâ âçâåøåííîãî ñäâèãà, ïðè ïîñòðî-
åíèè ñêðåùåííûõ ïðîèçâåäåíèé è â òåîðèè êâàçèêðèñòàëëîâ.
Ìàòðèöà Q íàçûâàåòñÿ àëãåáðàè÷åñêîé åäèíèöåé, åñëè ñóùåñòâóåò ïîëèíîì

P (t) =
N∑
k=0

akt
k, ãäå ak öåëûå, aN = 1, a0 = ±1 òàêîé, ÷òî P (Q) = 0.

Òåîðåìà 1. Íàèìåíüøàÿ çàìêíóòàÿ äâóñòîðîííå èíâàðèàíòíàÿ ïîäàëãåáðà
A, ñîäåðæàùàÿ A0, ÿâëÿåòñÿ êâàçèïåðèîäè÷åñêîé òîãäà è òîëüêî òîãäà, êîãäà
îòîáðàæåíèå ïðåäñòàâëÿåòñÿ â âèäå α(x) = Qx+ϕ(x), ãäå ìàòðèöà Q ÿâëÿåòñÿ
àëãåáðàè÷åñêîé åäèíèöåé, à îòîáðàæåíèå ϕ(x) êâàçèïåðèîäè÷åñêîå.

Ë È Ò Å Ð À Ò Ó Ð À

1. Àíòîíåâè÷ À.Á., Ãëàç À.Í. Êâàçèïåðèîäè÷åñêèå àëãåáðû, èíâàðèàíòíûå îòíîñèòåëüíîãî ëèíåéíîãî îòîáðàæåíèÿ

// Äîêëàäû ÍÀÍ Áåëàðóñè. 2014. � 5. C. 30�35.

È.Â. Àòëàñîâ (Âîðîíåæ)
mathematic1@rambler.ru

ÏÐÎÑÒÐÀÍÑÒÂÎ ßÄÅÐÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÈÇÎÌÅÒÐÈ×ÍÎ
ÏÎÏÎËÍÅÍÈÞ ÏÐÎÑÒÐÀÍÑÒÂÀ ÊÎÍÅ×ÍÎÌÅÐÍÛÕ

ÎÏÅÐÀÒÎÐÎÂ ÏÎ ÍÅÊÎÒÎÐÎÉ ÍÎÐÌÅ

Ñèìâîëàìè C èD áóäåì îáîçíà÷àòü áàíàõîâû ïðîñòðàíñòâà. Ñèìâîëîì L (C,D)
îáîçíà÷èì ïðîñòðàíñòâî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ T , äåéñòâóþùèõ èç
C â D. Åñëè D = R, òî L (C,D) áóäåì îáîçíà÷àòü ñèìâîëîì C∗. Îáîçíà÷èì ÷åðåç
F (C,D) ëèíåéíîå ìíîãîîáðàçèå â ïðîñòðàíñòâå L (C,D), ñîñòîÿùåå èç ìíîæåñòâà

êîíå÷íîìåðíûõ îïåðàòîðîâ F =
k=n∑
k=1

ck ⊗ dk, ãäå ck ∈ C∗, dk ∈ D, k = 1, . . . , n.
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Îïðåäåëåíèå 1. Îáîçíà÷èì ñèìâîëîì R (C,D), ëèíåéíîå ìíîãîîáðàçèå â ïðî-
ñòðàíñòâå L (C,D), ñîñòîÿùåå èç âñåõ îïåðàòîðîâ T ∈ L (C,D), ïðåäñòàâèìûõ

â âèäå T =
k=n∑
k=1

ck ⊗ dk, ãäå ck ∈ C∗, dk ∈ D, k = 1, . . . òàêèõ ÷òî
k=∞∑
k=1

‖ck‖C∗ ∗

‖dk‖D <∞.
Ñîãëàñíî [1, ÷àñòü 2, ðàçäåë 6.3, òåîðåìà 6.3.2], ïðîñòðàíñòâî R (C,D) ÿâëÿåòñÿ

áàíàõîâûì.

Íà ýëåìåíòàõ T =
k=n∑
k=1

ck ⊗ dk ∈ F (C,D) ðàññìîòðèì ôóíêöèþ

N 0 (T ) = inf
k=n∑
k=1

ck⊗dk

k=n∑
k=1

‖ck‖C∗ ∗ ‖dk‖D ,

ãäå inf áåðåòñÿ ïî âñåì êîíå÷íûì ïðåäñòàâëåíèÿì îïåðàòîðà T èç ïðîñòðàíñòâà
F (C,D). Ñîãëàñíî [1, ÷àñòü 2, ðàçäåë 6.8, òåîðåìà 6.8.2], ôóíêöèÿ N 0 ÿâëÿåòñÿ
íîðìîé íà îïåðàòîðíîì èäåàëå F (C,D).

Îïðåäåëåíèå 2. Îáîçíà÷èì ñèìâîëîì G (C,D) áàíàõîâî ïðîñòðàíñòâî, ÿâëÿ-
þùååñÿ àáñòðàêòíûì ïîïîëíåíèåì ëèíåéíîãî ìíîãîîáðàçèÿ F (C,D) â ïðîñòðàí-
ñòâå L (C,D) ïî íîðìå N 0.

Òåîðåìà 1. Ïóñòü C è D � ïðîèçâîëüíûå áàíàõîâû ïðîñòðàíñòâà, òîãäà
ïðîñòðàíñòâà G (C,D) è R (C,D) âëîæåíû â ïðîñòðàíñòâî L (C,D) è èçîìåò-
ðè÷íû.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ïè÷ A. Îïåðàòîðíûå èäåàëû. Ì.: Ìèð, 1982.

2. Êðåéí Ñ. Ã. Èíòåðïîëÿöèÿ ëèíåéíûõ îïåðàòîðîâ. Ì.: Íàóêà, 1976.

È.Â. Áàðàí (Ñèìôåðîïîëü)
matemain@mail.ru

ÑÈÌÌÅÒÐÈ×ÅÑÊÈÅ ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ È ÑÎÏÐßÆÅÍÍÀß
ÝÊÑÒÐÅÌÀËÜÍÀß ÇÀÄÀ×À

Íåêîòîðîå âðåìÿ íàçàä áûëî ââåäåíî ïîíÿòèå êîìïàêòíîãî ñóáäèôôåðåíöèàëà,
êîòîðîå íàøëî ñåðüåçíûå ïðèëîæåíèÿ â òåîðèè âåêòîðíîãî èíòåãðèðîâàíèÿ è â
âàðèàöèîííîì èñ÷èñëåíèè [1]. Â äàëüíåéøåì åñòåñòâåííîé ñòàëà çàäà÷à îáîáùåíèÿ
òåîðèè êîìïàêòíûõ ñóáäèôôåðåíöèàëîâ íà ñèììåòðè÷åñêèõ ñëó÷àé.
Äàííàÿ ðàáîòà ïîñâÿùåíà ñèììåòðè÷åñêèì ñóáâàðèàöèÿì âàðèàöèîííûõ ôóíê-

öèîíàëîâ, ïîñòðîåííûõ íà äðóãîé îñíîâå, ÷åì îáû÷íûå ñóáâàðèàöèè. Ñèììåòðè-
÷åñêèå õàðàêòåðèñòèêè ôóíêöèîíàëîâ, òåðÿÿ öåíòðèðîâàííîñòü, òåðÿþò è ïðÿìóþ
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ñâÿçü ñ ýêñòðåìóìàìè. Îäíàêî îêàçûâàåòñÿ, ÷òî â òî÷êå óæå íàéäåííîãî ýêñòðå-
ìóìà ìîæíî ïîñòàâèòü ¾ñîïðÿæåííóþ ýêñòðåìàëüíóþ çàäà÷ó¿ � çàäà÷ó âû÷èñëå-
íèÿ îïòèìàëüíîãî íàïðàâëåíèÿ ïåðåõîäà ÷åðåç ýêñòðåìóì, è ðåøàåòñÿ îíà èìåííî
ìåòîäàìè ñèììåòðè÷åñêîãî àíàëèçà. Ýòè ðåçóëüòàòû îò÷àñòè îïóáëèêîâàíû â ðà-
áîòàõ [2], [3].
Òåðìèí ¾ñîïðÿæåííàÿ ýêñòðåìàëüíàÿ çàäà÷à¿ ìû áóäåì ïîíèìàòü â ñëåäóþùåì

îáùåì ñìûñëå.

1) Ïðåäïîëîæèì, ÷òî äëÿ çàäàííîãî ôóíêöèîíàëà Φ(y) çàäà÷à îïðåäåëåíèÿ òî÷-
êè ëîêàëüíîãî ýêñòðåìóìà óæå ðåøåíà: y0 � òî÷êà ýêñòðåìóìà Φ.

2) Ïîñòàâèì òåïåðü ñëåäóþùóþ çàäà÷ó: îòûñêàòü ¾îïòèìàëüíîå¿ íàïðàâëåíèå
ïåðåõîäà ÷åðåç ýêñòðåìóì.

Ýòó îïòèìàëüíîñòü ìû ñâÿçûâàåì, âî-ïåðâûõ, ñ ¾ëîêàëüíîé àñèììåòðèåé¿, à
âî-âòîðûõ, ñ ¾ëîêàëüíûì ýêñöåññîì¿ â òî÷êå ýêñòðåìóìà.

Ë È Ò Å Ð À Ò Ó Ð À
1. Îðëîâ È.Â. Ââåäåíèå â ñóáëèíåéíûé àíàëèç // Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ. 2014.

Ò. 53. C. 64�132.
2. Îðëîâ È.Â., Áàðàí È.Â. Ââåäåíèå â ñóáëèíåéíûé àíàëèç � 2: Ñèììåòðè÷åñêèé âàðèàíò // Ñîâðåìåííàÿ ìàòåìàòèêà.

Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ. 2015. Ò. 57. C. 108�161.

3. Îðëîâ È.Â., Áàðàí È.Â., Öûãàíêîâà À.Â. Îñíîâû ñóáëèíåéíîãî àíàëèçà � 4: Ñóáãëàäêèå âàðèàöèîííûå çàäà÷è //

Ñîâðåìåííàÿ ìàòåìàòèêà. Ôóíäàìåíòàëüíûå íàïðàâëåíèÿ. 2016 (â ïå÷.).

R.H. Barkhudaryan (Yerevan, Armenia)
rafayel@instmath.sci.am

ITERATIVE SCHEME FOR AN NON-LOCAL OBSTACLE LIKE
PROBLEM

This work is based on a joined work with M. Jur�a�s and M. Salehi [3].

Here we consider a non local free boundary problem formulated as a Hamilton-Jacobi
equation: {

min(−Lu(x) + f(x), u(x)− u(−x)− ψ(x)) = 0, x ∈ Ω,

u(x) = g(x), x ∈ ∂Ω,
(1)

where Ω ⊂ Rn (n ≥ 2) is a bounded symmetric domain such that if x ∈ Ω then
−x ∈ Ω, f ∈ C(Ω), g ∈ C(∂Ω) and ψ ∈ C2(Ω).
As mentioned above we consider stationary case, i.e. the operator L is an elliptic

operator of the form

Lu = aij(x)Diju+ bi(x)Diu+ c(x)u, ai,j = aj,i,
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where the coe�cients ai,j, bi, c are assumed to be continues and the matrix [ai,j(x)]
is positive de�nite for all x ∈ Ω. Additionally we assume that the coe�cients are
�symmetric� in the domain Ω i.e. the operator applied to the function u(−x) should
be the same as operator applied to the function u at point −x.
It is easy to check that if u is a solution to equation (1), then u(−x) is a solution to

the re�ected problem, i.e. all ingredients are re�ected accordingly. Hence one has

u(x) ≥ u(−x) + ψ(x) ≥ u(x) + ψ(−x),

and in particular ψ(x) + ψ(−x) ≤ 0 is forced as a condition for an existence theory.
Our aim here is to construct, through an increasing iterative scheme, a solution of

the above problem. The scheme consists of a sequence of obstacle problems at each
step that eventually converge to the solution.

R E F E R E N C E S
1. Scheinkman JA, Xiong W. Overcon�dence and speculative bubbles. // Journal of Political Economy. 2003, Applicable

Analysis, 2003, 111(6), pp. 1183�1220.
2. Berestycki H, Monneau R, Scheinkman JA. A non-local free boundary problem arising in a theory of �nancial bubbles.

// Philos Trans R Soc Lond Ser A Math Phys Eng Sci. 2014;372(2028):20130404, 36.

3. Barkhudaryan R, Jur�a�s M, Salehi, M Iterative scheme for an elliptic non-local free boundary problem. // 2015, Applicable

Analysis, pp. 1�13.

A.G. Baskakov (Voronezh State University, Russia)
anatbaskakov@yandex.ru

HARMONIC AND SPECTRAL ANALYSIS OF BOUNDED
SEMIGROUPS OF OPERATORS 1

Let X be complex Banach space and EndX be a Banach algebra of bounded linear
operators acting on X .
By Cb = Cb(J,X ) denote the Banach space of bounded continuous functions on J =

{R+,R}. By Cb,u = Cb,u(J,X ) denote the subspace of Cb(J,X ) of uniform continuous
functions and let C0 = C0(J,X ) be subspace of Cb(J,X ) the vanishing at in�nity
functions.
Let (S(τ)x)(t) = x(t + τ), t ∈ J, x ∈ Cb(J,X ), be a semigroup (group) of shift

operators.

De�nition 1. The number ω ∈ J is called ε -period at in�nity of x ∈ Cb(J,X ) if
there exist a compact set K = Kε ⊂ R such that sup

t∈JrKε

∥∥x(t+ ω)− x(t)
∥∥
X
< ε.

By Ω∞(ε, x) denote a set of ε -periods at in�nity of function x.
1 Ministry of Science and Education of Russia within the framework of a government request in the sphere of scienti�c activity for

2014-2016 (project no. 1110).



¾Ñîäåðæàíèå¿

Ôóíêöèîíàëüíûé àíàëèç è òåîðèÿ îïåðàòîðîâ 17

De�nition 2. A function x ∈ Cb,u is called almost periodic at the in�nity (in Bohr
sense) if for each ε > 0 there exists l = l(ε) > 0 such that each interval of length l
includes at least one point of Ω∞(ε, x).

Theorem 1. Let T : R+ → EndX be bounded strongly continuous semigroup of
operators with generator A. Spectrum of A has property σ(A)∩ (iR) = {iλ1, . . . , iλm}.
Then semigroup T can be represented as T (t) =

∑m
k=1Bk(t)e

iλkt + B0(t), t > 0,
where functions Bk : R → EndX are continuous in uniform operator topology and
the functions T (t)x : R+ → X , x ∈ X , are almost periodic at in�nity. Functions Bk,
0 6 k 6 m, have the following properties:
1) Operators Bk(t), t0 6 t 0 6 k 6 m belong minimal closed subalgebra from

EndX generated by operators T (t), t > t0.
2) lim

t→∞
‖B0(t)‖ = 0.

3) Functions Bk, 1 6 k 6 m are slowly varying at in�nity and can be extended on
C to entire functions of exponential type with lim

t→∞
‖B′k(t)‖ = 0.

4) lim
t→∞
‖T (t)Bk(t)− eiλktBk(t)‖ = 0.

5) lim
t→∞
‖Bk(t)Bp(t)‖ = 0, k 6= p.

E. Bakhtigareeva (Moscow, Russia)
salykai@yandex.ru

AN OPTIMAL IDEAL SPACE FOR A CONE OF GENERALIZED
DOUBLY MONOTONIC FUNCTIONS

Let T0 ∈ (0,∞], Y = Y (0, T0) be an ideal space (shortly: IS), generated by an
ideal quasinorm (shortly: IQN) ρ such that ρ is coordinated with the following order
relation: for f, g ∈M+(0, T0)

f ≺ g ⇔
t∫

0

fdτ ≤
t∫

0

gdτ, t ∈ (0, T0). (1)

Let us �x β ∈ (0, 1) and consider a cone

K0 =

h ∈ Y : h ≥ 0; t−1

t∫
0

hdτ ↓, t−β
t∫

0

hdτ ↑

 , (2)

equipped with the functional ρ :

ρK0
(h) = ρ(h), h ∈ K0. (3)
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Consider the operator A0 : M(0, T0)→M+(0, T0)

(A0f)(t) =

∥∥∥∥∥∥τ−β(t+ τ)β−1

τ∫
0

|f |dξ

∥∥∥∥∥∥
L∞(0,T0)

, t ∈ (0, T0) (4)

(norm in L∞(0, T0) is taken by τ ).

Theorem 1. Let Y = Y (0, T0) be an IS, generated by an IQN ρ, which is coordinated
with order relation (1). Let K0 be a cone (2). For f ∈M+(0, T0) consider the functional
ρ0(f) = ρ(A0f). Here A0f is an operator (4).
Òhen, ρ0 is an IQN, coordinated with order relation (1), ànd space

X0 = X0(0, T0) = {f ∈M(0, T0) : ρ0(|f |) <∞} ,

generated by ρ0, is an IS, moreover X0 ⊂ Y and X0 is an optimal IS with the norm,
coordinated with order relation (1) for the embedding K0 7−→ X.

R E F E R E N C E S
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V. I. Burenkov, T.V. Tararykova M.V. (Moscow, Russia; Cardi�, United
Kingdom)
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AN ANALOGUE OF YOUNG'S INEQUALITY FOR CONVOLUTIONS

FOR GENERAL MORREY-TYPE SPACES

Let B(x, r) denote the open ball in Rn of radius r > 0 centered at a point x ∈ Rn,
0 < p, θ ≤ ∞ and let w be a non-negative Lebesgue measurable function on (0,∞).
The global Morrey-type space GMpθ,w(·) ≡ GMpθ,w(·)(Rn) is the space of all functions
f Lebesgue measurable on Rn with �nite quasi-norm

‖f‖GMpθ,w(·) = sup
x∈Rn

∥∥w(r)‖f‖Lp(B(x,r))

∥∥
Lθ(0,∞)

.

If θ =∞ and w(·) = r−λ, then for 0 < λ ≤ n
p

GMp∞,r−λ ≡Mλ
p

is the classical Morrey space.
For Lebesgue measurable functions f1, f2 consider their convolution

(f1 ∗ f2)(x) =

∫
Rn

f1(x− y)f2(y)dy , x ∈ Rn .
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Under minimal natural assumptions on functions w1 and w2 holds the following
analogue of Young's inequality. Let

1 ≤ p1, p2 ≤ p ≤ ∞, p1 ≤ θ1 ≤ ∞, p2 ≤ θ2 ≤ ∞, 0 ≤ α1, α2 ≤ 1 ,

1

p1
+

1

p2
=

1

p
+ 1,

α1

p1
+
α2

p2
=

1

p
,

α1

θ1
+
α2

θ2
=

1

θ
,

w(r) = wα1
1 (r)wα2

2 (r), r > 0 .

Then

‖f1 ∗ f2‖GMpθ,w(·)
≤ ‖f1‖

α1

GMp1θ1,w1(·)
‖f1‖

1−α1

Lp1
‖f2‖

α2

GMp2θ2,w2(·)
‖f2‖

1−α2

Lp2
.

In particular, for 0 ≤ λ1 ≤ n
p1
, 0 ≤ λ2 ≤ n

p2

‖f1 ∗ f2‖
M
α1λ1+α2λ2
p

≤ ‖f1‖
α1

M
λ1
p1

‖f2‖
α2

M
λ2
p2

.

E. Burtseva (Lule�a, Sweden) and N. Samko (Lule�a, Sweden)
Evgeniya.Burtseva@ltu.se, Natasha.Samko@ltu.se

ON THE WEIGHTED BOUNDEDNESS OF POTENTIAL
OPERATORS IN MORREY TYPE SPACES

Let 0 < α < n, 1 < p < n
α . The Riesz potential operator is de�ned by the following

formula:

Iαf(x) =

∫
Rn

f(t) dt

|x− t|n−α
, 0 ≤ α < n.

Let w ∈ V µ
− ∪ V

µ
+ , µ = min{1, n−α}. The de�nition of the classes V µ

± you can see,
for instance, in [L.E.Persson, N.Samko, 2011].
In this talk we present our recent results on the boundedness of the weighted Riesz

potential operator wIα 1
w from the generalized Morrey space Lp,ϕ(Rn) to Orlicz-Morrey

space LΦ,ϕ(Rn).
Due to the classes of the weights we use in our study, the weighted potential operator

is point wisely estimated by non-weighted one and some weighted Hardy operators.
Thus the question of the boundedness of the weighted potential operator is reduced to

the question of the boundedness of the non-weighted one and weighted Hardy operators
in such spaces.
There are known results on the boundedness of the weighted or non-weighted potential

operators in generalized Morrey spaces. We refer, for instance, to the paper [L.E.Persson,
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N.Samko, 2011] and the references therein. But later we discovered that it is more
natural to study such a boundedness from generalized Morrey spaces to Orlicz-Morrey
spaces.
There are also known results on the bondedness of potential operators in Olrlicz-

Morrey spaces, but only under Spanne type conditions, we refer to the papers of V.
Guliev and others, for instance [Guliyev V. and Deringoz F., 2014]. Our aim is to study
the weighted potential operator in such spaces but in terms of Adam's type setting,
which, as it is known, are more precise. The paper with our new results is submitted
for publication.

Á. Ã. Âàêóëîâ, Þ.Å. Äðîáîòîâ (Ðîñòîâ-íà-Äîíó)
bvak1961@bk.ru, yu.e.drobotov@yandex.ru

Î ÄÅÉÑÒÂÈÈ ÏÎÒÅÍÖÈÀËÎÂ ÐÈÑÑÀ ÁÎËÜØÈÕ
ÏÅÐÅÌÅÍÍÛÕ ÏÎÐßÄÊÎÂ Â ÂÅÑÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

ËÅÁÅÃÀ

Â ðàìêàõ ïðåäñòàâëåííîé ðàáîòû ðàññìîòðåí ïîòåíöèàë Ðèññà ïåðåìåííîãî ïî-
ðÿäêà, èìåþùèé âèä (

Iα(·)f
)

(x) =

∫
Ω

f(y)

|x− y|n−α(x)
dy,

ãäå ∀x ∈ Ω α(x) 6= n, n+ 2, n+ 4, .... Â êà÷åñòâå Ω ðàññìîòðåíû n−ìåðíàÿ ãèïåð-
ñôåðà Sn è ïðîñòðàíñòâî Ṙn+1 = Rn+1 ∪ {∞}.
Â ðàáîòå [1] èññëåäîâàëèñü óñëîâèÿ îãðàíè÷åííîñòè îïåðàòîðà Iα(·) â îáîáùåí-

íûõ ïðîñòðàíñòâàõ Ãåëüäåðà ñ ïåðåìåííîé õàðàêòåðèñòèêîé Hω(·) (Sn), ñîñòîÿ-
ùèõ, êàê èçâåñòíî, èç ôóíêöèé f , íåïðåðûâíûõ íà Sn è òàêèõ, ÷òî ∀x ∈ Sn
Mr (f, t, x) ≤ cω(t, x), ãäåMr (f, t, x) � ëîêàëüíûé ìîäóëü íåïðåðûâíîñòè ôóíêöèè
f(x), t ∈ T ⊆ R, à ïîñòîÿííàÿ c > 0 íå çàâèñèò îò x è t.
Öåíòðàëüíûì ðåçóëüòàòîì èññëåäîâàíèÿ, ïðåäñòàâëåííîãî íàñòîÿùèì äîêëà-

äîì, ÿâëÿþòñÿ òåîðåìû òèïà Õàðäè�Ëèòòëâóäà�Ñîáîëåâà îá îãðàíè÷åííîì äåé-
ñòâèè îïåðàòîðà Iα(·) èç Lp (Sn, ρ1) â âåñîâîå ïðîñòðàíñòâî ïåðåìåííîé ãåëüäåðî-
âîñòè Hω(·) (Sn, ρ2), ãäå ω(x, t) = tλ(x), λ(x) = α(x) − n

p < 1, ρ1 è ρ2 � âåñîâûå
ðàäèàëüíî îñöèëëèðóþùèå ôóíêöèè èç ñïåöèàëüíûõ ôóíêöèîíàëüíûõ êëàññîâ
òèïà Çèãìóíäà�Áàðè�Ñòå÷êèíà.
Ñ ïðèìåíåíèåì ñòåðåîãðàôè÷åñêîé ïðîåêöèè äîêàçûâàþòñÿ àíàëîãè÷íûå ðå-

çóëüòàòû äëÿ ñëó÷àÿ Ω = Rn+1 â òåðìèíàõ ââåäåííûõ â [2] âåñîâûõ êëàññîâ.
Ë È Ò Å Ð À Ò Ó Ð À

1. N. Samko, B. Vakulov, Spherical fractional and hypersingular integrals of variable order in generalized H�older spaces with
variable characteristic // Math. Nachr., 2011. Vol. 284, Issue 2�3. Pp. 355�369.
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2. Á. Ã. Âàêóëîâ, Þ.Å. Äðîáîòîâ, Ïîòåíöèàëû Ðèññà ïåðåìåííîãî ïîðÿäêà ïî Rn â ïðîñòðàíñòâàõ îáîáùåííîé è

ïåðåìåííîé ãåëüäåðîâîñòè ñî ñïåöèàëüíûìè âåñàìè // Ìåõìàò: ñòóäåí÷åñêàÿ íàóêà � 2015. Ðîñòîâ-íà-Äîíó: Èçäàòåëüñòâî

Þæíîãî ôåäåðàëüíîãî óíèâåðñèòåòà, 2015. Ñ. 78�80.

A.M. Golovina, D. Borisov, P. Exner (Moscow, Russia)
nastya_gm@mail.ru

THE RESONANCES OF THE LAPLACIAN IN A WAVEGUIDE WITH
NONLOCAL PERTURBATIONS OF BOUNDARY CONDITIONS

Let Π := {x : −∞ < x1 < +∞, 0 < x2 < π} ⊂ R2, γ+ := {a < x1 < `+, x2 = 0},
γ− := {−`− < x1 < −a, x2 = 0} where a > 0 , `± are some �xed constants. The
remaining part of the lower boundary Π consisting of three intervals separated by
γ± we denote as Γ, and the whole upper boundary as γ. We consider the general

problem (−∆ − λ)u = 0, u|γ± = 0, u|γ = 0, ∂u
∂x2

∣∣∣
Γ

= 0, with the behavior at in�nity

prescribed as u(x) = C+e
i
√
λ− 1

4x1 cos x2

2 + O(e−Re
√

9
4−λx1) for x1 → +∞, u(x) =

C−e
−i
√
λ− 1

4x1 cos x2

2 + O(eRe
√

9
4−λx1) for x1 → −∞. The choice of the square-root

branch is �xed by the relation
√

1 = 1, furthermore C± are some constants and λ ∈ C
is the spectral parameter. The main object of our interest are resonances (the values
of λ, for which the general problem has a nontrivial solution) of the general problem
situated in the lower complex halfplane in the vicinity of the segment [1

4 , 1] for large
values of the barrier lengths `±, in particular, their asymptotic behavior as those lengths
tend to in�nity.
To formulate of main result we need additional problem: −∆ψ = λψ, ψ|γ = 0,

ψ|γa = 0, ∂ψ
∂x2

∣∣∣
Γa

= 0, Γa := {|x1| < a, x2 = 0}, γa is the remaining part of the lower
boundary Π. It is well known [1] that the additional problem has for any a > 0 a
nonempty discrete spectrum consisting of a �nite number of eigenvalues λj ∈ (1

4 , 1),
j = 1, . . . , n.

Theorem 1. For all `± large enough there is a unique resonance  Lj of the general
problem in the vicinity of each point λj, j = 1, . . . , n, and a unique nontrivial solution
of equation of the general problem corresponds to  Lj. The corresponding resonance
asymptotics is given by the formula

Λj(`) = λj − kjπ
√

1− λj|Ψj|2
(

e−2
√

1−λj `+ + e−2
√

1−λj `−
)

+O
(
`2

+ e−3
√

1−λj `+ + `2
− e−3

√
1−λj `−

)
, where kj ∈ C, Ψj ∈ R\{0}.
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R E F E R E N C E S

1. Borisov D., Exner P. and Gadyl'shin R. Geometric coupling thresholds in a two-dimensional strip // Journal of

Mathematical Physics. 2002. V. 43, �12. Ñ. 6265�6278.

M. Goldman (Moscow, Russia)
seulydia@yandex.ru

ESTIMATES FOR THE NORMS OF MONOTONE OPERATORS ON
WEIGHTED ORLICZ-LORENTZ CLASSES

For monotone operator P we consider the restriction on the cone Ω of nonnegative
decreasing functions in the weighted Orlicz space LΦ,ν with general weight ν and general
Young function Φ where the norm is given by

‖f‖Φ,ν = inf

λ > 0 :

∞∫
0

Φ
(
λ−1|f(x)|

)
ν(x)dx ≤ 1

 .

For ideal space Y we obtain the order-sharp estimates of the norm

‖P‖Ω→Y = sup
{
‖Pf‖Y : f ∈ Ω; ‖f‖Φ,ν ≤ 1

}
.

By the appropriate discretization procedure the problem has been reduced to the
estimates of operator P on some cone of nonnegative step - functions. Also we obtain
the related estimates for the norm ‖P‖ΛΦ,ν→Y where ΛΦ,ν is the weighted Orlicz-Lorentz
class with ‖f‖ΛΦ,ν

= ‖f ∗‖Φ,ν . Here f
∗ is the decreasing rearrangement of f with respect

to Lebesgue measure on (0,∞). As an application we give sharp description of the
associate (Köthe-dual) space Λ

′

Φ,ν .

R E F E R E N C E S

1. Krein S.G., Petunin YU. I., Semenov E.Ì. Interpolation of linear operators. Nauka, M., 1978 (in Russian).

B. I. Golubov (Moscow, Russia)
golubov@mail.mipt.ru

DYADIC DERIVATIVES AND INTEGRALS

The notion of dyadic derivative was introduced by J.E. Gibbs in 1967. Since then this
notion was generalized in various directions. Also was introduced and studied the dyadic
integral. The big contribution to the theory of dyadic di�erentiation and integration
was inserted by P.L. Butzer and his pupils. In detail the properties of dyadic derivatives
and integrals of natural or fractional positive order are considered in the monograph
[1]. Now the bibliography on dyadic derivatives and dyadic integrals contains more then
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200 references (see [2], [3]). In our talk we will formulate the results related to dyadic
derivatives and integrals.

R E F E R E N C E S
1. Golubov B. I. Elements of dyadic analysis (in Russian). LKI Publishers, Moscow, 2016. � 208 p.
2. Stancovic R. S., Butzer P. L., Shipp F., Wade W.R., Su W., Endow Y., Fridli S., Golubov B. I., Pichler F. Dyadic Walsh

analysis from 1924 onwards Walsh-Gibbs-Butzer dyadic di�erentiation in science, vol. 1: Foundations. Atlantis Press, Paris, 2015.
� 455 p.

3. Stancovic R. S., Butzer P. L., Shipp F., Wade W.R., Su W., Endow Y., Fridli S., Golubov B. I., Pichler F. Dyadic Walsh

analysis from 1924 onwards Walsh-Gibbs-Butzer dyadic di�erentiation in science, vol. 2: Extensions and Generalizations. Atlantis

Press, Paris, 2015. � 360 p.

À.Ï. Ãðèíüêî (Áðåñò)
agrinko_1999@yahoo.com

ÎÁÎÁÙ�ÍÍÛÅ ÈÍÒÅÃÐÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß ÒÈÏÀ ÀÁÅËß

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ðåøåíèþ îáîáùåííûõ óðàâíåíèé Àáåëÿ âèäà:(
ρ−βe−νρΦα, β, γ, ν

a+ φ
)

(x) ≡

≡ (x− a)−β

Γ (α) eν(x−a)

x∫
a

Φ1

(
γ, β; α;

x− t
x− a

; ν (x− t)
)

φ (t) dt

(x− t)1−α = f (x) , (1)

Φ1 (γ, β; α; w; z) =
+∞∑
i, k=0

(γ)i+k (β)i
(α)i+k

zk

k!

wi

i!
, |w| < 1, |z| < +∞ (2)

- ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ãóìáåðòà.
Â äàííîé ðàáîòå ïîëó÷åíû ÿâíûå ðåøåíèÿ èíòåãðàëüíûõ óðàâíåíèé (1) â ïðî-

ñòðàíñòâå ñóììèðóåìûõ ôóíêöèé, â îêðåñòíîñòè êîíå÷íîé òî÷êè âåùåñòâåííîé
îñè, âûðàæàåìûå â òåðìèíàõ ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé (2):(

ρ−βe−νρΦα, β, γ, ν
a+ f

)−1

(x) =
1

Γ (1− α)

d

dx

(
eνρρβ

x∫
a

Φ1

(
1− α + γ, −β; 1− α;

x− t
x− a

; −ν (x− t)
)
f (t) dt

(x− t)α

 . (3)

Òåîðåìà. Ïóñòü 0 < α < 1, −∞ < a < b < +∞, γ, β, ν ∈ R. Äëÿ òîãî ÷òîáû
óðàâíåíèÿ òèïà Àáåëÿ (1) èìåëè è ïðè òîì åäèíñòâåííîå ñóììèðóåìîå ðåøåíèå
íà îòðåçêå çàäàâàåìûå ðàâåíñòâàìè (3) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ρβΦ1−α,−β,1−α+γ,−ν
a+ f (x) ∈ AC [a; b] , ρβΦ1−α,−β,1−α+γ,−ν

a+ f (a) = 0.
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1. Ñàìêî Ñ. Ã., Êèëáàñ À.À., Ìàðè÷åâ Î.È. Èíòåãðàëû è ïðîèçâîäíûå äðîáíîãî ïîðÿäêà è íåêîòîðûå èõ ïðèëîæåíèÿ

// Ìí.,(1987).

S.M. Grudsky (Russia, Mexico)
grudsky@math.cinvestav.mx

UNIFORM INDIVIDUAL ASYMPTOTICS FOR THE EIGENVALUES
AND EIGENVECTORS OF LARGE TOEPLITZ MATRICES

The asymptotic behavior of the spectrum of large Toeplitz matrices has been studied
for almost one century now. Among this huge work, we can �nd the Szeg�o theorems on
the eigenvalue distribution and the asymptotics for the determinants, as well as other
theorems about the individual asymptotics for the smallest and largest eigenvalues.
Results about uniform individual asymptotics for all the eigenvalues and eigenvectors

appeared only �ve years ago. The goal of the present lecture is to review this area, to
talk about the obtained results, and to discuss some open problems.
This review is based on joint works with Manuel Bogoya, Albrecht B�ottcher, and

Egor Maximenko.

O.A. Ivanova (Rostov on Don, Russia)
ivolga@sfedu.ru

S.N. Melikhov (Rostov on Don, Vladikavkaz, Russia)
melih@math.rsu.ru

ON THE COMPLETENESS OF ORBITS OF A POMMIEZ OPERATOR

We study cyclic vectors of a Pommiez operator associated with a function g0 which
is given by

D0,g0
(f)(t) :=

{
f(t)−g0(t)f(0)

t , t 6= 0,

f ′(0)− g′0(0)f(0), t = 0.

Here a function g0 with g0(0) = 1 belongs to some weighted (LF)-space E of entire
functions. The operatorD0,g0

is linear and continuous in E. We prove abstract su�cient
and necessary conditions for the completeness of the system {Dn

0,g0
(f) : n ≥ 0} in E

and apply them to the space EQ := E which is the realization (with the help of the
Laplace transform) of the strong dual of the (PLB)-spaceH(Q) of germs of all functions
analytic on a convex locally closed set Q ⊂ C containing 0.
Let eλ(z) := exp(λz), λ, z ∈ C. The main result is the following statement.
Theorem. (I) Suppose that the function g0 has in�nitely many zeros. The following

assertions are equivalent:
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(i) f is a cyclic vector of D0,g0
in EQ.

(ii) Functions f and g0 do not have common zeros.
(II) Suppose that g0 = Peλ for some λ ∈ Q and some polynomial P with P (0) = 1.

The following assertions are equivalent:
(i) f is a cyclic vector of D0,g0

in EQ.
(ii) Functions f and g0 do not have common zeros and f is not a function of the form
Reλ where R is a polynomial.

As a consequence we describe proper closed D0,g0
-invariant subspaces of EQ when

the function g0 has no zeros.

À.Ñ. Êàëèòâèí, À.È. Èíîçåìöåâ (Ëèïåöê)
kalitvinas@mail.ru, inozemcev.a.i@gmail.com

Î ÔÐÅÄÃÎËÜÌÎÂÎÑÒÈ ÎÄÍÎÃÎ ÊËÀÑÑÀ ÎÏÅÐÀÒÎÐÎÂ Ñ
ÌÍÎÃÎÌÅÐÍÛÌÈ ×ÀÑÒÍÛÌÈ ÈÍÒÅÃÐÀËÀÌÈ 1

Â ðàáîòå ðàññìàòðèâàåòñÿ îïåðàòîð I −K, ãäå K = K1 +K2 +K12,

(K1x)(t1, t2, t3) =

∫ b

a

k1(t1, t2, t3, τ1)x(τ1, t2, t3) dτ1,

(K2x)(t1, t2, t3) =

∫ d

c

k2(t1, t2, t3, τ2)x(t1, τ2, t3) dτ2,

(K12x)(t1, t2, t3) =

∫ b

a

∫ d

c

k12(t1, t2, t3, τ1, τ2)x(τ1, τ2, t3) dτ1dτ2.

Ïóñòü ÿäðà k1, k2, k12 íåïðåðûâíû, òîãäà îïåðàòîðû K1, K2, K12 äåéñòâóþò â
C(D) = C([a, b] × [c, d] × [e, f ]) [1]. Èç îáðàòèìîñòè îïåðàòîðîâ I −K1, I −K2 â
C(D), ñëåäóåò, ÷òî I − K = (I − K1)(I − K2)(I − (I − K2)

−1(I − K1)
−1(K1K2 −

K12)) è (I − K1)
−1 = I + Rk1

, (I − K2)
−1 = I + Rk2

, ãäå (Rk1
x) (t1, t2, t3) =∫ b

a rk1
(t1, t2, t3, τ1) x(τ1, t2, t3) dτ1, (Rk2

x)(t1, t2, t3) =
∫ d
c rk2

(t1, t2, t3, τ2)x(t1, τ2, t3) dτ2.
Òîãäà I − K = I − H, ãäå H = K1K2 − K12 + Rk2

K1K2 − Rk2
K12 + Rk1

K1K2 −
Rk1

K12 +Rk2
Rk1

K1K2 −Rk2
Rk1

K12.

Ñïðàâåäëèâà

Òåîðåìà. Â C(D) ôðåäãîëüìîâîñòü îïåðàòîðà I −K ñ íåïðåðûâíûìè ÿäðàìè
ðàâíîñèëüíà åãî îáðàòèìîñòè è îáðàòèìîñòè îïåðàòîðîâ I−K1, I−K2 è I−H.
Çàìåòèì, ÷òî îïåðàòîð K ïðèíöèïèàëüíî îòëè÷àåòñÿ îò îïåðàòîðà (K̃x)(t, s) =∫

T k1(t, s, τ) x(τ, s) dτ +
∫
S k2(t, s, σ) x(t, σ) dσ+

∫∫
T×S k3(t, s, τ, σ) x(τ, σ) dτdσ, ðàñ-

ñìîòðåííîãî â [1], ò.ê. ôðåäãîëüìîâîñòü â C(T × S) îïåðàòîðà I − K̃ ñ íåïðåðûâ-
íûìè ÿäðàìè è êîìïàêòíûìè ìíîæåñòâàìè T è S ñ íåïðåðûâíûìè ëåáåãîâûìè

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíîáðíàóêè Ðîññèè (Ãîñçàäàíèå, ïðîåêò � 2015/351, ÍÈÐ � 1815).
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ìåðàìè ðàâíîñèëüíà îáðàòèìîñòè îïåðàòîðîâ I − K1 è I − K2, ãäå K1 è K2 �
îïåðàòîðû ñ ÿäðàìè k1(t, s, τ) è k2(t, s, σ).

Ë È Ò Å Ð À Ò Ó Ð À

1. Êàëèòâèí À.Ñ., Êàëèòâèí Â.À. Èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà è Âîëüòåððà-Ôðåäãîëüìà ñ ÷àñòíûìè èíòå-

ãðàëàìè. � Ëèïåöê: ËÃÏÓ, 2006. � 177 ñ.

L.P. Castro (Aveiro, Portugal)
castro@ua.pt

CONVOLUTION TYPE OPERATORS WITH SYMMETRY IN BESSEL
POTENTIAL SPACES

Convolution type operators with symmetry appear naturally in boundary value
problems for elliptic PDEs in symmetric or symmetrizable domains. They are de�ned as
truncations of translation invariant operators in a scale of Bessel potential spaces that
are convolutionally similar to subspaces of even or odd functionals. We will consider
a class of these operators which is closely related to the Helmholtz equation in a
quadrant, where a possible solution is symmetrically extended to a half-plane. For
such operators, we will present characterizations of their normal solvability, Fredholm
property, generalized (and one-sided) invertibility. For the situation where we do not
have the Fredholm property, a normalization procedure is introduced. Moreover, an
asymmetric factorization is also proposed. This turns possible the representation of
consequent resolvent operators in closed analytic form. The talk is based on joint works
with F.-O. Speck.

À.Â. Êîçàê, Á.ß. Øòåéíáåðã, Î.Á. Øòåéíáåðã (Þæíûé
ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)

avkozak@aaanet.ru idento@mail.ru borsteinb@mail.ru
olegsteinb@gmail.com

ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÅÉ ÏÐÈ ÐÅØÅÍÈÈ ÓÐÀÂÍÅÍÈß
ÑÂÅÐÒÊÈ ÄËß ÂÎÑÑÒÀÍÎÂËÅÍÈß ÑÌÀÇÀÍÍÛÕ

ÈÇÎÁÐÀÆÅÍÈÉ.

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ñìàçàííîãî èçîáðàæåíèÿ, êî-
ãäà õàðàêòåð ñìàçà èçâåñòåí. Â ïðîñòåéøåì ñëó÷àå ýòî ðàâíîìåðíûé ãîðèçîíòàëü-
íûé ñìàç èçîáðàæåíèÿ ñ ôèêñèðîâàííûì øàãîì. Òàêîé ñìàç âîçíèêàåò, íàïðèìåð,
ïðè ñúåìêå ðàâíîìåðíî âðàùàþùåéñÿ êàìåðîé. Äëÿ èçîáðàæåíèÿ, çàäàííîãî ìàò-
ðèöåé öâåòîâ, ýòî îçíà÷àåò, ÷òî êàæäàÿ ñòðîêà ìàòðèöû öâåòîâ ñäâèãàåòñÿ íà îäèí
ïèêñåëü ôèêñèðîâàííîå ÷èñëî ðàç, ïîëó÷åííûå ñòðîêè óñðåäíÿþòñÿ è îáðåçàþòñÿ



¾Ñîäåðæàíèå¿

Ôóíêöèîíàëüíûé àíàëèç è òåîðèÿ îïåðàòîðîâ 27

äî ïåðâîíà÷àëüíîãî ðàçìåðà. Ýòè äåéñòâèÿ ðàâíîñèëüíû óìíîæåíèþ ìàòðèöû öâå-
òîâ íà òåïëèöåâó ìàòðèöó ñïåöèàëüíîãî âèäà, êîòîðóþ áóäåì íàçûâàòü ìàòðèöåé
ñìàçà. Äëÿ âîññòàíîâëåíèÿ ñìàçàííîãî èçîáðàæåíèÿ íåîáõîäèìî ðåøèòü ñèñòå-
ìó óðàâíåíèé ñ ìàòðèöåé ñìàçà. Åñëè ñìàçûâàåòñÿ îäèíî÷íûé êàäð, òî ñèñòåìà
óðàâíåíèé ïîëó÷àåòñÿ íåîïðåäåëåííîé è îäíîçíà÷íî âîññòàíîâèòü èçîáðàæåíèå
íåâîçìîæíî. Åñëè æå èìååòñÿ ñåðèÿ ñìàçàííûõ êàäðîâ, èç êîòîðûõ ìîæíî ñêëå-
èòü öèëèíäðè÷åñêóþ ïàíîðàìó, òî ñèñòåìà óðàâíåíèé ïðè âûïîëíåíèè íåêîòîðûõ
óñëîâèé îïðåäåëåííàÿ (âåëè÷èíà ñìàçà è ðàçìåðíîñòü ïàíîðàìû ïî ãîðèçîíòà-
ëè âçàèìíî ïðîñòûå ÷èñëà). Ïðàêòè÷åñêèå ðàñ÷åòû ïîêàçàëè, ÷òî èçîáðàæåíèÿ
äàæå â òàêîì ñëó÷àå âîññòàíàâëèâàåòñÿ ïëîõî. Ïðè÷èíîé ýòîãî ÿâëÿåòñÿ ïëîõàÿ
îáóñëîâëåííîñòü ìàòðèöû ñìàçà è áîëüøèå ïîãðåøíîñòè â èñõîäíûõ äàííûõ ïðè
îöèôðîâêå èçîáðàæåíèé. Â ðàáîòå ïðîâåäåíî äåòàëüíîå èññëåäîâàíèå ÷èñëà îáó-
ñëîâëåííîñòè ìàòðèöû ñìàçà. Óñòàíîâëåíà çàâèñèìîñòü ÷èñëà îáóñëîâëåííîñòè îò
âåëè÷èíû ñìàçà è ðàçìåðíîñòè èçîáðàæåíèÿ, ïîëó÷åíû àñèìïòîòè÷åñêèå ôîðìó-
ëû, ïðîâåäåíû îöåíêè ïîãðåøíîñòåé. Èññëåäîâàíèÿ ïîêàçàëè, ÷òî ïðè 8-áèòîâîì
ïðåäñòàâëåíèè öâåòà âîññòàíîâëåíèå èçîáðàæåíèÿ ïðàêòè÷åñêè íåâîçìîæíî, à ïðè
16-áèòîâîì èçîáðàæåíèå ïðåêðàñíî âîññòàíàâëèâàåòñÿ.
Ðàçðàáîòàí áûñòðûé àëãîðèòì ðåøåíèÿ ðàññìàòðèâàåìîãî óðàâíåíèÿ, îðèåíòè-

ðîâàííûé íà ëó÷øóþ ïîãðåøíîñòü îêðóãëåíèÿ, ÷åì â ïðåäûäóùåé ñòàòüå. Àëãî-
ðèòì ïðîãðàììíî ðåàëèçîâàí è ñ íèì ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû.

Â.Í. Êîçëîâ (Ñàíêò-Ïåòåðáóðã)
saiu@ftk.spbstu.ru

ÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÀÇÍÎÑÒÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ËÎÊÀËÜÍÎ
ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß Ñ ÐÅÃÓËßÐÈÇÀÖÈÅÉ

Èññëåäîâàíû óñëîâèÿ ñæàòèÿ îïåðàòîðà ñèñòåìû (ÎÑ)

xk+1 = H̄ xk + γFuT θ̃P
0C ηk ∈ Rn, yk = Cxk ∈ Rny , xk0 = x0,

ãäå ïàðàìåòð θ̃ = 1 − 2θ, θ ∈ [0, 1], à óïðàâëåíèÿ îïðåäåëåíû ïðîåêòîðîì P 0

íà ÿäðî îïåðàòîðà A, PA = AT Ā, Ā =
(
AAT

)−1
, A = (En |−cFu ). Äîïóñòèìîå

(îïòèìàëüíîå) óïðàâëåíèå

uk∗ = γT arg min
{
φ = ‖zk − Ck‖2

2 , zk = (yk+1 |uk )T |Azk = bk =

= cHxk, A =
(
Eny |−cFu

)
, ‖zk‖2

2 ≤ r2
}

= γT
(
PAbk + θ̃P 0Ckηk

)
,

T =
(
0ny×nu |Enu×nu

)
, ηk = ρ−1/2

(
r2 − ‖PAcHxk‖2

2

)1/2

.

Óòâåðæäåíèå.Ïóñòü:
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1). Äëÿ ÎÑ ïàðà
(
H̄, Fu

)
óïðàâëÿåìàÿ ïî Ð. Êàëìàíó.

2). Îïåðàòîð H̄ = (En + γ0FuTPAc)H, ‖H‖ < 1− óñòîé÷èâûé.
3). Íåëèíåéíàÿ ÷àñòü uk∗ = γT θ̃P 0Ck ηk â ÎÑ, ãäå γ ∈ R, θ̃ = 1−2θ, θ ∈ [0, 1],

‖T‖ ≤ 1 ó÷èòûâàåò îãðàíè÷åíèÿ íà êîîðäèíàòû è óïðàâëåíèÿ.
4). ÎÑ èìååò ñòàöèîíàðíóþ òî÷êó x∗.
5). Èíâàðèàíòíîå ìíîæåñòâî S (0, r 1) = r 1 = r

/(
‖c‖ · ‖H ‖ ·

∥∥Ā∥∥).
6). ÎÑ, ðåãóëÿðèçîâàííûé ïî θ ∈ [0, 1] ïðîåêòîðîì

p (θ) = 0, 5 (|θ| − |θ − 1| − 1) ∈ [0, 1] ∈ R è ηk = ρ−1/2α
1/2
k ,

α
1/2
k =

[
r 2 − p2

(
‖PAcH xk ‖ 2

)]1/2

≤ L 0

∣∣∣ ‖PAcH xk ‖ 2 − ‖PAcH x∗ ‖ 2
∣∣∣ ,

k = 1, 2, ... , ðåàëèçóþò ðåãóëÿðíîñòü ÎÑ â ñèëó

p1 (qk) = 0, 5
(∣∣qTk qk − ε2

∣∣− ∣∣∣qTk qk − (r − ε)2
∣∣∣+ ε2 + (r − ε)2

)
.

Òîãäà, åñëè

|γ| <
[
1−

∥∥H̄ (γ0)
∥∥]·[2 ∣∣∣θ̃ (Lθ)

∣∣∣ · ‖Fu‖ · ‖T‖ · ∥∥P 0Ck
∥∥ρ−1/2L0 L 1r ‖PA‖ ‖c‖ 2 ‖H‖2

]−1

,

òî îïåðàòîð ñèñòåìû ñ ðåãóëÿðèçàöèåé ÿâëÿåòñÿ óñòîé÷èâûì íà îöåíêàõ èíâà-
ðèàíòíîãî ìíîæåñòâà îïåðàòîðà, âêëþ÷àþùåãî xk0, xk, x∗, Ck ∈ S (0n, r 1).

Ë È Ò Å Ð À Ò Ó Ð À

1. Êîçëîâ Â.Í., Íåãëàäêèå ñèñòåìû, îïåðàòîðû îïòèìèçàöèè è óñòîé÷èâîñòü. ÑÏá.: Èçä-âî Ïîëèòåõí. óí-òà, 2012.

Â.Í. Êîçëîâ, À. À. Åôðåìîâ (Ñàíêò-Ïåòåðáóðã)
saiu@ftk.spbstu.ru

ÓÑÒÎÉ×ÈÂÎÑÒÜ ÀÍÀËÈÒÈÊÎ-×ÈÑËÅÍÍÛÕ ÐÀÇÍÎÑÒÍÛÕ
ÑÕÅÌ ÄËß ÁÈËÈÍÅÉÍÛÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÎÏÅÐÀÒÎÐÎÂ

Èññëåäóåòñÿ óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è Êîøè, îïèñûâàþùåé ôèçè÷åñêèå
ïðîöåññû äèôôåðåíöèàëüíûì áèëèíåéíûì îïåðàòîðîì ñ áëî÷íûìè ìàòðèöàìè
I ′d
I ′q
E ′af
E ′rd
E ′rq

=


R −XqΩ/ωs 0n×n 0n×n −Ω/ωs

−XdΩ/ωs R Ω/ωs Ω/ωs 0n×n
0n×n 0n×n −RfTd 0n×n 0n×n
0n×n 0n×n 0n×n −Trd 0n×n
0n×n 0n×n 0n×n 0n×n −Trq

×

Id
Iq
Eaf

Erd

Erq

+


v1

v2

v3

0
0

, (1)



¾Ñîäåðæàíèå¿

Ôóíêöèîíàëüíûé àíàëèç è òåîðèÿ îïåðàòîðîâ 29

ãäå Ω (t) = diag ωi (t) ∈ Rn×n × C1 [t0, T ], Ω′ = f (Ω, u) , Ω (0) = Ω0; Id (t0) =
Id0, Iq (t0) = Iq0, Eaf (t0) = Eaf0, Erd (t0) = Erd0, Erq (t0) = Erq0 ∈ Rn, ω−1

s ∈ R;
ìàòðèöû R, Rf , Xd, Xq, Td, Trd, Trq ∈ Rn×n - äèàãîíàëüíûå.
Â (1) èìååì Eaf (t) = eA 1 tEaf (t0) +

∫ t
t0
eA 1 (t−τ) v3 (τ) dτ , Erd (t) = e−Trd t Erd (t0),

Erq (t) = e−TrqtErq (t0), ïðåîáðàçóþùèå (1) ñ ó÷åòîì Ω (t) = Ω (t0) +
∫ t
t0
f (Ω (τ)) dτ

ê çàäà÷å äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà[
I ′d
I ′q

]
=

[
Rd −Xq Ωω−1

s

−Xd Ωω−1
s Rq

]
·
[
Id
Iq

]
+

+

[
−Ω (t)ω−1

s Erq (t)
Ω (t)ω−1

s [Eaf (t) + Erq (t)]

]
+

[
v1 (t)
v2 (t)

]
,

[
Id (t0) = Id0

Iq (t0) = Iq0

]
.

(2)

Çàäà÷à (2) îïðåäåëÿåò ðåäóöèðîâàííûå èíòåãðàëüíûå óðàâíåíèÿ òèïà Â. Âîëü-
òåððà

[
Id (t)
Iq (t)

]
=

[
Id0

Iq0

]
+

t∫
t0

〈[
Rd −Xq Ωω−1

s

−Xd Ωω−1
s Rq

]
·
[
Id (τ)
Iq (τ)

]
+

+

[
−Erq (t) Ω ω−1

s

[
e−TrqτErq (t0)

]
Ω ω−1

s

[
Eaf (t) + Erd (t) e−TrdτErd (t0)

] ]+

[
v1

v2

]〉
dτ.

(3)

Äëÿ ñæèìàþùèõ îïåðàòîðîâ (3) ðàçðàáîòàíû óñòîé÷èâûå ðàçíîñòíûå ñõåìû.
Äëÿ (3) èñïîëüçóåòñÿ àíàëèç ñæàòèÿ êîíå÷íîé ñòåïåíè ýòîãî îïåðàòîðà. Âû÷èñ-
ëåíèå ñòåïåíåé (3) è àíàëèç óñëîâèé èõ ñæàòèÿ âûïîëíåíû â Rn × C [t0, T ], à
óñòîé÷èâîñòü è äèññèïàòèâíîñòü � â ïðîñòðàíñòâå Rn × L2 [t0, T ].

Êîïà÷åâñêèé Í.Ä., Ðàäîìèðñêàÿ Ê.À. (Ñèìôåðîïîëü)
kopachevsky@list.ru, radomirskaya@mail.ru

ÎÁ ÀÁÑÒÐÀÊÒÍÛÕ ÊÐÀÅÂÛÕ È ÑÏÅÊÒÐÀËÜÍÛÕ ÇÀÄÀ×ÀÕ
ÑÎÏÐßÆÅÍÈß 1

Äàííûé äîêëàä ïîñâÿùåí ðàçðàáîòêå îáùåãî ïîäõîäà ê èçó÷åíèþ àáñòðàêòíûõ
ñìåøàííûõ êðàåâûõ è ñïåêòðàëüíûõ çàäà÷ ñîïðÿæåíèÿ, à òàêæå ïðèìåíåíèþ ýòî-
ãî ïîäõîäà ê ðàçëè÷íûì êîíôèãóðàöèÿì ïðèñòûêîâàííûõ îáëàñòåé â çàäà÷àõ ñî-
ïðÿæåíèÿ ñ èñïîëüçîâàíèåì îáîáùåííîé ôîðìóëû Ãðèíà â îñíîâíîì äëÿ îïåðàòî-

1Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò �14-21-00066, âûïîëíÿåìîãî â Âîðîíåæñêîì ãî-
ñóíèâåðñèòåòå).
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ðà Ëàïëàñà. Äðóãèå àíàëîãè÷íûå çàäà÷è ìàòåìàòè÷åñêîé ôèçèêè, ãèäðîäèíàìèêè,
òåîðèè óïðóãîñòè è ò.ä. èññëåäóþòñÿ ïî ýòîé ïðåäëàãàåìîé îáùåé ñõåìå.
Â ïåðâîé ÷àñòè äîêëàäà èçëàãàþòñÿ áåç äîêàçàòåëüñòâ òåîðåìû î ñóùåñòâîâàíèè

àáñòðàêòíîé ôîðìóëû Ãðèíà äëÿ òðîéêè ãèëüáåðòîâûõ ïðîñòðàíñòâ è àáñòðàêò-
íîãî îïåðàòîðà ñëåäà, à òàêæå àíàëîãè÷íûå ôàêòû äëÿ àáñòðàêòíûõ ñìåøàííûõ
êðàåâûõ çàäà÷. Ïðèâîäÿòñÿ ôîðìóëèðîâêè îáîáùåííîé ôîðìóëû Ãðèíà íà îñíîâå
îïåðàòîðà Ëàïëàñà.
Âî âòîðîé ÷àñòè ïðèâîäèòñÿ îáùàÿ ñõåìà ðàññìîòðåíèÿ àáñòðàêòíûõ êðàåâûõ

çàäà÷ ñîïðÿæåíèÿ íà ïðèìåðå êîíôèãóðàöèè ïðèñòûêîâàííûõ îáëàñòåé, êîòîðóþ
àâòîðû äëÿ ïðîñòîòû íàçûâàþò "äâàæäû ðàçðåçàííûé áàíàí".
Â òðåòüåé ÷àñòè äîêëàäà ýòà ñõåìà ðåàëèçóåòñÿ äëÿ ýòîé êîíôèãóðàöèè è îïå-

ðàòîðà Ëàïëàñà. Äàëåå ðàññìàòðèâàåòñÿ äðóãèå ïðèìåðû îáëàñòåé.
Ïîñëåäíÿÿ ÷àñòü äîêëàäà ïîñâÿùåíà èçó÷åíèþ ñïåêòðàëüíûõ ïðîáëåì äëÿ ñìå-

øàííûõ êðàåâûõ çàäà÷ â îäíîé îáëàñòè, à òàêæå àíàëîãè÷íûõ ñïåêòðàëüíûõ çàäà÷
ñîïðÿæåíèÿ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Êîïà÷åâñêèé Í.Ä., Ðàäîìèðñêàÿ Ê.À. Àáñòðàêòíûå ñìåøàííûå êðàåâûå çàäà÷è ñîïðÿæåíèÿ // Ìåæäóíàðîäíàÿ

íàó÷íàÿ êîíôåðåíöèÿ "Ñîâðåìåííûå ìåòîäû è ïðîáëåìû òåîðèè îïåðàòîðîâ è ãàðìîíè÷åñêîãî àíàëèçà è èõ ïðèëîæåíèÿ
- V"(Ðîñòîâ-íà-Äîíó), 2015. Ñ. 211.

2. Êîïà÷åâñêèé Í.Ä., Ðàäîìèðñêàÿ Ê.À. Àáñòðàêòíûå êðàåâûå è ñïåêòðàëüíûå çàäà÷è ñîïðÿæåíèÿ // XXVI Êðûìñêàÿ

îñåííÿÿ ìàòåìàòè÷åñêàÿ øêîëà-ñèìïîçèóì ïî ñïåêòðàëüíûì è ýâîëþöèîííûì çàäà÷àì (Áàòèëèìàí(Ëàñïè)), 2015. Ñ. 52.

Ì.Ã. Êîò (Ìèíñê)
mtorkaylo@mail.ru

ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÅ ÏÎÂÅÄÅÍÈÅ ÑÎÁÑÒÂÅÍÍÛÕ
ÇÍÀ×ÅÍÈÉ ÎÏÅÐÀÒÎÐÎÂ, ÀÏÏÐÎÊÑÈÌÈÐÓÞÙÈÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß Ñ ÄÅËÜÒÀ-ÎÁÐÀÇÍÛÌÈ
ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñîäåðæàùèå â êà÷åñòâå êîýôôèöèåíòà δ-ôóíêöèþ
Äèðàêà è çàïèñûâàåìûå â âèäå

−∆u+ aδu = f, (1)

âîçíèêàþò â ðàçíûõ ïðèëîæåíèÿõ è èíòåíñèâíî èçó÷àþòñÿ. Ýòà çàïèñü óðàâíåíèÿ
ÿâëÿåòñÿ ñèìâîëè÷åñêîé, òàê êàê ïðîèçâåäåíèå δu íå îïðåäåëåíî â òåîðèè îáîá-
ùåííûõ ôóíêöèé. Îäèí èç îñíîâíûõ ïîäõîäîâ ê îïðåäåëåíèþ ïîíÿòèÿ ðåøåíèÿ
óðàâíåíèÿ è ïîñòðîåíèþ òàêèõ ðåøåíèé îñíîâàí íà àïïðîêñèìàöèè âûðàæåíèÿ
â ëåâîé ÷àñòè (1) ñåìåéñòâîì êîððåêòíî çàäàííûõ îïåðàòîðîâ Lε, çàâèñÿùèõ îò
ìàëîãî ïàðàìåòðà ε, è çàòåì íàõîæäåíèå ïðåäåëà ðåçîëüâåíò. Åñëè òàêîé ïðå-
äåë ñóùåñòâóåò, òî îïåðàòîðíîçíà÷íàÿ ôóíêöèÿ R(λ) îêàçûâàåòñÿ ðåçîëüâåíòîé
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íåêîòîðîãî ïðåäåëüíîãî îïåðàòîðà, êîòîðûé ñîîòâåòñòâóåò ðàññìàòðèâàåìîé àï-
ïðîêñèìàöèè ôîðìàëüíîãî âûðàæåíèÿ.
Â äàííîé ðàáîòå ìû èññëåäóåì ïîâåäåíèå ñîáñòâåííûõ çíà÷åíèé àïïðîêñèìè-

ðóþùèõ îïåðàòîðîâ Lε. Ýòè ñîáñòâåííûå çíà÷åíèÿ îïðåäåëÿþòñÿ èç óðàâíåíèÿ
âèäà

f(ε, λ) = 0, (2)

ãäå f åñòü àíàëèòè÷åñêàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ, êîòîðàÿ ñòðîèòüñÿ ïî çà-
äàííîé àïïðîêñèìàöèè. Áëàãîäàðÿ òîìó, ÷òî ýòà àíàëèòè÷åñêàÿ ôóíêöèÿ èìååò
ñïåöèàëüíûé âèä, óäàåòñÿ èññëåäîâàòü ïîâåäåíèå ðàçëè÷íûõ âåòâåé ðåøåíèÿ ñ
ïîìîùüþ ìåòîäà äèàãðàìì Íüþòîíà, àíàëîãè÷íî êëàññè÷åñêîìó ñëó÷àþ, êîãäà
f åñòü ïîëèíîì. Íàèáîëåå èíòåðåñíûì îêàçûâàåòñÿ ò.í. ñëó÷àé ðåçîíàíñà, êîãäà
ïðåäåëüíûé îïåðàòîð èìååò îäíî ñîáñòâåííîå çíà÷åíèå. Â ýòîì ñëó÷àå ñóùåñòâóåò
îäíà âåòâü ðåøåíèÿ óðàâíåíèÿ (2), èìåþùàÿ êîíå÷íûé ïðåäåë è ñòðåìÿùàÿñÿ ïðè
ε→ 0 ê ñîáñòâåííîìó çíà÷åíèþ ïðåäåëüíîãî îïåðàòîðà, à îñòàëüíûå âåòâè óõîäÿò
íà áåñêîíå÷íîñòü ñî ñêîðîñòüþ 1

ε .

Å. Ì. Êóçüìåíêî, Ñ. È.Ñìèðíîâà (Ñèìôåðîïîëü)
kuzmenko.e.m@mail.ru, si_smirnova@mail.ru

ÍÅÃËÀÄÊÈÅ ÂÀÐÈÀÖÈÎÍÍÛÅ ÝÊÑÒÐÅÌÀËÜÍÛÅ ÇÀÄÀ×È Ñ
ÏÎÄÂÈÆÍÎÉ ÃÐÀÍÈÖÅÉ

Íåäàâíî ïîëó÷åííûå ðåçóëüòàòû È.Â. Îðëîâà î íåãëàäêîé îáðàòèìîñòè (ñì. [1])
äàëè âîçìîæíîñòü îáîáùèòü íà ñóáãëàäêèé ñëó÷àé ìåòîä Ëàãðàíæà�Ëþñòåðíèêà
ïîèñêà óñëîâíîãî ýêñòðåìóìà. Îïèðàÿñü íà ýòó òåõíèêó, ìû ðàññìàòðèâàåì çàäà÷ó
îá îáîáùåííîì óñëîâèè òðàíâåðñàëüíîñòè ñëåäóþùåãî âèäà:

Φ(x1, y) =

x1∫
x0

f(x, y(x), y′(x)) dx→ extr;

G(x1, y) =

x1∫
x0

g(x, y(x), y′(x))dx = 0 (f, g ∈ C1
sub),

à òàêæå áîëåå îáùèå çàäà÷è ïîäîáíîãî òèïà. Îòìåòèì, ÷òî óðàâíåíèå ñâÿçè çäåñü
îáîáùàåò êëàññè÷åñêîå óñëîâèå âèäà y(x1) = ϕ(x1) è îáúåäèíÿåò îáîáùåííûå çà-
äà÷è ñ ïîäâèæíîé ãðàíèöåé ñ íåãëàäêèìè çàäà÷àìè èçîïåðèìåòðè÷åñêîãî òèïà.
Ðåøåíèå âûðàæàåòñÿ â òåðìèíàõ ôóíêöèè f + λg (λ � ìíîæèòåëü Ëàãðàí-

æà) è ðàçáèâàåòñÿ íà "âêëþ÷åíèå Ýéëåðà�Ëàãðàíæà îáîáùàþùåå ñîîòâåòñòâóþ-
ùåå óðàâíåíèå, è "âêëþ÷åíèå òðàíñâåðñàëüíîñòè òàêæå ñóùåñòâåíííî îáîáùàþ-
ùåå êëàññè÷åñêîå óñëîâèå.
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Ðàññìîòðåí ðÿä ÷àñòíûõ ñëó÷àåâ è ïðèìåðîâ. Îñîáîå âíèìàíèå óäåëåíî ñëó÷à-
ÿì, ñâÿçàííûì ñ ìîäóëÿöèåé èíòåãðàíòîâ, íàïðèìåð ñëåäóþùåìó:

Φ(x1, y) =

x1∫
x0

f(x, y(x), y′(x))dx→ extr;

G(x1, y) =

x1∫
x0

|g(x, y(x), y′(x))|dx = γ(x1) (f, g ∈ C1),
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ÑÂÎÉÑÒÂÀ ÂÅÑÎÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂ
ÄÐÎÁÍÎÄÈÔÔÅÐÅÍÖÈÐÓÅÌÛÕ ÔÓÍÊÖÈÉ.

Áàíàõîâû ïðîñòðàíñòâà äðîáíîäèôôåðåíöèðóåìûõ ôóíêöèé èçó÷àëèñü åùå Êè-
ïðèÿíîâûì È.À., èì æå äîêàçàíû òåîðåìû âëîæåíèÿ áàíàõîâûõ ïðîñòðàíñòâ äðîá-
íîäèôôåðåíöèðóåìûõ ôóíêöèé â ïðîñòðàíñòâî Ñîáîëåâà.
Â ðàáîòå [1] ïîñòðîåíî ãèëüáåðòîâî ïðîñòðàíñòâî äðîáíîäèôôåðåíöèðóåìûõ

ôóíêöèé Nα,c(a, b), ïóòåì îïðåäåëåíèÿ íà ìíîæåñòâå Iαa+(Lθ) ñêàëÿðíîãî ïðîèç-
âåäåíèÿ:
〈u, v〉α,c = 1

2〈u, cD
α
axv〉0 + 1

2〈v, cD
α
axu〉0, c ∈ Iαb−(Lq)

+, 2/θ+ 1/q ≤ 1 + 2α, α ∈ (0, 1),
è ïîñëåäóþùåãî ïîïîëíåíèÿ ïîëó÷åííîãî óíèòàðíîãî ïðîñòðàíñòâà. Äîêàçûâàþò-
ñÿ òåîðåìû ÿâëÿþùè-åñÿ àíàëîãàìè òåîðåì êëàññè÷åñêîé òåîðèè ýíåðãåòè÷åñêèõ
ïðîñòðàíñòâ.
Ãèëüáåðòîâî ïðîñòðàíñòâî Nα,1(0, 1), α ∈ (0, 1) ðàññìàòðèâàåòñÿ â [2], ãäå ïîëó-

÷åíî ïðåäñòàâëåíèå äëÿ íîðìû íà ìíîæåñòâå Iα0+(C[0, 1]) â âèäå

‖u‖α,1 =
1

2

{
a0

0a
2
0 + 2

∞∑
n=1

a0
n

[
a2
n + b2

n

]} 1
2

,

a0
0 > 0, a0

n ≥ 0.

Â äàííîé ðàáîòå äîêàçûâàþòñÿ óòâåðæäåíèÿ ïîçâîëÿþùèå ïîëó÷èòü àíàëîãè÷-
íîå ïðåäñòàâëåíèå äëÿ íîðìû â ïðîñòðàíñòâå Nα,1(a, b), äëÿ ôóíêöèé èç êëàññà
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Iαa+(Lθ(a, b)), θ > 2/(1 + α), α ∈ (0, 1). Äîêàçàíà òåîðåìà î ïîëíîòå ïîêàçûâàþ-
ùàÿ, ÷òî èäåàëüíûå ýëëåìåíòû óíèòàðíîãî ïðîñòðàíñòâà Ñα,1(a, b), 2/(1 + α) <
θ ≤ 2, α ∈ (0, 1) òàêæå ïðèíàäëåæàò êëàññó Iαa+(Lθ(a, b)).

Òåîðåìà 1. Ïóñòü α ∈ (0, 1), 2/(1 + α) < θ ≤ 2. Òîãäà ïàðà: áèëèíåéíàÿ
ôîðìà 〈u, v〉α,1 = 1

2〈u,D
α
axv〉0 + 1

2〈v,D
α
axu〉0, è ìíîæåñòâî Iαa+(Lθ(a, b)) îáðàçóåò

ãèëüáåðòîâî ïðîñòðàíñòâî.
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ON THE SCHWARTZ PROBLEM FOR CONVOLUTION OPERATORS

Let Q be a proper convex subset of C with non-empty interior which has a countable
neighborhood basis of convex domain. Denote by A(Q) the space of germs of all analytic
functions on Q with its natural inductive limit topology. For a convex set K in C, for
an analytic functional µ which is carried by K a continuous linear convolution operator

Tµ : A(Q+K)→ A(Q)

is de�ned by Tµ(f)(z) := µt(f(t + z)). It is characterized when surjective operator
Tµ : A(Q + K)→ A(Q) has a continuous linear right inverse R. Similar problem was
posed in the early �fties by L. Schwartz for linear di�erential operators P (D) in C∞(Ω)
where Ω is an open subset of RN . This problem was solved by R. Meise, B.A. Taylor
and D. Vogt in the late eighties of the last century.
It is shown that R exists if and only if the distribution of zeros of the entire function

µ̂(z) := µt(exp(tz)) satis�es certain conditions of the boundary behavior of the analytic
univalent functions of the unit disc D on the interior of Q and of the complement of
closed unit disc D on the complement Q. For example, if the boundary of Q of class C2

each surjective operator Tµ : A(Q+K)→ A(Q) has a continuous linear right inverse.
Previously, this problem was solved when Q is a convex domain, a convex compact

set and a convex locally closed set (see [1]).
R E F E R E N C E S
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ÎÁ ÎÄÍÎÉ ÁÀÍÀÕÎÂÎÉ ÀËÃÅÁÐÅ ÔÓÍÊÖÈÎÍÀËÜÍÛÕ
ÎÏÅÐÀÒÎÐÎÂ Ñ ÀÂÒÎÌÎÐÔÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Ïóñòü G - èçâåñòíàÿ íåêîììóòàòèâíàÿ ãðóïïà Øîòòêè, ïîðîæä¼ííàÿ äâóìÿ
îáðàçóþùèìè (ñì., íàïð., ìîíîãðàôèþ 1.) Ïóñòü, äàëåå, A=

∑
g
agWg. Ïóñòü òàêæå

íîðìà â àëãåáðå îïðåäåëÿåòñÿ ïðàâèëîì: |||A|||1=
∑
g∈G

supz : |ag(z)|. Ïóñòü òàêæå

êîýôôèöèåíòû çàäàþòñÿ íà àáñîëþòå â ñìûñëå ãåîìåòðèè Ëîáà÷åâñêîãî - Áîéÿè è
ïîñòîÿííû íà îðòîãîíàëüíûõ ê àáñîëþòó äóãàõ. Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ïóñòü ãðóïïà G óäîâëåòâîðÿåò óêàçàííûì âûøå ñâîéñòâàì. Òîãäà
îïåðàòîð A=

∑
g∈G

agWg ôðåäãîëüìîâ (í¼òåðîâ) â áàíàõîâîì ïðîñòðàíñòâå Lp(D),

p > 1 (çäåñü D � åäèíè÷íûé êðóã â êîìïëåêñíîé ïëîñêîñòè), åñëè è òîëüêî åñëè
åãî ñèìâîë (ñì., íàïð., ñòàòüþ Í. Ë. Âàñèëåâñêîãî, óêàçàííóþ íèæå) íåâûðîæ-
äåí, ò.å. íà ãðàíèöå åäèíè÷íîãî êðóãà êàæäàÿ èç äâóõ åãî ÷àñòåé îòëè÷íà îò
íóëÿ. (Ñì., êðîìå òîãî, èçâåñòíóþ â ñâî¼ âðåìÿ ñîâìåñòíóþ ðàáîòó Ñ. Ã. Êðåé-
íà è Â. Í. Óøàêîâîé, òàêæå óêàçàííóþ íèæå).

Çàìå÷åíèå. Àâòîìîðôíûå ôóíêöèè, óêàçàííûå âûøå, èçâåñòíû äîñòàòî÷íî
äàâíî. Ñì., íàïð., êíèãó Â. Â. Ãîëóáåâà, öèòèðóåìóþ íèæå, à òàêæå ïåðâóþ
÷àñòü ìîíîãðàôèè Á. Â. Øàáàòà, òîæå ïðèâåäåííóþ íèæå.
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ÏÎÐßÄÊÎÂÀß ÑÕÎÄÈÌÎÑÒÜ ×ÅÇÀÐÎÂÑÊÈÕ ÑÐÅÄÍÈÕ Â

ÑÈÌÌÅÒÐÈ×ÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÈÇÌÅÐÈÌÛÕ ÔÓÍÊÖÈÉ

Ïóñòü (R+,m) � ïîëóïðÿìàÿ [0, ∞) ñ îáû÷íîé ìåðîé Ëåáåãà m è L0(R+,m) �
ïðîñòðàíñòâî âñåõ êîíå÷íûõ ïî÷òè âñþäó íà R+ èçìåðèìûõ âåùåñòâåííûõ ôóíê-
öèé, Lp = Lp(R+,m), 1 ≤ p ≤ ∞, (E, ‖ · ‖E) � ñèììåòðè÷íîå ïðîñòðàíñòâî
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ôóíêöèé èç L0(R+,m), f ∗ � óáûâàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f |, f ∗∗(x) :=
1
x

∫ x
0 f
∗(u) du, x ∈ (0,+∞), EH = {f ∈ E : f ∗∗ ∈ E} è R0 = {f ∈ L1 + L∞ :

f ∗(+∞ = 0)}.
Ïîñëåäîâàòåëüíîñòü {fn}∞n=1 ⊂ E íàçûâàåòñÿ (o)-ñõîäÿùåéñÿ ê f ∈ E, åñëè

ñóùåñòâóþò òàêèå 0 ≤ gn ∈ E, ÷òî |fn − f | ≤ gn ↓ 0.
Äëÿ êàæäîãî ïîëîæèòåëüíîãî (L1,L∞)-ñæàòèÿ α : L1 + L∞ → L1 + L∞ îïðåäå-

ëåíû ÷åçàðîâñêèå ñðåäíèå

An,αf =
1

n

n∑
k=1

αk−1(f), f ∈ E

Òåîðåìà 1. Åñëè f ∈ EH ∩ R0, òî äëÿ ëþáîãî ïîëîæèòåëüíîãî (L1,L∞)-
ñæàòèÿ α ïîñëåäîâàòåëüíîñòü ÷åçàðîâñêèõ ñðåäíèõ {An,αf} (o)-ñõîäèòñÿ â E.

Òåîðåìà 2. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
(1) Ïîñëåäîâàòåëüíîñòü {An,αf} (o)-ñõîäèòñÿ â E äëÿ ëþáîé ôóíêöèè f ∈ E

è ëþáîãî ïîëîæèòåëüíîãî (L1,L∞)-ñæàòèÿ α;
(2) E = EH ∩R0;
(3) pE > 1 and 1 /∈ E, ãäå pE � íèæíèé èíäåêñ Áîéäà ñ.ï. E.

ÏóñòüM � êîíå÷íàÿ àëãåáðà ôîí Íåéìàíà, äåéñòâóþùàÿ â ãèëüáåðòîâîì ïðî-
ñòðàíñòâå H, τ � òî÷íûé íîðìàëüíûé êîíå÷íûé ñëåä íàM, S(M, τ) � ∗-àëãåáðà
âñåõ τ -èçìåðèìûõ îïåðàòîðîâ, ïðèñîåäèíåííûõ êM è Lp(M, τ) ⊆ S(M, τ), 1 ≤
p <∞ � ïðîñòðàíñòâî îïåðàòîðîâ. èíòåãðèðóåìûõ ñ p-é ñòåïåíüþ.

Òåîðåìà 3. Ïóñòü α : Lp(M, τ) → Lp(M, τ) ïîëîæèòåëüíîå ñæàòèå, 2 ≤
p < ∞. Òîãäà äëÿ êàæäîãî T ∈ Lp(M, τ) ïîñëåäîâàòåëüíîñòü {An,αT} (o)-
ñõîäèòñÿ â Lp(M, τ).
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ÌÈÍÈÌÀËÜÍÎÑÒÜ, ÓÑËÎÂÈÅ (C) È ÒÅÎÐÅÌÀ ÂËÎÆÅÍÈß

Λ0
Ṽ
⊆ X ⊆MV∗

Ïóñòü (R+,m) � ïîëóïðÿìàÿ [0, ∞) ñ îáû÷íîé ìåðîé Ëåáåãà m è L0(R+,m) �
ïðîñòðàíñòâî âñåõ êîíå÷íûõ ïî÷òè âñþäó íà R+ èçìåðèìûõ âåùåñòâåííûõ ôóíê-
öèé, Lp = Lp(R+,m), 1 ≤ p ≤ ∞, (X, ‖ · ‖X) � ñèììåòðè÷íîå ïðîñòðàíñòâî (ñ.ï.)
ôóíêöèé èç L0(R+,m).
Ïóñòü X0 = clX(L1 ∩ L∞) � çàìûêàíèå L1 ∩ L∞ â ïðîñòðàíñòâå X ñ èíäóöè-

ðîâàííîé èç X íîðìîé ‖f‖X0 = ‖f‖X, f ∈ X0. Òîãäà (X0, ‖ · ‖X0) � ñ.ï. Åñëè
X0 = X, òî ñ.ï. X íàçûâàåòñÿ ìèíèìàëüíûì.

Òåîðåìà 1. Ïóñòü X � ìèíèìàëüíîå ñ.ï. (âîçìîæíî, íåñåïàðàáåëüíîå). Òîãäà
â X âûïîëíåíî óñëîâèå (C), ò.å. åñëè {fn} ⊂ X, 0 ≤ fn ↑ f ∈ X, òî sup

n
‖fn‖X =

‖f‖X
Ïóñòü (X1, ‖ · ‖X1) � ñ.ï., àññîöèèðîâàííîå ñ ñ.ï. (X, ‖ · ‖X), à (X11, ‖ · ‖X11)

� âòîðîå àññîöèèðîâàííîå. Èçâåñòíî, ÷òî X0 ⊆ X ⊆ X11, ïðè÷åì ‖f‖X11 ≤ ‖f‖X
äëÿ ëþáîé f ∈ X.

Ñëåäñòâèå. (1). Äëÿ êàæäîé ôóíêöèè f ∈ X0 èìååò ìåñòî ðàâåíñòâî: ‖f‖X0 =
‖f‖X = ‖f‖X11.
(2). Äëÿ êàæäîé ôóíêöèè f ∈ L1∩L∞ èìååò ìåñòî íåðàâåíñòâî: ‖f‖L1∩L∞ ≥

(ϕX(1))−1‖f‖X ≥ ‖f‖L1+L∞.
(3). X0 = clX(L1 ∩ L∞) = clX11(L1 ∩ L∞) = (X11)0.

Òåîðåìà 2. Ïóñòü X ñ.ï. ñ ôóíäàìåíòàëüíîé ôóíêöèåé ϕX = V , Ṽ � åå

íàèìåíüøàÿ âîãíóòàÿ ìàæîðàíòà è V∗(x) =
x

V (x)
, x > 0. Òîãäà Λ0

Ṽ
⊆ X0 ⊆

X ⊆ X11 ⊆ MV∗, ïðè÷åì ‖f‖ΛṼ
= ‖f‖Λ0

Ṽ
≥ ‖f‖X0 = ‖f‖X äëÿ f ∈ Λ0

Ṽ
è

‖f‖X ≥ ‖f‖X11 ≥ ‖f‖MV∗ äëÿ f ∈ X, ãäå ΛṼ è MV∗ ñîîòâåòñòâóþùèå ïðî-
ñòðàíñòâà Ëîðåíöà è Ìàðöèíêåâè÷à.
Â ñëó÷àå, êîãäà V (∞) =∞, ïðîñòðàíñòâî Ëîðåíöà ΛṼ � ìèíèìàëüíî, ïîýòîìó

Λ0
Ṽ

= ΛṼ ⊆ X ⊆MV∗.

Â ñëó÷àå, êîãäà X = X11, ïðîñòðàíñòâî X � ìàêñèìàëüíî, ïîýòîìó Λ11
Ṽ
⊆ X11 ⊆

M11
V∗
è çíà÷èò ΛṼ ⊆ X ⊆MV∗.
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5. Ðóáøòåéí Á.À., Ãðàáàðíèê Ã.ß. Ìóðàòîâ M.À., Ïàøêîâà Þ.Ñ, Ðóáøòåéí Á.À. Ââåäåíèå â òåîðèþ ñèììåòðè÷íûõ

ïðîñòðàíñòâ èçìåðèìûõ ôóíêöèé. 2014. Ñèìôåðîïîëü. Ò. 1. Ñ. 204.

È.Â. Îðëîâ (Ñèìôåðîïîëü)
igor_v_orlov@mail.ru

ÑÓÁ-ÎÁÐÀÒÈÌÎÑÒÜ ÊÎÌÏÀÊÒÍÎÇÍÀ×ÍÛÕ ÑÓÁËÈÍÅÉÍÛÕ
ÎÏÅÐÀÒÎÐÎÂ È ÑÓÁÃËÀÄÊÀß ÔÎÐÌÀ ÒÅÎÐÅÌ ÎÁ

ÎÁÐÀÒÍÎÉ È ÍÅßÂÍÎÉ ÔÓÍÊÖÈÈ 1

Â ïåðâîé ÷àñòè äîêëàäà ðàññìîòðåíû ñóáëèíåéíûå îïåðàòîðû ñ êîìïàêòíûìè
âûïóêëûìè çíà÷åíèÿìè. Ñ òàêèì îïåðàòîðîì ñâÿçàí ïàêåò òàê íàçûâàåìûõ áà-
çèñíûõ ñåëåêòîðîâ, îáðàçóþùèõ êîìïàêòíîå âûïóêëîå ìíîæåñòâî â êëàññè÷åñêîì
ïðîñòðàíñòâå ëèíåéíûõ îïåðàòîðîâ. Òåì ñàìûì âîïðîñ î ìíîãîçíà÷íîé îáðàòèìî-
ñòè ñâîäèòñÿ ê îáû÷íîé îáðàòèìîñòè ïàêåòà áàçèñíûõ ñåëåêòîðîâ. Ïðèìåíåíèå
òåîðåìû Êðåéíà-Ìèëüìàíà ïîçâîëèëî äîñòàòî÷íî äåòàëüíî èññëåäîâàòü òàêóþ
ñóá-îáðàòèìîñòü (ñì. [1]).
Îïèðàÿñü íà ýòè ðåçóëüòàòû, âî âòîðîé ÷àñòè äîêëàäà ìû ðàññìàòðèâàåì âîïðîñ

îá îäíîçíà÷íîé îáðàòèìîñòè òàê íàçûâàåìûõ ñóáãëàäêèõ îòîáðàæåíèé, èñïîëüçóÿ
àïïàðàò êîìïàêòíûõ ñóáäèôôåðåíöèàëîâ. Ïîëó÷åíà ñóáãëàäêàÿ ôîðìà òåîðåì îá
îáðàòíîé è íåÿâíîé ôóíêöèè, ðàññìîòðåí ðÿä ÷àñòíûõ ñëó÷àåâ è ïðèìåðîâ (ñì.
[2]).

Ë È Ò Å Ð À Ò Ó Ð À
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2. Îðëîâ È.Â. Òåîðåìû îá îáðàòíîé è íåÿâíîé ôóíêöèÿõ â êëàññå ñóáãëàäêèõ îòîáðàæåíèé // Ìàòåì. çàìåòêè. 2016.

Ò. 99, � 4. C. 631�634.

L. E. Persson (Sweden)
lars-erik.persson@ltu.se

MY LIFE WITH HARDY AND HIS INEQUALITIES

In this lecture I will present some important steps concerning prehistory, history
and current status of Hardy type inequalities. My mainreference is my recent Lecture
Notes from College de France [1]. Especially, I will present some new results which can
not be found in my books on the subject. In particular, I will present a fairly new
convexity approach to consider Hardy type inequalities which was not discovered by
Hardy himself and which give simple proofs and equivalence of powerweighted forms

1Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò �14-21-00066, âûïîëíÿåìûé â Âîðîíåæñêîì ãîñó-
íèâåðñèòåòå.)
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of Hardy's inequality with sharp constants. in this connection I will focus on my recent
results with N. Samko and S. Samko.

R E F E R E N C E S

1. Persson L. E. Lecture Notes, College de France, Paris, November, 2015. � 74 p.

M.A. Pliev (Vladikavkaz, Russia)
maratpliev@gmail.com

DOMINATION PROBLEM FOR AM-COMPACT ABSTRACT
URYSON OPERATORS

The theory of orthogonally additive operators in vector lattices is a growing �eld of
investigations (see for instance [1-3]. ) The reader is assumed to be familiar with the
theory of vector lattices (see [4]).
Let E be a vector lattice, and let F be a real linear space. An operator T : E → F

is called orthogonally additive if T (x + y) = T (x) + T (y) for every disjoint elements
x, y ∈ E.
Let E and F be vector lattices. An orthogonally additive operator T : E → F is

called order bounded, if T maps order bounded sets in E to order bounded sets in F .
The set of all abstract Uryson operators from E to F is denoted by U(E,F ).
Let E be a vector lattice and F a Banach space. An orthogonally additive operator

T : E → F is called AM-compact, if for every order bounded set M ⊂ E its image
T (M) is a relatively compact set in F .

Theorem 1. Let E be Dedekind complete vector lattice, F be a Banach lattice with
an order continuous norm, and T ∈ U+(E,F ) be an AM -compact operator. Then
every operator S ∈ U+(E,F ), such that 0 ≤ S ≤ T is AM -compact.

R E F E R E N C E S
1. V. Mykhaylyuk, M. Pliev, M. Popov, O. Sobchuk Dividing measures and narrow operators. // Studia Math. 231 (2015),

P. 97�116.
2. M. A. Pliev, M. M. Popov On the extension of abstract Uryson operators. // Siberian Math. J. DOI: 10.17377 / smzh.

2060.01.001.
3. M.A. Pliev Narrow orthogonally additive operators. // Positivity 18, vol. 4, (2014), P. 641�667.

4. C. D. Aliprantis O. Burkinshaw Positive Operators, Springer, Dordrecht. 2006.

D.M. Polyakov (Voronezh)
DmitryPolyakow@mail.ru

ON SPECTRAL PROPERTIES OF 1D SCHR�ODINGER OPERATOR1

We consider the operators Lθ : D(Lθ) ⊂ L2[0, ω] → L2[0, ω], θ ∈ [0, 1], ω > 0,
determined by the following di�erential expressions

l(y) = −y′′ − vy, where v ∈ L2[0, ω].
1The work was supported by Russian Science Foundation (project �14-21-00066 was carried out in Voronezh State University).
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The domain D(Lθ) = {y ∈ W 2
2 [0, ω] : y(ω) = eiπθy(0), y′(ω) = eiπθy′(0)}, θ ∈ [0, 1].

The eigenfunctions of the second order di�erential operator have the form en(t) =

ei
π(2n+θ)

ω , where n ∈ Z+ for θ ∈ {0, 1} and n ∈ Z for θ ∈ (0, 1). The Riesz projections
are de�ned as Pnx = (x, e−n−θ)e−n−θ + (x, en)en, n ∈ Z+, for θ ∈ {0, 1} and Pn,θx =
(x, en)en, n ∈ Z, for θ ∈ (0, 1), x ∈ L2[0, 1].
Let m ∈ Z+ be some number. The spectrum σ(Lθ) has the following representation

σ(Lθ) = σ(m) ∪ (∪n>m+1σn). (1)

Here, σ(m) is a �nite set and σn = {λ̃n}, where λ̃n is an eigenvalue of operator Lθ

(see [1]). Further, for θ ∈ {0, 1}, by P(m) we denote the projection
m∑
s=0

Ps and by

P(m) we denote the projection
m∑

s=−m
Ps,θ for θ ∈ (0, 1). Let Ω ⊂ Z+ \ {0, . . . ,m} for

θ ∈ {0, 1} and Ω ⊂ Z\{−m, . . . ,m} for θ ∈ (0, 1). For the sets ∆ = ∆(Ω) = {λn, n ∈
Ω}, ∆̃ = ∆̃(Ω) = ∪n∈Ωσn the Riesz projections P (∆, L0

θ), P (∆̃, Lθ) are de�ned as

P (∆, L0
θ)x =

∑
n∈Ω

Pnx, P (∆̃, Lθ)x =
∑
n∈Ω

P̃nx, x ∈ L2[0, ω]. Here, P̃n is constructed by

the set σn. For θ ∈ (0, 1) these projections are de�ned in a similar way.

Theorem 1. There exists a number m ∈ Z+ such that the spectrum σ(Lθ) has the
form (1). We get the following estimates for spectral projections:

‖P (∆̃, Lθ)− P (∆, L0
θ)‖2 6

M

k
1
2 (Ω)

.

Here M > 0 is some constant and k(Ω) = min
n∈Ω
|n|

R E F E R E N S E S
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Ä.À. Ïîëÿêîâà (Ðîñòîâ-íà-Äîíó, Âëàäèêàâêàç)
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÑÈÑÒÅÌ ÓÐÀÂÍÅÍÈÉ ÑÂÅÐÒÊÈ Â
ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÓËÜÒÐÀÄÈÔÔÅÐÅÍÖÈÐÓÅÌÛÕ ÔÓÍÊÖÈÉ

ÐÓÌÜÅ

Â ðàáîòå ðàññìàòðèâàþòñÿ ïðîñòðàíñòâà óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé Ðó-
ìüå íà êîíå÷íîì èíòåðâàëå I = (−a, a):
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Eq{ω}(I) =
{
f ∈C∞(I)

∣∣ ∀m ∈ N ∃n ∈ N :

|f |n,m = sup
j∈N0

sup
|x|≤am

|f (j)(x)|e−qnϕ∗ω(j/qn) <∞
}
.

Çäåñü q ≥ 0 � çàäàííîå ÷èñëî; ∞ > qn ↓ q; 0 < am ↑ a; ω � âåñîâàÿ ôóíêöèÿ;
ϕ∗ω(y) = sup{xy − ω(ex) : x ≥ 0}, y ≥ 0. Ïðè q = 0 ñîîòâåòñòâóþùåå ïðîñòðàíñòâî
íàçûâàåòñÿ ïðîñòðàíñòâîì ìèíèìàëüíîãî òèïà, ïðè q > 0 � íîðìàëüíîãî òèïà.
Â ïðîñòðàíñòâå Eq{ω}(I) èññëåäóåòñÿ ñèñòåìà èç p, p ∈ N, óðàâíåíèé ñâåðòêè

Tµif = hi , 1 ≤ i ≤ p . (1)

Çäåñü µi � ñèìâîëû óðàâíåíèé ñâåðòêè, ò. å. ôóíêöèè èç ìíîæåñòâà

M =
{
µ ∈ H(C) : ∀ε > 0 sup

z∈C

|µ(z)|
eεω(z)+ε|Im z| <∞

}
;

Tµi � îïåðàòîðû ñâåðòêè ñ ñèìâîëàìè µi, äåéñòâóþùèå ëèíåéíî è íåïðåðûâíî â
ïðîñòðàíñòâå Eq{ω}(I), 1 ≤ i ≤ p. Ïîëîæèì µ := (µ1, . . . , µp), Tµf := (Tµ1

f, . . . , Tµpf).

Òîãäà îïåðàòîð Tµ äåéñòâóåò ëèíåéíî è íåïðåðûâíî èç Eq{ω}(I) â
(
Eq{ω}(I)

)p
.

Òåîðåìà 1. Åñëè äëÿ ñèìâîëîâ µ1, . . . , µp âûïîëíÿåòñÿ óñëîâèå

∀ε > 0 ∃B > 0 :

p∑
i=1

|µi(z)| ≥ B e−εω(z)−ε|Im z| , z ∈ C ,

òî kerTµ = {0} è ImTµ çàìêíóò â
(
Eq{ω}(I)

)p
, ò. å. ñèñòåìà (1) îäíîçíà÷íî è

íîðìàëüíî ðàçðåøèìà â Eq{ω}(I).

Èññëåäîâàíèå îñíîâàíî íà ðåçóëüòàòàõ ðàáîòû [1].
Ë È Ò Å Ð À Ò Ó Ð À
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ÓÑËÎÂÈÅ ÇÀÌÊÍÓÒÎÑÒÈ ÏÎÄÃÐÓÏÏÛ, ÎÏÐÅÄÅËßÅÌÎÉ
ÑÒÀÖÈÎÍÀÐÍÎÉ ÏÎÄÀËÃÅÁÐÎÉ ÀËÃÅÁÐÛ

ÈÍÔÈÍÈÒÅÇÅÌÀËÜÍÛÕ ÈÇÎÌÅÒÐÈÉ

Òåîðåìà. Ïóñòü g � àëãåáðà Ëè âñåõ âåêòîðíûõ ïîëåé Êèëëèíãà íà ðèìàíîâîì
âåùåñòâåííî àíàëèòè÷åñêîì ìíîãîîáðàçèè M , h � å¼ ñòàöèîíàðíàÿ ïîäàëãåáðà â
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íåêîòîðîé òî÷êå p ∈ M , G � ãðóïïà, ïîðîæäåííàÿ àëãåáðîé g è H � ïîäãðóïïà,
ïîðîæä¼ííàÿ ïîäàëãåáðîé h. Åñëè H íå çàìêíóòà â G, òî àëãåáðû Ëè g è h ⊂ h

îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè.
1. g èìååò íåíóëåâîé öåíòð z.
2. Ñóùåñòâóåò âåêòîðíîå ïîëå Z ∈ z, íå ïðèíàäëåæàùåå êîììóòàíòó àë-

ãåáðû g, Z /∈ [g, g], ñëåäîâàòåëüíî, ñóùåñòâóåò ïîäàëãåáðà g0 ⊂ g òàêàÿ, ÷òî
g0

⊕
tZ = g. Äëÿ ëþáîé òàêîé ïîäàëãåáðû èìååò ìåñòî ðàâåíñòâî dim(g0∩h) =

dimh− 1.
Ïðèâåä¼ì èäåþ äîêàçàòåëüñòâà òåîðåìû. Ðàññìîòðèì çàìûêàíèå H ãðóïïû H

â G è ïîäàëãåáðó Ëè h ⊂ g ïîäãðóïïû H ⊂ G. Ïîäàëãåáðà h ÿâëÿåòñÿ íîðìàëü-
íîé ïîäàëãåáðîé àëãåáðû h. Ðàññìîòðèì îäíîïàðàìåòðè÷åñêóþ ïîäãðóïïó ht ∈ H,
ht /∈ H. Òîãäà âíóòðåííèé àâòîìîðôèçì x 7→ htxh

−1
t , x ∈ G, ÿâëÿþòñÿ ïðåäåëîì

ïîñëåäîâàòåëüíîñòè âíóòðåííèõ àâòîìîðôèçìîâ x 7→ hnxh
−1

t , hn ∈ H. Òàê êàê
âíóòðåííèå àâòîìîðôèçìû x 7→ hnxh

−1
n îïðåäåëÿþò èçîìåòðèè x 7→ hnx øàðà

B ⊂M , òî âíóòðåííèé àâòîìîðôèçì îïðåäåëÿåò èçîìåòðèþ x 7→ htxh
−1

t øàðà B.
Òîãäà äëÿ âñåõ äîñòàòî÷íî ìàëûõ t îïðåäåëåíà ëîêàëüíàÿ èçîìåòðèÿ x 7→ htx è,
ñëåäîâàòåëüíî, ëîêàëüíàÿ èçîìåòðèÿ x 7→ xht. Òàêèì îáðàçîì, óìíîæåíèÿ ñïðà-
âà íà ýëåìåíòû ëîêàëüíîé îäíîïàðàìåòðè÷åñêîé ãðóïïû ht ïîðîæäàåò âåêòîðíîå
ïîëå Êèëëèíãà, êîììóòèðóþùåå ñî âñåìè ýëåìåíòàìè àëãåáðû g.
Êàê áûëî ïîêàçàíî âûøå, ãðóïïà G ñîäåðæèò îäíîïàðàìåòðè÷åñêóþ ïîäãðóïïó

zt óìíîæåíèé ñïðàâà íà ht ∈ G ⊂ AutG. Åñëè ht ∈ (G;G), òî zt /∈ (G;G) (àâòîìîð-
ôèçì, ïîðîæä¼ííûé óìíîæåíèåì ñïðàâà íå ìîæåò áûòü ðàâíûì àâòîìîðôèçìó,
ïîðîæä¼ííîìó óìíîæåíèåì ñëåâà). Åñëè h /∈ (G;G), òî ñóùåñòâóåò ïîäãðóïïà
G0 ⊂ G êîðàçìåðíîñòè 1 òàêàÿ, ÷òî zt /∈ G0. Ñëåäîâàòåëüíî, ãðóïïà G ÿâëÿåò-
ñÿ ïðÿìûì ïðîèçâåäåíèåì ãðóïïû G0 è îäíîïàðàìåòðè÷åñêîé ïîäãðóïïû exp(tz).
Ëîêàëüíî äåéñòâèå exp(tz) íà ìíîãîîáðàçèè M ñîâïàäàåò ñ ëîêàëüíîé èçîìåòðè-
åé x 7→ xht (óìíîæåíèåì ñïðàâà). Ïîýòîìó G0p ñîäåðæèò îòêðûòóþ îêðåñòíîñòü
òî÷êè p ∈M è, ñëåäîâàòåëüíî, dim(G0 ∩H) = dimH − 1.

È.À. Ðîìàíåíêî (Ñèìôåðîïîëü)
rom.igor.alex@gmail.com

ÎÏÐÅÄÅËÅÍÈÅ ÝÊÑÒÐÅÌÀËÅÉ ÂÀÐÈÀÖÈÎÍÍÛÕ
ÔÓÍÊÖÈÎÍÀËÎÂ Ñ ÑÓÁÃËÀÄÊÈÌ ÈÍÒÅÃÐÀÍÒÎÌ Â

ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÑÎÁÎËÅÂÀ W 1,p[a; b]

Äëÿ âàðèàöèîííûõ ôóíêöèîíàëîâ â ïðîñòðàíñòâàõ Ñîáîëåâà W 1,p[a; b] ñ èíòå-
ãðàëüíûì èíäåêñîì 1 ≤ p <∞ ââîäèòñÿ ïîñëåäîâàòåëüíîñòü äîìèíàíòíûõ îöåíîê
ðîñòà îáîáùåííîãî ãðàäèåíòà ñîîòâåòñòâóþùåãî ïîðÿäêà îò ñóáãëàäêîãî èíòåãðàí-
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òà. Äîêàçàíû ñóáíåïðåðûâíîñòü è ñóáäèôôåðåíöèðóåìîñòü âàðèàöèîííîãî ôóíê-
öèîíàëà â C1-ãëàäêèõ òî÷êàõ ïðîñòðàíñòâ Ñîáîëåâà ïðè ïîïàäàíèè èíòåãðàíòà
â ñîîòâåòñòâóþùèé êëàññ äîìèíàíòíûõ îöåíîê. Ïðèìåíåíèå äàííîãî àïïàðàòà ê
èññëåäîâàíèþ ýêñòðåìàëüíûõ âàðèàöèîííûõ çàäà÷ â ïðîñòðàíñòâàõ Ñîáîëåâà ïîç-
âîëÿåò îïðåäåëèòü ýêñòðåìàëè âàðèàöèîííûõ ôóíêöèîíàëîâ ñ ñóáãëàäêèì èíòå-
ãðàíòîì (îäíîìåðíûé ñëó÷àé). Ðàññìîòðåí ðÿä ïðèìåðîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Îðëîâ È.Â. Ââåäåíèå â ñóáëèíåéíûé àíàëèç. ÑÌÔÍ. 2014. Ò. 53. C. 64�132.

2. Îðëîâ È.Â., Ðîìàíåíêî È.À. Äîìèíàíòíûå îöåíêè ðîñòà èíòåãðàíòà è ãëàäêîñòü âàðèàöèîííûõ ôóíêöèîíàëîâ â

ïðîñòðàíñòâàõ Ñîáîëåâà. Èçâ. Ñàðàò. óí-òà. Íîâ. ñåð. Ñåð. Ìàòåìàòèêà. Ìåõàíèêà. Èíôîðìàòèêà. 2015. Ò. 15, âûï. 4.

C. 422�432.

Ñ.À. Ðîùóïêèí (Åëåö, Ðîññèÿ)
roshupkinsa@mail.ru

ÏÑÅÂÄÎËÎÊÀËÜÍÎÑÒÜ ÎÏÅÐÀÒÎÐÎÂ
ÊÈÏÐÈßÍÎÂÀ-ÊÀÒÐÀÕÎÂÀ

Ñëåäóÿ [1], ñìåøàííûì ïîëíûì ïðÿìûì è îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå-
Áåññåëÿ ôóíêöèè u íàçîâåì ñîîòâåòñòâåííî âûðàæåíèÿ FB[u](ξ) =

∫
RN

jγ(x
′, ξ′)e−i〈x

′′, ξ′′〉 u(x)
n∏
i=1

(x2
i )
γi/2 dx,

F−1
B [f ](x) = CγFB[f ](−x) ,

∣∣∣∣∣∣ ,
ãäå jγ(x

′, ξ′) =
n∏
i=1

(
jγi−1

2
(xiξi)− i xiξiγi+1jγi+1

2
(xiξi)

)
,

x′∈Rn, x
′′∈RN−n, à jγi−1

2
(t) � j-ôóíêöèÿ Áåññåëÿ, ñâÿçàííàÿ ñ ôóíêöèåé Áåññåëÿ

ïåðâîãî ðîäà Jν(t) ðàâåíñòâîì jν(t) = 2νΓ(ν + 1)Jν(t)
tν .

Êëàññ îäíîìåðíûõ ñèíãóëÿðíûõ îïåðàòîðîâ íà îñíîâå ýòîãî ïðåîáðàçîâàíèÿ
ââåäåí È.À. Êèïðèÿíîâûì è Â.Â. Êàòðàõîâûì â [2].
Ìíîãîìåðíûì îïåðàòîðîì Êèïðèÿíîâà-Êàòðàõîâà ñìåøàííîãî òèïà ñ ñèìâî-

ëîì a(x; ξ) íàçîâåì îïåðàòîð, äåéñòâóþùèé íà ôóíêöèè èç S(RN) ïî ôîðìóëå

FB[Au](ξ) =
∫
RN

jγ(x
′, ξ′) e−i(x

′, ξ′) a(x; ξ)u(x)
n∏
i=1

(x2
i )
γi/2dx.

Äëÿ ëþáîãî âåùåñòâåííîãî ÷èñëà s ÷åðåç Hs
γ(RN) îáîçíà÷èì êëàññ ôóíêöèé

u∈Hs
γ : {‖u‖2

s,γ=
∫

(1+|ξ|2)s |FB[u](ξ)|2 (ξ′)γ dξ}. Êàíîíè÷åñêèé ñèíãóëÿðíûé ïñåâ-
äîäèôôåðåíöèàëüíûé îïåðàòîð A ñ ñèìâîëîì ïîðÿäêà îäíîðîäíîñòè m èìååò ïî-
ðÿäîê m â Hs

γ: ‖Au‖s,γ ≤ C‖u‖s+m,γ (ñì. [1]).
Ñâîéñòâî ïñåâäîëîêàëüíîñòè äëÿ ðàññìîòðåííûõ îïåðàòîðîâ çàêëþ÷àåòñÿ â ñëå-

äóþùåì (ñì. [3]): äëÿ ïðîèçâîëüíîé îáëàñòè Ω+ ïðèëåãàþùåé ê ãèïåðïëîñêîñòÿì
xi = 0, i = 1, n âûïîëíÿåòñÿ óñëîâèå u∈Hs

γ, u(x)=0, x∈Ω+ =⇒ Au∈C∞(Ω+) .
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Òåîðåìà 1. Êàíîíè÷åñêèé îïåðàòîð Êèïðèÿíîâà-Êàòðàõîâà ÿâëÿåòñÿ ïñåâäî-
ëîêàëüíûì.
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N. Samko (Lule�a, Sweden)
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WEIGHTED SINGULAR OPERATORS IN MORREY TYPE SPACES

We discuss recent results on weighted boundedness of Calder�on-Zygmund singular
operators in Morrey type spaces. The obtained conditions of the boundedness are given
in terms of inclusion into generalized Morrey spaces of a certain function de�ned by
parameters of the space and weight.

Â.À. Ñëîóù (Ñàíêò-Ïåòåðáóðã, Ðîññèÿ)
v.slouzh@spbu.ru, vsloushch@list.ru

ÎÖÅÍÊÈ ÑÈÍÃÓËßÐÍÛÕ ×ÈÑÅË ÎÊÀÉÌËÅÍÍÎÃÎ
ÏÐÅÎÁÐÀÇÎÂÀÍÈß ÝÉÐÈ

Â L2(R) ðàññìîòðèì óíèòàðíîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ýéðè T , îïðåäå-
ëåííîå ðàâåíñòâîì

Tu(x) :=

∫
R

Ai(y − x)u(y)dy, u ∈ L2(R) ∩ L1(R).

Çäåñü Ai(z) = 1
π

∞∫
0

cos( t
3

3 + zt)dt, z ∈ R, � ôóíêöèÿ Ýéðè. Íàñ èíòåðåñóþò óñëîâèÿ

êîìïàêòíîñòè, à òàêæå îöåíêè ñèíãóëÿðíûõ ÷èñåë îïåðàòîðà fTg ïðè ïîäõîäÿùèõ
f, g ∈ L2,loc(R). Ðåçóëüòàòû òàêîãî ðîäà ìîãóò áûòü ïîëåçíû ïðè èññëåäîâàíèè
ñïåêòðà îïåðàòîðà Øòàðêà − d2

dx2 + x, âîçìóùåííîãî óáûâàþùèì ïîòåíöèàëîì.
Áîëåå òî÷íî, ðå÷ü ïîéäåò îá óñëîâèÿõ ïðèíàäëåæíîñòè îïåðàòîðà fTg ñòàíäàðò-

íûì êëàññàì Øàòòåíà-ôîí-Íåéìàíà Sp è êëàññàì Ëîðåíöà Sp,q. Â ñëó÷àå p > 2
òàêèå óñëîâèÿ áûëè ïîëó÷åíû â ðàáîòå [1]. Â íàñòîÿùåì äîêëàäå áóäóò îáñóæ-
äàòüñÿ óñëîâèÿ ïðèíàäëåæíîñòè îïåðàòîðîâ fTg êëàññàì Sp è Sp,q ïðè p ∈ (0, 2),
q ∈ (0,+∞]. Â òîì ÷èñëå ìû îáñóäèì óñëîâèÿ ÿäåðíîñòè îïåðàòîðîâ fTg.
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ÎÁ ÎÄÍÎÌ ÌÅÒÎÄÅ ÏÎÑÒÐÎÅÍÈß ÑÏÅÊÒÐÀËÜÍÛÕ
ÑÎÎÒÍÎØÅÍÈÉ ÄËß ÍÅÊÎÒÎÐÛÕ ÈÍÒÅÃÐÀËÜÍÛÕ

ÎÏÅÐÀÒÎÐÎÂ

Â ðàáîòå èçëîæåí ìåòîä ïîñòðîåíèÿ ñîáñòâåííûõ ôóíêöèé íåêîòîðûõ èíòå-
ãðàëüíûõ îïåðàòîðîâ îñåñèììåòðè÷íûõ ñìåøàííûõ çàäà÷ ìåõàíèêè ñïëîøíîé ñðå-
äû, àëüòåðíàòèâíûé èçâåñòíîìó ìåòîäó [1]. Ïóñòü M2n−1(r) (n = 1, 2, 3, ...) �
ìíîãî÷ëåíû ïî íå÷åòíûì ñòåïåíÿì r ∈ [0, 1]. Ïðè ïîñòðîåíèè ñèñòåìû ýòèõ ìíî-
ãî÷ëåíîâ ïåðâûå äâà ìíîãî÷ëåíà âûáåðåì â âèäå: M1(r) = r, M3(r) = 5

4r
3 − r.

Ñâîéñòâî îðòîãîíàëüíîñòè ìíîãî÷ëåíîâ ïðèâîäèò ê ðåêóððåíòíîìó ñîîòíîøåíèþ

M2n−1(r) = (Anr
2 +Bn)M2n−3(r) + (1 +Bn)M2n−5(r) (n = 3, 4, 5, ...),

An =
(4n− 3)(4n− 5)

2n(2n− 1)
, Bn = −4(n− 1)(2n− 3)

(4n− 3)(4n− 7)
An.

Óñëîâèå îðòîãîíàëüíîñòè ìíîãî÷ëåíîâ M2n−1(r) ïîëó÷åíî â âèäå

1∫
0

w(r)M2m−1(r)M2n−1(r)dr =
2δmn

n(2n− 1)(4n− 1)
,

ãäå δmn� ñèìâîë Êðîíåêåðà, w(r) = r(1− r2)−1/2; m,n ∈ N. Àíàëèç ïîëó÷åííûõ
ðåçóëüòàòîâ ïðèâîäèò ê âûâîäó, ÷òî ìíîãî÷ëåíû M2n−1(r) ÿâëÿþòñÿ ñîáñòâåííû-
ìè ôóíêöèÿìè èíòåãðàëüíîãî îïåðàòîðà ΛM2n−1(r), îïðåäåëÿåìîãî ôîðìóëîé

ΛM2n−1(r) =
1∫

0

w(y)M2n−1(y)dy
∞∫
0

J1(uy)J1(ur)du (r ∈ [0, 1]),

ãäå J1(z) � ôóíêöèÿ Áåññåëÿ. Ôîðìóëà äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé λn
îïåðàòîðà ΛM2n−1(r) ïîëó÷åíà â âèäå

λn =
π(2n− 1)!!(2n− 3)!!

2(2n)!!(2n− 2)!!
, n ∈ N.
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ÏÎÐßÄÊÎÂÛÅ ÑÂÎÉÑÒÂÀ ÍÎÐÌÛ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ
ÎÐËÈ×À-ËÎÐÅÍÖÀ ÈÇÌÅÐÈÌÛÕ ÎÏÅÐÀÒÎÐÎÂ,

ÏÐÈÑÎÅÄÈÍÅÍÍÛÕ Ê ÏÎËÓÊÎÍÅ×ÍÎÉ ÀËÃÅÁÐÅ ÔÎÍ
ÍÅÉÌÀÍÀ

ÏóñòüM � ïîëóêîíå÷íàÿ àëãåáðà ôîí Íåéìàíà, P(M) � ðåøåòêà âñåõ îðòî-
ïðîåêòîðîâ âM, τ � òî÷íûé íîðìàëüíûé ïîëóêîíå÷íûé ñëåä íàM è S(M, τ)
� ∗-àëãåáðà âñåõ τ -èçìåðèìûõ îïåðàòîðîâ, ïðèñîåäèíåííûõ êM .
Íåâîçðàñòàþùåé ïåðåñòàíîâêîé îïåðàòîðà T ∈ S(M, τ) íàçûâàåòñÿ ôóíêöèÿ

µ(T )(t) = inf{‖TP‖M : P ∈ P(M), τ(P⊥) 6 t}, t > 0.
Ëèíåéíîå ïîäïðîñòðàíñòâî E ⊆ S(M, τ) ñ áàíàõîâîé íîðìîé ‖ · ‖E íàçûâàåòñÿ

ñèììåòðè÷íûì ïðîñòðàíñòâîì íà (M, τ), åñëè èç T ∈ E, S ∈ S(M, τ) è µ(S)(t) ≤
µ(T )(t) äëÿ ëþáîãî t > 0 ñëåäóåò, ÷òî S ∈ E è ‖S‖E ≤ ‖T‖E.
Áàíàõîâî ïðîñòðàíñòâî (E, ‖ · ‖E) íàçûâàåòñÿ âïîëíå ñèììåòðè÷íûì, åñëè èç

òîãî ÷òî T ∈ E, S ∈ S(M, τ) è
x∫
0

µ(T )(t) dt 6
x∫
0

µ(S)(t) dt äëÿ âñåõ x > 0 ñëåäóåò,

÷òî S ∈ E è ‖S‖E ≤ ‖T‖E.
Íîðìà âïîëíå ñèììåòðè÷íîãî ïðîñòðàíñòâà E
� ïîðÿäêîâî íåïðåðûâíà, åñëè èç Tα ↓ 0 â E ñëåäóåò, ÷òî ||Tα||E ↓ 0;
� ìîíîòîííî ïîëíà, åñëè èç 0 ≤ Tα ⊂ E, sup ||Tα||E <∞ ñëåäóåò, ÷òî ñóùåñòâóåò

supTα = T ∈ E è ||T ||E = sup ||Tα||E.
Ïóñòü Φ èW ôóíêöèè Îðëè÷à è Ëîðåíöà ñîîòâåòñòâåííî. Ïðîñòðàíñòâî Îðëè÷à-

Ëîðåíöà îïðåäåëÿåòñÿ êàê ìíîæåñòâî

ΛΦ,W = ΛΦ,W (M, τ) = {T ∈ S(M, τ) : µ(T ) ∈ ΛΦ,W (0,∞)}

ñ íîðìîé

‖T‖ΛΦ,W (M,τ) = inf

a > 0,

∞∫
0

Φ
(µ(T )(t)

a

)
dW (t) ≤ 1

 ,

ãäå ΛΦ,W (0,∞) � ïðîñòðàíñòâî Îðëè÷à-Ëîðåíöà íà ïîëóïðÿìîé (0,∞).

Òåîðåìà 1. (ΛΦ,W , || · ||ΛΦ,W
) � âïîëíå ñèììåòðè÷íîå ïðîñòðàíñòâî, íîðìà

êîòîðîãî ìîíîòîííî ïîëíà.

Òåîðåìà 2. Åñëè ôóíêöèÿ Îðëè÷à Φ óäîâëåòâîðÿåò ∆2 óñëîâèþ è W íåïðå-
ðûâíà â íóëå, òîãäà ïðîñòðàíñòâî (ΛΦ,W , || · ||ΛΦ,W

) îáëàäàåò ïîðÿäêîâî íåïðå-
ðûâíîé íîðìîé.
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ÒÅÎÐÅÌÛ ÎÒÄÅËÈÌÎÑÒÈ Â ÑÓÁËÈÍÅÉÍÛÕ
ÍÎÐÌÈÐÎÂÀÍÍÛÕ ÊÎÍÓÑÀÕ 1

Â ðàáîòå âûäåëåí êëàññ ñóáëèíåéíûõ êîíóñîâ, êîòîðûå îòëè÷àþòñÿ îò âûïóê-
ëûõ êîíóñîâ îòñóòñòâèåì âòîðîãî äèñòðèáóòèâíîãî çàêîíà. Â òåðìèíàõ âûïóêëîé
è àôôèííîé îáîëî÷åê ýëåìåíòà òàêîãî êîíóñà ïðåäëîæåíû ñîîòâåòñòâóþùèå àíà-
ëîãè âòîðîãî äèñòðèáóòèâíîãî çàêîíà. Ïîñòðîåíû ïðèìåðû ñóáëèíåéíûõ êîíóñîâ
êàê îáëàäàþùèõ, òàê è íå îáëàäàþùèõ òàêèìè ñâîéñòâàìè. Ââåäåíî ïîíÿòèå ñóá-
ëèíåéíîãî íîðìèðîâàííîãî êîíóñà (ÑÍÊ), îòëè÷èòåëüíàÿ ÷åðòà êîòîðîãî � äî-
ïîëíèòåëüíûå àêñèîìû, êîòîðûå ìîãóò íå âûòåêàòü èç ñòàíäàðòíîãî íàáîðà, åñëè
ÑÍÊ íå åñòü ëèíåéíîå ïðîñòðàíñòâî.
Â cóáëèíåéíûõ êîíóñàõ ñ âûïóêëûì èëè àôôèííûì àíàëîãîì âòîðîãî äèñòðè-

áóòèâíîãî çàêîíà, à òàêæå ñ çàêîíîì ñîêðàùåíèÿ ïîëó÷åí àíàëîã òåîðåìû Õàíà-
Áàíàõà î ïðîäîëæåíèè ëèíåéíîãî ôóíêöèîíàëà ñ ñîõðàíåíèåì âûïóêëîé îöåíêè,
à òàêæå íåêîòîðûå ñëåäñòâèÿ � àíàëîã ëåììû îá îïîðíîì ôóíêöèîíàëå è àíàëîã
òåîðåìû î ðàçäåëåíèè òî÷åê ëèíåéíûìè îãðàíè÷åííûìè ôóíêöèîíàëàìè.
Íà áàçå ýòîãî ðåçóëüòàòà äîêàçàíû òåîðåìû îá îòäåëèìîñòè â ÑÍÊ, ââåäåíî

ïîíÿòèå ñîïðÿæ¼ííîãî êîíóñà è ïðîñòðàíñòâà ê ÑÍÊ, äîêàçàíà òåîðåìà î ëè-
íåéíîì, èíúåêòèâíîì è èçîìåòðè÷íîì âëîæåíèè ÑÍÊ â ëèíåéíîå íîðìèðîâàííîå
ïðîñòðàíñòâî. Äîêàçàíà âîçìîæíîñòü ïåðåíîñà ïîëó÷åííûõ ðåçóëüòàòîâ â ñïåöè-
àëüíûé êëàññ ÑÍÊ, íå îáëàäàþùèõ çàêîíîì ñîêðàùåíèÿ.
Â êà÷åñòâå ïðèëîæåíèé íà êëàññ ñåïàðàáåëüíûõ ÑÍÊ ïåðåíåñåí àíàëîã òåîðåìû

Äàíæóà-Þíã-Ñàêñà î ïðîèçâîäíûõ ÷èñëàõ [1], ÷òî ïîçâîëèëî ïåðåíåñòè â êëàññ
ÑÍÊ íåêîòîðûå ðåçóëüòàòû òåîðèè êîìïàêòíûõ ñóáäèôôåðåíöèàëîâ ïåðâîãî è
âûñøèõ ïîðÿäêîâ [2].
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ÑÈÑÒÅÌÛ ÈÍÒÅÃÐÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÃÀÌÌÅÐØÒÅÉÍÀ Ñ
×ÀÑÒÍÛÌÈ ÈÍÒÅÃÐÀËÀÌÈ Â ÏÐÎÑÒÐÀÍÑÒÂÅ C(1),n(D) 1

Ðàññìîòðèì ñèñòåìó
x(t, s) = (KFx)(t, s), (1)

ãäå x(t, s) = (x1(t, s), . . . , xn(t, s))
T , K = (Kij)

n
i,j=1,

(Kijxj)(t, s) =
t∫
a

lij(t, s, τ)fj(τ, s, xj(τ, s))dτ +
s∫
c

mij(t, s, σ)fj(t, σ, xj(t, σ))dσ+

+
t∫
a

s∫
c

nij(t, s, τ, σ)fj(τ, σ, xj(τ, σ))dτdσ, i = 1, ..., n,

îïåðàòîð ñóïåðïîçèöèè (Fx)(t, s) = (f1(t, s, x1(t, s), ..., fn(t, s, xn(t, s))
T , t ∈ [a, b],

τ ∈ [a, t], s ∈ [c, d], σ ∈ [c, s], u ∈ (−∞,+∞), lij(t, s, τ), mij(t, s, σ) è nij(t, s, τ, σ) �
âåùåñòâåííûå ôóíêöèè. ×åðåç C(1)(D) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíî äèô-
ôåðåíöèðóåìûõ íà D = [a, b] × [c, d] ôóíêöèé, à ÷åðåç C(1),n(D) - ïðîñòðàíñòâî
âåêòîð - ôóíêöèé x = (x1, . . . , xn), ãäå xj ∈ C(1)(D)(j = 1, . . . , n).

Òåîðåìà 1.Ïóñòü lij,mij, nij � íåïðåðûâíûå âìåñòå ñî ñâîèìè ÷àñòíûìè ïðî-
èçâîäíûìè ïåðâîãî ïîðÿäêà ïî t è s ôóíêöèè, fj � íåïðåðûâíî äèôôåðåíöèðóåìûå
ôóíêöèè íà D × (−∞,+∞) (i, j = 1, . . . , n), óäîâëåòâîðÿþùèå óñëîâèþ Ëèïøè-
öà ïî ïîñëåäíåé ïåðåìåííîé. Òîãäà ñèñòåìà (1) èìååò â C(1),n(D) åäèíñòâåííîå
ðåøåíèå, êîòîðîå ìîæíî íàéòè ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Îòìåòèì, ÷òî ñâîéñòâà ëèíåéíûõ è íåëèíåéíûõ îïåðàòîðîâ è óðàâíåíèé ñ ÷àñò-
íûìè èíòåãðàëàìè â ðàçëè÷íûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ èññëåäîâàëèñü â
[1-2].
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ÑËÀÁÎ ÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÌÅÐÛ ÃÈÁÁÑÀ ÄËß HARD-CORE
ÌÎÄÅËÈ ÍÀ ÍÅÊÎÒÎÐÎÌ ÈÍÂÀÐÈÀÍÒÅ

Ïóñòü τ k = (V, L) åñòü äåðåâî Êýëè ïîðÿäêà k ≥ 1. Èçâåñòíî, ÷òî τ k ìîæíî
ïðåäñòàâèòü êàê Gk - ñâîáîäíîå ïðîèçâåäåíèå k + 1 öèêëè÷åñêèõ ãðóïï âòîðîãî
ïîðÿäêà (ñì.[4]). Ïóñòü Φ = {0, 1} è σ ∈ ΦV -êîíôèãóðàöèÿ. Êîíôèãóðàöèÿ σ
íàçûâàåòñÿ äîïóñòèìîé, åñëè σ(x)σ(y) = 0 äëÿ ëþáûõ ñîñåäíèõ 〈x, y〉. Ãàìèëüòî-
íèàí HC-ìîäåëè îïðåäåëÿåòñÿ ïî ôîðìóëå H(σ) = J

∑
x∈V

σ(x), åñëè σ−äîïóñòèìàÿ

è H(σ) = +∞, åñëè σ−íå äîïóñòèìàÿ.
Îïðåäåëåíèå ìåðû Ãèááñà è äðóãèõ ïîíÿòèé, ñâÿçàííûõ ñ òåîðèåé ìåð Ãèááñà,

ìîæíî íàéòè, íàïðèìåð, â ðàáîòå [4]. Â ðàáîòå [2] äîêàçàíà åäèíñòâåííîñòü ñëàáî
ïåðèîäè÷åñêîé ìåðû Ãèááñà äëÿ íîðìàëüíîãî äåëèòåëÿ èíäåêñà äâà.
Èçâåñòíî [1], ÷òî êàæäîé ìåðå Ãèááñà äëÿ HC-ìîäåëè ìîæíî ñîïîñòàâëÿòü ñî-

âîêóïíîñòü âåëè÷èí zx = {zx, x ∈ Gk}, óäîâëåòâîðÿþùèõ zx =
∏

y∈S(x)

(1 + λzy)
−1,

ãäå S(x)- ìíîæåñòâî ïðÿìûõ ïîòîìêîâ òî÷êè x ∈ V è λ > 0- ïàðàìåòð.
ÏóñòüA ⊂ {1, 2, ..., k+1}, i = |A|−ìîùíîñòü ìíîæåñòâàA è I2 = {(z1, z2, z7, z8) ∈

R4 : z1 = z7, z2 = z8} èíâàðèàíòíîå ìíîæåñòâî, îïðåäåëåííîå â ðàáîòå [2]. Ñëåäó-
þùàÿ òåîðåìà óëó÷øàåò îäèí èç ðåçóëüòàòîâ ðàáîòû [2]:

Òåîðåìà. Ïóñòü k = 2, i = 1, λcr = 4. Òîãäà äëÿ HC-ìîäåëè â ñëó÷àå íîð-
ìàëüíîãî äåëèòåëÿ èíäåêñà ÷åòûðå íà I2 ïðè λ > λcr ñóùåñòâóþò ðîâíî òðè
ñëàáî ïåðèîäè÷åñêèå ìåðû Ãèáññà, îäíà èç êîòîðûõ ÿâëÿåòñÿ òðàíñëÿöèîííî-
èíâàðèàíòíîé, îñòàëüíûå äâå ñëàáî ïåðèîäè÷åñêèìè (íå ïåðèîäè÷åñêèìè).
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ÍÅÃËÀÄÊÈÅ ÝÊÑÒÐÅÌÀËÜÍÛÅ ÂÀÐÈÀÖÈÎÍÍÛÅ ÇÀÄÀ×È Â
ÌÍÎÃÎÌÅÐÍÎÉ ÎÁËÀÑÒÈ

Âàðèàöèîííûå çàäà÷è ñ íåãëàäêèì èíòåãðàíòîì ñîñòàâëÿþò âàæíóþ ÷àñòü ñî-
âðåìåííîãî âàðèàöèîííîãî èñ÷èñëåíèÿ. Òàê, íàïðèìåð, ââåäåíèå ìîäóëÿ ïîä çíàê



¾Ñîäåðæàíèå¿

Ôóíêöèîíàëüíûé àíàëèç è òåîðèÿ îïåðàòîðîâ 49

êëàññè÷åñêîãî âàðèàöèîííîãî ôóíêöèîíàëà óæå ïðèâîäèò ê ýêñòðåìàëüíîé çàäà÷å,
êîòîðàÿ íå ïîääàåòñÿ èññëåäîâàíèþ êëàññè÷åñêèìè ìåòîäàìè, ââèäó íàðóøåíèÿ
ãëàäêîñòè èíòåãðàíòà.
Â ïîäîáíûõ ñèòóàöèÿõ îáû÷íî ïðèìåíÿþòñÿ ìåòîäû íåãëàäêîãî àíàëèçà, èñ-

ïîëüçóþùèå ðàçëè÷íûå òèïû ñóáäèôôåðåíöèàëîâ, êàæäûé èç êîòîðûõ èìååò ñâîè
ïðåèìóùåñòâà è ñâîþ ðàçóìíóþ îáëàñòü ïðèìåíèìîñòè.
Äàííàÿ ðàáîòà ïîñâÿùåíà ïðèëîæåíèÿì K-ñóáäèôôåðåíöèàëüíîãî èñ÷èñëåíèÿ

ê èññëåäîâàíèþ ýêñòðåìàëüíûõ âàðèàöèîííûõ çàäà÷ ñ íåãëàäêèì (à èìåííî ñóá-
ãëàäêèì) èíòåãðàíòîì (ìíîãîìåðíûé ñëó÷àé). Ðàáîòà ñîäåðæèò âàðèàöèîííûå
ïðèëîæåíèÿ òåîðèè K-ñóáäèôôåðåíöèàëîâ ïåðâîãî ïîðÿäêà ê ýêñòðåìàëüíûì çà-
äà÷àì ñ ñóáãëàäêèì èíòåãðàíòîì. Ïîëó÷åíà îöåíêà ïåðâîãî K-ñóáäèôôåðåíöèàëà
äëÿ âàðèàöèîííîãî ôóíêöèîíàëà ñ ñóáãëàäêèì èíòåãðàíòîì. Ðàññìîòðåíû ÷àñò-
íûå ñëó÷àè, â òîì ÷èñëå ñëó÷àé êîìïîçèöèè ñóáãëàäêîé è ãëàäêîé ôóíêöèé. Ïîëó-
÷åí êîìïàêòíûé âûïóêëûé àíàëîã âàðèàöèîííîãî óðàâíåíèÿ Ýéëåðà-Îñòðîãðàä-
ñêîãî. Ðàçðàáîòàííàÿ ìåòîäèêà ïîçâîëÿåò íàéòè â ðÿäå ñëó÷àåâ ãëàäêóþ ñóáýêñ-
òðåìàëü, êîòîðàÿ íå ïîääàåòñÿ îïðåäåëåíèþ êëàññè÷åñêèìè ìåòîäàìè, ââèäó ñóá-
ãëàäêîñòè èíòåãðàíòà. Íà áàçå òåîðèè K-ñóáäèôôåðåíöèàëîâ âûñøèõ ïîðÿäêîâ,
ïîëó÷åíà îöåíêà âòîðîãî K-ñóáäèôôåðåíöèàëà âàðèàöèîííîãî ôóíêöèîíàëà. Ñ
ïîìîùüþ ýòîé îöåíêè ïîëó÷åí ñîîòâåòñòâóþùèé àíàëîã íåîáõîäèìîãî óñëîâèÿ
Ëåæàíäðà. Òàêæå ïîëó÷åí ñóáãëàäêèé àíàëîã äîñòàòî÷íîãî óñëîâèÿ â òåðìèíàõ
ãåññèàíà èíòåãðàíòà.
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ON THE RIGHT-SIDE RESOLVENTS OF WEIGHTED SHIFT
OPERATORS

A family of operators R(λ) is said to be Right-side resolvent of a linear bounded
operator B, if (B − λI)R(λ) = I and R(λ) depend on λ analytically. If right-sided
resolvent is de�ned on the unit circle then the resolvent can be represented by Laurent
series

R(λ) =
+∞∑
k=0

λkB−k−1(I − P )−
−1∑
−∞

λkB−k−1P,

where P is a bounded operator [1].



¾Ñîäåðæàíèå¿

Ôóíêöèîíàëüíûé àíàëèç è òåîðèÿ îïåðàòîðîâ 50

We consider discrete weighted shift operators acting on the space l2(Z) by Bu(k) =
a(k)u(k + 1), k ∈ Z where a(k) is a bounded sequence [2]. Now let

Lη = {u ∈ l2(Z,Cm) : η0u(0) + η1u(1) + ...+ ηmu(m) = 0 for m ≥ 0}.

Our problem is to construct right-sided resolvent de�ned on the unit circle such that
ImR(λ) = Lη. The result in this talk formulated in the following theorem:

Theorem . Let limk→±∞ |a(k)| = a(±∞) and a(−∞) < 1 < a(+∞). The right-
sided resolvent R(λ) exists if and only if Pm,η(λ) 6= 0 for|λ| = 1, where P (λ) =
m∑
k=0

λkηk∏k−1
j=0 a(j)

.
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ÎÄÍÎÐÎÄÍÛÅ ÓÐÀÂÍÅÍÈß ÑÈÌÌÅÒÐÈ×ÍÎÉ ÑÂÅÐÒÊÈ

Ïóñòü π(z) � öåëàÿ ôóíêöèÿ, C[ζ] � êîëüöî ìíîãî÷ëåíîâ, C[π(z)] � êîëü-
öî ìíîãî÷ëåíîâ îò π(z). Ëèíåéíûé íåïðåðûâíûé îïåðàòîð sym, äåéñòâóþùèé
â ïðîñòðàíñòâå öåëûõ ôóíêöèé, íàçûâàåòñÿ îïåðàòîðîì π-ñèììåòðèçàöèè, åñëè
sym 1 = 1, sym C[ζ] = C[π(z)]. Â äîêëàäå áóäóò ñôîðìóëèðîâàíû äîñòàòî÷íûå
óñëîâèÿ íà öåëóþ ôóíêöèþ π(z) è íà îïåðàòîð sym, ïðè êîòîðûõ ëþáîå ðåøåíèå
äëÿ îäíîðîäíîãî óðàâíåíèÿ π-ñèììåòðè÷íîé ñâåðòêè 〈S, sym f(z + h)〉 = 0 ìîæíî
àïïðîêñèìèðîâàòü ýëåìåíòàðíûìè ðåøåíèÿìè. Òî÷íåå, íà ôóíêöèþ π(z) íàêëà-
äûâàþòñÿ îãðàíè÷åíèÿ òèïà îöåíîê ñíèçó, à äëÿ îïåðàòîðà sym ïðåäïîëàãàåòñÿ
âûïîëíåííûì ñëåäóþùåå óñëîâèå: äëÿ ëþáîãî ε > 0 âûïîëíÿåòñÿ íåðàâåíñòâî

lim
n→+∞

lim
z→+∞

1

n

(
(sym ζn)(z)

exp ε |z|

) 1
n

≤ 1

εe
.

Ïîëó÷åííûé ðåçóëüòàò êîðåííûì îáðàçîì ðàñøèðÿåò ñåìåéñòâî îäíîðîäíûõ
óðàâíåíèé òèïà ñâåðòêè â ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ ôóíêöèé (íà âûïóêëûõ
îáëàñòÿõ), ðåøåíèå êîòîðûõ ïîëó÷èëî èñ÷åðïûâàþùåå îïèñàíèå. Îí ïîòðåáîâàë
ñåðüåçíîé ïîäãîòîâêè è äîêàçàí ïî ñëåäóþùåé ñõåìå:
1) ïåðåõîä îò çàäà÷è ñïåêòðàëüíîãî ñèíòåçà â ïðîñòðàíñòâàõ àíàëèòè÷åñêèõ

ôóíêöèé ê çàäà÷å ëîêàëüíîãî îïèñàíèÿ â ïðîñòðàíñòâàõ öåëûõ ôóíêöèé [1, òåî-
ðåìà 3];
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2) ñâåäåíèå çàäà÷è ëîêàëüíîãî îïèñàíèÿ ê ïðîáëåìå ïîëèíîìèàëüíîé àïïðîêñè-
ìàöèè â ñïåöèàëüíîì âåñîâîì ïðîñòðàíñòâå öåëûõ ôóíêöèé [1, òåîðåìà 4];
3) ðåøåíèå ïðîáëåìû ôàêòîðèçàöèè öåëûõ π-ñèììåòðè÷íûõ ôóíêöèé ýêñïîíåí-

öèàëüíîãî òèïà [2, òåîðåìà 2].
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THE LIMIT SPECTRAL GRAPH IN THE SEMI-CLASSICAL
APPROXIMATION FOR NON-SELF-ADJOINT STURM-LIOUVILLE

PROBLEMS

The limit distribution of the discrete spectrum of the Sturm�Liouville problem with
complex�valued analytic potential on an interval, on a half�axis, and on the entire axis
is studied. It is shown that at large parameter values, the eigenvalues are concentrated
near the so�called limit spectral graph; the curves forming this graph are classi�ed.
Asymptotics of the eigenvalues along curves of various types in the graph are calculated.
The talk is based on the joint papers with S.Tumanov.

Ì.À. Øóáàðèí (Ðîñòîâ-íà-Äîíó)
mas102@mail.ru

×ÒÎ ÒÀÊÎÅ "ÒÓÏÈÊÎÂÎÅ" ÏÐÎÑÒÐÀÍÑÒÂÎ

Òóïèêîâûå ïðîñòðàíñòâà â ðàáîòàõ Á. Ñ. Ìèòÿãèí [1] è Á.Ñ. Ìèòÿãèí � Ã.Ì. Õåí-
êèí [2] èñïîëüçîâàëèñü äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ áàçèñà â ïðîñòðàíñòâå
Ôðåøå ïðè äîïîëíèòåëüíîì óñëîâèè, êîòîðîå îïèñûâàåòñÿ òåðìèíàõ ïðèíàäëåæ-
íîñòè ýòîãî ïðîñòðàíñòâà ïðîñòðàíñòâåííûì èäåàëàì (DN) è (Ω).

Äëÿ ëîêàëüíî âûïóêëûõ ïðîñòðàíñòâ E, F áóäåì ïèñàòü E ↪→ F , åñëè E ÿâëÿ-
åòñÿ âåêòîðûì ïîäïðîñòðàíñòâîì â F , îïåðàòîð âëîæåíèÿ j : E → F íåïðåðûâåí
è îáðàç ýòîãî îïåðàòîðà âñþäó ïëîòåí â F .

Ïóñòü X � ïðîñòðàíñòâî Ôðåøå, X∞ � áàíàõîâî ïðîñòðàíñòâî. Ïðîñòðàí-
ñòâî X∞ áóäåì íàçûâàòü ñëàáî òóïèêîâûì äëÿ X, åñëè X∞ ↪→ X. Ïðîñòðàíñòâî
X∞ áóäåì íàçûâàòü òóïèêîâûì äëÿ X, åñëè X∞ ↪→ X è ñóùåñòâóåò "õîðîøåå"
ñåìåéñòâî [Fτ ]τ∈(0,1) èíòåðïîëÿöèîííûõ ôóíêòîðîâ (îïðåäåë¼ííûõ íà êàòåãîðèè
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èíòåðïîëÿöèîííûõ ïàð áàíàõîâûõ ïðîñòðàíñòâ) òàêîå, ÷òî

X = lim proj
τ∈(0,1)

Fτ(X0, X∞)

äëÿ ïîäõîäÿùåãî áàíàõîâà ïðîñòðàíñòâ X0 òàêîãî, ÷òî X ↪→ X0. Ïðîñòðàíñòâî
X∞ áóäåì íàçûâàòü ñèëüíî òóïèêîâûì äëÿ X, åñëè âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ:

1. X∞ ÿâëÿåòñÿ ñëàáî òóïèêîâûì äëÿ X;

2. L(X∞, X∞) ⊂ L(X,X).

Â äîêëàäå ïðåäïîëàãàåòñÿ îòâåòèòü íà ñëåäóþùèé âîïðîñ: ïðè êàêèõ óñëîâèÿõ
äëÿ ïðîñòðàíñòâà Ôðåøå ñóùåñòâóåò òóïèêîâîå ïðîñòðàíñòâî?
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THE DUAL SPACE FOR A HILBERT A-MODULE

The theory of Hilbert A-modules is widely represented in literature [1−3]. A Hilbert
A-module E over a locally C?-algebra A (or a Hilbert A-module) is a linear space that
is also a right A-module, equipped with an A-valued inner product 〈·, ·〉 that is C-linear
and A-linear in the second variable and conjugate linear in the �rst variable such that E

is complete as topological vector space with the family of seminorms ‖x‖λ = ‖〈x, x〉‖
1
2

λ.
Let E be a Hilbert A-module over locally C∗-algebra A. The vector space of all

continuous A-homomorphisms from E to A is called a module dual space for E and
denoted by E ′. By (HA) is denoted a standard Hilbert A-module. Let A be a locally C∗-
algebra with the family of seminorms (pλ)λ∈Λ. By S is a denoted a set of all sequences

(yn), yn ∈ A, n ∈ N, such that for every λ ∈ Λ there exists Cλ, such that pλ
( k∑
i=1

y∗i yi

)
≤

Cλ; k ∈ N.
Theorem 1. Let A be a unital, locally C?-algebra with respect of the family of

seminorms (pλ)λ∈Λ. Then (HA)′ = S.
R E F E R E N C E S
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ÎÏÈÑÀÍÈÅ ÄÐÎÁÍÛÕ ÈÍÒÅÃÐÀËÎÂ Â ÒÅÐÌÈÍÀÕ
ÓÑÅ×ÅÍÍÛÕ ÄÐÎÁÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ Ñ � ÏÅÐÅÌÅÍÍÛÌ�

ÓÐÅÇÀÍÈÅÌ

Â ðàáîòå [1] ðàññìàòðèâàþòñÿ ðàçëè÷íûå ñïîñîáû óðåçàíèÿ êîíñòðóêöèé Ìàðøî-
Àäàìàðà-×æåíÿ äëÿ äðîáíîãî äèôôåðåíöèðîâàíèÿ Dα

c f . Â äàííîé ðàáîòå ðàñ-
ñìàòðèâàåòñÿ îïèñàíèå äðîáíîãî èíòåãðàëà â òåðìèíàõ óñå÷åííûõ äðîáíûõ ïðî-
èçâîäíûõ ñ �ïåðåìåííûì� óðåçàíèåì.
Îïðåäëåíèå. Çàôèêñèðóåì ïðîèçâîëüíóþ òî÷êó c ∈ R1

+. Äëÿ ôóíêöèè ϕ(x),
çàäàííîé íà ïîëóîñè x ∈ R1

+ èíòåãðàë

(Iαc ϕ) (x) :=
1

Γ(α)


c∫
x

ϕ(t)
(
ln t

x

)α−1 dt
t , 0 < x < c,

x∫
c

ϕ(t)
(
ln x

t

)α−1 dt
t , c < x < +∞,

íàçûâàåòñÿ èíòåãðàëîì äðîáíîãî ïîðÿäêà α (α > 0), ïî Àäàìàðó-×æåíÿ.
Îïðåäåëåíèå. Çàôèêñèðóåì ïðîèçâîëüíóþ òî÷êó c ∈ R1

+ . Äëÿ ôóíêöèè f(x),
çàäàííîé íà ïîëóîñè R1

+, âûðàæåíèå

(Dα
c f) (x) =

1

Γ(1− α)


x d
dx

x∫
c

f(t)
(
ln x

t

)−α dt
t , c < x < +∞,

−x d
dx

c∫
x

f(t)
(
ln t

x

)−α dt
t , 0 < x < c,

áóäåì íàçûâàòü äðîáíîé ïðîèçâîäíîé Àäàìàðà-×æåíÿ ïîðÿäêà α, α ∈ (0, 1).

Òåîðåìà.Äëÿ òîãî, ÷òîáû f(x) áûëà ïðåäñòàâëåíà â âèäå f = Jαc ϕ, ϕ ∈
Llocp

(
R1

+,
dx
x

)
, ãäå α ∈ (0, 1), c ∈ R1

+, 1 ≤ p < +∞ íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû
∣∣∣ ln x

c

∣∣∣−αf(x) ∈ Llocp
(
R1

+,
dx
x

)
è â Llocp

(
R1

+,
dx
x

)
ñóùåñòâîâàë

lim
ρ→1

(
Dα
c,ρf
)

(x), ãäå ρ = ρ(x) =
∣∣∣ ln x

c

∣∣∣ ln 1

ρ
,

1

e
< ρ < 1.

ϕρ = lim
ρ→1

(
Dα
c,ρf
)

(x) =
f(x)

Γ(1− α)
∣∣∣ ln x

c

∣∣∣α+

+
α

Γ(1− α)

∣∣∣ ln x
c

∣∣∣∫
∣∣∣ ln x

c

∣∣∣ ln 1
ρ

[
f(x)− f

(
x · e−tsign(ln x

c )
)] dt

t1+α
.
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Ñåêöèÿ II

Òåîðèÿ ôóíêöèé è òåîðèÿ
àïïðîêñèìàöèé
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EFFECTIVE (SAMPLING) SETS FOR HORMANDER ALGEBRAS1

Sampling sets for Banach spaces of holomorphic functions in a domain Ω with
uniform or integral weighted norm are those subsets S of Ω such that the similar
norm de�ned by the restrictions of functions to S is equivalent to the original one.
They have been studied intensively by many authors (Doma�nski, Lindstr�om, Marco,

Massaneda, Ortega-Cedr�a, Seip, Thomas).
In the general setting of locally convex spaces the concept of sampling sets coincides

with the notion of su�cient sets introduced by Ehrenpreis in 1970.
For weighted (LB)-spaces it is natural to use the concept of weakly su�cient sets

given by Schneider in 1974.
In 1997 Horowitz et al. [1] de�ned sampling sets for the (DFS)-spaceA−∞ of holomor-

phic functions in the unit disk D with polynomial growth as those subsets S of D such
that the types of any function from A−∞ on D and S coincide.
A year later Khoi and Thomas [2] showed that every sampling set for A−∞ is weakly

su�cient for this space but the converse is not true.
We have recently revealed the topological structure of A−∞-sampling sets [3].
In this talk it will be presented a new approach to study sampling sets for H�ormander

algebras of a general type. The family of H�ormander algebras is rather large and
contains many well-known spaces; in particular, A−∞, the space of all entire functions
of exponential type, and the space of Fourier transformations of distributions with
compact support in the real line. It should be noted that from some reasons we prefer to
use the term e�ective sets instead of sampling ones. Our main results show that e�ective
(sampling) sets for a H�ormander algebra H is exactly universally weakly su�cient ones
for the H�ormander spaces of mean type having H as the inductive limit space.

R E F E R E N C E S
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DUALS FOR HOLOMORPHIC WEIGHTED SPACES IN
CARATHEODORY DOMAINS1

Let G be a domain in C and H(G) the space of all holomorphic functions in G. For a
continuous function (a weight) v : G→ R de�ne the Banach space

Hv(G) :=
{
f ∈ H(G) : ||f ||v := sup

z∈G
|f(z)|e−v(z) <∞

}
.

For a decreasing (increasing) sequence of weights V = (vn) de�ne the projective
(inductive) limit HV (G) := projHvn(G) (resp., VH(G) := indHvn(G)). In the talk it
will be presented new results concerning the description of the duals of HV (G) and
VH(G) for nonconvex domains G when the Cauchy transformation of functionals is
used. This problem was studied before in [1-3] for weighted sequences of particular
types.
Our main restriction on a projective weight sequence is that there exists a positive

function ρ(z) < dist(z, ∂G) such that for any n ∈ N there is Cn > 0 with

sup
|ζ−z|≤d(z)

vn+1(ζ) + ln
1

ρ(z)
≤ Cn + inf

|ζ−z|≤d(z)
vn(ζ), ∀z ∈ G.

For the inductive case it is enough to interchange vn+1 and vn. We assume additionally
that G is a Carath�eodory domain.
Under these restrictions, the Cauchy transformation of functionals establishes an

isomorphism between HV (G) (or VH(G)) and a certain space of functions that are
holomorphic out of G, vanish at in�nity and have an in�nite di�erentiable extension g
into G with a given estimate of ∂g/∂z̄.
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ÑÎÂÌÅÑÒÍÎÅ ÏÐÈÁËÈÆÅÍÈÅ ÔÓÍÊÖÈÉ È ÈÕ
ÏÐÎÈÇÂÎÄÍÛÕ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÏÎËÈÍÎÌÎÂ

ÃÅËÜÔÎÍÄÀ

Èçâåñòíî, ÷òî ïðîèçâîäíàÿ ïîëèíîìà Ãåëüôîíäà ñ òî÷íîñòüþ äî ïîñòîÿííîãî
ìíîæèòåëÿ ðàâíà ïîëèíîìó ×åáûøåâà ïåðâîãî ðîäà áîëåå íèçêîé ñòåïåíè [1]. Ýòî
ñâîéñòâî ïîçâîëÿåò ïðèáëèæåííî ïðåäñòàâèòü ïðîèçâîäíóþ íåêîòîðîé ôóíêöèè
ïîëèíîìîì Ôóðüå ïî ìíîãî÷ëåíàì ×åáûøåâà ïåðâîãî ðîäà, à ôóíêöèþ � ïîëèíî-
ìîì ïî ìíîãî÷ëåíàì Ãåëüôîíäà ñ òåìè æå êîýôôèöèåíòàìè.
Àâòîðàìè èññëåäîâàíû íåêîòîðûå ïðèëîæåíèÿ óêàçàííîãî ïîäõîäà ê çàäà÷àì,

â êîòîðûõ òðåáóåòñÿ èñïîëüçîâàòü ïðèáëèæåíèå ôóíêöèè è åå ïðîèçâîäíûõ.
Äëÿ âû÷èñëåíèÿ çíà÷åíèé ôóíêöèè è åå ïðîèçâîäíûõ ïðè çàäàííîì çíà÷åíèè

àðãóìåíòà ïðåäëîæåíî èñïîëüçîâàòü ìîäèôèöèðîâàííûé àëãîðèòì Êëåíøîó.
Èññëåäîâàíà âîçìîæíîñòü ïðèìåíåíèÿ óêàçàííîãî ìåòîäà äëÿ ðåøåíèÿ ñëåäó-

þùèõ çàäà÷:
� âû÷èñëåíèå êîýôôèöèåíòîâ ïîëèíîìà ïî çàäàííûì çíà÷åíèÿì ôóíêöèè è

ïðîèçâîäíîé;
� âû÷èñëåíèå êîýôôèöèåíòîâ ïîëèíîìà ïî çàäàííûì çíà÷åíèÿì ôóíêöèè è

ïåðâûõ äâóõ ïðîèçâîäíûõ;
� âîññòàíîâëåíèå ôóíêöèè ïî ìàññèâó çíà÷åíèé åå ïðîèçâîäíîé è íà÷àëüíîé

òî÷êå;
� ÷èñëåííîå èíòåãðèðîâàíèå äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ë È Ò Å Ð À Ò Ó Ð À
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íàóê ÑÑÑÐ 1954, 96.
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ÝÊÑÒÐÅÌÀËÜÍÛÅ ÇÀÄÀ×È ÄËß ÑÓÌÌÈÐÓÅÌÛÕ ÏÎ ÊÐÓÃÓ
ÔÓÍÊÖÈÉ 1

Ïóñòü 1 < q < ∞, 1/p + 1/q = 1; D = {ζ : |ζ| < 1}, T = {t : |t| = 1}, Ap(Hp) �
ïðîñòðàíñòâà Áåðãìàíà (Õàðäè) â åäèíè÷íîì êðóãå D; ζ = ξ + iη, dA = 1

πdξdη �
ïëîñêàÿ íîðìèðîâàííàÿ ìåðà Ëåáåãà, w ∈ Lq(D), w /∈ Aq; ω ∈ Aq.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 15-01-00331).



¾Ñîäåðæàíèå¿

Òåîðèÿ ôóíêöèé 59

Êàê õîðîøî èçâåñòíî, ñóùåñòâóþò åäèíñòâåííûå ôóíêöèè χ ∈ Aq è Φ ∈ Ap,
‖Φ‖ = 1, äëÿ êîòîðûõ

inf
x∈Aq
‖w − x‖q = ‖w − χ‖q,

sup
ϕ∈Ap


∣∣∣∣∣∣
∫
D

ϕω̄dA

∣∣∣∣∣∣ : ‖ϕ‖p ≤ 1

 =

∫
D

Φω̄dA.

Òåîðåìà 1. Åñëè 1 < q < 2 è w(ζ) = (1 − |ζ|2)k(ζ), k ∈ Aq∗, q ≤ q∗ < 2, òî
χ ∈ ∩γ<q∗Hγ, q∗ = q∗/(2− q∗).
Â ñëó÷àå q = q∗ = 1, w ∈ W 1,1 (ïðîñòðàíñòâî Ñîáîëåâà) â [1] äîêàçàíî, ÷òî

χ ∈ H1.

Òåîðåìà 2. Åñëè 1 < q < ∞ è w(ζ) = (1 − |ζ|2)n+1k(ζ), n = 0, 1, . . . , k ∈ As∗,
s∗ > 2, q < s∗ < ∞, òî χ ∈ H∞, (|χ∗(t)|q)(n) ∈ Lip

(
1− 2

s∗ , T
)
, ãäå χ∗ � âíåøíÿÿ

ôóíêöèÿ ôóíêöèè χ.

Òåîðåìà 3. Åñëè 1 < p < ∞ è ω ∈ Lip(α, T ), 0 < α < 1, òî Φ ∈ H∞,
(|Φ∗(t)|p|(n) ∈ Lip(α, T ), ãäå Φ∗ � âíåøíÿÿ ôóíêöèÿ ôóíêöèè Φ. Åñëè ω(n) óäîâëå-
òâîðÿåò óñëîâèþ Çèãìóíäà, òî (|Φ∗(t)|p|(n) óäîâëåòâîðÿåò ýòîìó óñëîâèþ.
Òåîðåìû 1�3 îòíîñÿòñÿ ê êðóãó çàäà÷, èçó÷åííûõ â [1-4].
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A.E. CONVERGENCE OF ABEL MEANS FOR HERMITE
EXPANSIONS

The Abel summability of Hermite expansions was considered by Muckenhoupt in
the 60s. He showed the a.e. convergence of Abel means for all f in L1(dγ) with dγ
the gaussian measure. We shall show that such convergence actually holds for all f ∈
L1(dγ(y)/

√
log(e+ |y|)), and that this space is optimal.

To do so, we write the Abel means as suitable Poisson integrals u(t, x) = Ptf(x),
which are solutions of the elliptic pde

utt + Lu = 0 on (0,∞)× Rd, with u(0) = f,
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with L = ∆− 2x · ∇. We �nd the most general conditions on f so that lim
t→0

Ptf(x) =

f(x), a.e. x. Additionally, we solve a 2-weight problem for the associated (local)
maximal operator P ∗f(x) = sup

0<t≤1
Ptf(x). Namely, we characterize all weights w for

which P ∗ maps Lp(w)→ Lp(v), for some other weight v.
The tools include very precise estimates on the kernels, and techniques by Rubio de

Francia and Carleson and Jones, who considered such 2-weight problems for classical
operators in the 80s.
The results are part of recent joint works with Hartzstein, Signes, Torrea and Viviani.

R E F E R E N C E S
1. Garrig�os, Hartzstein, Signes, Torrea, Viviani. Pointwise convergence to initial data of heat and Laplace equations. Trans.

Amer. Math. Soc. 368 (9) (2016), 6575�6600.

2. Garrig�os, Hartzstein, Signes, Viviani. A.e. convergence and 2-weight inequalities for Poisson-Laguerre semigroups. Preprint
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A.V. Dyachenko (Berlin, Germany)
dyachenk@math.tu-berlin.de

HURWITZ AND HURWITZ-TYPE MATRICES OF TWO-WAY
INFINITE SERIES

A function is stable or Hurwitz-stable if all its zeros lie in the left half of the complex
plane. The classical approach to the Hurwitz stability (dating back to Hermite and
Biehler) exploits a deep relation between stable functions and mappings of the upper
half of the complex plane into itself (i.e.R-functions). Hurwitz introduced a connection
between minors of the Hurwitz matrix and the Hankel matrix built from coe�cients
of the corresponding R-function (moments), which resulted in the famous Hurwitz
criterion.
More recent studies [1,5] highlighted another property related to Hurwitz-stability:

the total nonnegativity of corresponding Hurwitz matrices, that is nonnegativity of all
their minors. The paper [2] extends the criterion [4] to a complete description of power
series (singly in�nite or �nite) with totally nonnegative Hurwitz matrices.
During my talk, I am going to extend this result further to two-way (i.e. doubly)

in�nite power series. The extension is prompted by the criterion [3], because each
Hurwitz matrix is built from two Toeplitz matrices. Nevertheless, the essential connection
to Hankel matrices breaks here (no correspondent Stieltjes continued fraction), and thus
the doubly in�nite case requires an approach distinct from the singly in�nite case.

R E F E R E N C E S
1. Asner B.,A. Jr. On the total nonnegativity of the Hurwitz matrix. // SIAM J. Appl. Math. 1970. T. 18, Vol. 2. P. 407�414.
2. Dyachenko A. Total nonnegativity of in�nite Hurwitz matrices of entire and meromorphic functions. // Complex Anal.

Oper. Theory 2014. T. 8, Vol. 5. P. 1097�1127.
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BOUNDARY PROPERTIES OF SOME SEVERAL CLASSES OF
DELTA-SUBHARMONIC FUNCTIONS OF BOUNDED TYPE

Several ω-weighted subclasses of delta-subharmonic functions of bounded type are
introduced in the upper half plane. The descriptive representations of these classes are
given by means of some new Green type potentials and integrals with Cauchy type
kernels. The boundary values of the considered classes are described by means of some
ω-capacity on the real axis which becomes to the Frostman's α-capacity in a particular
case.

Â.Ï. Çàñòàâíûé (Äîíåöê)
zastavn@rambler.ru

ÏÎËÎÆÈÒÅËÜÍÀß ÎÏÐÅÄÅË�ÍÍÎÑÒÜ ÎÄÍÎÃÎ ÊËÀÑÑÀ
ÔÓÍÊÖÈÉ È ÏÐÎÁËÅÌÀ Ø�ÍÁÅÐÃÀ

Ôóíêöèÿ f : E → C, çàäàííàÿ íà âåùåñòâåííîì ëèíåéíîì ïðîñòðàíñòâå E,
dimE ≥ 1, íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåë¼ííîé (f ∈ Φ(E)), åñëè íåðàâåí-

ñòâî
m∑

k,j=1

ckc̄jf(xk − xj) ≥ 0 âûïîëíÿåòñÿ äëÿ ëþáûõ m ∈ N, c1, c2, ..., cm ∈ C è

x1, ..., xm ∈ E. Ïóñòü ôóíêöÿ ρ : E → R óäîâëåòâîðÿåò óñëîâèÿì: ρ(x) ≥ 0,
ρ(tx) = |t|ρ(x), x ∈ E, t ∈ R, è ρ(x) 6≡ 0 íà E. Ñèìâîëîì Φ(E, ρ) îáîçíà÷èì êëàññ
âñåõ íåïðåðûâíûõ ôóíêöèé f : [0,+∞)→ R òàêèõ, ÷òî f ◦ρ ∈ Φ(E). Êîíñòàíòîé
Ø¼íáåðãà áóäåì íàçûâàòü âåëè÷èíó

α(E, ρ) := sup
{
λ ≥ 0 : exp

(
−tλ
)
∈ Φ(E, ρ)

}
.

Õîðîøî èçâåñòíî, ÷òî α (ln2 ) = 2, 0 ≤ α(E, ρ) ≤ 2 è exp
(
−tλ
)
∈ Φ(E, ρ) ⇐⇒

0 ≤ λ ≤ α(E, ρ). Äëÿ ïðîñòðàíñòâ lnp êîíñòàíòû Ø¼íáåðãà èçâåñòíû (ñì., íàïðè-
ìåð, [1]): ñëó÷àé n ≥ 2, 0 < p ≤ 2, èññëåäîâàë Ø¼íáåðã, à â îñòàëüíûõ ñëó÷àÿõ
íåçàâèñèìî è ðàçíûìè ìåòîäàìè ýòè êîíñòàíòû íàéäåíû â 1991 Êîëäîáñêèì è
Çàñòàâíûì.
Ôóíêöèÿ f íàçûâàåòñÿ âïîëíå ìîíîòîííîé íà (0,+∞) (ïèøåì f ∈ M(0,+∞)),

åñëè f ∈ C∞(0,+∞) è (−1)kf (k)(x) ≥ 0 äëÿ âñåõ k ∈ Z+ è x > 0. Â òåîðåìå 1
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äëÿ øèðîêîãî êëàññà ôóíêöèé f íàéäåíû âñå çíà÷åíèÿ λ, ïðè êîòîðûõ ôóíêöèÿ
f(ρλ(x)) ï.î. íà E.

Òåîðåìà 1. Ïóñòü f ∈ C[0,+∞) ∩M(0,+∞), f 6≡ const è ñóùåñòâóåò ïðàâàÿ
ïðîèçâîäíàÿ â íóëå f ′(0). Òîãäà ïðè λ ∈ R ñïðàâåäëèâû óòâåðæäåíèÿ: 1) f(tλ) ∈
Φ(E, ρ) ⇐⇒ 0 ≤ λ ≤ α(E, ρ). 2) 1/f(tλ) 6∈ Φ(E, ρ) ïðè âñåõ λ > 0. 3) Åñëè
f(+∞) = 0, òî 1/f(tλ) 6∈ Φ(E, ρ) ïðè âñåõ λ < 0.

Ïðèìåð 1. Ïóñòü gλ,β(t) := 1/(1+tλ)β, λ, β ∈ R. Ïðèìåíÿÿ òåîðåìó ê ôóíêöèè
f(t) = 1/(1 + t)β, β > 0, ïîëó÷àåì, ÷òî:
1) Åñëè β > 0, òî gλ,β ∈ Φ(E, ρ) ⇐⇒ 0 ≤ λ ≤ α(E, ρ).
2) Åñëè β < 0, òî gλ,β 6∈ Φ(E, ρ) ïðè λ 6= 0.
Â åâêëèäîâîì ñëó÷àå ýòîò ðåçóëüòàò õîðîøî èçâåñòåí: åñëè β > 0, òî gλ,β ∈ Φ(ln2 )
⇐⇒ 0 ≤ λ ≤ α (ln2 ) = 2.
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NON STANDARD BERGMAN TYPE SPACES ON THE UNIT DISC

We introduce and study various function spaces of analytic functions equipped with
special mixed norm. The core of this study is to reveal properties of functions under
investigation in connection with the special mixed norm, which is constructed with use
of variable order Lebesgue space norm, Morrey type norms (including local and global,
and the integral Morrey norm), and with the use of more general analogues.
In particular, the mixed norm variable order Lebesgue - type space Lq,p(·)(D) is

de�ned by the requirement that the sequence of variable exponent Lp(·)(I) - norms of
the Fourier coe�cients of the function f belongs to lq. Then the �rst main object of
investigation - the variable order Bergman space Aq,p(·)(D), 1 6 q < ∞, 1 6 p(r) 6
∞, on the unit disc D is de�ned to be the subspace of Lq,p(·)(D) which consists of
analytic functions. We prove the boundedness of the Bergman projection and reveal
the dependence of the nature of such spaces on possible growth of variable exponent
p(r) when r → 1 from inside the interval I = (0, 1). The situation is quite di�erent
in the cases p(1) < ∞ and p(1) = ∞. In the case p(1) < ∞ we also characterize the
introduced Bergman space A2,p(·)(D) as the space of Hadamards's fractional derivatives
of functions from the Hardy space H2(D). The case p(1) =∞ is specially studied, and
an open problem is formulated in this case. We also reveal the conditions on the rate
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of growth of p(r) when r → 1, when A2,p(·)(D) = H2(D) isometrically, and when this
is not longer true.
As a continuation, in a similar way we introduce and study mixed norm Bergman-

Morrey space Aq;p,λ(D), mixed norm Bergman - Morrey space of local type Aq;p,λloc (D),
and mixed norm Bergman - Morrey space of complementary type {Aq;p,λ(D) on the
unit disk D in the complex plane C, and their analogues where the Morrey type norm
is substituted by the integral Morrey norm. We also consider such mixed norm spaces
when the classical Morrey norm is replaced by generalized Morrey norm.
For all these new spaces the main interests of study, as above, are: boundedness of

the Bergman projection, equivalent description of spaces, including the description in
terms of Hadamard fractional derivatives, and revealing new e�ect caused by using
mostly real analysis constructions in the complex analysis settings.

R E F E R E N C E S
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kartasheva@mail.ru

ÑÈÍÃÓËßÐÍÎÅ ÈÍÒÅÃÐÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ ÑÎ
ÑÒÅÏÅÍÍÛÌ ÂÅÑÎÌ ÍÀ ÇÀÌÊÍÓÒÎÌ ÊÎÍÒÓÐÅ

Ïóñòü L � ïðîñòîé ãëàäêèé çàìêíóòûé êîíòóð, äåëÿùèé ïëîñêîñòü êîìïëåêñ-
íîãî ïåðåìåííîãî íà âíóòðåííþþ îáëàñòü D+ è âíåøíþþ D−, è ïóñòü tk ∈ L

(k = 1, 2, . . . , n). Ïîä ρ(t) =
n∏
k=1

(t − tk)
αk , 0 < αk < 1 (k = 1, 2, . . . , n) áóäåì

ïîíèìàòü ïðåäåëüíîå çíà÷åíèå àíàëèòè÷åñêîé â D+ ôóíêöèè
n∏
k=1

(z − tk)αk .

Â êëàññå ãåëüäåðîâñêèõ ôóíêöèé Hλ(L) ðàññìàòðèâàåòñÿ ñèíãóëÿðíîå èíòå-
ãðàëüíîå óðàâíåíèå âèäà:

Aϕ ≡ a(t)ϕ(t) + b(t)(Sϕ)(t) + c(t)(Tϕ)(t) = f(t), (1)

ãäå T = S − Sρ, a(t), b(t), c(t), f(t)→ Hλ(L)

(Sϕ)(t) =
1

πi

∫
L

ϕ(τ)

τ − t
dτ, (Sρϕ)(t) =

ρ(t)

πi

∫
L

ϕ(τ)

ρ(τ)(τ − t)
dτ.

Óðàâíåíèå (1) ñâîäèòñÿ ê ðåøåíèþ óðàâíåíèÿ Ôðåäãîëüìà âòîðîãî ðîäà ñ ÿäðîì,
èìåþùèì ñëàáóþ îñîáåííîñòü. Ðåøåíèå óðàâíåíèÿ íàõîäèòñÿ â ÿâíîì âèäå, åñëè
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âûïîëíÿåòñÿ óñëîâèå:
c(t)

χ+(t)(a(t) + b(t))
=

`+

t− z0
,

`+(t) àíàëèòè÷åñêè ïðîäîëæåíà â D+, z0 ∈ D+.

Ðåøåíèå íàéäåíî ïðè ind
a− b
a+ b

> 0 è îòðèöàòåëüíîì èíäåêñå.

Äëÿ ðàçðåøèìîñòè óðàâíåíèÿ (1) â çàìêíóòîé ôîðìå îíî ñâîäèòñÿ ê êðàåâîé
çàäà÷å. Äîêàçàíû ðàâåíñòâà (äëÿ äîêàçàòåëüñòâà èñïîëüçóåòñÿ ôîðìóëà ïåðåñòà-
íîâêè Ïóàíêàðå�Áåðòðàíà):
1. S2

ρ = I;
2. SSρ = I − S + Sρ, SρS = T − Sρ + S;
3. T = P+TP− = P+

ρ TP
−
ρ ,

ãäå P± = 1
2(I ± S), P±ρ = 1

2(I ± Sρ). Óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ Aϕ = f

óäàåòñÿ çàïèñàòü â âèäå óñëîâèé îðòîãîíàëüíîñòè f(t) ê ðåøåíèÿì îäíîðîäíîãî
ñîþçíîãî óðàâíåíèÿ.

B.A. Kats (Kazan, Russia)
katsboris877@gmail.com

INTEGRATION OVER NON-RECTIFIABLE PATHS AND
BOUNDARY VALUE PROBLEMS

Our subject is connection between the boundary value problems of Riemann �
Hilbert type for analytic functions and their generalizations in domains with non-
recti�able boundaries and the problem of integration over non-recti�able paths.
As known, the solutions of classical Riemann boundary value problem are obtained in

terms of the Cauchy type integral [1,2]. This curvilinear integral is de�ned for recti�able
paths, and, consequently, the classical technique does not work if the boundary of
domain under consideration is non-recti�able. Therefore, the �rst researches of that
problems (see recent survey [3]) did not use the curvilinear integrals.
But the furthest considerations show that the problem of integration over non-

recti�able paths is equivalent to so called jump problem, which is the simplest boundary
value problem of Riemann � Hilbert type. Here we describe this equivalency.
We consider a non-recti�able closed Jordan curve Γ on the closed plane, and a

function f(t) on this curve. Let F (z) be di�erentiable in C\Γ function with integrable
partial derivatives of the �rst order with compact support. If it is a solution of the
jump problem (for di�erentiable functions), i.e., F+(t)−F−(t) = f(t), t ∈ Γ, where
F±(t) are limit values of F at the point t from the left and from the right, then the
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distribution ∫ (S)

Γ

f · dt : C∞0 3 ω 7→
∫ (S)

Γ

fω dz := −
∫∫

C

∂Fω

∂z
dzdz

is a generalization of curvilinear integration over Γ with weight f . If we de�ne the
Cauchy type integral over Γ by means of this distribution, then it gives solution of
the jump problem for analytic functions. The generalized integrals with other kernels
represent solutions of other versions of the Riemann boundary value problem.

R E F E R E N C E S
1. Gakhov F.D. Boundary value problems. Nauka, Moscow, 1988.
2. Muskhelishvili N. I. Singular integral equations. Nauka, Moscow, 1962.

3. Kats B.A. The Riemann boundary value problem on non-recti�able curves and related questions. // Complex Variables
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D.B. Katz (Kazan, Russia)
katzdavid89@gmail.com

NEW CHARACTERISTICS OF NON-RECTIFIABLE CURVES AND
THEIR APPLICATIONS

A great body of recent works is dealing with various characteristics of point sets of
sophisticated structure: fractals, non-recti�able curves and so on. The most known are
Hausdor� and Minkowskii dimensions, and a number of new ones: Assouad and Aikawa
dimensions and codimensions, approximation dimension, re�ned metric dimension and
others.
In 2013 [1], [2] the author introduced a family of new metric characteristics for plane

sets and called them Marcinkiewicz exponents for closed non-recti�able Jordan curves.
This name is connected with the fact that J. Marcienkiewicz �rst characterized features
of subsets of Euclidean spaces in terms of certain integrals over their complements. In
the present report we study the conditions of existence of such exponents and introduce
their weighted and local versions for any compact sets, but mainly we are interested
in non-recti�able curves and arcs on the complex plane. We also study their properties
and relations with known dimensions. In particular, we show that these exponents are
characteristics of co-dimensional type.
Then we consider certain applications. We use these characteristics to solve the

Riemann boundary value problems in domains with non-recti�able boundaries.
In particular, the improvement of known results is connected with the fact that

new features of non-recti�able curves allow more precise description of their local
properties, including a phenomenon of local asymmetry. Generally speaking, non-
recti�able curves are locally asymmetric. We also introduce left and right (inner and
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outer) characteristics of plane curves, what allows us to improve solvability conditions
for the locally asymmetric curves.

R E F E R E N C E S
1. D.B.Katz The Marcinkiewicz exponent with application. Abstracts of ISAAC 9th congress, Krakow, 106-107 (2013)

2. D.B.Katz Marcinkiewicz exponents with applications in boundary value problems. Izvestija vuzov. Matem., (2014) no. 3,

68-71.

Ñ.Í. Êèÿñîâ (Êàçàíü)
Sergey.Kijasov@kpfu.ru

ÌÅÒÎÄ ÂÛÄÅËÅÍÈß ÊËÀÑÑÎÂ ÎÁÙÈÕ
ÕÀÐÀÊÒÅÐÈÑÒÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ, ÐÀÇÐÅØÈÌÛÕ Â

ÇÀÌÊÍÓÒÎÉ ÔÎÐÌÅ

Ïóñòü Γ � ïðîñòîé ãëàäêèé çàìêíóòûé êîíòóð, ðàçáèâàþùèé ðàñøèðåííóþ êîì-
ïëåêñíóþ ïëîñêîñòü íà äâå îáëàñòè D+ è D− (0 ∈ D+). Ðàññìîòðèì íà Γ îáùóþ
õàðàêòåðèñòè÷åñêóþ ñèñòåìó ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé

A(t)w(t) +B(t)S[Kw](t) = f(t), det(A(t)K−1(t)±B(t)) 6= 0. (1)

Çäåñü S[w](t) � ñèíãóëÿðíûé îïåðàòîð, A(t) = (aij(t)), B(t) = (bij(t)), i, j =
1, n, K(t) = diag{k1(t), ..., kn(t)} (detK(t) 6= 0) � çàäàííûå íà Γ H-íåïðåðûâíûå
ìàòðèöû-ôóíêöèè ïîðÿäêà n, à ïðàâàÿ ÷àñòü ñèñòåìû èìååò ñïåöèàëüíûé âèä
f(t) = 2B(t)M(t), M(t) � ïîëèíîìèàëüíûé âåêòîð (M1(t), ...,Mn(t)) . Ïîëàãàÿ
w+(t) = P [Kw] (t) − M(t), w−(t) = Q [Kw] (t) + M(t) (P = [I + S]/2, Q =
[I − S]/2, I � åäèíè÷íûé îïåðàòîð), ïðèäåì ê îäíîðîäíîé çàäà÷å ëèíåéíîãî ñî-
ïðÿæåíèÿ ñ ìàòðèöåé-ôóíêöèåé G(t)=−(A(t)K−1(t)+B(t))−1(A(t)K−1(t)−B(t)),
ïî ðåøåíèþ êîòîðîé ñ ãëàâíîé ÷àñòüþ M(z) íà áåñêîíå÷íîñòè îïðåäåëÿåòñÿ ðåøå-
íèå ñîîòâåòñòâóþùåé ñèñòåìû (1). Ê ýòîé æå çàäà÷å ëèíåéíîãî ñîïðÿæåíèÿ ïðè-
âîäèòñÿ îáùàÿ õàðàêòåðèñòè÷åñêàÿ ñèñòåìà, â êîòîðîé ìàòðèöû-ôóíêöèè A(t) è
,K(t) çàìåíåíû íà Aα(t) = A(t)Eα,Kα(t) = K(t)Eα, Eα = diag{α1(t), ..., αn(t)},
ãäå αk(t), k = 1, n � H-íåïðåðûâíûå íà êîíòóðå ôóíêöèè.
Â ðàáîòàõ [1], [2] ïîêàçàíî, ÷òî ïðè n = 2 äëÿ ïîñòðîåíèÿ êàíîíè÷åñêîé ñèñòå-

ìû ðåøåíèé çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ äîñòàòî÷íî îäíîãî ÷àñòíîãî ðåøåíèÿ
çàäà÷è, à â ñëó÷àå n = 3 � äâóõ òàêèõ ðåøåíèé. Ñàìè ðåøåíèÿ çàäà÷è ëèíåéíîãî
ñîïðÿæåíèÿ íàõîäÿòñÿ çà ñ÷åò íåêîòîðûõ îãðàíè÷åíèé íà êîýôôèöèåíòû ñîîò-
âåòñòâóþùåé äâóìåðíîé è òðåõìåðíîé îáùåé õàðàêòåðèñòè÷åñêîé ñèñòåìû (1) è
îïðåäåëåííîãî ïîäáîðà ôóíêöèé αk(t), k = 1, n, ïîçâîëÿþùåãî íàéòè ÷àñòíûå ðå-
øåíèÿ ñèñòåìû ñ òàêèìè Aα(t) è Kα(t).
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ON DE LA VALL�EE�POUSSIN�NIKOL'SKII KERNELS FOR
WEIGHTED CLASSES OF FUNCTIONS

The Dirichlet kernels' role in theory of functions and approximation of functions
is well known. Vall�ee�Poussin kernels is the arithmetic mean of Dirichlet kernels. S.
M. Nikol'skii in [1] introduced kernels for the Fourier integral of several variables. In
this report the results of the study of de la Vall�ee�Poussin�Nikol'skii type kernels for
multidimensional Fourier integral with j-functions of Bessel are presented. Such Fourier
integrals was introduced by B. M. Levitan in [2]. These kernels used odd j-functions
of Bessel which were introduced by I. A. Kipriyanov and V. V. Katrakhov in [3]. The
report provides theorems on approximation of functions from Lebesgue weight classes.
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Î ÐÀÇËÎÆÅÍÈßÕ ÔÓÐÜÅ ÏÎ ÎÐÒÎÃÎÍÀËÜÍÛÌ ÑÈÑÒÅÌÀÌ

Ðàññìàòðèâàþòñÿ íåïðåðûâíî-äèñêðåòíûå ïðîñòðàíñòâà Ñîáîëåâà S, çàäàâàåìûå
íåñòàíäàðòíûì ñêàëÿðíûì ïðîèçâåäåíèåì

(f, g) =

1∫
−1

f(x)g(x)w(x)dx+M1f(1)g(1) +N1f(−1)g(−1)+

M2f
′(1)g′(1) +N2f

′(−1)g′(−1) (1)

ãäå w(x) ïîëîæèòåëüíàÿ ïî÷òè âñþäó âåñîâàÿ ôóíêöèÿ, êîýôôèöèåíòû M1, M2,
N1, N2 ≥ 0. Îáîçíà÷èì ÷åðåç

{qn(x)} : qn(x) = qn(x;M1,M2, N1, N2)(n = 0, 1, 2, . . . ;x ∈ [−1, 1])

îðòîíîðìèðîâàííóþ â ñêàëÿðíîì ïðîèçâåäåíèè (1) ñèñòåìó ïîëèíîìîâ. Çàäà÷à
èçó÷åíèÿ ïðîñòðàíñòâà S è ñîîòâåòñòâóþùèõ ñèñòåì ôóíêöèé áûëà ïîñòàâëåíà â
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êëàññè÷åñêîé êíèãå Êóðàíò Ð. è Ãèëüáåðò Ä. "Ìåòîäû ìàòåìàòè÷åñêîé ôèçèêè".
Îáîçíà÷èì ÷åðåç R ìíîæåñòâî ôóíêöèé èç L2

w[−1, 1], äëÿ êîòîðûõ ñóùåñòâóþò è
êîíå÷íû çíà÷åíèÿ ôóíêöèè è åå ïðîçâîäíîé â êîíöåâûõ òî÷êàõ. Êàæäîé ôóíêöèè
f ∈ R ïîñòàâèì â ñîîòâåòñòâèå ðÿä Ôóðüå - Ñîáîëåâà

f(x) ∼
∞∑
k=0

ck(f)qk(x), ck(f) = (f, qk)(k = 0, 1, 2, . . . )

Â äîêëàäå èçëàãàþòñÿ câîéñòâà ïîëèíîìîâ qn(x)(ãëàâíîå âíèìàíèå áóäåò óäåëå-
íî íåñòàíäàðòíûì ñâîéñòâàì) è ðåçóëüòàòû ïî ëèíåéíûì äèñêðåòíûì è ïîëóíå-
ïðåðûâíûì ìåòîäàì ñóììèðîâàíèÿ ðÿäîâ Ôóðüå ïî÷òè âñþäó è ðàâíîìåðíî äëÿ
íåïðåðûâíûõ ôóíêöèé.Â ñëó÷àå ïîëóíåïðåðûâíûõ ìåòîäîâ ñóììèðîâàíèÿ îñîáîå
âíèìàíèå áóäåò óäåëåíî ðåçóëüòàòàì(îíè ïîëó÷åíû ñîâìåñòíî ñ À.Ä.Íàõìàíîì â
2013-215 ãã) äëÿ îáîáùåííûõ ñðåäíèõ Ïóàññîíà ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå,
çàäàâàåìûõ ôîðìóëîé

∞∑
k=−∞

ck(f)e−λkheikx(λk → +∞, h > 0).

Ñ.Â. Ïåòðîâ, À.Â. Àáàíèí (Ðîñòîâ-íà-Äîíó)
prostopetrov@inbox.ru, abanin@math.sfedu.ru

ÎÁ ÎÄÍÎÌ ÍÎÂÎÌ ÏÐÈÇÍÀÊÅ ÑËÀÁÎÉ ÄÎÑÒÀÒÎ×ÍÎÑÒÈ 1

Ñëàáî äîñòàòî÷íûå ìíîæåñòâà, ââåäåííûå Øíàéäåðîì â 1974 ã., ÿâëÿþòñÿ ìîù-
íûì èíñòðóìåíòîì â èññëåäîâàíèè ïðåäñòàâëÿþùèõ ñèñòåì, óðàâíåíèé ñâåðòêè è
ðîñòà ãîëîìîðôíûõ ôóíêöèé. Â ïðîñòðàíñòâàõ Õåðìàíäåðà îíè òåñíî ñâÿçàíû ñ
ýôôåêòèâíûìè ïî Èéåðó ìíîæåñòâàìè. Íàïðèìåð, ïóñòü h � íåïðåðûâíàÿ ñóáãàð-
ìîíè÷åñêàÿ â C ôóíêöèÿ, ðàñòóùàÿ íà áåñêîíå÷íîñòè áûñòðåå ln |z|, äëÿ êîòîðîé
max{h(z + ζ) : |ζ| ≤ 1} ∼ h(z) ïðè z → ∞. Òîãäà [1] â ëþáîì ïðîñòðàíñòâå
Õåðìàíäåðà

Hp
h := {f ∈ H(C) : ∃q < p, ∃C > 0 : |f(z)| ≤ C exp qh(z),∀z ∈ C}

íîðìàëüíîãî òèïà (0 < p <∞) êëàññû ñëàáî äîñòàòî÷íûõ è ýôôåêòèâíûõ ïî Èé-
åðó ìíîæåñòâ ñîâïàäàþò. Â ñëó÷àå àëãåáð Õåðìàíäåðà, òî åñòü ïðè p =∞, âñÿêîå
ýôôåêòèâíîå äëÿ H∞h ìíîæåñòâî ñëàáî äîñòàòî÷íî äëÿ íåãî, à îáðàòíîå óòâåðæäå-
íèå íåâåðíî. Òàêèì îáðàçîì, âîïðîñ îá îïèñàíèè ñëàáî äîñòàòî÷íûõ ìíîæåñòâ äëÿ
H∞h â òåðìèíàõ ðîñòà íà íèõ ôóíêöèé îñòàåòñÿ îòêðûòûì. Â äîêëàäå áóäåò ïðåä-
ñòàâëåí íîâûé ïîäõîä ê èññëåäîâàíèþ äàííîé ïðîáëåìû äëÿ àëãåáðû Õåðìàíäåðà

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 15-01-01404).
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Eρ âñåõ öåëûõ ôóíêöèé êîíå÷íîãî òèïà ïðè ïîðÿäêå ρ > 0, ïîçâîëÿþùèé óñòà-
íîâèòü êðèòåðèàëüíóþ ñâÿçü ìåæäó ñëàáî äîñòàòî÷íûìè äëÿ Eρ ìíîæåñòâàìè è
ââåäåííûìè íàìè äëÿ ýòîé öåëè îñëàáëåííî ýôôåêòèâíûìè ïî Èéåðó ìíîæåñòâà-
ìè. Ïîñëåäíèå îïðåäåëÿþòñÿ êàê òå íåîãðàíè÷åííûå ïîäìíîæåñòâà S êîìïëåêñíîé
ïëîñêîñòè, äëÿ êîòîðûõ ïðè íåêîòîðîì C > 0 äëÿ ëþáîé ôóíêöèè f ∈ Eρ èìååò
ìåñòî íåðàâåíñòâî

lim sup
r→∞

lnMf(r)

rρ
≤ C lim sup

z→∞,z∈S

ln |f(z)|
|z|ρ

.

Äðóãèìè ñëîâàìè, äëÿ òàêèõ ìíîæåñòâ òèï ëþáîé ôóíêöèè f ìîæåò áûòü îöåíåí
÷åðåç òèï f íà S ñ ïîìîùüþ îäíîé äëÿ âñåãî ïðîñòðàíñòâà ìóëüòèïëèêàòèâíîé
ïîñòîÿííîé.

Ë È Ò Å Ð À Ò Ó Ð À
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WEIGHTED MIXED NORM BERGMAN TYPE SPACE ON THE

UNIT DISC

Starting with the papers by S.Bergman (1933) and M.M.Jerbashian (1945), the
spaces of analytic functions which are p - integrable with respect to σ - �nite measure
on a connected open set in the complex plane C or in Cn have been intensively studied
by a number of authors. An introduction of the mixed norm is a natural generalization
of the classical Bergman space, which, in particular allows to distinguish between radial
and angular behavior of functions. Such mixed norm Bergman type spaces even studied
in the paper [1]. As a matter of fact in [1] the mixed norm was constructed in a very
general settings with the use of variable exponent Lebesgue norm in the radial direction.
Following the results of [1] we introduce and study analogous weighted mixed norm

Bergman type space on the unit disc (with usual Lebesgue Lp space in radial direction).
As the main result the Boundedness of the Bergman projection is proved. The study
of the Teplitz operators in such spaces is considered as the main objective of this study
and as a subject for further continuation of research in this direction.
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Î ÏÐÅÎÁÐÀÇÎÂÀÍÈÈ ÔÓÐÜÅ ÔÓÍÊÖÈÉ ÍÅÑÊÎËÜÊÈÕ
ÏÅÐÅÌÅÍÍÛÕ

Ïóñòü f ∈ L1(R2) è f(x1, x2) = f0

(
max{|x1|, |x2|}

)
.

Â äîêëàäå èçó÷àþòñÿ ñëåäóþùèå âîïðîñû:
1) Êîãäà ïðåîáðàçîâàíèå Ôóðüå f̂ ∈ L1(R2)?
2) Êîãäà t · sup

y2
1+y2

2≥t2

∣∣f̂(y1, y2)
∣∣ ∈ L1(R1

+)? R1
+ = R+ = [0,+∞)

3) Êîãäà f̂(y1, y2) ≥ 0 èëè > 0 âñþäó íà R2?
Ïî ïåðâîìó âîïðîñó íàéäåíû íåîáõîäèìûå è îòäåëüíî äîñòàòî÷íûå óñëîâèÿ,

êîòîðûå äëÿ âûïóêëûõ íà îòðåçêå ôóíêöèé f0 ñîâïàäàþò.
Îòâåò ïî âòîðîìó âîïðîñó îêàçàëñÿ îòðèöàòåëüíûì (f ≡ 0).
À â âîïðîñå î ïîëîæèòåëüíî îïðåäåëåííûõ ôóíêöèÿõ óêàçàííîãî âèäà ïîëó÷åí

êðèòåðèé, ò.å. íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå îäíîâðåìåííî. Îòâåò ïîëíîñòüþ
ñâîäèòñÿ ê ïðîâåðêå ïîëîæèòåëüíîé îïðåäåëåííîñòè íåêîòîðîé ôóíêöèè f1 íà
ïðÿìîé. Ïðèâåäåíû ïðèìåðû.

Ë È Ò Å Ð À Ò Ó Ð À
1. Li�yand E., Samko S., Trigub R. The Wiener Algebra of absolutely convergent Fourier integrals // Anal.Math.Phys. 2012.

V. 2, � 1. P. 1�68.

2. Òðèãóá Ð.Ì. Î ïðåîáðàçîâàíèè Ôóðüå ôóíêöèé äâóõ ïåðåìåííûõ, çàâèñÿùèõ ëèøü îò ìàêñèìóìà ìîäóëÿ ýòèõ

ïåðåìåííûõ // Ýëåêòðîííûé èñòî÷íèê. � http://arxiv.org/abs/1512.03183

A.K. Fatykhov (Kazan), P. L. Shabalin (Kazan)
vitofat@gmail.com, pavel.shabalin@mail.ru

RIEMAN-HILBERT BOUNDARY VALUE PROBLEM ON THE
HALF-PLANE WITH CURLING IN FINITE NUMBER POINTS OF

THE CONTOUR 1

We consider Riemann-Hilbert boundary value problem of analytic functions for the
half-plane D in the case when ratios of the edge conditions

a(t)<Φ(t)− b(t)=Φ(t) = c(t), t ∈ L = ∂D,

have a �nite number of singular points tk, k = 1, n on the contour L. The function
ν(t) = argG(t), G(t) = a(t) − ib(t), t ∈ L, is continuous on L everywhere except
the points tk, where it has discontinuities of the second kind ln |G(t)| ∈ HL(µ). For

1The research is supported by Russian Foundation for Basic Researches (grant No. 12-01-00636-a).
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neighborhood of points tk, we have the representation

ν(t) =


ν+
k

|t− tk|ρk
+ ν̃(t), t < tk,

ν−k
(t− tk)ρk

+ ν̃(t), tk < t,

for some numbers. ν+
k , ν

−
k , ρk, 0 < ρk < 1 and function ν̃(t) ∈ HL(µ). For a

Hilbert problem we received formula of the general solution of the homogeneous and
heterogeneous tasks. Conducted a full investigation solvability of the homogeneous
problem in the class of bounded analytic functions in the unit circle. The method
of constructing solutions are based on the analytical allocation the singularities of
boundary condition, which is usually written as

Re[e−iν(t)Φ(t)] =
c(t)

|G(t)|
.

In the research of the existence of solution and study the number of solutions of the
problem we applied the theory of entire functions and methods of the geometric theory
of complex variable functions.

A. I. Fedotov (Kazan, Russia)
fedotov@mi.ru

QUADRATURE-DIFFERENCES METHOD FOR SINGULAR
INTEGRO-DIFFERENTIAL EQUATIONS ON THE INTERVAL

For the singular integro-di�erential equation of the form:

m∑
ν=0

(aν(t)x
(ν)(t) + bν(t)(Sx

(ν))(t) + (Thνx
(ν))(t))

= f(t), −1 < t < 1, m ≥ 1

with the initial conditions:

x(ν)(ξ0) = 0, ν = 0, 1, ...,m− 1, −1 ≤ ξ0 ≤ 1

where x(t) is a desired unknown and aν(t), bν(t), hν(t, τ), ν = 0, 1, ...,m, f(t) are given
continuous functions of their arguments, t, τ ∈ [−1, 1]; bm(t) is a polynomial of some
order n0 ≥ 0 and singular integrals:

(Sx(ν))(t) =
1

π

∫ 1

−1

x(ν)(τ)dτ

τ − t
, ν = 0, 1, ...,m
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are to be interpreted as the Cauchy�Lebesgue principal value; and

(Thνx
(ν))(t) =

1

π

∫ 1

−1

hν(t, τ)x(ν)(τ)dτ, ν = 0, 1, ...,m

are regular integrals, the quadrature-di�erences method is justi�ed.
The cases of positive, negative and zero indices are considered, and the error estimations

are given.
R E F E R E N C E S

1. Fedotov A. I. Convergence of the Quadrature-Di�erences Method for Singular Integro-Di�erential Equations on the

Interval// Mathematics 2014, Vol. 2. P. 53�67; doi:10.3390/math2010053

B.N. Khabibullin, T.Yu. Bayguskarov (Ufa, Russia)
Khabib-Bulat@mail.ru

NON-TRIVIALITY OF WEIGHTED CLASSES
OF HOLOMORPHIC FUNCTIONS 1

R and C are the sets of real and complex numbers resp. Let D be a domain
in C, and M : D → [ − ∞,+∞] (a weighted function). The class Hol (D;M) :={
f � holomorphic on D : sup

z∈C
|f(z)| e−M(z) < +∞

}
is nontrivial i� there exists a non-

zero function f ∈ Hol (D;M).
Let d : D → (0,+∞) be a continious function satisfying the condition d(z) <

min
{

inf
w∈C\D

|z − w|, 1 + |z|
}
for all z ∈ D.

Theorem [1]. Suppose, for subharmonic M : D → [−∞,+∞),

sup
z∈C

(
1

π(d(z))2

2π∫
0

d(z)∫
0

M(z + reiθ)r dr dθ + log
1

d(z)
−M(z)

)
< +∞. (∗)

If at least one of the following three conditions:

1) the closure of D in C∞ := C ∪ {∞} is not equal to C∞;

2)
(

1
2π∆M

)
(D) > 1 for the Riesz measure 1

2π∆M of M ;

3) the domain D is simply connected in C∞;

are ful�lled, then the class Hol (D;M) is nontrivial. If d(z) ≡ 1

(1 + |z|)P
, z ∈ D = C,

for a number P > 0, then the summand log
1

d(z)
in the left part of the condition (∗)

can be removed.
1Our researchs supported by RFBR (project no. 16-01-00024).
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Similar results were obtained in [2; Theorem 1] for weighted classes of holomorphic
functions of several variables with plurisubharmonic weighted functionM:D→[−∞,+∞)
in pseudoconvex domains D ⊂ Cn, n ≥ 1. We consider also the case of weighted
functionM represented as the di�erence of plurisubharmonic functions [2; Theorem 2].

R E F E R E N C E S
1. Khabibullin B.N., Baiguskarov T.Yu. The logarithm of the module of holomorphic functions as minority for subharmonic

functions // Mat. Zametki (Math. Notes). 2016. Vol. 99, Issue 4. P. 588�602.

2. Baiguskarov T.Yu., Khabibullin B.N. Holomorphic Minorants of Plurisubharmonic Functions // Funct. Anal. Appl. 2016.

Vol. 50, No. 1. P. 62�65.

È.Ã. Öàðüêîâ (ÌÃÓ, Ðîññèÿ)
tsar@mech.math.msu.su

ÍÅÏÐÅÐÛÂÍÀß ε-ÂÛÁÎÐÊÀ. 1

Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî. Äëÿ ïðîèçâîëüíûõ ìíîæåñòâà M ⊂ X è
òî÷êè x ∈ X ÷åðåç PMx îáîçíà÷èì ìåòðè÷åñêóþ ïðîåêöèþ, ò.å. ìíîæåñòâî {y ∈
M | ‖y − x‖ = %(x,M)}.
Â ðàáîòå ïîëó÷åíà åùå îäíà õàðàêòåðèçàöèÿ ìíîæåñòâ, îáëàäàþùèõ íåïðåðûâ-

íûìè ε-âûáîðêàìè äëÿ âñåõ ε > 0.
Îïðåäåëåíèå. Ïóñòü ε > 0, M ⊂ X. Îòîáðàæåíèå ϕ : X → M íàçûâàåòñÿ

àääèòèâíîé (ìóëüòèïëèêàòèâíîé) ε-âûáîðêîé, åñëè äëÿ âñåõ x ∈ X âûïîëíÿåò-
ñÿ íåðàâåíñòâî

‖x− ϕ(x)‖ 6 %(x,M) + ε

(ñîîòâåòñòâåííî ‖x− ϕ(x)‖ 6 (1 + ε)%(x,M)).
Ñ ðàçëè÷íûìè ñâîéñòâàìè ìíîæåñòâ, îáëàäàþùèõ ε-âûáîðêîé ìîæíî îçíàêî-

ìèòüñÿ â ðàáîòàõ [1,2].
Ìíîæåñòâî M ⊂ X íàçûâàåòñÿ P -êëåò÷àòîïîäîáíûì (B-êëåò÷àòîïîäîáíûì),

åñëè äëÿ âñåõ òî÷åê x ∈ X ìíîæåñòâî PMx ÿâëÿåòñÿ êëåò÷àòîïîäîáíûì (íåïó-
ñòîå ïåðåñå÷åíèå ïðîèçâîëüíîãî çàìêíóòîãî øàðà êëåò÷àòîïîäîáíî). Ìíîæåñòâî
M ⊂ X íàçûâàåòñÿ B̊-ñòÿãèâàåìûì, åñëè åãî íåïóñòîå ïåðåñå÷åíèå ñ ïðîèçâîëü-
íûì îòêðûòûì øàðîì ñòÿãèâàåìî.

Òåîðåìà 1. Àïïðîêñèìàòèâíî êîìïàêòíîå ìíîæåñòâî M â áàíàõîâîì ïðî-
ñòðàíñòâå X îáëàäàåò äëÿ âñåõ ε > 0 íåïðåðûâíîé àääèòèâíîé (ìóëüòèïëèêà-
òèâíîé) ε-âûáîðêîé òîãäà è òîëüêî òîãäà, êîãäà ýòî ìíîæåñòâî ÿâëÿåòñÿ P -
êëåò÷àòîïîäîáíûì. Äëÿ êîíå÷íîìåðíîãî ïðîñòðàíñòâà X ýòî ðàâíîñèëüíî B-
êëåò÷àòîïîäîáíîñòè è B̊-ñòÿãèâàåìîñòè ìíîæåñòâà M .

Ë È Ò Å Ð À Ò Ó Ð À
1. Àëèìîâ À.Ð., Öàðüêîâ È. Ã. Ñâÿçíîñòü è ñîëíå÷íîñòü â çàäà÷àõ íàèëó÷øåãî è ïî÷òè íàèëó÷øåãî ïðèáëèæåíèÿ//

Óñïåõè ìàò. íàóê. 2016. Ò. 71, � 1 (427), Ñ. 3-84.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (16-01-00295).
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2. Öàðüêîâ È. Ã.. Íåïðåðûâíàÿ ε-âûáîðêà // Ìàòåìàòè÷åñêèé ñáîðíèê Ò. 207, � 2. Ñ. 123-142.

Ì.Ì. Öâèëü (Ðîñòîâ-íà-Äîíó)
tsvilmm@mail.ru

ÎÁÎÁÙÅÍÍÛÅ ÎÏÅÐÀÒÎÐÛ ÔÀÁÅÐÀ
ÄËß ÏÎËÈÖÈËÈÍÄÐÈ×ÅÑÊÈÕ ÎÁËÀÑÒÅÉ

×åðåç Cn îáîçíà÷èì n-ìåðíîå êîìïëåêñíîå ïðîñòðàíñòâî, åãî òî÷êè z=(z1,...,zn).
Ïóñòü D+ = D+

1 × D+
2 × . . . × D+

n , D
− = D−1 × D−2 × . . . × D−n � ïîëèöèëèí-

äðè÷åñêèå îáëàñòè â Cn ñ îñòîâîì σ = L1 × L2 × . . . × Ln, ãäå D
+
k � êîíå÷-

íàÿ îäíîñâÿçíàÿ îáëàñòü â ïëîñêîñòè C1, îãðàíè÷åííàÿ ñïðÿìëÿåìîé æîðäàíî-
âîé êðèâîé Lk; D

−
k � åå äîïîëíåíèå äî âñåé ïëîñêîñòè; ôóíêöèÿ zk = ψk(wk)

êîíôîðìíî è îäíîëèñòíî îòîáðàæàåò âíåøíîñòü åäèíè÷íîãî êðóãà {|wk| > 1} íà
îáëàñòü D−k ïðè óñëîâèÿõ ψk(∞) =∞, ψ′k(∞) > 0; ôóíêöèÿ wk = ϕk(zk) � îáðàò-
íàÿ ê ψk(wk), k = 1, 2, . . . , n; U+ = {w ∈ Cn : |wk| < 1, k = 1, 2, . . . , n} � ïîëèêðóã
â Cn, T n � åäèíè÷íûé òîð.
Ïóñòü â îáëàñòè D îïðåäåëåíà âåñîâàÿ ôóíêöèÿ g(z) àíàëèòè÷åñêàÿ â D−, îò-

ëè÷íàÿ îò íóëÿ â D
−
è g(∞) > 0. Ïðåäïîëîæèì, ÷òî g(z) ∈ E2(D

−), ôóíêöèÿ
τ(t) ∈ H2(U

+) è âûïîëíÿåòñÿ óñëîâèå∫
σ

|(ϕ∗τ)(ζ)||g(ζ)||dζ1| . . . |dζn| =

=

∫
Tn

|τ(t)||(ψ∗g)(t)||(ψ′1(t1)||(ψ′n(tn)||dt1| . . . |dtn|. (1)

Òîãäà ìîæíî ðàññìàòðèâàòü îáîáùåííûé îïåðàòîð Ôàáåðà äëÿ ïîëèöèëèíäðè-
÷åñêîé îáëàñòè D+:

f(z) =
1

(2πi)n

∫
σ

(ϕ∗τ)(ζ)g(ζ)dζ

(ζ − z)I
, z ∈ D+, (2)

ãäå dζ = dζ1 . . . dζn; âåêòîð (1, 1, . . . , 1) îáîçíà÷èì ÷åðåç I.
Îïåðàòîð (2) ïðè óñëîâèè (1) ïðåîáðàçóåò ôóíêöèþ τ(t) ∈ H2(U+) ïðè ôèê-

ñèðîâàííîé g(z) â ôóíêöèþ f(z), àíàëèòè÷åñêóþ â D+. Âûáîð âåñîâîé ôóíêöèè
âëèÿåò íà îöåíêè íîðìû îáîáùåííîãî îïåðàòîðà Ôàáåðà. Â ñëó÷àå, êîãäà âåñîâàÿ
ôóíêöèÿ èìååò ðàçëîæåíèå âèäà

g(z) =
∑
`∈Zn+

d`

ϕ`11 (z1) . . . ϕ
`n
n (zn)
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îáîáùåííûé îïåðàòîð Ôàáåðà ïðåîáðàçóåò ìíîãî÷ëåí n ïåðåìåííûõ t1, t2, . . . , tn
â ìíîãî÷ëåí âèäà

∑̀
∈Ω

c`Φ`(z, g), ãäå Ω � íåêîòîðîå ïîäìíîæåñòâî öåëî÷èñëåííîé

ðåøåòêè Zn
+ ñ íåîòðèöàòåëüíûìè êîîðäèíàòàìè; Φ`(z, g) � îáîáùåííûå îïåðòîðû

Ôàáåðà n ïåðåìåííûõ.
Ñïåöèôèêà ìíîãîìåðíîãî ñëó÷àÿ ïðîÿâëÿåòñÿ â ìíîãîîáðàçèè ïîñòðîåíèÿ àë-

ãåáðàè÷åñêèõ ïîëèíîìîâ â çàâèñèìîñòè îò êîíñòðóêöèè ìíîæåñòâå Ω. Äàëåå èñ-
ñëåäóþòñÿ ñâîéñòâà è îöåíêè íîðì îáîáùåííîãî îïåðàòîðà Ôàáåðà â êîíêðåòíûõ
ñëó÷àÿõ, ïðèìåíåíèå ýòèõ îöåíîê â òåîðèè ïðèáëèæåíèÿ àíàëèòè÷åñêèõ ôóíêöèé
â ïîëèöèëèíäðè÷åñêèõ îáëàñòÿõ ìíîãî÷ëåíàìè.

À.Ï. ×åãîëèí (ã. Ðîñòîâ-íà-Äîíó, ÞÔÓ)
apchegolin@mail.ru

Î ÐÀÇÐÅØÈÌÎÑÒÈ ÍÅÊÎÒÎÐÛÕ ÈÍÒÅÃÐÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÑÓÌÌÈÐÓÅÌÛÕ ÔÓÍÊÖÈÉ

Â ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ðàçðåøèìîñòè â êëàññàõ ñóììèðóåìûõ ôóíê-
öèé íåêîòîðûõ èíòåãðàëüíûõ óðàâíåíèé ïåðâîãî ðîäà, çàäàâàåìûõ â îáðàçàõ Ôó-
ðüå íà ¾äîñòàòî÷íî õîðîøèõ¿ ôóíêöèÿõ ñèìâîëîì. Îñîáûé èíòåðåñ â îáðàçàõ
Ôóðüå ïðåäñòàâëÿåò ñîáîé ñëó÷àé ãàðìîíè÷åñêîé õàðàêòåðèñòèêè â ñèìâîëå. Â
îäíîìåðíîì ñëó÷àå àíàëîãîì òàêîé ñèòóàöèè ÿâëÿåòñÿ òðèãîíîìåòðè÷åñêàÿ õà-
ðàêòåðèñòè÷åñêàÿ ÷àñòü ñèìâîëà. Íà ýòîì ïðèìåðå ïîêàçàíà âîçìîæíîñòü ÿâíîãî
âîññòàíîâëåíèÿ èíòåãðàëüíîãî ïðåäñòàâëåíèÿ ëåâîé ÷àñòè óðàâíåíèÿ. Íà îñíîâà-
íèè ýòîãî ðåøåí âîïðîñ î äåéñòâèè ñîîòâåòñòâóþùåãî îïåðàòîðà òèïà ïîòåíöèàëà â
ïðîñòðàíñòâàõ ñóììèðóåìûõ ôóíêöèé, à ñîîòâåòñòâåííî è âîïðîñ î ðàçðåøèìîñòè
ðàññìàòðèâàåìûõ èíòåãðàëüíûõ óðàâíåíèé. Êðîìå òîãî, â ðàìêàõ ìåòîäà àïïðîê-
ñèìàòèâíûõ îáðàòíûõ îïåðàòîðîâ ïîñòðîåíû êîíñòðóêöèè, îáðàùàþùèå óêàçàí-
íûå îïåðàòîðû, ò.å. ïî ñóòè, â ïðåäåëüíîì âèäå ïðèâîäèòñÿ ðåøåíèå ðàññìàòðèâà-
åìûõ èíòåãðàëüíûõ óðàâíåíèé.

À.ß. ßêóáîâ (Ãðîçíûé), Ë.Ä. Øàíêèøâèëè (Òáèëèñè)
yakub@inbox.ru

ÏÐÎÁËÅÌÀ ×ÅÁÛØÅÂÀ Â ÊËÀÑÑÅ ÈÍÒÅÃÐÀËÜÍÎ
ÑÈÍÕÐÎÍÍÛÕ ÔÓÍÊÖÈÉ

Îïðåäåëåíèå. Èçìåðèìûå ôóíêöèè f è g, çàäàííûå íà îòðåçêå [a, b] áóäåì íà-
çûâàòü èíòåãðàëüíî ñèíõðîííûìè íà [a, b], åñëè ñóùåñòâóåò ïîëîæèòåëüíîå ÷èñëî
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q > 0 òàêîå, ÷òî∫ b

a

∫ b

a

p(t)p(τ)[f(t)− f(τ)][g(t)− g(τ)]dtdτ = q > 0

óñòîé÷èâî íà [a, b].

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû èçìåðèìûå ôóíêöèè f,g, îïðåäåëåííûå íà [a,b],
áûëè èíòåãðàëüíî ñèíõðîííû íà [a,b], íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû êâàäðà-
òè÷íàÿ ôîðìà∫ b

a

∫ b

a

p(t)p(τ)[f(t)U − f(τ)V ][g(t)U − g(τ)V ]dtdτ = q > 0

áûëà ïîëîæèòåëüíî îïðåäåëåííîé äëÿ âñåõ U, V ∈ R′, ñîâìåñòíî íåðàâíûõ íóëþ.
Òåîðåìà 2.Äëÿ òîãî, ÷òîáû èçìåðèìûå ôóíêöèè f, g îïðåäåëåííûå íà îòðåç-

êå [a, b] óäîâëåòâîðÿëè íà [a, b] ïðÿìûì íåðàâåíñòâàì ×åáûøåâà íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû ýòè ôóíêöèè áûëè èíòåãðàëüíî ñèíõðîííû íà îòðåçêå [a, b].
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EQUATIONS OF CONVOLUTION TYPE WITH A MONOTONE
NONLINEARITY1

Various classes of nonlinear integral convolution type equations on a �nite (in the
periodic case) and an in�nite interval of integration were studied in the monograph
[1]. The property of the (Bochner) positivity of the convolution operator, which is
guaranteed by the condition of nonnegativity of the discrete (in periodic case where
the interval of integration is the closed interval [−π, π]) or the integral (in the case
where the interval of integration is the whole real axis or semiaxis) Fourier cosine
transform of its kernel, plays an essential role in this connection. In the case of the
interval [−π, π], some convex (downward) functions can serve as examples of such
kernels. In the case of the interval [0, 1] considered in this work, the study of nonlinear
integral convolution type equations involves additional di�culties related, in essence,
to the fact that the positivity of convolution type operators in the space Lp(0, 1) is
no longer guaranteed by the convexity (downward) of its kernels. In the present work,
under additional constraints on the kernels of the equations under consideration, global
theorems on the existence, uniqueness, and estimates of solutions for various classes
of nonlinear integral convolution type equations in the real Lebesgue spaces Lp(0, 1)
for any p ∈ (1,∞) are proved using the method of monotone operators [2], and also
corollaries illustrating the obtained results are given. Earlier, similar theorems were
proved for di�erent classes of nonlinear equations, only for p ∈ (1, 2], or only for
p ∈ [2,∞) (see [1, Chap. III], [3]). It is shown that the solutions can be found in space
L2(0, 1) by a Picard's type successive approximations method. In the case of a power
nonlinearity, it is shown that the solutions can be found by the gradient method in the
space Lp(0, 1) and the weighted space Lp(%) .

R E F E R E N C E S
1. Askhabov S.N. Nonlinear Convolution Type Equations. M.: Fizmatlit, 2009 [in Russian].
2. Vainberg M.M. Variational Method and the Method of Monotone operators in the Theory of Nonlinear Equations. M.:

Nauka, 1972 [in Russian].

3. Askhabov S.N. Equations of Convolution Type with a Monotone Nonlinearity on an Interval // Di�erential Equations.

2015. Vol. 51, � 9. C. 1173�1179.

1This work was supported by the Russian Foundation for Basic Research (grant no. 13-01-00422-a).



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 79

Ï.Â. Áàáè÷, Â.Á. Ëåâåíøòàì, Ñ.Ï. Ïðèêà (Ðîñòîâ-íà-Äîíó,
Âëàäèêàâêàç)

Vleven@math.rsu.ru
ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È

Ïóñòü Π = {(x, t) : 0 < x < π; 0 < t < 1}, Γ - åå ïàðàáîëè÷åñêàÿ ãðàíèöà. Â äî-
êëàäå ðå÷ü ïîéäåò î äâóõ îáðàòíûõ çàäà÷àõ äëÿ ïàðàáîëè÷åñêîé íà÷àëüíî-êðàåâîé
çàäà÷è ñ áîëüøèì ïàðàìåòðîì ω:{

∂u
∂t = ∂2u

∂x2 + f(x)r(t, ωt), (x, t) ∈ Π,
u|Γ = 0.

(1)

Íà÷íåì ñ ïåðâîé. Â íåé íåèçâåñòíûì ÿâëÿåòñÿ 2π-ïåðèîäè÷åñêèé ïî τ ñîìíîæè-
òåëü r(t, τ). Â ñâÿçè ñ ýòèì çàäàíà äâó÷ëåííàÿ àñèìïòîòèêà ðåøåíèÿ çàäà÷è (1),
âû÷èñëåííàÿ â òî÷êå x0, â êîòîðîé f(x0) 6= 0. Ïðè íåêîòîðûõ óñëîâèÿõ óñòàíîâ-
ëåíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ôóíêöèè r èç îïðåäåëåííîãî êëàññà.
Âî âòîðîé çàäà÷å íåèçâåñòíûì ñîìíîæèòåëåì ÿâëÿåòñÿ ôóíêöèÿ f(x). Â ñâÿçè

ñ ýòèì çàäàí ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèÿ çàäà÷è (1), âû÷èñëåííûé â òî÷-
êå t0, â êîòîðîé ôóíêöèÿ r(t, τ) èìååò íåíóëåâîå ñðåäíåå ïî âòîðîé ïåðåìåííîé.
Ïðè íåêîòîðûõ óñëîâèÿõ óñòàíîâëåíî ñóùåñòâîâàíèå ôóíêöèè f èç îïðåäåëåííîãî
êëàññà. Íàéäåíû ïðîñòûå äîñòàòî÷íûå óñëîâèÿ íà t0, ïðè êîòîðûõ f îïðåäåëåíà
îäíîçíà÷íî.
Îòìåòèì, ÷òî ïåðâàÿ îáðàòíàÿ çàäà÷à, íî áåç âûñîêî÷àñòîòíîãî ïàðàìåòðà, áû-

ëà èññëåäîâàíà ðàíåå â ðàáîòå [1]. Ïî ïîâîäó òåîðèè îáðàòíûõ êîýôôèöèåíòíûõ
çàäà÷ ñì. òàêæå ìîíîãðàôèþ ýòîãî àâòîðà [2]. Çàìåòèì åùå, ÷òî íåêîòîðûå ðå-
çóëüòàòû äîêëàäà îïóáëèêîâàíû â ðàáîòàõ [3�4].
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ÏÅÐÂÀß ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß ÌÎÄÅËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÏÀÐÀÁÎËÎ-ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ

Â ÎÁËÀÑÒÈ Ñ ÎÒÕÎÄÎÌ ÎÒ ÕÀÐÀÊÒÅÐÈÑÒÈÊ

Íà åâêëèäîâîé ïëîñêîñòè íåçàâèñèìûõ ïåðåìåííûõ x è y ðàññìîòðèì óðàâíåíèå

Lu =

{
uyy − k(y)uxx, y < 0

uyy + ux, y > 0
= f(z), (1)

ãäå 0 < k1 ≤ k(y), f(z) = f(x, y) � çàäàííûå ôóíêöèè, u(z) = u(x, y) � èñêîìàÿ
ôóíêöèÿ.
Óðàâíåíèå (1) ðàññìàòðèâàåòñÿ â êîíå÷íîé îäíîñâÿçíîé îáëàñòè Ω, îãðàíè÷åí-

íîé îòðåçêàìè AA0, BB0 ïðÿìûõ x = 0, x = r è íåêîòîðîé êóñî÷íî - ãëàäêîé
êðèâîé σ0 = A0B0 : y = ϕ(x) ñ êîíöàìè â òî÷êàõ A0(0, y0), B0(r, yr), ëåæàùåé â
âåðõíåé ïîëóïëîñêîñòè y > 0, à ïðè y < 0 îáëàñòü Ω îãðàíè÷åíà äâóìÿ ïåðåñåêàþ-
ùèìèñÿ êðèâûìè: ìîíîòîííî óáûâàþùåé ãëàäêîé êðèâîé σ1 = AC : y = γ1(x) ∈
C1 [0, l], 0 ≤ x ≤ l, âûõîäÿùåé èç òî÷êè A = (0, 0) è ìîíîòîííî âîçðàñòàþùåé
ãëàäêîé êðèâîé σ2 = CB : y = γ2(x) ∈ C1 [l, r], l ≤ x ≤ r, ñîåäèíÿþùåé òî÷êè
B = (r, 0) è C = (l, γ2(l)); γ1(0) = 0, γ2(r) = 0, γ1(l) = γ2(l) < 0; Ω1 è Ω2 �
ãèïåðáîëè÷åñêàÿ è ïàðàáîëè÷åñêàÿ ÷àñòè ñìåøàííîé îáëàñòè Ω = Ω1 ∪ Ω2 ∪ Jr;
Jr = {(x, 0) : 0 < x < r}; f ∈ C(Ω̄i), i = 1, 2; k(y) ∈ C [γ1(l), 0].
Êàê ñëåäóåò èç ðåçóëüòàòîâ ðàáîòû [1], ïîñòàíîâêà ïåðâîé êðàåâîé çàäà÷è äëÿ

óðàâíåíèÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà âòîðîãî ïîðÿäêà ñóùå-
ñòâåííî çàâèñèò îò ðàñïîëîæåíèÿ êðèâûõ σ1 è σ2 îòíîñèòåëüíî õàðàêòåðèñòèê
óðàâíåíèÿ (1) ïðè y < 0. Íèæå áóäåò ñôîðìóëèðîâàíà ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ
óðàâíåíèÿ (1) ïðè ðàçëè÷íûõ ñëó÷àÿõ ðàñïîëîæåíèÿ êðèâûõ σ1 è σ2 îòíîñèòåëüíî
õàðàêòåðèñòèê

AC1 : x+

y∫
0

√
k(t)dt = 0, C1B : x−

y∫
0

√
k(t)dt = r,

ýòîãî óðàâíåíèÿ.
Ðåãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì âñÿêóþ ôóíêöèþ

u(z) = u(x, y) èç êëàññà C(Ω̄) ∩ C1(Ω) ∩ C2(Ω1) ∩ C2
y(Ω2), ïîäñòàíîâêà êîòîðîé

îáðàùàåò äàííîå óðàâíåíèå â òîæäåñòâî.
Ïóñòü êðèâûå σ1 è σ2 òàêîâû, ÷òî

√
k(y)γ

′

1(x) ≤ −1, 0 <
√
k(y)γ

′

2(x) ≤ 1. Â
ýòîì ñëó÷àå ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ôîðìóëèðóåòñÿ ñëåäóþùèì
îáðàçîì:
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Çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(z) = u(x, y) óðàâíåíèÿ
(1), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u(z) = 0 ∀ z ∈ BB0 ∪ σ0 ∪ σ2. (2)

Ïðè −1 < γ
′

1(x)
√
k(y) < 0, 0 < γ

′

2(x)
√
k(y) ≤ 1 èìååì:

Çàäà÷à 2. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(z) = u(x, y) óðàâíåíèÿ
(1) èç êëàññà C1(Ω1 ∪ σ1), óäîâëåòâîðÿþùåå óñëîâèÿì (2) è óñëîâèþ

uy(z) = 0 ∀ z ∈ σ1. (3)

Åñëè êðèâûå σ1 è σ2 îáëàäàþò ñâîéñòâàìè:
√
k(y)γ

′

1(x) ≤ −1,
√
k(y)γ

′

2(x) > 1,

òî â ýòîì ñëó÷àå ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) ôîðìóëèðóåòñÿ òàê:
Çàäà÷à 3. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(z) = u(x, y) óðàâíåíèÿ

(1) èç êëàññà C1(Ω1 ∪ σ2), óäîâëåòâîðÿþùåå óñëîâèÿì (2) è óñëîâèþ

uy(z) = 0 ∀ z ∈ σ2. (4)

È, íàêîíåö, â ñëó÷àå, êîãäà êðèâûå σ1 è σ2 îáëàäàþò ñâîéñòâàìè:
√
k(y)γ

′

2(x) >
1, −1 <

√
k(y)γ

′

1(x) < 0, ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) áóäåò ôîðìó-
ëèðîâàòüñÿ òàê:
Çàäà÷à 4. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(z) = u(x, y) óðàâíåíèÿ

(1) èç êëàññà C1(Ω1 ∪ σ1 ∪ σ2), óäîâëåòâîðÿþùåå óñëîâèÿì (2), (3) è (4).

Ñïðàâåäëèâà
Òåîðåìà 1. Ïóñòü êðèâàÿ σ0 òàêîâà, ÷òî îíà îáëàäàåò ñâîéñòâîì:

σ0 : y = ϕ(x) ∈ C1 [0, r] , ïðè÷åì ϕ′(x) ≤ 0.

Òîãäà äëÿ ðåøåíèÿ u(z) = u(x, y) ïåðâîé êðàåâîé çàäà÷è (çàäà÷è 1�4) èìååò
ìåñòî ýíåðãåòè÷åñêîå íåðàâåíñòâî

‖υ‖1 ≤M1 ‖Lµυ‖0 ,

ãäå ôóíêöèÿ υ(z) = υ(x, y) ñâÿçàíà ñ ðåøåíèåì u(z) = u(x, y) èñõîäíîãî óðàâ-
íåíèÿ (1) ïî ôîðìóëå u(z) = exp(µx)υ(z); Lµυ = exp(−µx)Lu; µ � íåêîòîðîå
îòðèöàòåëüíîå ÷èñëî; M1 � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò u(z)
è υ(z); ‖·‖0, ‖·‖1 � íîðìû â ïðîñòðàíñòâàõ L2(Ω) è W 1

2 (Ω) ñîîòâåòñòâåííî.
Ë È Ò Å Ð À Ò Ó Ð À

1. Íàõóøåâ A.M. Ê òåîðèè ëèíåéíûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà ñìåøàííîãî ãèïåðáîëî-ïàðàáî-

ëè÷åñêîãî òèïà// Äèôôåðåíö. óðàâíåíèÿ. 1978. Ò.14, �1. Ñ. 66�73.



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 82

Â.À. Áàòèùåâ (Ðîñòîâ-íà-Äîíó), Â. Ã. Èëüè÷åâ (Ðîñòîâ-íà-Äîíó)
batishev-v@mail.ru, vitaly369@yandex.ru

ÁÈÔÓÐÊÀÖÈÈ ÒÅÐÌÎÃÐÀÂÈÒÀÖÈÎÍÍÛÕ ÐÅÆÈÌÎÂ Â
ÏÎÃÐÀÍÈ×ÍÎÌ ÑËÎÅ ÂÁËÈÇÈ ÑÂÎÁÎÄÍÎÉ ÃÐÀÍÈÖÛ

Òåìïåðàòóðíûå ïîãðàíè÷íûå ñëîè ñ ó÷åòîì êàïèëëÿðíûõ ñèë àêòèâíî èçó÷à-
þòñÿ â ñâÿçè ñ ýêñïåðèìåíòàìè â êîñìîñå. Îäíàêî, òåðìîãðàâèòàöèîííûå ïîãðà-
íè÷íûå ñëîè âáëèçè ñâîáîäíîé ãðàíèöû áåç ó÷åòà êàïèëëÿðíîãî ýôôåêòà ïî÷òè
íå èññëåäîâàíû. Â äîêëàäå ïðåäñòàâëåíû èññëåäîâàíèÿ ïî ýòîé ïðîáëåìå.
Íà îñíîâå óðàâíåíèé äâèæåíèÿ íåîäíîðîäíîé æèäêîñòè â ïðèáëèæåíèè Îáåðáå-

êà-Áóññèíåñêà ðàññ÷èòûâàåòñÿ òåðìîãðàâèòàöèîííîå ñòàöèîíàðíîå îñåñèììåòðè÷-
íîå òå÷åíèå æèäêîñòè â ãîðèçîíòàëüíîì ñëîå, îãðàíè÷åííîì ñíèçó òâåðäîé ñòåí-
êîé, à ñâåðõó ñâîáîäíîé ãðàíèöåé. Ðàññìîòðåíû äâà âèäà òåìïåðàòóðíûõ ãðàíè÷-
íûõ óñëîâèé - ëîêàëüíûé íàãðåâ èëè ëîêàëüíîå îõëàæäåíèå ñâîáîäíîé ãðàíèöû
âáëèçè îñè ñèììåòðèè. Ïîñòðîåíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ðåøåíèé êðàåâîé
çàäà÷è, ãëàâíûé ÷ëåí êîòîðûõ îïèñûâàåò òå÷åíèå â ïîãðàíè÷íîì ñëîå ñ ó÷åòîì
âíåøíåãî ïîòîêà. Ïîëÿ ñêîðîñòåé è òåìïåðàòóðû ðàññ÷èòàíû ÷èñëåííî. Ïîêàçà-
íî, ÷òî ïðè ëîêàëüíîì îõëàæäåíèè ñâîáîäíîé ãðàíèöû âîçíèêàåò âðàùàòåëüíûé
ðåæèì â ïîãðàíè÷íîì ñëîå.
×èñëåííûå ðàñ÷åòû íåëèíåéíîé êðàåâîé çàäà÷è ïðèâîäÿò ê äâóì âèäàì ðåæè-

ìîâ - îñíîâíûì è âðàùàòåëüíûì. Îñíîâíûå ðåæèìû îïèñûâàþò òå÷åíèå æèäêî-
ñòè áåç âðàùåíèÿ. Âðàùàòåëüíûå ðåæèìû âîçíèêàþò ïóòåì âåòâëåíèÿ îñíîâíûõ
ðåæèìîâ è ñóùåñòâóþò òîëüêî, åñëè ñêîðîñòü âíåøíåãî ïîòîêà íå ïðåâîñõîäèò
áèôóðêàöèîííîãî çíà÷åíèÿ. Òî÷êè áèôóðêàöèè íàéäåíû ÷èñëåííî. Ðàññìîòðåí
ñëó÷àé ìàëîé òîëùèíû ñëîÿ. Ïðèâåäåí âûâîä óðàâíåíèÿ ðàçâåòâëåíèÿ. Â çàâè-
ñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ çàäà÷è ïîëó÷åíû òðè òèïà óðàâíåíèé ðàçâåòâëå-
íèÿ. Â êàæäîì ñëó÷àå îò òî÷êè áèôóðêàöèè îòâåòâëÿþòñÿ ïî äâà âðàùàþùèõñÿ
ðåæèìà, êîòîðûå ðàññ÷èòàíû ÷èñëåííî. Íà îñíîâå ðåçóëüòàòîâ ðàáîòû âîçìîæíî
ìîäåëèðîâàíèå òîðíàäî â àòìîñôåðå.

Å.Ï. Áåëàí (Ñèìôåðîïîëü)
belan@crimea.edu

ÄÈÍÀÌÈÊÀ ÀÂÒÎÌÎÄÅËÜÍÛÕ ÐÅØÅÍÈÉ
ÔÅÍÎÌÅÍÎËÎÃÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß ÑÏÈÍÎÂÎÃÎ

ÃÎÐÅÍÈß

Ñïèíîâûì ðåæèìàì áåçãàçîâîãî ãîðåíèÿ òîíêîñòåííîãî êðóãîâîãî öèëèíäðà ðà-
äèóñà r ôåíîìåíîëîãè÷åñêè [1] ñîîòâåòñòâóþò ðåøåíèÿ òèïà áåãóùèõ âîëí óðàâ-
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íåíèÿ

ξ̈ + ξ = ε[ξ̇(1− 4

3
ξ̇2) +

λ2

4π2
∆ξ̇ +

βλ

2π

√
−∆ξ̇], ξ(t, x+ 2πr) = ξ(t, x). (1)

Çäåñü ξ � êîîðäèíàòû òî÷åê ôðîíòà ãîðåíèÿ â ñèñòåìå êîîðäèíàò, â êîòîðîé
ôðîíò â ñðåäíåì ïîêîèòñÿ, ∆ � îäíîìåðíûé îïåðàòîð Ëàïëàñà, 0 < ε� 1, λ > 0,
β > 0.
Âîïðîñû î ñóùåñòâîâàíèè, ôîðìå è óñòîé÷èâîñòè àâòîìîäåëüíûõ ðåøåíèé (1),

îòâåòâëÿþùèõñÿ îò òåðÿþùèõ óñòîé÷èâîñòü áåãóùèõ âîëí, ïðîñòðàíñòâåííî îäíî-
ðîäíîãî ïðåäåëüíîãî öèêëà è ïðåäñòàâèìûõ ñ òî÷íîñòüþ ïîðÿäêà ε â âèäå

ξ = A(θ, ρ, β) cos(t+ ϕ(θ, ρ, β)), θ =
x

r
, ρ = 2πr/λ,

A, ϕ � 2π-ïåðèîäè÷íû ïî θ, ðàññìàòðèâàëèñü â [2,3].
Äîêëàä ïîñâÿùåí äèíàìèêå ïðè óâåëè÷åíèè ρ ôîðì è óñòîé÷èâîñòè àâòîìî-

äåëüíûõ ðåøåíèé (1). Îòìåòèì, ÷òî èìååò ìåñòî çàâèñèìîñòü óñòîé÷èâîñòè àâòî-
ìîäåëüíûõ ðåøåíèé (1) îò β. Óñòàíîâëåíî, ÷òî ïðè óâåëè÷åíèè ρ çàâèñèìîñòü àì-
ïëèòóä è ôàç àâòîìîäåëüíûõ ðåøåíèé îò θ âîçðàñòàåò. Àìïëèòóäà àâòîìîäåëüíîãî
ðåøåíèÿ, îòâåòâëÿþùåãîñÿ îò ïðîñòðàíñòâåííî îäíîðîäíîãî ïðåäåëüíîãî öèêëà, â
÷àñòíîñòè, ïðè ρ ∼ 1000 ÿâëÿåòñÿ áûñòðî îñöèëëèðóþùåé ôóíêöèåé θ.
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ÊÐÈÒÅÐÈÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÏÎËÎÆÅÍÈÉ ÐÀÂÍÎÂÅÑÈß
ÑÈÍÅÐÃÅÒÈ×ÅÑÊÎÃÎ ÐÅÃÓËßÒÎÐÀ

Ïóñòü çàêîí èçìåíåíèÿ ñîñòîÿíèÿ äèíàìè÷åñêîé ñèñòåìû îïèñûâàåòñÿ àâòîíîì-
íîé ñèñòåìîé òðåòüåãî ïîðÿäêà

x′1 = f1(x1, x2, x3)

x′2 = f2(x1, x2, x3)

x′3 = f3(x1, x2, x3).

Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ àääèòèâíîãî óïðàâëåíèÿ ñêîðîñòÿìè èçìåíåíèÿ äâóõ
ôàçîâûõ êîîðäèíàò, ïðè êîòîðîì íàïåðåä äàííîå îäíîìåðíîå äèôôåðåíöèðóåìîå
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ìíîãîîáðàçèå

Γ12 =
{

(x1, x2, x3) : ψ1(x1, x2, x3) = 0, ψ2(x1, x2, x3) = 0
}

áóäåò èíâàðèàíòíûì è ïðèòÿãèâàþùèì â öåëîì äëÿ òðàåêòîðèé ñèíòåçèðóåìîãî
ðåãóëÿòîðà. Äëÿ ýòîãî ïîòðåáóåì, ÷òîáû àãðåãèðîâàííûå ïåðåìåííûå ψ1, ψ2 íà
òðàåêòîðèÿõ ïðîåêòèðóåìîé ñèñòåìû óäîâëåòâîðÿëè äèôôåðåíöèàëüíûì óðàâíå-
íèÿì âèäà

ψ′1t = g1(ψ1), ψ
′
2t = g2(ψ2), g1(0) = g2(0) = 0,

à íóëåâûå ïîëîæåíèÿ ðàâíîâåñèÿ ýòèõ óðàâíåíèé áûëè áû óñòîé÷èâû â öåëîì [1].
Îáîçíà÷èì ∆ij = ψ′1xi ψ

′
2xj
−ψ′1xj ψ

′
2xi
, è ïðåäïîëîæèì ∆12(x

0
1, x

0
2, x

0
3) 6= 0 äëÿ òî÷êè

èç Γ12. Òîãäà óðàâíåíèå ñèíåðãåòè÷åñêîãî ðåãóëÿòîðà ïðèìåò âèä
x′1 =

1

∆12

(
∆23 f3 + ψ′2x2

g1(ψ1)− ψ′1x2
g2(ψ2)

)
x′2 =

1

∆12

(
∆31 f3 − ψ′2x1

g1(ψ1) + ψ′1x1
g2(ψ2)

)
x′3 = f3(x1, x2, x3),

è åãî ïîëîæåíèÿ ðàâíîâåñèÿ (x0
1, x

0
2, x

0
3) äîëæíû ÿâëÿòüñÿ ðåøåíèÿìè ñèñòåìû

ψ1(x1, x2, x3) = 0

ψ2(x1, x2, x3) = 0

f3(x1, x2, x3) = 0.

Òåîðåìà. Ïîëîæåíèå ðàâíîâåñèÿ ðåãóëÿòîðà àñèìïòîòè÷åñêè óñòîé÷èâî, åñëè

g′1ψ1

∣∣
(x0

1,x
0
2,x

0
3)
< 0, g′2ψ2

∣∣
(x0

1,x
0
2,x

0
3)
< 0,

1

∆12

∣∣∣∣∣∣
ψ′1x1

ψ′1x2
ψ′1x3

ψ′2x1
ψ′2x2

ψ′2x3

f ′3x1
f ′3x2

f ′3x3

∣∣∣∣∣∣
(x0

1,x
0
2,x

0
3)

< 0

è íåóñòîé÷èâî, åñëè õîòÿ áû îäíî èç íåðàâåíñòâ ïðîòèâîïîëîæíîå. Â ñëó÷àå
íåñòðîãèõ íåðàâåíñòâ íóæíû äîïîëíèòåëüíûå èññëåäîâàíèÿ.
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Î ÑÒÐÓÊÒÓÐÅ ÄÈÑÏÅÐÑÈÎÍÍÛÕ ÌÍÎÆÅÑÒÂ ÄËß
ÍÅÎÄÍÎÐÎÄÍÛÕ ÂÎËÍÎÂÎÄÎÂ Ñ ÄÈÑÑÈÏÀÖÈÅÉ 1

Èññëåäîâàíû âîïðîñû ðàñïðîñòðàíåíèÿ âîëí â íåîäíîðîäíûõ âîëíîâîäàõ ðàç-
ëè÷íîé ñòðóêòóðû (ôóíêöèîíàëüíî-ãðàäèåíòíûå óïðóãèå, ïîëèìåðêîìïîçèòíûå,
ñëîèñòûå ñ áîëüøèì ÷èñëîì ñëîåâ) ñ ó÷åòîì çàòóõàíèÿ, ïðè÷åì èñïîëüçîâàíà êîí-
öåïöèÿ êîìïëåêñíûõ ìîäóëåé, ïîçâîëÿþùàÿ àíàëèçèðîâàòü ñòðîåíèå êîìïîíåíò
äèñïåðñèîííûõ ìíîæåñòâ â øèðîêîì äèàïàçîíå èçìåíåíèÿ ïàðàìåòðîâ.
Äëÿ àíàëèçà äèñïåðñèîííîãî ìíîæåñòâà ñîñòàâëåíî ìàòðè÷íîå äèôôåðåíöèàëü-

íîå óðàâíåíèå ïåðâîãî ïîðÿäêà, ïðè÷åì êîìïëåêñíàÿ ìàòðèöà ñ çàâèñÿùèìè îò êî-
îðäèíàò ýëåìåíòàìè ïîðîæäàåò ñïåêòðàëüíûé ïó÷îê, ñîäåðæàùèé äâà ñïåêòðàëü-
íûõ ïàðàìåòðà � áåçðàçìåðíûå ÷àñòîòó è âîëíîâîå ÷èñëî; îòíîñèòåëüíî ïåðâîãî
ïàðàìåòðà ýëåìåíòû ìàòðèöû ÿâëÿþòñÿ ðàöèîíàëüíûìè ôóíêöèÿìè, îòíîñèòåëü-
íî âòîðîãî - êâàäðàòè÷íû. Ôîðìà ïðåäñòàâëåíèÿ îïåðàòîðíîãî ïó÷êà ïîçâîëÿ-
åò èññëåäîâàòü ñ åäèíûõ ïîçèöèé äèñïåðñèîííûå ñîîòíîøåíèÿ äëÿ îãðàíè÷åííûõ
íåîäíîðîäíîñòåé ðàçëè÷íîãî âèäà - íåïðåðûâíûõ è ðàçðûâíûõ. Óñòàíîâëåíû íåêî-
òîðûå ñâîéñòâà äèñïåðñèîííîãî ìíîæåñòâà, ñîäåðæàùåãî âåùåñòâåííûå è ìíèìûå
êîìïîíåíòû, èçó÷åíî åãî ñòðîåíèå ïðè ìàëûõ çíà÷åíèÿõ ñïåêòðàëüíûõ ïàðàìåò-
ðîâ, íà îñíîâå ïðîåêöèîííîãî ìåòîäà ïðåäëîæåíà ïðîñòàÿ ïðèêëàäíàÿ òåîðèÿ.
Âûÿâëåíî ñóùåñòâåííîå îòëè÷èå ñòðîåíèÿ äèñïåðñèîííîãî ìíîæåñòâà îò èäåàëü-
íîãî ñëó÷àÿ. Ïðè íóëåâîì ïåðâîì ñïåêòðàëüíîì ïàðàìåòðå ìàòðèöà ñòàíîâèòñÿ
âåùåñòâåííîé, òî÷êè ìíîæåñòâà ñîñòîÿò èç ÷åòûðåõêðàòíîãî íóëåâîãî çíà÷åíèÿ
è ñ÷åòíîãî ìíîæåñòâà ñèììåòðè÷íûõ ÷åòâåðîê êîìïëåêñíûõ ñîáñòâåííûõ çíà÷å-
íèé; ñ óâåëè÷åíèåì ïåðâîãî ïàðàìåòðà ñèììåòðèÿ ðàçðóøàåòñÿ, îäíàêî âñå ìîäû
ÿâëÿþòñÿ íåðàñïðîñòðàíÿþùèìèñÿ.
Äëÿ ÷èñëåííîãî ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è èñïîëüçîâàí ìåòîä ïðè-

ñòðåëêè. Â ðàìêàõ ýòîãî ïîäõîäà íàéäåíû ñêîðîñòè è êîýôôèöèåíòû çàòóõàíèÿ â
íåîäíîðîäíîì ñëîèñòîì ïüåçîýëåêòðè÷åñêîì âîëíîâîäå è â öèëèíäðè÷åñêîì âÿç-
êîóïðóãîì âîëíîâîäå.
×èñëåííî è àíàëèòè÷åñêè èññëåäîâàíû çàêîíîìåðíîñòè ñòðîåíèÿ äèñïåðñèîí-

íûõ ìíîæåñòâ äëÿ ðàçëè÷íûõ òèïîâ íåîäíîðîäíîñòè.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00354).
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ÇÀÄÀ×À ÄÈÐÈÕËÅ ÄËß ÎÁÛÊÍÎÂÅÍÍÎÃÎ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ1

Ðàññìîòðèì óðàâíåíèå

m∑
j=1

βj∂
αj
0xu(x) + λu(x) = f(x), x ∈]0, 1[, (1)

ãäå αj ∈]1, 2[, λ, βj ∈ R, β1 > 0, α1 > α2 > ... > αm, ∂
β
0xu(x) � ðåãóëÿðèçîâàííàÿ

äðîáíàÿ ïðîèçâîäíàÿ (ïðîèçâîäíàÿ Êàïóòî) [1, c. 11].
Ëèíåéíûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ äðîáíîãî ïîðÿäêà ñ ïî-

ñòîÿííûìè êîýôôèöèåíòàìè èññëåäîâàëèñü â ðàáîòàõ [2] è [3] (ñì. òàêæå áèáëèë-
ãðàôèþ òàì).
Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ôóíêöèþ u = u(x), èìåþùóþ

àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ ïåðâîãî ïîðÿäêà íà îòðåçêå [0,1] è óäîâëå-
òâîðÿþùàÿ óðàâíåíèþ (1) äëÿ âñåõ x ∈]0, 1[.
Çàäà÷à: Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâè-

ÿì
u(0) = a, u(1) = b, (2)

ãäå a, b− çàäàííûå ïîñòîÿííûå.
Â äàííîé ðàáîòå äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ

çàäà÷è Äèðèõëå, ïîëó÷åíî ÿâíîå ïðåäñòàâëåíèå ðåøåíèÿ èññëåäóåìîé çàäà÷è è
ïîñòðîåíà ñîîòâåòñòâóþùàÿ ôóíêöèÿ Ãðèíà. Äîêàçàíà, ÷òî èññëåäóåìàÿ çàäà÷à
ðàçðåøèìà ïðè ëþáîì ïàðàìåòðå λ ∈ R, çà èñêëþ÷åíèåì, áûòü ìîæåò, êîíå÷íîãî
÷èñëà.
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3. Kilbas A.A., Srivastava H.M. Trujillo J. J. Theory and applications of fractional di�erential equations // North-Holland

Math. Stud., Elsevier, Amsterdam. 2006. Ò. 204.

À.Â. Ãèëü, Â.À. Íîãèí (Ðîñòîâ-íà-Äîíó)
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1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00462-à).
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Ïóñòü

Sλ = m2I + i
∂

∂xn+1
+

n∑
k=1

(1− iλk)
∂2

∂x2
k

, m > 0,

ãäå λ = (λ1, . . . , λn), λk > 0, 1 ≤ k ≤ n.
Êîìïëåêñíûå ñòåïåíè îïåðàòîðà Sλ ñ îòðèöàòåëüíûìè âåùåñòâåííûìè ÷àñòÿìè

íà ôóíêöèÿõ ϕ(x) ∈ Φ îïðåäåëÿþòñÿ êàê ìóëüòèïëèêàòîðíûå îïåðàòîðû, äåéñòâèå
êîòîðûõ â îáðàçàõ Ôóðüå ñâîäèòñÿ ê óìíîæåíèþ íà ñîîòâåòñòâóþùóþ ñòåïåíü
ñèìâîëà ðàññìàòðèâàåìîãî îïåðàòîðà:

̂
(S
−α/2
λ

ϕ)(ξ) =

(
m2 + ξn+1 − |ξ′|2 + i

n∑
k=1

λkξ
2
k

)−α/2
ϕ̂(x),

ãäå ξ ∈ Rn+1, ξ′ = (ξ1, . . . , ξn), Reα > 0.
Êîìïëåêñíûå ñòåïåíè îïåðàòîðà Sλ ñ îòðèöàòåëüíîé äåéñòâèòåëüíîé ÷àñòüþ íà

ôóíêöèÿõ ϕ(x) ∈ Lp ðåàëèçîâàíû â âèäå àíèçîòðîïíûõ ïîòåíöèàëîâ ñ íåñòàíäàðò-
íîé ìåòðèêîé.

(Hα
λ
ϕ)(x) =

∫
Rn+1

hλ(y)ϕ(x− y)dy,

hλ(y) =
2exp(−α−n4 πi)

(4π)n/2Γ(α2 )
n∏
k=1

√
1− iλk

(yn+1)
α−n−2

2
+ ×

×exp

{
im2yn+1 −

n∑
k=1

(λk − i)y2
k

4(1 + λ2
k)yn+1

}
,

Ïîêàçàíà îãðàíè÷åííîñòü îïåðàòîðà Hα
λ
èç Lp â Lq ïðè 0 < Reα < n + 2,

1 ≤ p < n+2
Reα , q = (n+2)p

n+2−pReα .
Â ðàìêàõ ìåòîäà ÀÎÎ ïîñòðîåíî îáðàùåíèå ïîòåíöèàëîâ Hλϕ, ϕ ∈ Lp, è äàíî

îïèñàíèå îáðàçà Hλ(Lp) â òåðìèíàõ îïåðàòîðà, ëåâîãî îáðàòíîãî ê Hλ.

A., S. Gorobtsov, O. E. Grigoryeva, E.N. Ryzhov ( Volgograd State
Technical University, Russia)
vm@vstu.ru, rzhvt@mail.ru

SYNTHESIS OF RUNNING STRUCTURES OF HYPERBOLIC
CONTROL SYSTEMS

Problem of transmission of amplitude, form of pro�le of the structure is solved in the
paper. It should be noted that property of isolation of curve is necessary condition of
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stable information transmission at wide range of initial conditions. In all such equations

L (w) + u (w, ∂xw) = 0 , L = a∂t + b∂x + c∂xx + e∂tt �linear operator, u (w, ∂xw) �
desired nonlinear control , generating solution in the form of running periodic structure
(running wave) w = w (ξ), ξ = x±vt. Thus the problem is reduced to the system with
self-excited oscillations. Therefore desired controls are nonlinear. The transition to the
space of running variables allows to synthesize invariant manifold asymptotically stable
according to V.I. Zubov [1]. In case of more degrees of freedom the problem should be
reduced to multi- channel systems considered in the works [2,3].

Theorem. The following conditions are su�cient for existence of running periodic
isolated waves in case of hyperbolic equation:
1) feedback control has the form: u (w, ∂xw) = ∂xwH (w, ∂xw)+ β2w+χ2∂xw+γR (w) ,

where α2 > v2, v > 0 ,γ > 0; H (w, ∂xw) = 1
a2

(
w2 + α2

β2 (∂xw)2
)

+ γ
∫ w(ξ)

0 R (τ)dτ ;
2) function H (w, ∂xw) is positively determined on phase space of running variables.
We note that the pro�le of running periodic structure is harmonic at γ = 0, and

at γ 6= 0 integral
∫ w(x+δvt)

0 R (τ)dτ determines deformation of pro�le at theorem
conditions. The form of structure pro�le is determined as the solution of the following

equation: 1
a2

(
w2 + α2

β2 (∂xw)2
)

+ γ
∫ w

0 R (τ)dτ = v.
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ÐÅØÅÍÈÅ ÊÂÀÇÈËÈÍÅÉÍÛÕ ÓÐÀÂÍÅÍÈÉ
ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÒÈÏÀ

ÄËß ÇÎÍÀËÜÍÎÃÎ ÝËÅÊÒÐÎÔÎÐÅÇÀ 1

Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ ñèñòåìû äâóõ êâàçèëèíåéíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà ýëëèïòè÷åñêîãî òèïà, îïèñûâàþùèõ ïðîöåññ
çîíàëüíîãî ýëåêòðîôîðåçà.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè òåõíè÷åñêîãî çàäàíèÿ 213.01-11/2014-1 Ìèíèñòåðñòâà îáðàçîâà-
íèÿ è íàóêè ÐÔ, ÞÔÓ (Ì.Þ. Æóêîâ, Å.Â. Øèðÿåâà), è â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé
äåÿòåëüíîñòè, Çàäàíèå �1.1398.2014/Ê (Ò.Ô. Äîëãèõ).
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Èçâåñòíî, ÷òî â ýòîì ñëó÷àå èíâàðèàíòû Ðèìàíà K i, i = 1, 2, êîìïëåêñíî ñî-
ïðÿæåíû. Òàêèì îáðàçîì, ïðè ïîñòðîåíèè íåÿâíûõ ðåøåíèé x(a, b) è t(a, b) ïî-
ñòàâëåííîé çàäà÷è Êîøè ñ ïîìîùüþ ìåòîäà ãîäîãðàôà, íåîáõîäèìî ó÷èòûâàòü,
÷òî è ïàðàìåòðû a è b áóäóò êîìïëåêñíî ñîïðÿæ¼ííûìè. ßâíîå æå ðåøåíèå çà-
äà÷è Êîøè ñòðîèòñÿ ïóò¼ì ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé íà
èçîõðîíå t = t∗.
Â ðàáîòå ðàññìîòðåíû íåêîòîðûå çàäà÷è Êîøè ñ ïðîñòðàíñòâåííî-ïåðèîäè÷åñ-

êèìè íà÷àëüíûìè äàííûìè, èñïîëüçóåìûìè ïðè èçó÷åíèè íåóñòîé÷èâûõ êâàçèãà-
çîâûõ ñðåä òèïà ãàçà ×àïëûãèíà. Ïîêàçàíî, ÷òî ñ òå÷åíèåì âðåìåíè òàêèå íà÷àëü-
íûå ðàñïðåäåëåíèÿ èñ÷åçàþò, ïðåîáðàçóÿñü â ñîëèòîíîïîäîáíûé è êèíêîïîäîáíûé
íåïîäâèæíûå ïðîôèëè â òî÷êàõ 2πk, k = 0, ±1, ±2, . . .
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HOMOGENIZATION OF HYPERBOLIC-TYPE EQUATIONS

In L2(Rd;Cn), we consider a selfadjoint strongly elliptic operator Aε, ε > 0, given
by the di�erential expression b(D)∗g(x/ε)b(D). Here g(x) is a periodic bounded and
positive de�nite matrix-valued function, and b(D) is a �rst order di�erential operator.

We study the behavior of the operator cos(tA
1/2
ε ), t ∈ R, for small ε. It is proved that,

as ε→ 0, cos(tA
1/2
ε ) converges to cos(t(A0)1/2) in the norm of operators acting from the

Sobolev space Hs(Rd;Cn) (with a suitable s) to L2(Rd;Cn). Here A0 = b(D)∗g0b(D)
is the e�ective operator. In [1], the following sharp order error estimate was obtained:

‖ cos(tA1/2
ε )− cos(t(A0)1/2)‖H2(Rd)→L2(Rd) ≤ (C1 + C2|t|)ε. (1)

Then also ‖ cos(tA
1/2
ε )− cos(t(A0)1/2)‖Hs→L2

= O(εs/2), 0 ≤ s ≤ 2 .
Now we obtain more subtle results [2]. From one hand, we con�rm that (1) is sharp:

in the general case the estimate

‖ cos(tA1/2
ε )− cos(t(A0)1/2)‖Hs(Rd)→L2(Rd) = O(ε)

is not true if s < 2. The supporting examples are given.
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From the other hand, we distinguish conditions on the operator under which the
result can be improved:

‖ cos(tA1/2
ε )− cos(t(A0)1/2)‖H3/2(Rd)→L2(Rd) ≤ (C̃1 + C̃2|t|)ε.

Also, by interpolation, ‖ cos(tA
1/2
ε )− cos(t(A0)1/2)‖Hs→L2

= O(ε2s/3) for 0 ≤ s ≤ 3/2.
In particular, this is the case for the scalar elliptic operator Aε = −div g(x/ε)∇, where
the matrix g(x) has real entries.
The results are applied to study the behavior of the solution vε(x, t) of the Cauchy

problem for the hyperbolic-type equation ∂2
t vε = −Aεvε. Applications to the acoustics

equation and the system of elasticity theory are given. The method is based on the
scaling transformation, the Floquet-Bloch theory and the analytic perturbation theory.
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ÎÁ ÎÏÐÅÄÅËÅÍÈÈ ÏÐÅÄÍÀÏÐßÆÅÍÈÉ Â ÒÐÓÁÀÕ È
ÑÒÅÐÆÍßÕ1

Ïðåäâàðèòåëüíûìè íàïðÿæåíèÿìè (ÏÍ) íàçûâàþò íàïðÿæåíèÿ, êîòîðûå ñóùå-
ñòâóþò â îáúåêòå ïðè îòñóòñòâèè íàáëþäàåìûõ âíåøíèõ âîçäåéñòâèé. Ïîäîáíûå
íàïðÿæåíèÿ ÷àùå âñåãî âîçíèêàþò â ðåçóëüòàòå ðàçëè÷íîãî ðîäà ïðîèçâîäñòâåí-
íûõ îïåðàöèé è â ïðîöåññå ýêñïëóàòàöèè. Îäíèìè èç íàèáîëåå ðàñïðîñòðàíåííûõ
ýëåìåíòîâ â ñîâðåìåííûõ èíæåíåðíûõ ñîîðóæåíèÿõ îñòàþòñÿ òðóáû è ñòåðæíè.
Ïðè ýòîì ó÷åò ÏÍ â òàêèõ ýëåìåíòàõ èìååò âàæíîå çíà÷åíèå äëÿ îöåíêè èõ ðå-
àëüíûõ ïðî÷íîñòíûõ õàðàêòåðèñòèê.
Â ðàáîòå ñ ïîçèöèé ìåòîäà àêóñòè÷åñêîãî çîíäèðîâàíèÿ ðàññìîòðåíû äâå çàäà-

÷è îá îïðåäåëåíèè ÏÍ â òðóáå è ñòåðæíå, íàõîäÿùèõñÿ â ðåæèìå óñòàíîâèâøèõñÿ
êîëåáàíèé. Â êà÷åñòâå ìîäåëè ÏÍ èñïîëüçîâàíà ìîäåëü Òðåôôòöà�Ãóçÿ. Â çàäà-
÷å äëÿ òðóáû ðàäèàëüíûå êîëåáàíèÿ âûçûâàþòñÿ ïåðèîäè÷åñêîé îñåñèììåòðè÷íîé
íàãðóçêîé, ïðèëîæåííîé íà âíåøíåé ãðàíèöå. Ñ÷èòàåòñÿ, ÷òî ïîëå ïðåäíàïðÿæå-
íèé îáóñëîâëåíî äåéñòâèåì âíóòðåííåãî äàâëåíèÿ. Ïîñòàíîâêà çàäà÷è ñôîðìóëè-
ðîâàíà â âèäå êàíîíè÷åñêîé ñèñòåìû äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî
ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Ðåøåíèå ïðÿìîé çàäà÷è îá îïðåäåëåíèè
ôóíêöèè ñìåùåíèÿ ðåàëèçîâàíî ÷èñëåííî ñ ïîìîùüþ ìåòîäà ïðèñòðåëêè. Èññëå-
äîâàíèå îáðàòíîé çàäà÷è î ðåêîíñòðóêöèè óðîâíÿ ÏÍ ïî èçâåñòíîé èíôîðìàöèè

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè ÌÊ-5440.2016.1 è ÐÔÔÈ (ïðîåêò 16-
01-00354).
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î çíà÷åíèÿõ ðåçîíàíñíûõ ÷àñòîòàõ ñâåäåíî ê ÷èñëåííîìó ðåøåíèþ ñèñòåìû äâóõ
òðàíñöåíäåíòíûõ óðàâíåíèé. Ïðîâåäåíà ñåðèÿ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ ïî
ðåøåíèþ ýòîé çàäà÷è êàê äëÿ îäíîðîäíîé, òàê è äëÿ íåîäíîðîäíîé òðóáû.
Â êà÷åñòâå âòîðîãî ïðèìåðà ðàññìîòðåíà çàäà÷à îá èçãèáíûõ êîëåáàíèÿõ îäíî-

ðîäíîãî ñòåðæíÿ ïðè íàëè÷èè îäíîîñíîãî ïðåäíàïðÿæåíèÿ. Ðåøåíèå ïðÿìîé çàäà-
÷è ñâåäåíî ê ÷èñëåííîìó ðåøåíèþ ñèñòåìû 4-õ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåð-
âîãî ïîðÿäêà. Ñôîðìóëèðîâàíà îáðàòíàÿ çàäà÷à îá îïðåäåëåíèè ÏÍ â ñòåðæíå ïî
äàííûì î ôóíêöèè ñìåùåíèÿ, çàäàííîé â êîíå÷íîì íàáîðå òî÷åê äëÿ ôèêñèðîâàí-
íîé ÷àñòîòû êîëåáàíèé. Ïîëó÷åíà ôîðìóëà äëÿ âîññòàíîâëåíèÿ çàêîíà èçìåíåíèÿ
îäíîîñíîãî ïðåäíàïðÿæåíèÿ. Íà åå îñíîâå ïðåäñòàâëåíû ïðèìåðû ðåêîíñòðóêöèè
ÏÍ.

À.Ð. Çàéíóëëîâ (Ñòåðëèòàìàê, Ðîññèÿ)
arturzayn@mail.ru

ÎÁ ÎÄÍÎÉ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×Å ÄËß ÓÐÀÂÍÅÍÈß ÑÒÐÓÍÛ 1

Ðàññìîòðèì óðàâíåíèå ñòðóíû

Lu ≡ utt − uxx = 0 (1)

â îáëàñòè Q = {0 < x < l, 0 < t < T} è ñëåäóþùóþ îáðàòíóþ çàäà÷ó: íàéòè
ôóíêöèþ u(x, t) è ψ(x), óäîâëåòâîðÿþùèå óñëîâèÿì: u(x, t) ∈ C2(Q)∩C1(Q∪{t =
0})∩C(Q), Lu ≡ 0, (x, t) ∈ Q, u(0, t) = u(l, t) = 0, 0 6 t 6 T, u(x, 0) = ϕ(x), 0 6
x 6 l, ut(x, 0) = ψ(x), 0 6 x 6 l, u(x, d) = h(x), 0 6 x 6 l, d ∈ (0, T ], ãäå
h(x), ϕ(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Îòìåòèì, ÷òî äàííàÿ îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) èçó÷åíà â ðàáîòå [1, c.

141], êîãäà îòíîøåíèå ñòîðîí d̃ = d/l ïðÿìîóãîëüíèêà ïðèíèìàåò ðàöèîíàëüíûå
çíà÷åíèÿ. Ñëåäóÿ [2, c. 112] äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Åñëè ÷èñëî d̃ ÿâëÿåòñÿ àëãåáðàè÷åñêèì ÷èñëîì ñòåïåíè n > 2,
ϕ(x), h(x) ∈ C4[0, l], ϕ(j)(0) = ϕ(j)(l) = 0, h(j)(0) = h(j)(l) = 0, j = 0, 2, òî
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è è îíî îïðåäåëÿåòñÿ ðÿäàìè:

u(x, t) =
∞∑
k=1

(
ϕk cosλkt+

hk − ϕk cosλkd

sin πkd̃
sinλkt

)
Xk(x),

ψ(x) =
∞∑
k=1

λk(hk − ϕk cosλkd)

sin πkd̃
Xk(x), ϕk =

∫ l

0

ϕ(x)Xk(x)dx,

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ-Ïîâîëæüå (ïðîåêò 14-01-97003).
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hk =

∫ l

0

h(x)Xk(x)dx, Xk(x) =

√
2

l
sinλkx, λk =

πk

l
, k ∈ N.
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÏÎÒÅÍÖÈÀËÜÍÛÕ ÒÅ×ÅÍÈÉ
ÈÄÅÀËÜÍÎÉ ÐÅËÀÊÑÈÐÓÞÙÅÉ ÆÈÄÊÎÑÒÈ1

Ðàññìàòðèâàåòñÿ çàäà÷à î ìàëûõ äâèæåíèÿõ èäåàëüíîé ðåëàêñèðóþùåé æèä-
êîñòè, çàïîëíÿþùåé îãðàíè÷åííóþ îáëàñòü Ω ⊂ R3 è íàõîäÿùåéñÿ ïîä äåéñòâèåì
ãðàâèòàöèîííîãî ïîëÿ −g~e3 (ñì. [1]):

∂~u(t, x)

∂t
= −a2

∞(z)∇
(
ρ−1

0 (z)ρ(t, x)
)
+

+ a2
∞(z)

m∑
l=1

t∫
0

e−bl(t−s)∇
(
kl(z)ρ(s, x)

)
ds+ ~f(t, x) (â Ω),

∂ρ(t, x)

∂t
+ div

(
ρ0(z)~u(t, x)

)
= 0 (â Ω), ~u(t, x) · ~n = 0 (íà ∂Ω),

~u(0, x) = ~u0(x), ρ(0, x) = ρ0(x).

Çäåñü ~u(t, x), ρ(t, x) � ïîëå ñêîðîñòåé è äèíàìè÷åñêàÿ ïëîòíîñòü æèäêîñòè, ρ0(z)
(z := −gx3) � ïëîòíîñòü æèäêîñòè â ñîñòîÿíèè ðàâíîâåñèÿ, a∞(z) � ñêîðîñòü
çâóêà â ñæèìàåìîé æèäêîñòè, ~f(t, x) � ìàëîå ïîëå âíåøíèõ ñèë, íàëîæåííîå íà
ãðàâèòàöèîííîå, ~n � âíåøíèé, åäèíè÷íûé, íîðìàëüíûé ê ∂Ω âåêòîð, îñòàëüíûå
ïàðàìåòðû â óðàâíåíèÿõ � ýòî ïîëîæèòåëüíûå ôèçè÷åñêèå êîíñòàíòû.
Äîêàçàíà ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü ïîòåíöèàëüíûõ ñîñòàâëÿþùèõ ïîëåé

ñêîðîñòåé èäåàëüíîé ðåëàêñèðóþùåé æèäêîñòè â ñëó÷àå, êîãäà ïàðàìåòðû çàäà÷è
óäîâëåòâîðÿþò ñëåäóþùåìó óñëîâèþ:

1−
m∑
l=1

kl(z)ρ0(z)

bl
> 0 ∀ x ∈ Ω (z = −gx3),

êîòîðîå õàðàêòåðèçóåò ìàëîñòü âðåìåí ðåëàêñàöèè b−1
l è ñòðóêòóðíûõ ôóíêöèé

kl(z) (l = 1,m).
1Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò �14-21-00066, âûïîëíÿåìûé â Âîðîíåæñêîì ãîñó-

íèâåðñèòåòå).
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MG-DEFORMATIONS OF A SURFACE WITH GIVEN VARIATION
OF THE SECOND INVARIANT OF ANY SYMMETRIC TENSOR

ALONG BOUNDARY

Let S � simple connected surface in three-dimensional Euclidian space,K � Gaussian
curvature, K ≥ k0 > 0, k0 = const; ~r = ~r(u, v) ∈ D3,p, p > 2, is the position
vector of the surface S, (u, v) ∈ Ω, Ω is a �at simple connected region. The boundary
∂S ∈ C1

µ, 0 < µ < 1, and ∂S has not umbilical points. We assume ∂K
∂u

∂H
∂v −

∂K
∂v

∂H
∂u 6= 0

on the surface S (H � mean curvature of S).
Let ϕij is any symmetric tensor on the surface S. Surface S has �rst tensor γij, then

2Hϕ = γαβϕαβ is invariant of coordinates transformation. The invariant Hϕ called the

second invariant of tensor ϕij [1, p. 203-206]. Also, we assume
∂Hϕ

∂H 6= 0 on the boundary.

Let mark a point Q on the boundary ∂S. On ∂Ω corresponding point for Q is Q̂.
Draw line p on surface S from point Q in main direction. An image of line p in region
Ω we denote as p̂.
Then we draw two tangent line at point Q̂ to the line p̂ and to the boundary ∂Ω. We

denote an angle from tangent line to ∂Ω up to tangent line to p̂, counting anticlockwise,
as θ.

A residue of the surface S concerning main directions is a number VMD(S) =
1

π
∆∂Ωθ,

where ∆∂Ωθ � increament of the angle θ, when we go in direction, that returned the
region Ω on the left.
We investigate the in�nitesimal MG-deformations of the surface S, that give variation

of Gaussian curvature as the function σ ∈ D1,p, p > 2, on a surface and keep a spherical
image of S. This type of deformations was introduced by the author [2].
We claim that some point M0 of the surface moves to de�ned vector ~C. This

constraint we call the point condition. The main result is:
Theorem. Let S is subjected to the in�nitesimal MG-deformation with point con-

dition, the invariant Hϕ has a given variation along the boundary ∂S, the variation is
equal to ψ ∈ C1

ρ , 0 < ρ < 1. Then:
1) if VMD(S) > −2,
- with σ ≡ 0 and ψ ≡ 0 there exist the unique in�nitesimal MG-deformation of the

surface S;
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- with σ 6≡ 0 or ψ 6≡ 0 there exist the unique in�nitesimal MG-deformation of the
surface S if and only if functions σ and ψ satisfy (2VMD(S)+3) solvability conditions;
2) if VMD(S) ≤ −2,
- with σ ≡ 0 and ψ ≡ 0 there exist (−2VMD(S)−3) linearly independent in�nitesimal

MG-deformations of the surface S;
- with σ 6≡ 0 or ψ 6≡ 0 the in�nitesimal MG-deformations of the surface S exist and

depend on (−2VMD(S)−3) arbitrary real constants.
R E F E R E N C E S
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÏÎÂÅÄÅÍÈß
ÂÐÀÙÀÒÅËÜÍÎ-ÑÈÌÌÅÒÐÈ×ÍÎÉ ÈÑÏÀÐßÞÙÅÉÑß ÊÀÏËÈ1

Ïðè îïèñàíèè ïîâåäåíèÿ êàïëè èñïîëüçîâàíû ïðîñòðàíñòâåííî äâóìåðíûå óðàâ-
íåíèÿ äëÿ âûñîòû ñâîáîäíîé ïîâåðõíîñòè h, ñðåäíèõ ñêîðîñòè s è òåìïåðàòóðû ϕ

[1]
ht + div(h2s) = −V0ϕ, ∇(h− σ∆h)

∣∣
t=0

= 0,

st + (βr − 1)hs div s + (βr + 1)hs · ∇s = 0,

ϕt + (βr − 1)hϕ div s + (βr + 1)hs · ∇ϕ = 0,

ãäå V0 � ñêîðîñòü èñïàðåíèÿ, σ � êîýôôèöèåíò ïîâåðõíîñòíîãî íàòÿæåíèÿ, βr =
1/3.
Äëÿ ïðîñòåéøåãî âàðèàíòà â ïðåäïîëîæåíèè âðàùàòåëüíîé ñèììåòðèè è ñòàöè-

îíàðíîñòè ôóíêöèé s, ϕ

s = (s0r, 0), ϕ = ϕ0r, h = h(r, t) (s0 > 0),

ïîâåäåíèå ñâîáîäíîé ïîâåðõíîñòè îïèñûâàåòñÿ óðàâíåíèåì

ητ + ηηr = −v0r
2, η(r, t) = rh(r, t), τ = 2s0t, v0 =

V0ϕ0

2s0
> 0,

ðåøåíèå êîòîðîãî çàïèñûâàåòñÿ â âèäå v0r = −6P(t + c1| 0, c2), ãäå P � ýëëèïòè-
÷åñêàÿ ôóíêöèÿ Âåéðåøòðàññà (Weierstrass P), c1, c2 � ïðèçâîëüíûå êîíñòàíòû.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè òåõíè÷åñêîãî çàäàíèÿ 213.01-11/2014-1 Ìèíèñòåðñòâà îáðàçîâàíèÿ
è íàóêè ÐÔ, ÞÔÓ.
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Àíàëèç ðàçëè÷íûõ ðåøåíèÿ èñõîäíîé çàäà÷è ïîêàçàë, ÷òî âûñûõàíèå êàïëè ïðî-
èñõîäèò íàèáîëåå èíòåíñèâíî â îáëàñòè ïåðåñå÷åíèÿ ñâîáîäíîé è ãîðèçîíòàëüíîé
ïîâåðõíîñòåé. Äîïîëíèòåëüíî äëÿ êàïëè, ñîäåðæàùåé ïðèìåñü, ñ ïðèâëå÷åíèåì
ñîðáöèîííîãî ìåõàíèçìà ïðèëèïàíèÿ ïðèìåñè ê ïîâåðõíîñòè óäàåòñÿ îáúÿñíèòü
âîçíèêíîâåíèå ñòðóêòóð êîíöåíòðàöèè ïðèìåñè â îáëàñòè âûñûõàíèÿ.
Îáíàðóæåíî, ÷òî â ïðîöåññå âûñûõàíèÿ äëÿ äîñòàòî÷íî ¾ïåðâîíà÷àëüíî âûñî-

êîé¿ êàïëè â îêðåñòíîñòè êðàÿ ñ òå÷åíèåì âðåìåíè âîçìîæíî ¾îïðîêèäûâàíèå¿
ïðîôèëÿ ñâîáîäíîé ïîâåðõíîñòè.
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ÎÁ ÎÄÍÎÌ ÌÅÒÎÄÅ ÐÅØÅÍÈß ÑÌÅØÀÍÍÎÉ ÊÐÀÅÂÎÉ
ÇÀÄÀ×È Â ÒÅÎÐÈÈ ÁÅÑÊÎÍÅ×ÍÎ ÌÀËÛÕ ÈÇÃÈÁÀÍÈÉ

Â òåîðèè áåñêîíå÷íî ìàëûõ èçãèáàíèé ïîâåðõíîñòåé ïîëîæèòåëüíîé êðèâèçíû
ñ êðàåì ðàññìîòðåíî ìíîæåñòâî óñëîâèé, êîòîðûå íàêëàäûâàþòñÿ íà êðàé ïîâåðõ-
íîñòè ïðè å¼ äåôîðìàöèè. Èçó÷åíèå áåñêîíå÷íî ìàëûõ èçãèáàíèé òàêèõ ïîâåðõ-
íîñòåé ñâîäèòñÿ ê ðåøåíèþ ðàçëè÷íûõ êðàåâûõ çàäà÷, êîòîðûå â ñâîþ î÷åðåäü
ñâîäÿòñÿ ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé. Ïîëó÷åíèþ ïîëíîé êàðòèíû âîçíè-
êàþùèõ ïðè ýòîì äåôîðìàöèé ïîâåðõíîñòè ñïîñîáñòâóåò ðàññìîòðåíèå íåêîòîðûõ
÷àñòíûõ ñëó÷àåâ ïîâåðõíîñòåé, íàïðèìåð, ñôåðè÷åñêèõ ñåãìåíòîâ, ñåãìåíòîâ ïà-
ðàáîëîèäà âðàùåíèÿ è äð.
Äëÿ ïîâåðõíîñòåé, îäíîçíà÷íî ïðîåêòèðóþùèõñÿ íà ïëîñêîñòü, ïîëó÷åíà ñëå-

äóþùàÿ êðàåâàÿ çàäà÷à:{
wz̄ + q1wz + q2w̄z̄ = 0, z ∈ D,
Re
{
a(t)wt + εb(t)w

}
= σ, t ∈ ∂D,

Â ÷àñòíîñòè äëÿ ïàðàáîëîèäà âðàùåíèÿ z = x2+y2 è âåêòîðíîãî ïîëÿ ¯̀= k̄+ε¯̀
0

ïðè ðåøåíèè ñîîòâåòñòâóþøåé êðàåâîé çàäà÷è èñïîëüçóåòñÿ ìåòîä, ïðåäëîæåííûé
â ñòàòüå [1]. Ïðè ýòîì ðàññìîòðåíû ñëó÷àè, êàê íóëåâîãî çíà÷åíèÿ èíäåêñà êðàåâîé
çàäà÷è, òàê è íåíóëåâîãî. Óñòàíîâëåíî, ÷òî ïðè íóëåâîì çíà÷åíèè èíäåêñà ñðåäè
âåêòîðíûõ ïîëåé ¯̀

αε ñóùåñòâóåò: 1) ïðè n + 1 > 0 êîíå÷íîå ÷èñëî ñîáñòâåííûõ
âåêòîðíûõ ïîëåé ~̀αεk ; 2) ïðè n = 0 ñ÷¼òíîå ìíîæåñòâî ñîáñòâåííûõ âåêòîðíûõ
ïîëåé; 3) ïðè n+ 1 < 0 ïóñòîå ìíîæåñòâî ñîáñòâåííûõ âåêòîðíûõ ïîëåé.
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SECONDARY TIME-PERIODIC AND STATIONARY SOLUTIONS OF
RAYLEIQH REACTION-DIFFUSION SYSTEM

We consider Rayleigh reaction-di�usion system:{
vt = ν1∆v + w

wt = ν2∆w − v + µw − w3

where v = v(x, t), w = w(x, t), x ∈ D, t > 0, D ⊂ Rn - bounded domain, µ ∈ R -
control parameter, ν1, ν2 > 0 - di�usion coe�cients. We consider Dirichlet, Neumann
and mixed boundary conditions.
The main purpose of the present work is �nding solutions of Rayleigh system,

branching from zero as parameter µ varies, while di�usion coe�cients are �xed and
ν1 6= ν2. The case ν1 = ν2 was studied by authors earlier.
The conditions for monotonous and oscillatory instability were found, critical values

for control parameter µ were derived. The transition between types of instabilities due
to di�erent relations between ν1 and ν2 was studied. For �nding secondary stationary
and periodic solutions we employ Lyapunov-Schmidt method in the form, developed
by V.I. Yudovich ([1]).
We constructed an abstract scheme, applicable to the system under study with

di�erent boundary conditions. The �rst terms of asymptotic expansion are found
explicitly and formulas for consecutive terms of the expansion are obtained. It was
shown that soft loss of stability takes place in the system.
For the case of 1D spatial variable we studied the qualitative behaviour of solutions

in the cases of di�erent boundary conditions. The case of 1D spatial variable and equal
di�usion coe�cients was considered in ([2]).
System dynamics when µ >> µcr and when ν2 → 0 was studied numerically. The

experiments were carried out for x ∈ R1 and x ∈ R2. MATLAB and Maple were
used for simulations. GPU-acceleration via NVIDIA CUDA v 7.5 was used for faster
computations.
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Î ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ ÎÄÍÎÉ ÇÀÄÀ×È ÌÅÕÀÍÈÊÈ
ÑÏËÎØÍÛÕ ÑÐÅÄ 1

Â [1,2] ðàññìîòðåíî èíòåãðàëüíîå óðàâíåíèå

λx(t, s) + (Kx)(t, s) ≡ λx(t, s) + (Lx)(t, s) + (Mx)(t, s) = g(t, s), (1)

ìîäåëèðóþùåå íåêîòîðûå ïðîáëåìû ìåõàíèêè ñïëîøíûõ ñðåä, ãäå (t, s) ∈ D =
[0, b]×[−1, 1], îïåðàòîðK îïðåäåëÿåòñÿ ðàâåíñòâîì (Kx)(t, s) =

∫ t
0 l(t, τ)x(τ, s)dτ+∫ 1

−1m(s, σ)x(t, σ)dσ. Â óðàâíåíèè (1) l(t, τ) � íåïðåðûâíîå èëè ñëàáî ñèíãóëÿð-

íîå ÿäðî, à èíòåãðàëüíûé îïåðàòîð (M̃x)(s) =
∫ 1

−1m(s, σ)x(σ)dσ äåéñòâóåò â
Lp([−1, 1]) (1 ≤ p < ∞) èëè â C([−1, 1]). Â ýòîì ñëó÷àå îïåðàòîð K íåïðå-
ðûâåí â C(Lp) èëè, ñîîòâåòñòâåííî, â C(D) è ñïðàâåäëèâû ðàâåíñòâà σ(K) =
σa(K) = −σ(M̃), ãäå a ∈ {es, ew, eb}, à ÷åðåç σ(K), σes(K), σew(K), σeb(K) îáî-
çíà÷åí ñïåêòð, ñóùåñòâåííûé ñïåêòð â ñìûñëå Øåõòåðà, Âîëüôà è Áðàóäåðà îãðà-
íè÷åííîãî â êîìïëåêñíîì áàíàõîâîì ïðîñòðàíñòâå îïåðàòîðà K, σ(M) îáîçíà÷àåò
ñïåêòð îïåðàòîðà M̃ [1,2].
Îïåðàòîð K â óðàâíåíèè (1) � ÷àñòíûé ñëó÷àé îïåðàòîðà

(K̃x)(t, s) =

∫ t

0

l(t, s, τ)x(τ, s)dτ +

∫ 1

−1

m(s, σ)x(t, σ)dσ.

Åñëè òåïåðü l(t, s, τ) � íåïðåðûâíîå èëè ñëàáî ñèíãóëÿðíîå ÿäðî, à îïåðàòîð M̃
äåéñòâóåò â Lp([−1, 1]) (1 ≤ p < ∞) èëè â C([−1, 1]), òî îïåðàòîð K̃ íåïðåðûâåí
â C(Lp) èëè, ñîîòâåòñòâåííî, â C(D), à σa(K̃) = −σ(M̃), ãäå a ∈ {es, ew}.
Îòìåòèì, ÷òî â óðàâíåíèè (1) ìåõàíèêè ñïëîøíûõ ñðåä ïàðàìåòð λ > 0 è M̃

� ïîëîæèòåëüíî îïðåäåëåííûé îïåðàòîð â L2([−1, 1]). Ïîýòîìó óðàâíåíèå (1) ïðè
ïîëîæèòåëüíûõ λ èìååò åäèíñòâåííîå ðåøåíèå â C(L2). Àíàëîãè÷íî, åäèíñòâåííîå
ðåøåíèå â C(L2) ïðè λ > 0 èìååò è óðàâíåíèå x = K̃x+ g.

Ë È Ò Å Ð À Ò Ó Ð À
1. Êàëèòâèí À.Ñ. Ëèíåéíûå îïåðàòîðû ñ ÷àñòíûìè èíòåãðàëàìè. � Âîðîíåæ: Ö×ÊÈ, 2000 � 252 ñ.

2. Appell JM., Kalivin AS., Zabrejko P.P. Partial Integral Operators and Integro-Di�erential Equations. � New York-Basel:

Marcel Dekker, 2000. � 560 p.
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ËÈÍÅÉÍÎÅ ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ
ÁÀÐÁÀØÈÍÀ Ñ ×ÀÑÒÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ ÂÒÎÐÎÃÎ

ÏÎÐßÄÊÀ 1

Îñíîâû òåîðèè ëèíåéíûõ èíòåãðî-äèôôðåðåíöèàëüíûõ óðàâíåíèé Áàðáàøèíà
(ÈÄÓÁ) ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà è íåêîòîðûå èõ ïðèëîæåíèÿ
èçëîæåíû â [1].
Â äàííîé çàìåòêå ðàññìàòðèâàåòñÿ çàäà÷à

∂2x(t, s)

∂t2
= l(t, s)

∂x(t, s)

∂t
+m(t, s)x(t, s) +

∫ d

c

n(t, s, σ)x(t, σ)dσ + f(t, s),

x(a, s) = ϕ(s), x′t(a, s) = ψ(s). (1)

Ïðåäïîëàãàåòñÿ, ÷òî çàäàííûå ôóíêöèè l,m, f ∈ C(D), n ∈ C(D× [c, d]), ϕ, ψ ∈
C([c, d]), ãäå C(D), C(D × [c, d]) è C([c, d]) � ïðîñòðàíñòâà íåïðåðûâíûõ íà D =
[a, b]× [c, d], D× [c, d] è [c, d] ñîîòâåòñòâåííî ôóíêöèé. Èíòåãðàë â (1) ïîíèìàåòñÿ
â ñìûñëå Ëåáåãà.
Ðåøåíèåì çàäà÷è (1) ñ÷èòàåòñÿ ôóíêöèÿ x ∈ C(D), óäîâëåòâîðÿþùàÿ ÈÄÓÁ è

íà÷àëüíûì óñëîâèÿì, è ó êîòîðîé x′′tt ∈ C(D).
Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ çàäà÷à (1) ýêâèâàëåíòíà íåêîòîðîìó ëèíåéíî-

ìó èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà y = V y + g ñ ÷àñòíûìè èíòåãðàëàìè è
ñ íåïðåðûâíûìè ÿäðàìè, ïîä ðåøåíèåì êîòîðîãî ïîíèìàåòñÿ íåïðåðûâíàÿ íà D
âìåñòå ñ y′t(t, s) ôóíêöèÿ y, óäîâëåòâîðÿþùàÿ ýòîìó óðàâíåíèþ, à ýêâèâàëåíòíîñòü
çàäà÷è (1) è óðàâíåíèÿ y = V y + g ïîíèìàåòñÿ â òîì ñìûñëå, ÷òî ðåøåíèÿ ýòèõ
óðàâíåíèé ñâÿçàíû ðàâåíñòâîì

x(t, s) =

∫ t

a

y(τ, s)dτ + ϕ(s).

Â ñèëó [2] óðàâíåíèå y = V y + g èìååò åäèíñòâåííîå ðåøåíèå. Òîãäà è çàäà÷à
(1) èìååò åäèíñòâåííîå ðåøåíèå.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÅ ÐÀÇËÎÆÅÍÈß ÐÅØÅÍÈÉ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÂÁËÈÇÈ ÒÎ×ÊÈ

ÏÎÂÎÐÎÒÀ, ÐÀÂÍÎÌÅÐÍÛÅ ÏÎ ÏÀÐÀÌÅÒÐÓ, È
ÂÛ×ÈÑËÅÍÈÅ ÌÀÒÐÈÖÛ ÏÅÐÅÕÎÄÀ

Â êâàíòîâîé ìåõàíèêå è â òåîðèè ðàñïðîñòðàíåíèÿ êîðîòêèõ âîëí â íåîäíîðîä-
íûõ ñðåäàõ âîçíèêàåò íåîáõîäèìîñòü íàõîäèòü àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ïðè
áîëüøèõ λ ( ïðè λ −→ +∞ ) ðåøåíèé óðàâíåíèÿ âòîðîãî ïîðÿäêà

4y − λ2q(x)y = 0

Â çàäà÷àõ êâàíòîâîé òåîðèè áîëüøîé ïàðàìåòð λ ôîðìàëüíî îáðàòíî ïðîïîð-
öèîíàëåí ïîñòîÿííîé Ïëàíêà, à â òåîðèè êîðîòêèõ âîëí îí ÿâëÿåòñÿ áåçðàçìåð-
íûì ïàðàìåòðîì ïðîïîðöèîíàëüíûì âîëíîâîìó ÷èñëó. Â îäíîìåðíîì ñëó÷àå íóëè
ôóíêöèè q(x) íàçàâàþòñÿ òî÷êàìè ïîâîðîòà. Êëàññè÷åñêàÿ ÂÊÁ-àñèìïòîòèêà, êàê
èçâåñòíî, òåðÿåò ñìûñë â îêðåñòíîñòè òî÷êè ïîâîðîòà. Ãëîáàëüíûå àñèìïòîòèêè
â îáëàñòÿõ, ñîäåðæàùèõ òî÷êó ïîâîðîòà, ñòðîÿòñÿ ëèáî èç ëîêàëüíûõ ñ ïîìîùüþ
êàíîíè÷åñêîãî îïåðàòîðà Ìàñëîâà, ëèáî ñ ïîìîùüþ áîëåå ñëîæíûõ àñèìòîòè÷å-
ñêèõ ðàçëîæåíèé, ñîäåðæàùèõ ñïåöèàëüíûå ôóíêöèè (â îäíîìåðíîé çàäà÷å ýòî
ðàçëîæåíèå Îëâåðà), êîòîðûå ñïðàâåäëèâû è â îêðåñòíîñòè òî÷êè ïîâîðîòà. Åñëè
ôóíêöèÿ q(x) çàâèñèò îò äîïîëíèòåëüíîãî ìàëîãî ïàðàìåòðà ε, òî â íåêîòîðûõ
ñëó÷àÿõ âîçíèêàåò çàäà÷à î íàõîæäåíèè àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðàâíîìåð-
íîãî ïî ε. Â ðàáîòå ïîëó÷åíû óñëîâèÿ íà ôóíêöèþ q(x, ε), êîòîðûå îáåñïå÷èâàþò
ðàâíîìåðíîñòü ðàçëîæåíèé Îëâåðà â ñëó÷àå êîãäà òî÷êà ïîâîðîòà íå çàâèñèò îò
ïàðàìåòðà ε è ðàññìîòðåíû ïðèìåíåíèÿ ýòîãî ðåçóëüòàòà ê íåêîòîðûì çàäà÷àì
òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé (âû÷èñëåíèå ìàòðèöû ïåðåõîäà) è êâàí-
òîâîé ìåõàíèêè ( êâàçèêëàññè÷åñêàÿ àñèìïòîòèêà ñîáñòâåííûõ ÷èñåë îïåðàòîðà
Øðåäèíãåðà).
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W 1,1-REGULAR T -SOLUTIONS OF DEGENERATE ANISOTROPIC

VARIATIONAL INEQUALITIES WITH L1-DATA

We consider a weighted anisotropic Sobolev space
◦
W 1,q(ν,Ω) associa-ted with a

bounded open set Ω of Rn (n > 2), the set q of exponents qi ∈ (1, n), i = 1, . . . , n,
and the set ν of nonnegative functions νi : Ω → R such that νi > 0 a. e. in Ω,
νi ∈ L1

loc(Ω), and (1/νi)
1/(qi−1) ∈ L1(Ω), i = 1, . . . , n. We study variational inequalities

corresponding to triplets of the form (a, V, f), where: 1) a is the set of Carath�eodory
functions ai : Ω×Rn → R, i = 1, . . . , n, satisfying the strict monotonicity condition as
well as growth and coercivity conditions with the exponents qi and functions νi; 2) V

is a closed convex set in
◦
W 1,q(ν,Ω) such that, for every u, v ∈ V and for every k > 0,

we have u− Tk(u− v) ∈ V (Tk is the truncation of level k); 3) f ∈ L1(Ω).

By de�nition, if f ∈ L1(Ω), W 1,1-regular T -solution of the variational inequality

corresponding to the triplet (a, V, f) is a function u ∈
◦
W 1,1(Ω) such that: (a) v ∈ V ,

k > 0, i ∈ {1, . . . , n} =⇒ Tk(u− v) ∈
◦
W 1,q(ν,Ω) and ai(x,∇u)DiTk(u− v) ∈ L1(Ω);

(b) v ∈ V , k > 1 =⇒ v − Tk(v − u) ∈ V and∫
Ω

{ n∑
i=1

ai(x,∇u)DiTk(u− v)

}
dx 6

∫
Ω

fTk(u− v)dx.

We describe conditions on the exponents qi and the functions νi under which, for
every f ∈ L1(Ω), there exists a unique W 1,1-regular T -solution of the variational
inequality corresponding to the triplet (a, V, f). The corresponding theorem was proved
in [1] with the use of some results obtained in [2].

R E F E R E N C E S
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ÑÈÌÌÅÒÐÈß È ÂÎÇÌÓÙÅÍÈÅ ÎÁËÀÑÒÈ Â ÇÀÄÀ×Å Î
ÐÀÇÂÅÒÂËßÞÙÈÕÑß ÐÅØÅÍÈßÕ ÍÅËÈÍÅÉÍÎÃÎ

ÓÐÀÂÍÅÍÈß ÃÅËÜÌÃÎËÜÖÀ

Ìåòîäàìè ãðóïïîâîãî àíàëèçà äëÿ ïîñòðîåíèÿ è èññëåäîâàíèÿ óðàâíåíèÿ ðàç-
âåòâëåíèÿ (ÓÐ) â [1] îïðåäåëåíà àñèìïòîòèêà ðàçâåòâëÿþùèõñÿ ðåøåíèé íåëèíåé-
íûõ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ

∆u+ λ2

{
sinhu
sinu

}
= 0,

(1)
(2)

(a) : Λ(a) : u |∂Ω = 0 èëè (b) : Λ(b) :
∂u

∂n
|∂Ω = 0

â êâàäðàòå, ïðÿìîóãîëüíèêå, êðóãå è ñ óñëîâèÿìè ïåðèîäè÷íîñòè. Â ðàáîòàõ Á.Â.
Ëîãèíîâà äîêàçàíî, ÷òî îáùèé âèä ÓÐ îïðåäåëÿåòñÿ ãðóïïîé åãî ñèììåòðèè, îò
çàäà÷è ê çàäà÷å ìåíÿþòñÿ òîëüêî çíà÷åíèÿ åãî êîýôôèöèåíòîâ.
Åñëè óðàâíåíèÿ ðàññìàòðèâàþòñÿ â îáëàñòè áîëüøèõ ðàçìåðîâ, îíè äîïóñêàþò

ãðóïïó äâèæåíèé R2. Åñëè æå îáëàñòü îãðàíè÷åíà, òî åå âèä âëå÷åò ñèììåòðèþ
çàäà÷è îòíîñèòåëüíî äîïóñêàåìîé åþ ãðóïïû ïðåîáðàçîâàíèé.
Äëÿ îáëàñòè Ω =

{
(x, y)

∣∣0 ≤ x2 + y2 ≤ r2
0

}
çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ (1)

è (2) (a) , (b) äîïóñêàþò îäíîïàðàìåòðè÷åñêóþ ãðóïïó O(2) âðàùåíèé-îòðàæåíèé
è ïîðÿäîê äâóìåðíîãî ÓÐ ìîæíî ïîíèçèòü íà åäèíèöó. Ïîñòðîåíî óðàâíåíèÿ ðàç-
âåòâëåíèÿ äëÿ çàäà÷ (1), (2) (a) , (b) è îäíîïàðàìåòðè÷åñêèå ñåìåéñòâà ðåøåíèé
ïðåäñòàâëåíû â âèäå ñõîäÿùèõñÿ ðÿäîâ ïî ìàëîìó ïàðàìåòðó ε1/2.
Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷è (1),(2) â êîòîðûõ ëèíåéíîå ïðåîáðà-

çîâàíèå ζ = r
ax, η = y ïåðåâîäèò êðóã Ω â ýëëèïñ. Ìåòîäàìè [2] ðåøåíà çàäà÷à î

âîçìóùåíèè ñîáñòâåííûõ çíà÷åíèé.
Àíàëîãè÷íî ìîæíî ðàññìîòðåòü çàäà÷è î âîçìóùåíèè êðóãà è êâàäðàòà äëÿ

óðàâíåíèÿ ∆u+ λ2(u+ a2u
2 + ...) = 0.
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ON THE AXIALLY SYMMETRIC PROBLEM OF OSCILLATIONS OF
CAPILLARY FLUID WITH THE DISCONNECTED FREE SURFACE1

We study a behavior of an ideal �uid (density ρ = const) in an axially symmetric
vessel, which is under the acting of a weak gravitational force with acceleration ~g =
const and mass force ~f(t, x). Let at rest the �uid occupies a region Ω = Ω0∪Ω1 limited
by a part S of the wall and free surface Γ = Γ0 ∪ Γ1, where Γ0 is inside Ω0, Γ1 is a
drop surface hanging from hole in the bottom; ∂Γ0, ∂Γ1 are the contact boundaries of
Γj with the vessel; S, Γj, ∂Γj are Lipschitz's. Then the problem on small motions of
the �uid over the state of rest has the form

ρ
∂2 ~w

∂t2
+∇p = ρ~f, div ~w = 0 (in Ω), ~w · ~n|S = 0, (1)

∂ζ0

∂ν
+ χ0ζ0|∂Γ0

= 0, ζ0 := ~w · ~n|Γ0
, χ0 := (k0 cos δ0 − kS)/sin δ0, (2)

p|Γ0
=−σ∆0ζ0 + (−σ((k0

1)2 + (k0
2)2)gρ cos(~̂n0, ~e3)− (k0

S)2)ζ0, (3)

ζ1|Γ1
= 0, ζ1 := ~w · ~n|Γ1

,

∫
Γ0

ζ0 dΓ0 +

∫
Γ1

ζ1 dΓ1 = 0, (4)

p|Γ1
=−σ∆1ζ1 + (−σ((k1

1)2 + (k1
2)2)gρ cos(~̂n1, ~e3)− (k1

S)2)ζ1, (5)

~w(0, x) = ~w0(x),
∂ ~w

∂t
(0, x) = ~w1(x), x ∈ Ω. (6)

Here: ~nj is an external normal to Γj; ~ν is a normal to ∂Γ0 in the plane tangent to Γ0; δ0

is a wetting angle at ∂Γ0; (kj1), (kj2) are the main curvatures of the surfaces Γj; k0 and
kS are the curvatures of the section of the surfaces Γ0 and S with a plane perpendicular
to ∂Γ0; σ = const is a surface tension at Γ0; ζ = {ζ0; ζ1}τ ; ζ0, ζ1 are the deviations of
the �uid surface along ~nj to Γj; ∆j are Laplace�Beltrami operators at Γj.
Using an operator approach (see [1]) the problem (1)�(6) is reduced to the Cauchy

problem for an operator di�erential equation

Aζ ′′ + Bζ = Af, f := (f0; f1)
τ , ζ(0) = ζ0, ζ ′(0) = ζ1, (7)

in space H = L2(Γ)	 1Γ, 1Γ = {1Γ0
; 1Γ1
}.

Theorem 1. Let 0 < A ∈ S∞, B = B∗ � 0, ζ0 ∈ D(A−1/2B), ζ1 ∈ D(B1/2),
f ∈ C1([0, T ];D(A1/2)). Then the problem (7) has an unique strong solution at an

1This research was done at the expense of grant funds Russian Science Foundation (Project 14-21-00066, performed in Voronezh State
University)
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interval [0, T ], ie all the terms in the equation (7) are continuous in t with values in
D(A−1/2).
Using this result it is shown that on some conditions the problem (1)�(6) has an

unique strong solution at an interval [0, T ], ie all the functions in the motion equations
are continuous in t with values in ~L2(Ω), and all the functions in boundary conditions

on Γ are continuous in t with values in (H1/2(Γ0)×H1/2
0 (Γ1)) ∩H.
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ÌÅÒÀÓÑÒÎÉ×ÈÂÛÅ ÑÒÐÓÊÒÓÐÛ Â ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ
ÇÀÄÀ×Å ÍÀ ÎÊÐÓÆÍÎÑÒÈ Ñ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅÌ
ÏÎÂÎÐÎÒÀ ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎÉ ÏÅÐÅÌÅÍÍÎÉ

Ðàññìàòðèâàåòñÿ ñêàëÿðíîå ïàðàáîëè÷åñêîå óðàâíåíèå íà îêðóæíîñòè R/2πZ ñ
ïðåîáðàçîâàíèåì ïîâîðîòà ïðîñòðàíñòâåííîé ïåðåìåííîé íà óãîë π:

∂tu+ u = µ∂xxu+ LTu+ (Tu)3 ,

u (x+ 2π, t) = u (x, t) , u(x, 0) = u0(x), 0 < x < 2π, t > 0,
(1)

Tu = u(x + π), µ > 0 , L - ïàðàìåòðû. Óðàâíåíèå (1) ìîäåëèðóåò äèíàìèêó
ôàçîâîé ìîäóëÿöèè ñâåòîâîé âîëíû, ïðîøåäøåé òîíêèé ñëîé íåëèíåéíîé ñðåäû
êåððîâñêîãî òèïà ñ ïðåîáðàçîâàíèåì ïîâîðîòà íà óãîë π â äâóìåðíîé îáðàòíîé
ñâÿçè [1]. Áèôóðêàöèîííûì ïàðàìåòðîì ÿâëÿåòñÿ µ. ×èñëåííûå ðàñ÷¼òû ïîêà-
çàëè, ÷òî â óðàâíåíèè (1) ïðè µ ïîðÿäêà 10−3, èìåþòñÿ ìåäëåííî ìåíÿþùèåñÿ
(ìåòàóñòîé÷èâûå) ðåøåíèÿ.
Äëÿ èññëåäîâàíèÿ äèíàìèêè ìåòàóñòîé÷èâûõ ñòðóêòóð óðàâíåíèÿ (1) ìåòîäîì

Ãàë¼ðêèíà ñòðîÿòñÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàç-
ëè÷íûõ ðàçìåðíîñòåé. Â ýòèõ ñèñòåìàõ ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà µ ðåà-
ëèçóþòñÿ ñåäëî-óçëîâûå áèôóðêàöèè, êîòîðûì îòâå÷àþò ïðèáëèæ¼ííûå ðåøåíèÿ
óðàâíåíèÿ (1). Ðåøåíèÿ óðàâíåíèÿ (1), äëÿ êîòîðûõ â êà÷åñòâå íà÷àëüíûõ ôóíê-
öèé ïðèíÿòû óêàçàííûå ïðèáëèæ¼ííûå ðåøåíèÿ, âåäóò ñåáÿ êàê ìåäëåííî ìåíÿ-
þùèåñÿ ðåøåíèÿ òèïà âíóòðåííåãî ïåðåõîäíîãî ñëîÿ.
Â ðàáîòå [2] ðàññìàòðèâàþòñÿ ðàçëè÷íûå âàðèàíòû ýâîëþöèè ìåòàóñòîé÷èâûõ

ñòðóêòóð.
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ÊÐÀÅÂÀß ÇÀÄÀ×À Ñ ÍÎÐÌÀËÜÍÛÌÈ ÏÐÎÈÇÂÎÄÍÛÌÈ ÄËß
ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß ÍÀ ÏËÎÑÊÎÑÒÈ 1

Îáîáùåííàÿ çàäà÷à Íåéìàíà äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ ÷åòíîãî ïîðÿäêà 2l
îïðåäåëÿåòñÿ çàäàíèåì íà ãðàíèöå îäíîñâÿçíîé îáëàñòè D, îãðàíè÷åííîé äîñòà-
òî÷íî ãëàäêèì êîíòóðîì Γ, ïîñëåäîâàòåëüíûõ íîðìàëüíûõ ïðîèçâîäíûõ (∂/∂n)j,
j = 1, . . . , l. Äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ ýòà çàäà÷à áûëà èçó÷åíà À.Â.
Áèöàäçå [1]. Äðóãîé âàðèàíò çàäà÷è Íåéìàíà, îñíîâàííûé íà âàðèàöèîííîì ïðèí-
öèïå, áûë ðàíåå ïðåäëîæåí À.À.Äåçèíûì[2]. Â ðàáîòå[3] äëÿ ýëëèïòè÷åñêîãî óðàâ-
íåíèÿ ñ ïîñòîÿííûìè (è òîëüêî ñòàðøèìè) âåùåñòâåííûìè êîýôôèöèåíòàìè áûëà
ðàññìîòðåíà áîëåå îáùàÿ çàäà÷à S, çàêëþ÷àþùàÿñÿ â çàäàíèè íîðìàëüíûõ ïðî-
èçâîäíûõ (kj − 1)−ãî ïîðÿäêà, j = 1, . . . , l, ãäå 1 ≤ k1 < . . . < kl. Ïðè kj = j

îíà ïåðåõîäèò â çàäà÷ó Äèðèõëå, à ïðè kj = j + 1 � â îòìå÷åííóþ âûøå çàäà÷ó
Íåéìàíà. Ïîýòîìó åå åñòåñòâåííî íàçâàòü îáîáùåííîé çàäà÷åé Äèðèõëå - Íåéìàíà.
Â äîêëàäå ýòà çàäà÷à ðàññìàòðèâàåòñÿ äëÿ áîëåå îáùåãî ýëëèïòè÷åñêîãî óðàâ-

íåíèÿ, êîýôôèöèåíòû êîòîðîãî ïîñòîÿííû òîëüêî ïðè ñòàðøèõ ÷ëåíàõ.
Ñ çàäà÷åé S ñâÿçûâàåòñÿ íåêîòîðàÿ íåïðåðûâíàÿ íà åäèíè÷íîé îêðóæíîñòè

|n| = 1 ìàòðèöà- ôóíêöèÿ G(n) ïîðÿäêà l, çàâèñÿùàÿ òîëüêî îò êîðíåé õàðàê-
òåðèñòè÷åñêîãî óðàâíåíèÿ è íàáîðà ÷èñåë k1, . . . , kl. Â òåðìèíàõ ýòîé ôóíêöèè
ïîêàçàíî, ÷òî óñëîâèå detG(n) 6= 0, |n| = 1, íåîáõîäèìî è äîñòàòî÷íî äëÿ ôðåä-
ãîëüìîâîñòè ýòîé çàäà÷è, è ïðèâåäåíà ôîðìóëà åå èíäåêñà indS. Â ÷àñòíîñòè,
âûïîëíåíèå ýòîãî óñëîâèÿ äëÿ õîòÿ áû îäíîé îáëàñòè âëå÷åò åãî ñïðàâåäëèâîñòü
äëÿ ëþáîé äðóãîé îáëàñòè.
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TRANSMUTATIONS AND NEUMANN SERIES OF BESSEL
FUNCTIONS IN SOLUTION OF STURM-LIOUVILLE EQUATIONS

Let q ∈ C[−b, b] be a complex valued function. Consider the Sturm-Liouville equation

Ay := y′′ − q(x)y = −ω2y. (1)

It is well known (see, e.g., [2]) that there exists a Volterra integral operator T called
the transmutation (or transformation) operator de�ned on C[−b, b] by the formula

Tu(x) = u(x) +

∫ x

−x
K(x, t)u(t)dt

such that for any u ∈ C2[−b, b] the following equality is valid

ATu = Tu′′

and hence any solution of (1) can be written as y = T [u] where u(x) = c1 cosωx +
c2 sinωx with c1 and c2 being arbitrary constants.
The transmutation kernel K is a solution of a certain Goursat problem for the

hyperbolic equation (
∂2

∂x2
− q(x)

)
K(x, t) =

∂2

∂t2
K(x, t).

In the talk several new results concerning the properties and construction of the
kernel K are presented. In particular, an exact representation for K in the form of a
Fourier-Legendre series with explicit formulas for the coe�cients is obtained.
As a corollary of this result, a new representation of solutions to equation (1) is

obtained. For every x the solution is represented as a Neumann series of Bessel functions
depending on the spectral parameter ω. Due to the fact that the representation is
obtained using the corresponding transmutation operator, a partial sum of the series
approximates the solution uniformly with respect to ω which makes it especially convenient
for the approximate solution of spectral problems. The numerical method based on the
proposed approach allows one to compute large sets of eigendata with a nondeteriorating
accuracy. The talk is based on [1].
Additionally other applications of the main result are discussed such as construction

of complete systems of solutions of partial di�erential equations including the extension
of the method of fundamental solutions onto the PDEs with variable coe�cients.
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ÀÏÐÈÎÐÍÛÅ Lp-ÎÖÅÍÊÈ ÄËß ÝËËÈÏÒÈ×ÅÑÊÈÕ
ÎÏÅÐÀÒÎÐÎÂ Ñ ÍÅÃËÀÄÊÈÌÈ ËÈÍÈßÌÈ ÐÀÇÐÛÂÀ

ÊÎÝÔÔÈÖÈÅÍÒÎÂ Â ÎÁËÀÑÒßÕ
Ñ ÍÅÃËÀÄÊÈÌÈ ÃÐÀÍÈÖÀÌÈ

Ðàññìàòðèâàþòñÿ îãðàíè÷åííûå è íåîãðàíè÷åííûå îáëàñòè Ω ⊂ R2 ñ êîìïàêò-
íûìè è íåêîìïàêòíûìè êóñî÷íî-C1 ãðàíèöàìè ∂Ω, èìåþùèå êîíå÷íîå ÷èñëî êî-
íå÷íûõ óãëîâûõ îñîáûõ òî÷åê, íî íå áîëåå îäíîé áåñêîíå÷íîé ïðè íàëè÷èè êî-
íå÷íîãî ÷èñëà ó÷àñòêîâ ∂Ω, óõîäÿùèõ íà ∞ ñ ïðåäåëüíûìè êàñàòåëüíûìè. Äëÿ
ýëëèïòè÷åñêîãî óðàâíåíèÿ â äèâåðãåíòíîé ôîðìå div(a∇u) = divf ñ ðàçðûâíû-
ìè êóñî÷íî-ïîñòîÿííûìè êîýôôèöèåíòàìè a â îáëàñòè Ω ñòàâèòñÿ êðàåâàÿ çàäà÷à
Íåéìàíà ñ óñëîâèÿìè ñîïðÿæåíèÿ. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî êîýôôèöèåíòû
a èìåþò êîíå÷íîå ÷èñëî êóñî÷íî-ãëàäêèõ êîìïàêòíûõ èëè íåêîìïàêòíûõ ëèíèé
ðàçðûâà, ñîñòîÿùèõ èç êóñêîâ Γk çàìêíóòûõ C

1-ãëàäêèõ êðèâûõ, íà êîòîðûõ âû-
ïîëíÿþòñÿ óñëîâèÿ íåïðåðûâíîñòè ðåøåíèÿ è åãî ïðîèçâîäíîé ïî êîíîðìàëè ê
ñîîòâåòñòâóþùåé Γk. Êîíå÷íûìè îñîáûìè òî÷êàìè ëèíèé ðàçðûâà êîýôôèöèåí-
òîâ ñ÷èòàþòñÿ òî÷êè èçëîìà è òî÷êè ïåðåñå÷åíèÿ êîíå÷íîãî (òð¼õ è áîëåå) ÷èñëà
C1-ãëàäêèõ êðèâûõ, à óõîäÿùèå íà ∞ ó÷àñòêè ëèíèé ðàçðûâà êîýôôèöèåíòîâ ñ
ïðåäåëüíûìè êàñàòåëüíûìè îòíîñÿòñÿ ê áåñêîíå÷íîé îñîáîé òî÷êå. Óãëîâûå òî÷-
êè ∂Ω ìîãóò ñîâïàäàòü ñ òî÷êàìè ðàçðûâà a, ÷òî äëÿ áåñêîíå÷íîé óãëîâîé òî÷-
êè ∂Ω îçíà÷àåò íàëè÷èå õîòÿ áû îäíîé Γk, óõîäÿùåé íà ∞ ñ ïðåäåëüíîé êàñà-
òåëüíîé. Êðàåâàÿ çàäà÷à ñ îäíîðîäíûìè óñëîâèÿìè Íåéìàíà íà ∂Ω è óñëîâèÿìè
ñîïðÿæåíèÿ íà Γk ðàññìàòðèâàåòñÿ â ñëàáîé ïîñòàíîâêå â ñìûñëå èíòåãðàëüíî-
ãî òîæäåñòâà, ñòàíäàðòíîãî äëÿ ñëàáûõ ðåøåíèé êëàññà ∇u ∈ Lp(Ω) ñ çàäàííîé
âåêòîð-ôóíêöèåé f ∈ Lp(Ω), ÷òî ýêâèâàëåíòíî ñèëüíîé ïîñòàíîâêå äëÿ íåêîòîðîé
ñèñòåìû ïåðâîãî ïîðÿäêà, ýëëèïòè÷åñêîé ïî Äóãëèñó-Íèðåíáåðãó. Ñîîòâåòñòâóþ-
ùèå àïðèîðíûå îöåíêè áûëè óñòàíîâëåíû â [1,2] ëèøü äëÿ ñëó÷àÿ óñëîâèé Äèðè-
õëå è ñ ìîäåëüíûìè îñîáûìè òî÷êàìè, âáëèçè êîòîðûõ ëèíèè ðàçðûâà è ó÷àñòêè
ãðàíèöû áûëè îòðåçêàìè ïðÿìûõ.
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ÎÁÐÀÙÅÍÈÅ ÍÅÊÎÒÎÐÛÕ ÂÅÑÎÂÛÕ ÈÍÒÅÃÐÀËÜÍÛÕ
ÎÏÅÐÀÖÈÉ

Ïóñòü N è n � ôèêñèðîâàííûå íàòóðàëüíûå ÷èñëà, 1 ≤ n ≤ N , x = (x′, x′′) ∈
R+
N = R+

n × RN−n,

x′=(x1, . . . , xn) ∈ R+
n={xi>0 , i=1, n}, x′′=(xn+1, . . . , xN) ∈ RN−n,

γ=(γ1, . . . , γn) � ìóëüòèèíäåêñ, ñîñòîÿùèé èç ôèêñèðîâàííûõ ïîëîæèòåëüíûõ ÷è-
ñåë, (x′)γ =

∏n
i=1 x

γi
i , 〈x , ξ〉=

∑N
i=1 xiξi.

Äåéñòâèå îáîáùåííîãî ñäâèãà îïðåäåëÿåòñÿ ðàâåíñòâîì

(T yf)(x)=C(γ)
π∫
0

. . .
π∫
0

f
(√

x′2+y′2−2x′y′ cosα, x′′−y′′
)
sinγ−1α′dα′,

ãäå
√
x′2 + y′2 − 2x′y′ cosα � n-ìåðíûé âåêòîð ñ êîîðäèíàòàìè√

x2
j + y2

j − 2xjyj cosαj , j = 1, n è C(γ) =
n∏
i=1

Γ(γi+1

2 )
Γ( 1

2)Γ(γi2 )
.

Ïîíÿòèå ôóíêöèè "âåñîâàÿ ïëîñêàÿ âîëíà" ââåäåíî â [1] â âèäå: Pγx′f(〈x , ξ〉),
ãäå Pγ � ìíîãîìåðíûé îïåðàòîð Ïóàññîíà,
Pγx′f(x′, x′′)=C(γ)

π∫
0

. . .
π∫
0

f(x1 cosα1, . . . , xn cosαn, x
′′) sinγ−1 α′ dα′.

Òåîðåìà 1. Ïóñòü íîñèòåëü ôóíêöèè f ïðèíàäëåæèò îãðàíè÷åííîé îáëàñòè
Ω+
N è óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà, òîãäà åñëè ÷èñëî N + |γ| > 2 � íå÷åòíîå

è k = 1, 3, 5, . . . , òî

4
N+|γ|+k

2

Bη

∫
R+
N

(T−ηf)(ξ)
∫

S+
1 (N)

Pγx′|〈x , ξ〉|k (x′)γ dS(x)(ξ′)γdξ =

= 2N+|γ|−2n+1 πN−n−1
n∏
i=1

Γ2
(
γi+1

2

)
iN+|γ|−1 k! f(η) ;

à åñëè ÷èñëî N + |γ| > 2 � ÷åòíîå è k = 0, 2, 4, . . ., òî

∆
N+|γ|+k

2

Bη

∫
R+
N

(T−ηf)(ξ)

∫
S+

1 (N)

Pγx′|〈x, ξ〉|
k ln |〈x, ξ〉|(x′)γ dS(x) (ξ′)γ dξ =

= −πN−n2N+|γ|−2niN+|γ|
n∏
i=1

Γ2
(
γi+1

2

)
k ! f(η) .

Îñîáåííîñòü ýòèõ ôîðìóë ñîñòîèò â òîì, ÷òî îíè âåðíû äëÿ äðîáíûõ γi, ïðè
óñëîâèè, ÷òî ÷èñëî |γ| � íàòóðàëüíîå.
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NEWTON'S POLYGON AND A PRIORI ESTIMATES FOR
DIFFERENTIAL POLYNOMIALS ON THE PLANE

In this communication we describe the linear space L(P ) of minimal di�erential
polynomials subordinated to the tensor product P (D) = p1(D1) ⊗ p2(D2) of two
ordinary di�erential operators in the C(R2) norm. The cases if the cofactors' symbols
p1(ξ1) and p2(ξ2) contain real and complex zeros of di�erent multiplicity are considered.
Moreover, for description of the space L(P ), we use, along with elements of harmonic
analysis, the technique and method of the Newton polygon.

R E F E R E N C E S
1. Limanskii D.V., Malamud M.M. Elliptic and weakly coercive systems of operators in Sobolev spaces. Sbornik: Mathematics.

2008. Vol. 199, No. 11. P. 1649�1686.
2. Limanskii D.V. On estimates for a tensor product of two homogeneous elliptic operators. Ukr. Math. Bulletin. 2011.

Vol. 8. No. 1. P. 101�111.

3. Limanskii D.V. Subordination conditions for a tensor product of two ordinary di�erential operators. Dopovidi NAN

Ukrainy. 2012. �. 4. P. 25�29.

Â.À. Ëóêüÿíåíêî (Ñèìôåðîïîëü)
art-inf@yandex.ru

ÈÍÒÅÃÐÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß ÒÈÏÀ ÑÂÅÐÒÊÈ Ñ
ÔÓÍÊÖÈßÌÈ ÎÒ ÄÂÓÕ ÏÅÐÅÌÅÍÍÛÕ

Ïðîáëåìà ïðèìåíèìîñòè ìåòîäà ôàêòîðèçàöèè ê ðåøåíèþ äâóìåðíûõ êðàåâûõ
çàäà÷, â êîòîðûõ èñêîìàÿ àíàëèòè÷åñêàÿ ôóíêöèÿ ïðåäñòàâèìà äâóìåðíûì èí-
òåãðàëîì òèïà Êîøè ñâîäèòñÿ ê ïîèñêó ÷åòûðåõ èñêîìûõ ôóíêöèé. Îòêàç îò
ïðåäñòàâèìîñòè äâóìåðíûì èíòåãðàëîì òèïà Êîøè, ïîçâîëÿåò âûäåëèòü ðÿä äâó-
ìåðíûõ çàäà÷, äîïóñêàþùèõ ðåøåíèå ìåòîäîì ôàêòîðèçàöèè. Î íåîáõîäèìîñòè è
âàæíîñòè ýòîãî íàïðàâëåíèÿ óêàçûâàåò Þ.È. ×åðñêèé [2, ñ. 296].
Ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèÿ äàííîãî íàïðàâëåíèÿ [1]-[4]. Â

÷àñòíîñòè, ðàññìîòðåíî äâóìåðíîå èíòåãðàëüíîå óðàâíåíèå ñïåöèàëüíîãî âèäà

1

2π

∫ ∞
−∞

dt

∫ ∞
s≥λt

h(x− s, y − t)u(s, t)ds = g(x, y), y ∈ R, x ≥ λy

è óðàâíåíèå ÿâëÿþùååñÿ îáîáùåíèåì óðàâíåíèÿ Âèíåðà-Õîïôà.
Ê îáîáùåííîé äâóìåðíîé çàäà÷å Êàðëåìàíà äëÿ ïîëîñû

A(x, ξ)Φ(x, ξ)− P (x, ξ) = R1(x, ξ), (x, ξ) ∈ R2,
B(x, ξ)Φ(x+ i, ξ + i)−Q(x, ξ) = R2(x, ξ).
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ñâîäèòñÿ äâóìåðíîå èíòåãðàëüíîå óðàâíåíèå òèïà ïëàâíîãî ïåðåõîäà. Àëãîðèòìû
ðåøåíèÿ òàêèõ çàäà÷ ÿâëÿþòñÿ ÷àñòüþ ïåðâîíà÷àëüíî ïðåäëîæåííîé Þ. È. ×åð-
ñêèì áîëåå øèðîêîé ïðîãðàììû èññëåäîâàíèé ôóíêöèîíàëüíî-äèôôåðåíöèàëüíî-
èíòåãðàëüíûõ óðàâíåíèé.
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ÏÎËÍÎÒÀ ÑÄÂÈÃÎÂ ÔÓÍÄÀÌÅÍÒÀËÜÍÛÕ ÐÅØÅÍÈÉ
ÏÎËÈÃÀÐÌÎÍÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Ñèñòåìû ñäâèãîâ ôóíäàìåíòàëüíûõ ðåøåíèé ðàçëè÷íûõ óðàâíåíèé ìàòåìàòè-
÷åñêîé ôèçèêè ðàññìàòðèâàëèñü â ñâÿçè ñ ïîñòðîåíèåì ïðîåêöèîííîãî ìåòîäà ðå-
øåíèÿ ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷ [1]; òàêîé ïîäõîä â äàëüíåéøåì íàçûâàëñÿ
� ìåòîä ðàçëîæåíèÿ ïî íåîðòîãîíàëüíûì ôóíêöèÿì [2], ìåòîä áàçèñíûõ ïîòåíöè-
àëîâ [3] è â çàðóáåæíîé ëèòåðàòóðå, ìåòîä ôóíäàìåíòàëüíûõ ðåøåíèé.
Âñÿêàÿ òàêàÿ ñèñòåìà ïîðîæäàåòñÿ ñäâèãàìè àðãóìåíòîâ îäíîé ôóíêöèè � ôóí-

äàìåíòàëüíîãî ðåøåíèÿ íåêîòîðîãî äèôôåðåíöèàëüíîãî îïåðàòîðà èëè íåêîòîðîé
åãî ìîäèôèêàöèè. Ñõîäèìîñòü àëãîðèòìîâ ìåòîäà îáåñïå÷èâàåòñÿ ïîëíîòîé ðàñ-
ñìàòðèâàåìûõ ñèñòåì; ïîëó÷åíèå äîñòàòî÷íûõ óñëîâèé ïîëíîòû � óñëîâèé íà ìíî-
æåñòâî ñäâèãîâ, ÿâëÿåòñÿ èçâåñòíîé ïðîáëåìîé òåîðèè ôóíêöèé.
Äîêàçûâàåòñÿ ïîëíîòà ñäâèãîâ ôóíäàìåíòàëüíûõ ðåøåíèé ïîëèãàðìîíè÷åñêèõ

óðàâíåíèé â ñîîòâåòñòâóþùèõ ïîëèãàðìîíè÷åñêèõ ïîäïðîñòðàíñòâàõ. Ïðèâîäèòñÿ
äîñòàòî÷íîå óñëîâèå ïîëíîòû è ïðèìåðû íàðóøåíèÿ ýòîãî óñëîâèÿ.
Ðàññìàòðèâàåòñÿ ïðîñòðàíñòâî âåùåñòâåííî-àíàëèòè÷åñêèõ ôóíêöèé ñóììèðó-

åìûõ ñ êâàäðàòîì â îãðàíè÷åííîé îáëàñòè ñ ãëàäêîé ãðàíèöåé è åãî ðàçëîæåíèå
â ïðÿìóþ ñóììó ïîëèãàðìîíè÷åñêèõ ïîäïðîñòðàíñòâ; íåêîòîðûå ÷àñòíûå ñëó÷àè
òàêîãî ðàçëîæåíèÿ ðàññìàòðèâàëèñü â [4,5].
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ÂÛÄÅËÅÍÈÅ ÏÎËÈÃÀÐÌÎÍÈ×ÅÑÊÎÉ ÑÎÑÒÀÂËßÞÙÅÉ
ÔÓÍÊÖÈÈ

Ðàññìàòðèâàåòñÿ àëãîðèòì ïîñòðîåíèÿ ïðîåêöèè çàäàííîé ôóíêöèè èç L2(Q)
íà ïîëèãàðìîíè÷åñêîå ïîäïðîñòðàíñòâî Gm(Q). Îáñóæäàåòñÿ ïðèìåíåíèå ðåçóëü-
òàòîâ ê ðåøåíèþ êðàåâûõ çàäà÷ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ.
1. Ïóñòü Q ⊂ Rn (n > 2) îáëàñòü îãðàíè÷åííàÿ äîñòàòî÷íî ãëàäêîé êðèâîé

S = ∂Q è Q+ := Rn\Q. Îáîçíà÷èì Em,n(x) � ôóíäàìåíòàëüíîå ðåøåíèå ïîëè-
ãàðìîíè÷åñêîãî (m-ãàðìîíè÷åñêîãî) óðàâíåíèÿ ∆mEm,n(x) = δ(x), x ∈ Rn [1].
Ðàññìîòðèì

em =
{
f : f(x) = Em,n(x− y), x ∈ Q, y ∈ Q+

}
, m > 1,

� ìíîæåñòâî ïîðîæäåííîå âñåâîçìîæíûìè ñäâèãàìè ôóíäàìåíòàëüíîãî ðåøåíèÿ.
Îáîçíà÷èì Gm(Q) çàìûêàíèå em â íîðìå L2(Q). Ìîæíî ïîêàçàòü, ÷òî ïîëèãàð-
ìîíè÷åñêèå ïîäïðîñòðàíñòâà Gm(Q), (m = 1, 2, ...) îðòîãîíàëüíû.
2. Ïóñòü x(k), (k = 1, 2, ...) � áàçèñíàÿ [2] â Q+ ïîñëåäîâàòåëüíîñòü, îáîçíà÷èì

γm,k(x) = Em,n(x
(k) − x), x ∈ Q, m = 1, 2, ...

Ëåììà 1. Äëÿ ëþáîãî m > 2 ñèñòåìà ôóíêöèé γm,k(x), k = 1, 2, ..., ïîëíà è

ëèíåéíî íåçàâèñèìà â ïîäïðîñòðàíñòâå Gm(Q).
Ãàðìîíè÷åñêèé ñëó÷àé (m = 1) ðàññìîòðåí â [2].
3. Ïóñòü çàäàíà f(x) ∈ L2(Q) è òðåáóåòñÿ îïðåäåëèòü (ïðèáëèæåííî) åå ïðî-

åêöèþ gm(x) íà ïîäïðîñòðàíñòâî Gm(Q). Îáîçíà÷èì gNm(x) =
N∑
k=1

ckγm,k(x), ïðî-

åêöèþ íà ïîäïðîñòðàíñòâî, íàòÿíóòîå íà γm,k(x), k = 1, 2, ..., N , òîãäà gm(x) =
gNm(x) + ρN(x), ρN⊥γm,k, k = 1, 2, ..., N , ρN → 0 ïðè N → ∞. Êîýôôèöèåíòû ck,
(k = 1, 2, ..., N) îïðåäåëÿþòñÿ ìèíèìèçàöèåé ôóíêöèîíàëà

F (c1, ..., cN) =
∥∥f(x)− gNm(x)

∥∥ .
Ë È Ò Å Ð À Ò Ó Ð À

1. Ñîáîëåâ Ñ.Ë. Ââåäåíèå â òåîðèþ êóáàòóðíûõ ôîðìóë. Ì.:Íàóêà, 1974. � 808 c.

2. Ëåæíåâ À.Â., Ëåæíåâ Â. Ã. Ìåòîä áàçèñíûõ ïîòåíöèàëîâ â çàäà÷àõ ìàòåìàòè÷åñêîé ôèçèêè è ãèäðîäèíàìèêè.

Êðàñíîäàð: Êóáàíñêèé ãîñ. óí-ò, 2009. � 111 c.



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 111

A.B. Morgulis (Rostov-na-Donu, Russia)
morgulisandrey@gmail.com

ANALYTICAL DYNAMICS AND THE BJERKNES BUOYANCY

The communication is focused on a peculiar phenomenon that arises in the dynamics
of the system consisting of a �uid and a solid submerged into it. It turns out that the
oscillating �uid is capable of exerting an averaged force on the solid. The experimental
observation and theoretical treatments of such phenomena trace back to V.F.K. Bjerknes.
Now the literature on the Bjerknes problem is enormous. It is clear that the nature
of the Bjerknes e�ect is the same as that of the inverted pendulum. However this
understanding had long not been formalized in the general theory. On the contrary,
some very special shapes of bodies (round cylinders, balls, planes etc) and motions
(�at and even one-dimensional) were considered. In the present communication, we
discuss the geometrical setting of the problem in the context the Lagrange's analytical
dynamics on a proper submanifold of the group of motions of Euclidian 3D space. Such
setting leads to a simple but general treatment with no special constraints on the shape
of the solid. As a bonus, we �nd 1-form on the con�guration space whose exactness
gives new characterization to the Euclidian ball.

È.Â. Ìîðøíåâà (Ðîñòîâ-íà-Äîíó)
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Î ÂÎÇÍÈÊÍÎÂÅÍÈÈ ÀÂÒÎÊÎËÅÁÀÍÈÉ Â ÃÎÐÈÇÎÍÒÀËÜÍÎÌ
ÑËÎÅ ÁÈÍÀÐÍÎÉ ÑÌÅÑÈ1

Ðàññìàòðèâàåòñÿ çàäà÷à î âîçíèêíîâåíèè êîíâåêòèâíûõ òå÷åíèé â ãîðèçîíòàëü-
íîì ñëîå æèäêîñòè ñ ïðèìåñüþ. Ãðàíèöû ñëîÿ ïðåäïîëàãàþòñÿ ñâîáîäíûìè, èçî-
òåðìè÷åñêèìè, è êîíöåíòðàöèÿ ïðèìåñè íà êàæäîé èç íèõ ñ÷èòàåòñÿ çàäàííîé.
Óðàâíåíèÿ äâèæåíèÿ èìåþò ñòàöèîíàðíîå (îñíîâíîå) ðåøåíèå, ñîîòâåòñòâóþùåå
ïîêîÿùåéñÿ ñìåñè, â ïðåäïîëîæåíèè, ÷òî ãðàäèåíòû òåìïåðàòóðû è êîíöåíòðà-
öèè ïîñòîÿííû è âåðòèêàëüíû. Èçâåñòíî, ÷òî, â îòëè÷èå îò ñëó÷àÿ ÷èñòîé ñðåäû,
â áèíàðíîé ñìåñè âîçìîæíû äâà âèäà íåóñòîé÷èâîñòè îñíîâíîãî ðåøåíèÿ � ìîíî-
òîííàÿ è êîëåáàòåëüíàÿ.
Èçó÷àþòñÿ ïåðèîäè÷åñêèå ïî âðåìåíè ðåæèìû, âîçíèêàþùèå ïðè êîëåáàòåëü-

íîé ïîòåðå óñòîé÷èâîñòè îñíîâíîãî ðåæèìà îòíîñèòåëüíî ïëîñêèõ âîçìóùåíèé,
ïåðèîäè÷åñêèõ ïî îäíîðîäíîé ïåðåìåííîé. Óðàâíåíèÿ âîçìóùåíèé èìåþò ãðóïïó
ñèììåòðèè O(2), è ïðèìåíèìà òåîðèÿ áèôóðêàöèè ðîæäåíèÿ öèêëîâ â ñèñòåìàõ
ñ òàêîé ñèììåòðèåé. Â ðàáîòàõ Â.È. Þäîâè÷à è È.Â. Ìîðøíåâîé ïîêàçàíî, ÷òî

1Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè (çàäàíèå �1.1398.2014/Ê)
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â ñëó÷àå îáùåãî ïîëîæåíèÿ ïðè ïåðåõîäå ïàðàìåòðà ÷åðåç êðèòè÷åñêîå çíà÷åíèå
îò ðàâíîâåñèÿ ìîãóò îòâåòâèòüñÿ öèêëû, êîòîðûì îòâå÷àþò àâòîêîëåáàíèÿ äâóõ
òèïîâ: äâå áåãóùèå íàâñòðå÷ó äðóã äðóãó âîëíû, ñâÿçàííûå èíâåðñèîííîé ñèììåò-
ðèåé, è íåëèíåéíàÿ ñìåñü ïàðû áåãóùèõ âîëí.
Äëÿ îïðåäåëåíèÿ õàðàêòåðà âåòâëåíèÿ è óñòîé÷èâîñòè âîçíèêàþùèõ àâòîêîëå-

áàòåëüíûõ ðåæèìîâ â ðàññìàòðèâàåìîé çàäà÷å íàéäåíû àíàëèòè÷åñêèå âûðàæå-
íèÿ äëÿ êîýôôèöèåíòîâ óðàâíåíèé ðàçâåòâëåíèÿ. Ïîêàçàíî, ÷òî è áåãóùèå âîëíû,
è íåëèíåéíàÿ ñìåñü âîëí ìîãóò áûòü óñòîé÷èâû â çàâèñèìîñòè îò çíà÷åíèé ïàðà-
ìåòðîâ. Ìîæåò ïðîèñõîäèòü êàê ñâåðõêðèòè÷åñêîå, òàê è äîêðèòè÷åñêîå âåòâëåíèå
àâòîêîëåáàíèé. Äëÿ îáîèõ òèïîâ àâòîêîëåáàòåëüíûõ ðåæèìîâ íàéäåíû ïåðâûå äâà
÷ëåíà ðÿäà ïî ñòåïåíÿì ïàðàìåòðà íàäêðèòè÷íîñòè.

Ô.Õ. Ìóêìèíîâ (Èíñòèòóò ìàòåìàòèêè ñ ÂÖ ÓÍÖ ÐÀÍ, Óôà, Ðîññèÿ)
mfkh@rambler.ru

ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÐÅÍÎÐÌÀËÈÇÎÂÀÍÍÎÃÎ ÐÅØÅÍÈß
ÀÍÈÇÎÒÐÎÏÍÎÉ ÝËËÈÏÒÈÊÎ-ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ ÇÀÄÀ×È

Â öèëèíäðè÷åñêîé îáëàñòè DT = (0, T ) × Ω,Ω ⊂ Rn ðàññìàòðèâàåòñÿ ïåðâàÿ
ñìåøàííàÿ çàäà÷à äëÿ óðàâíåíèÿ âèäà

(β(x, u))′t = diva(t, x, u,∇u) + b(t, x, u), a = (a1, ..., an),

ãäå β(x, u) � íåóáûâàþùàÿ è íåïðåðûâíàÿ ïî u ôóíêöèÿ, èçìåðèìàÿ ïî x. Íà
ôóíêöèè aj(t, x, r, y) íàêëàäûâàþòñÿ îáû÷íûå óñëîâèÿ (ñì., íàïðèìåð, H.Redwane,
2008) â òåðìèíàõ ïàð ñîïðÿæåííûõ N -ôóíêöèé Bj, Bj � ( áåç ∆2-óñëîâèÿ).
Îïðåäåëèì àíèçîòðîïíîå ïðîñòðàíñòâî Ñîáîëåâà-Îðëè÷à W̊ 1

LB(DT ), êàê çàìû-

êàíèå ìíîæåñòâà C1
0(DT ) â ïðîñòðàíñòâå

n∏
i=1

LBi(D
T ) îòíîñèòåëüíî ∗-ñëàáîé òîïî-

ëîãèè.
Ïóñòü χ(P ) îáîçíà÷àåò ëîãè÷åñêóþ ôóíêöèþ, ðàâíóþ 1, êîãäà P èñòèííî, è 0,

êîãäà P ëîæíî. Ïóñòü Tk(v) = min(k,max(−k, v)). Áóäåì èñïîëüçîâàòü îáîçíà÷å-
íèå [f ] =

∫
DT

f(t, x)dxdt.

Îïðåäåëåíèå. Ðåíîðìàëèçîâàííûì ðåøåíèåì ïåðâîé ñìåøàííîé çàäà÷è íà-
çûâàåòñÿ èçìåðèìàÿ ôóíêöèÿ u : DT → R òàêàÿ, ÷òî:
1) ∇Tk(u) ∈ W̊ 1

LB(DT ) ïðè âñåõ k > 0;
2) β(x, u) ∈ L1(D

T ); b(t, x, u) ∈ L1(D
T ), β(x, u0) ∈ L1(Ω); ôóíêöèÿ A(t, x) =

a(t, x, u,∇u) óäîâëåòâîðÿåò ïðè âñåõ k,N > 0 óñëîâèÿì:
3) [χ(m ≤ |u| ≤ m+ 1)|A · ∇u|]→ 0 ïðè m→∞;
4) [χ(|u| ≤ k)|A(t, x)|χ(m < |x| < m+ 1)]→ 0 ïðè m→∞.
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5) Ïðè âñåõ h ∈ Lip0(R), ξ ∈ C1
0(DT

−1) âûïîëíåíî ðàâåíñòâî

[ξt
u∫
u0

h(r)dβ(x, r) + ξfh(u)] = [A · ∇(h(u)ξ)].

Òåîðåìà. Ïóñòü uj, j = 1, 2 � ðåíîðìàëèçîâàííûå ðåøåíèÿ. Åñëè b óäîâëå-
òâîðÿåò óñëîâèþ b(t, x, u)− b(t, x, v) ≤ L(β(x, u)−β(x, v)), ∀u, v ∈ R, u > v, òî
β(x, u1) = β(x, u2) ïî÷òè âñþäó â DT .

A.B. Muravnik (Voronezh, Russia)
amuravnik@yandex.ru

ELLIPTIC DIFFERENTIAL-DIFFERENCE EQUATIONS IF
HALF-PLANE: ASYMPTOTIC BEHAVIOR

The prototype Dirichlet problem

uxx + auxx(x+ h, y) + uyy = 0, x ∈ (−∞,+∞), y ∈ (0,+∞),

u∣∣∣
y=0

= u0(x), x ∈ (−∞,+∞),

where a and h are real parameters and u0 is continuous and bounded, is considered
under the assumption that |a| < 1.
The behavior of its classical solution

u(x, y) =
1

π

+∞∫
−∞

E(x− ξ, y)u0(ξ)dξ,

where

E(x, y) =

∞∫
0

e−yG1(ξ) cos [xξ − yG2(ξ)] dξ,

G{1
2}(ξ) = ξ

√
ϕ(ξ)± a coshξ ± 1

2
, and ϕ(ξ) =

√
2a coshξ + a2 + 1, is investigated.

We prove that lim
y→+∞

[u(x, y) − v(x, y)] = 0 for any real x, where v(x, y) is the

classical bounded solution of the same Dirichlet problem (with the same boundary-
value function u0) for the equation (a+ 1)uxx + uyy = 0.
In particular, using the properties of the last Dirichlet problem established in [1], we

deduce that if x, l ∈ R1, then lim
y→+∞

u(x, y) = l if and only if lim
R→+∞

1
2R

R∫
−R

u0(x)dx = l.
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Ï.Â. Íèêîëåíêî (ÐÃÝÓ (ÐÈÍÕ), Ðîñòîâ-íà-Äîíó)
petr.v.nikolenko@gmail.com

Î ÍÅÊÎÒÎÐÛÕ ÝÊÑÒÐÅÌÀËÜÍÛÕ ÇÀÄÀ×ÀÕ, ÑÂßÇÀÍÍÛÕ
Ñ ÏÅÐÅÌÅÙÅÍÈÅÌ Â ÏÎËÅ ÑÊÎÐÎÑÒÅÉ

Ðàññìîòðèâàþòñÿ ñëåäóþùèå çàäà÷è òåîðèè óïðàâëåíèÿ

J(x, u) =

0∫
t0

(α + β‖u‖2) dt→ min,

ẋ = v(x) + u, ||u‖ 6 1,

x(t0) = x0, x(0) = 0.

Çäåñü v: R2 → R2 � äîñòàòî÷íî ãëàäêîå âåêòîðíîå ïîëå íà ïëîñêîñòè, îáðàùàþ-
ùååñÿ â íóëü â íà÷àëå êîîðäèíàò v(0) = 0. Óïðàâëåíèå u: [t0, 0] → R2 � âåêòîð-
ôóíêöèÿ, èìåþùàÿ íå áîëåå êîíå÷íîãî ÷èñëà òî÷åê ðàçðûâà ïåðâîãî ðîäà, íåïðå-
ðûâíàÿ ñïðàâà, ïðè÷åì ‖u(t)‖ =

√
u2

1(t) + u2
2(t) 6 1.

Èçó÷àþòñÿ ýêñòðåìàëè Ïîíòðÿãèíà óêàçàííûõ çàäà÷. Ïîêàçàíî, ÷òî òî÷êè íå-
îäíîçíà÷íîñòè îòñåêàþò îò ýêñòðåìàëè íåîïòèìàëüíóþ ÷àñòü. Ïðèâîäèòñÿ êîí-
ñòðóêöèÿ äëÿ âû÷èñëåíèÿ ìíîæåñòâà íåîäíîçíà÷íîñòè. Äîêàçàíî, ÷òî â ðåãóëÿð-
íîì ñëó÷àå ýêñòðåìàëè, íå èìåþùèå òî÷åê íåîäíîçíà÷íîñòè, îïòèìàëüíû.

Ë È Ò Å Ð À Ò Ó Ð À
1. Íèêîëåíêî Ï.Â. Î íàèñêîðåéøèõ ïåðåìåùåíèÿõ â ïîëå ñêîðîñòåé // Äèô. óðàâíåíèÿ. 2011. � 5.

2. Íèêîëåíêî Ï.Â. Ìíîæåñòâî íåîäíîçíà÷íîñòè è çàäà÷à î íàèñêîðåéøèõ ïåðåìåùåíèÿõ â ïîëå ñêîðîñòåé // Äèô.

óðàâíåíèÿ. 2014. � 3.

Ë.Â. Íîâèêîâà (Ðîñòîâ-íà-Äîíó)
lvnovikova@sfedu.ru

ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÈÍÂÀÐÈÀÍÒÍÛÕ ÌÍÎÃÎÎÁÐÀÇÈÉ
ÎÏÅÐÀÒÎÐÎÂ

Ðàññìîòðèì â áàíàõîâîì ïðîñòðàíñòâå U k ðàç (k ≤ 3) íåïðåðûâíî äèôôåðåí-
öèðóåìûé ïî Ôðåøå îïåðàòîðNδ : U → U , çàâèñÿùèé îò âåùåñòâåííîãî ïàðàìåòðà
δ, ñ÷èòàÿ îòîáðàæåíèå δ → Nδx íåïðåðûâíî äèôôåðåíöèðóåìûì ïî δ äëÿ ëþáîãî
x ∈ U .
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Ïóñòü K � ãëàäêîå êëàññà C1, èíâàðèàíòíîå ìíîãîîáðàçèå îïåðàòîðà Nδx (äëÿ
ëþáîãî δ ∈ R1). Ïðè ýòîì êàñàòåëüíîå ïðîñòðàíñòâî Tx ìíîãîîáðàçèåK ïåðåõîäèò
ïîä äåéñòâèåì ïðîèçâîäíîé Ôðåøå N ′δx îïåðàòîðà Nδx â òî÷êå x â êàñàòåëüíîå
ïðîñòðàíñòâî TNδx ìíîãîîáðàçèÿ K â òî÷êå Nδx.
Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òðàíñâåðñàëüíîå ñëîåíèå Rdx (x ∈ K) ê êàñà-

òåëüíîìó ñëîåíèþ Tx (x ∈ K), (Tx ⊕ Rδx = U), èíâàðèàíòíîå îòíîñèòåëüíî äåé-
ñòâèÿ ïðîèçâîäíîé Ôðåøå N ′δ(x) îïåðàòîðà Nδ : U → U (òàê ÷òî N ′δ(x)Rδx ⊂
RNδx).
Èçâåñòíî, ÷òî åñëè ∥∥∥N ′δ(x)

∣∣
Rδx→RNδx

∥∥∥ < 1 (1)∥∥∥N ′δ(x)
∣∣
Tx→RNδx

∥∥∥ < ∥∥∥N ′δ(x)
∣∣
Rδx→RNδx

∥∥∥ < 1 (2)

(ò.å., åñëè ñêîðîñòü ðàçáåãàíèÿ òðàåêòîðèé îïåðàòîðà Nδ íà èíâàðèàíòíîì ìíîãî-
îáðàçèè K ìåíüøå, ÷åì ñêîðîñòü ñæàòèÿ îïåðàòîðà Nδ â íàïðàâëåíèè òðàíñâåð-
ñàëüíîãî ñëîåíèÿ Rdx (x ∈ K), òî â ñëó÷àå êîìïàêòíîñòè èíâàðèàíòíîãî ìíîãî-
îáðàçèÿ K îïåðàòîðà Nδ îíî îáëàäàåò ñâîéñòâîì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè).
Èññëåäóåòñÿ ñëó÷àé ïîòåðè óñòîé÷èâîñòè èíâàðèàíòíîãî ìíîãîîáðàçèÿK îïåðà-

òîðàNδ ÷åðåç êðèòè÷åñêîå çíà÷åíèå δ = δ0, êîãäà íåðàâåíñòâà (1) è (2) çàìåíÿþòñÿ
ïðè δ = δ0 ðàâåíñòâàìè.

Ì.Â. Íîðêèí (Ðîñòîâ-íà-Äîíó)
norkinmi@mail.ru

ÄÂÀ ÒÈÏÀ ÊÀÂÈÒÀÖÈÎÍÍÛÕ ÇÎÍ Â
ÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÎÉ ÇÀÄÀ×Å ÓÄÀÐÀ1

Ðàññìàòðèâàåòñÿ çàäà÷à îá óäàðå è ïîñëåäóþùåì äâèæåíèè ñ ïîñòîÿííîé ñêîðî-
ñòüþ êðóãîâîãî öèëèíäðà ïîä ñâîáîäíîé ïîâåðõíîñòüþ èäåàëüíîé, íåñæèìàåìîé,
òÿæåëîé æèäêîñòè. Ïîêàçûâàåòñÿ, ÷òî íà ìàëûõ âðåìåíàõ, íàðÿäó ñ êàâèòàöèîí-
íîé çîíîé, âûçâàííîé óäàðîì, ìîãóò âîçíèêíóòü äîïîëíèòåëüíûå êàâèòàöèîííûå
çîíû, îáóñëîâëåííûå çàêîíîì äâèæåíèÿ öèëèíäðà ïîñëå óäàðà è ôèçè÷åñêèìè ïà-
ðàìåòðàìè çàäà÷è. Â ñëó÷àå ïîëíîãî ïîãðóæåíèÿ öèëèíäðà, êàâèòàöèîííûå çîíû,
âûçâàííûå óäàðîì, îáðàçóþòñÿ ïðàêòè÷åñêè âñåãäà. Ïîÿâëåíèå äîïîëíèòåëüíûõ
çîí îòðûâà çàâèñèò óæå îò êîíêðåòíîé ôèçè÷åñêîé ñèòóàöèè. Äëÿ îïðåäåëåíèÿ
äîïîëíèòåëüíûõ êàâèòàöèîííûõ çîí íà ìàëûõ âðåìåíàõ ôîðìóëèðóåòñÿ çàäà÷à
ñ îäíîñòîðîííèìè îãðàíè÷åíèÿìè, àíàëîãè÷íàÿ êëàññè÷åñêîé çàäà÷å îá óäàðå ñ
îòðûâîì. Ïðèâåäåí ÷èñëåííûé ïðèìåð, ïîêàçûâàþùèé âîçìîæíîñòü îáðàçîâàíèÿ
òðåõ êàâèòàöèîííûõ çîí âáëèçè ãðàíèöû ïëàâàþùåãî òåëà � îñíîâíîé, âûçâàííîé

1Ðàáîòà âûïîëíåíà â ðàìêàõ ïðîåêòíîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ â ñôåðå íàó÷íîé äåÿòåëüíîñòè (Çàäàíèå �1.1398.2014/k).
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óäàðîì è äâóõ äîïîëíèòåëüíûõ. Ñäåëàí âûâîä î òîì, ÷òî íà ìàëûõ âðåìåíàõ âîç-
ìóùåíèÿ äîïîëíèòåëüíûõ ñâîáîäíûõ ãðàíèö âåñüìà íåçíà÷èòåëüíû è ïðàêòè÷åñêè
íå âëèÿþò íà êàðòèíó òå÷åíèÿ æèäêîñòè. Îäíàêî îíè îêàçûâàþò ñóùåñòâåííîå
âëèÿíèå íà ðåàêöèþ æèäêîñòè íà òåëî. Àíàëîãè÷íûå çàäà÷è áåç ó÷åòà äîïîëíè-
òåëüíûõ êàâèòàöèîííûõ çîí ðàññìàòðèâàëèñü â ðàáîòàõ [1�3]. Â íèõ îïðåäåëÿëàñü
ôîðìà êàâåðíû íà ìàëûõ âðåìåíàõ ñ ó÷åòîì äèíàìèêè òî÷åê îòðûâà âíóòðåíííåé
ñâîáîäíîé ãðàíèöû æèäêîñòè.
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ÐÅÇÎÍÀÍÑÍÛÅ ÐÅÆÈÌÛ Â ÎÊÐÅÑÒÍÎÑÒÈ ÒÎ×ÊÈ
ÁÈÔÓÐÊÀÖÈÈ ÊÎÐÀÇÌÅÐÍÎÑÒÈ 2 (ÐÅÇÎÍÀÍÑ RES 2) Â

ÇÀÄÀ×Å ÊÓÝÒÒÀ-ÒÅÉËÎÐÀ

Ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà, îïèñûâàþùàÿ òå÷åíèå âÿçêîé íåñæèìàåìîé
æèäêîñòè ìåæäó áåñêîíå÷íî äëèííûìè ñîîñíûìè âðàùàþùèìèñÿ öèëèíäðàìè,
îáëàäàåò öèëèíäðè÷åñêîé ñèììåòðèåé è çàâèñèò îò íåñêîëüêèõ âåùåñòâåííûõ ïà-
ðàìåòðîâ. Ïðè ëþáûõ çíà÷åíèÿõ ïàðàìåòðîâ ó ñèñòåìû åñòü òî÷íîå ðåøåíèå �
òå÷åíèå Êóýòòà. Îíî òåðÿåò óñòîé÷èâîñòü, êîãäà ëèíåàðèçîâàííàÿ íà òå÷åíèè Êó-
ýòòà ñèñòåìà Íàâüå-Ñòîêñà èìååò íåíóëåâûå ðåøåíèÿ (íåéòðàëüíûå ìîäû). Ó ëè-
íåàðèçîâàííîé çàäà÷è ñóùåñòâóþò êðèòè÷åñêèå çíà÷åíèÿ ïàðàìåòðîâ (òî÷êè áè-
ôóðêàöèè âûñîêèõ êîðàçìåðíîñòåé), êîòîðûì îòâå÷àåò áîëåå äâóõ íåçàâèñèìûõ
íåéòðàëüíûõ ìîä. Ïðè îêîëîêðèòè÷åñêèõ ïàðàìåòðàõ âçàèìîäåéñòâèå íåéòðàëü-
íûõ ìîä îïèñûâàåòñÿ ñ ïîìîùüþ íåëèíåéíîé ñèñòåìû àìïëèòóäíûõ óðàâíåíèé
íà öåíòðàëüíîì ìíîãîîáðàçèè. Äëÿ íåâðàùàòåëüíî ñèììåòðè÷íûõ ðåøåíèé íàé-
äåíî øåñòü òèïîâ òî÷åê áèôóðêàöèè êîðàçìåðíîñòè 2 (ðåçîíàíñû Res 0�Res 5),
êîòîðûì îòâå÷àþò íåâûðîæäåííûå àìïëèòóäíûå ñèñòåìû, îòëè÷àþùèåñÿ äðóã îò
äðóãà ðàçíûìè äîïîëíèòåëüíûìè ðåçîíàíñíûìè ñëàãàåìûìè.
Ïîÿâëåíèå òî÷åê ðåçîíàíñîâ, êðîìå Res 0 è Res 1, çàâèñèò îò íàïðàâëåíèè âðà-

ùåíèÿ öèëèíäðîâ. Òî÷êè Res 2 íàéäåíû ïðè âðàùåíèè öèëèíäðîâ â ïðîòèâîïîëîæ-
íûå ñòîðîíû. Â èõ ìàëîé îêðåñòíîñòè ìîãóò ñóùåñòâîâàòü ðåøåíèÿ àìïëèòóäíûõ
ñèñòåì, íàõîäÿùèåñÿ íà èíâàðèàíòíûõ ïîäïðîñòðàíñòâàõ ïðîñòðàíñòâà àìïëèòóä,
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êîòîðûì îòâå÷àþò ðåçîíàíñíûå ðåæèìû ñèñòåìû Íàâüå-Ñòîêñà: m-ñïèðàëè, ÷èñòî
àçèìóòàëüíûå è òðè ñåìåéñòâà íåñòàöèîíàðíûõ àçèìóòàëüíûõ m-âîëí. Ïðîâåäåí
÷èñëåííûé àíàëèç óñëîâèé ñóùåñòâîâàíèÿ è óñòîé÷èâîñòè òàêèõ ðåøåíèé ñ ïîìî-
ùüþ ðàññ÷èòàíûõ êîýôôèöèåíòîâ ñîîòâåòñòâóþùèõ àìïëèòóäíûõ ñèñòåì.

S. S. Orlov (Irkutsk), L.A. Grunwald (Shelekhov)
orlov_sergey@inbox.ru, lfb_o@yahoo.co.uk

ABEL TYPE EQUATION WITH DEGENERATION IN BANACH
SPACES 1

Suppose E1, E2 are real Banach spaces, and u = u(t), f = f(t) are the functions of
nonnegative real argument t and with values in E1 and E2 respectively. Let us consider
the integral equation

Bu(t)− 1

Γ(α)

t∫
0

(t− s)α−1Au(s)ds = f(t), t ≥ 0, (1)

where B and A are closed linear operators from E1 to E2 such that their domains
are dense in E1, and D(B) ⊆ D(A); then Γ(α) is gamma function of 0 < α < 1. It
is assumed that the operator B is Fredholm, i. e. R(B) = R(B) and dimN(B) =
dimN(B∗) = n < +∞. Thus, the equation has two distinctive features, which are
irreversible operator in the main part and a weak singularity of the integral term.
A function u ∈ C(t ≥ 0; E1) that satis�es integral equation (1) is called a classical

solution of this equation. As well known, degenerated integral equations have classical
solutions not for all operator coe�cients, integral kernels and source terms (see, for
example, the monograph [1]). The aim of this research is to obtain the conditions of
unique solvability of considered problem. The following theorem is proved.

Theorem. Suppose that the operator B has a full A-Jordan set [1] and 〈f(t), ψ
(j)
i 〉 ∈

C [α(pi−j+1)]+1(t ≥ 0), j = 1, . . . , pi, i = 1, . . . , n. If

〈f(t), ψ
(j)
i 〉

(k−1)
∣∣∣
t=0

= 0, k = 1, [α(pi − j + 1)] + 1, j = 1, pi, i = 1, n,

then integral equation (1) has a unique classical solution. Here elements ψ
(j)
i ∈ E∗2

form an A∗-Jordan set of operator B∗; natural numbers pi are lenghts of corresponding
A∗-Jordan chains; and [·] denote �oor function.
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A METHOD FOR COMPUTING WAVEGUIDE SCATTERING
MATRICES

A waveguide G lies in Rn, n > 2, and outside a large ball coincides with the union
of �nitely many non-overlapping semi-cylinders ("cylindrical ends"). The waveguide
is described by the operator {L(x,Dx) − µ,B(x,Dx)} of an elliptic boundary value
problem in G, where L is a matrix di�erential operator, B is a boundary operator,
and µ is a spectral parameter. The operator {L,B} is self-adjoint with respect to a
Green formula. The role of L can be played, e.g., by the Helmholtz operator, by the
operators in elasticity theory and hydrodynamics. As approximation for a row of the
scattering matrix S(µ), we take the minimizer of a quadratic functional JR(·, µ). To
construct the functional, we solve an auxiliary boundary value problem in the bounded
domain obtained by truncating the cylindrical ends of the waveguide at distance R.
As R → ∞, the minimizer a(R, µ) tends with exponential rate to the corresponding
row of the scattering matrix uniformly on every �nite closed interval of the continuous
spectrum not containing the thresholds. Such an interval may contain eigenvalues of the
waveguide with eigenfunctions exponentially decaying at in�nity ("trapped modes").
Eigenvalues of this sort, as a rule, occur in waveguides of complicated geometry.
Therefore, in applications, the possibility to avoid worrying about (probably not de-
tected) trapped modes turns out to be an important advantage of the method.
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ÌÅÒÀÓÑÒÎÉ×ÈÂÛÅ ÑÒÐÓÊÒÓÐÛ ÑÊÀËßÐÍÎÃÎ
ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

Íà îòðåçêå 0 ≤ x ≤ π ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå:

ut = µ2uxx + u− u3, t > 0,
ux(0, t) = 0, ux(π, t) = 0,

(1)
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ãäå µ - ïîëîæèòåëüíûé ïàðàìåòð.
Ìåäëåííî ìåíÿþùèåñÿ ðåøåíèÿ íàçûâàþòñÿ ìåòàóñòîé÷èâûìè ñòðóêòóðàìè.
Ôóíäàìåíòàëüíûå ðåçóëüòàòû ïî èññëåäîâàíèþ ìåòàóñòîé÷èâûõ ñòðóêòóð óðàâ-

íåíèÿ (1) ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà µ ïîëó÷åíû â ðàáîòàõ [1, 2]. Äëÿ èññëå-
äîâàíèÿ çàäà÷è î ñöåíàðèÿõ âîçíèêíîâåíèÿ è äèíàìèêè ïðè óìåíüøåíèè ïàðàìåò-
ðà µ ìåòàóñòîé÷èâûõ ñòðóêòóð óðàâíåíèÿ (1) íàìè èñïîëüçîâàëñÿ ìåòîä Ãàë¼ðêèíà
[3].
Â ãàë¼ðêèíñêèõ àïïðîêñèìàöèÿõ óðàâíåíèÿ (1) ðàçìåðíîñòåé îò 30 äî 40 ðåàëè-

çóåòñÿ øèðîêèé ñïåêòð ñåäëî-óçëîâûõ áèôóðêàöèé. Íåïðåðûâíûì âåòâÿì ñòàöè-
îíàðíûõ òî÷åê ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ðîæäåííûõ
â ðåçóëüòàòå ñåäëî-óçëîâûõ áèôóðêàöèé, îòâå÷àþò íåïðåðûâíûå âåòâè ïðèáëè-
æåííûõ ñòàöèîíàðíûõ ðåøåíèé (1). Â ðàáîòå [3] ïîêàçàíî, ÷òî ýòè ïðèáëèæ¼ííûå
ðåøåíèÿ ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà µ, âçÿòûå â êà÷åñòâå íà÷àëüíûõ ôóíê-
öèé, ïðèâîäÿò ê ìåòàóñòîé÷èâûì ñòðóêòóðàì.
Óñòàíîâëåíî, ÷òî äëÿ ðåøåíèÿ èñõîäíîé çàäà÷è ïðè çíà÷åíèÿõ ïàðàìåòðà µ ≈

0.01 ïðèìåíåíèå ìåòîäà Ãàë¼ðêèíà ïðèâîäèò ê êà÷åñòâåííî è êîëè÷åñòâåííî ïðà-
âèëüíûì ðåçóëüòàòàì.
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THE INVERSE PROBLEMS OF FINDING THE FACTOR ON THE
RIGHT SIDE OF THE EQUATION PARABOLIC-HYPERBOLIC
TYPE, WHICH DEPENDS ON THE SPATIAL VARIABLE1

Consider the equation of the mixed parabolic-hyperbolic type

Lu(x, t) = F (x, t) =

{
f1(x)g1(t), t > 0,

f2(x)g2(t), t < 0,
(1)

here

Lu(x, t) =

{
ut − uxx + b2u, t > 0,

utt − uxx + b2u, t < 0,

1The work was supported by RFBR project-Volga (project 14-01-97003).
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in the rectangular domain D = {(x, t)| 0 < x < l, −α < t < β}, where α > 0, β > 0,
l > 0, b ≥ 0 are given real numbers; g1(t) and g2(t) are given at least continuous
functions.
In the case when f1(x) ≡ f2(x) = f(x) is put
Problem 1. In the domain D �nd the functions u(x, t) and f(x) satisfying the

following conditions:

u(x, t) ∈ C(D) ∩ C1(D) ∩ C2(D−) ∩ C2
x(D+); (2)

f(x) ∈ C(0, l) ∩ L2(0, l); (3)

Lu(x, t) ≡ F (x, t), (x, t) ∈ D− ∪D+; (4)

u(0, t) = u(l, t) = 0, −α ≤ t ≤ β; (5)

u(x,−α) = ϕ(x), ut(x,−α) = ψ(x), 0 ≤ x ≤ l, (6)

where ϕ(x) and ψ(x) are given su�ciently smooth functions, D− = D ∩ {t < 0},
D+ = D ∩ {t > 0}.
At di�erent f1(x) and f2(x) is assumed

Problem 2. In the domain D �nd the functions u(x, t), f1(x), f2(x), satisfying the
conditions (2), (4) � (6) and besides

fi(x) ∈ C(0, l) ∩ L2[0, l], i = 1, 2;

u(x, β) = g(x), 0 ≤ x ≤ l,

which also ϕ(x), ψ(x) and g(x) are known functions.
Note that the problem 1 and 2 of us [1�3] have been studied under g1(t) = g2(t) 6≡ 1.

The presence of these features creates additional di�culties and making a signi�cant
contribution in justifying the correctness of tasks.
The report will be presented the results of the problem 1. Here a criterion for

uniqueness of the solution. The unknown function u(x, t) and f(x) are found as the
sum of orthogonal series. In justifying the uniform convergence of the series there is a
problem of small denominators.
Note that these problems arise in the study of the propagation of electrical oscillations

in complex composite lines.
R E F E R E N C E S

1. Sabitov K.B., Sa�n E.M. Inverse problem for a parabolic-hyperbolic equation in a rectangular domain // Doklady
Mathematics. 2009. Vol. 80, � 3. P. 856�859.

2. Sabitov K.B., Sa�n E.M. The inverse problem for a mixed-type parabolic-hyperbolic equation in a rectangular domain
// Russian Mathematics. 2010. Vol. 54, � 4. P. 48�54.

3. Sabitov K.B., Sa�n E.M. The inverse problem for an equation of mixed parabolic-hyperbolic type // Mathematical Notes.

2010. Ò. 87, � 5. P. 880�889.



¾Ñîäåðæàíèå¿

Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà 121

Yu.K. Sabitova (Sterlitamak, Russia)
sabitovauk@rambler.ru

THE DIRICHLET PROBLEM FOR CABLE EQUATION 1

We consider the cable equation

Lu ≡ uxx − uyy − b2u = 0, (1)

where b = const > 0, in the rectangular domain D = {(x, y)| 0 < x < l, 0 < y < T}.
For equation (1) in domain D we pose the following problem.

Problem of Dirichlet. In the domain D, �nd the function u(x, y) satisfying the
following conditions:

u(x, y) ∈ C(D) ∩ C2(D); (2)

Lu ≡ 0, (x, y) ∈ D; (3)

u(0, y) = u(l, y) = 0, 0 ≤ y ≤ T ; (4)

u(x, 0) = ϕ(x), u(x, T ) = ψ(x), 0 ≤ x ≤ l, (5)

where ϕ(x) and ψ(x) are given su�ciently smooth functions satisfying the conditions
ϕ(0) = ϕ(l) = 0, ψ(0) = ψ(l) = 0.
In this paper, using ideas from [1, 2], we establish a criterion for uniqueness of the

solution of problem (2) � (5). The solution of the problem is constructed in the form of
the sum of a number of Fourier. Small denominators are appeared in process of proving
existence of the solution of the problem. The estimates about a remoteness from zero
denominators are established with the corresponding assymptotics which allowed to
prove existence of the decision in a class of regular decisions and prove its stability
depending on boundary functions
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ÇÀÄÀ×À ÊÅËÄÛØÀ ÄËß ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ
Ñ ÑÈËÜÍÛÌ ÂÛÐÎÆÄÅÍÈÅÌ È ÑÈÍÃÓËßÐÍÛÌ

ÊÎÝÔÔÈÖÈÅÍÒÎÌ1

Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà âòîðîãî ðîäà ñ ñèíãóëÿðíûì êîýôôè-
öèåíòîì

Lu ≡ uxx + (sgny)|y|muyy +
k

x
ux − a2u = 0 (1)

â ïðÿìîóãîëüíîé îáëàñòè D = {(x, y)|0 < x < l,−α < y < β}, ãäå k ≥ 1, 1 < m <
2, l, a ≥ 0, α > 0, β > 0 � çàäàííûå ÷èñëà.

Çàäà÷à Êåëäûøà. Â îáëàñòè D íàéòè ðåøåíèå óðàâíåíèÿ (1), íåïðåðûâíîå
â D, èìåþùåå íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå âòîðîãî ïîðÿäêà â D+ ∪ D−,
óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì u(x, β) = ϕ(x), u(x,−α) = ψ(x), 0 ≤ x ≤
l; u(l, y) = 0,−α ≤ y ≤ β, è óñëîâèÿì ñîïðÿæåíèÿ

lim
y→0+0

ym−1uy(x, y) = − lim
y→0−0

(−y)m−1uy(x, y), 0 < x < l,

ãäå ϕ(x), ψ(x) � äîñòàòî÷íî ãëàäêèå ôóíêöèè, ϕ(0) = ϕ(l) = ψ(0) = = ψ(l) = 0,
D+ = D ∩ {y > 0}, D− = D ∩ {y < 0}.
Îòìåòèì, ÷òî ïåðâàÿ ãðàíè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà â âòî-

ðîãî ðîäà (1) ïðè k = 0 ìåòîäîì ñïåêòðàëüíûõ ðàçëîæåíèé èññëåäîâàíà â ðàáîòå
[1]. Â ðàáîòå [2] èçó÷åíà çàäà÷à Êåëäûøà äëÿ óðàâíåíèÿ (1) ïðè âñåõ k ≥ 1 è
0 < m < 1.
Â äàííîé ðàáîòå óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êåëäû-

øà ïðè âñåõ k ≥ 1 è 1 < m < 2. Ðåøåíèå ïîñòðîåíî â âèäå ñóììû ðÿäà Ôóðüå-
Áåññåëÿ è ïðèâåäåíî îáîñíîâàíèå ñõîäèìîñòè ðÿäà â êëàññå ðåãóëÿðíûõ ðåøåíèé.
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ÀÂÒÎÌÎÄÅËÜÍÛÅ ÐÅØÅÍÈß ÇÀÄÀ×È ÒÅÏËÎÂÎÉ
ÊÎÍÂÅÊÖÈÈ ÄËß ÈÑÏÀÐÅÍÈß ÊÀÏËÈ ÆÈÄÊÎÑÒÈ

Ðàññìîòðåíà àñèìïòîòè÷åñêàÿ ìîäåëü âûñûõàíèÿ íåâÿçêîé, íåòåìïåðàòóðîïðî-
âîäíîé êàïëè, ïîëó÷åíàÿ îñðåäíåíèåì ïðèáëèæåíèÿ Îáåðáåêà- Áóññèíåñêà ïî òîí-
êîìó ñëîþ èñïàðÿþùåéñÿ æèäêîñòè:

ht + div(h2s) = −V0ϕ; (1)

st + (βr − 1)hsdivs+ (βr − 1)hs∇s = 0; (2)

ϕt + (βr − 1)hϕdivs+ (βr − 1)hs∇ϕ = 0; (3)

ct + hs∇c = D4c, (4)

ãäå h � òîëùèíà ñëîÿ æèäêîñòè, s = (s1, s2), ϕ, c � îñðåäíåííûå ôóíêöèè ïîëÿ
ñêîðîñòåé æèäêîñòè, ïîòîêà òåïëà è êîíöåíòðàöèè òâåðäîé ïðèìåñè.
Äëÿ çàäà÷è (1)� (4) ïîñòðîåíû ðàçëè÷íûå òèïû àâòîìîäåëüíûõ çàìåí, ïîíè-

æàþùèõ ðàçìåðíîñòü çàäà÷è è ñâîäÿùåé åå ê ñèñòåìå, çàâèñÿùåé îò äâóõ ïåðå-
ìåííûõ. Òàê, óñòàíîâëåíî, àâòîìîäåëüíîé äëÿ ðàññìàòðèâàåìîé çàäà÷è ÿâëÿåòñÿ
ñëåäóþùàÿ çàìåíà ïåðåìåííûõ: x/

√
t = z, ãäå t � âðåìÿ, x = (x1, x2) � ïðî-

ñòðàíñòâåííûå ïåðåìåííûå, z = (z1, z2) � íîâûå ïåðåìåííûå; íîâûå íåèçâåñòíûå
ôóíêöèè u = (u1, u2) è v ñâÿçàíû ñî ñòàðûìè ïîñðåäñòâîì ôîðìóë:

s = u/
√
t, ϕ = v/t; (5)

h = u/
√
t, ϕ = v/

√
t3; (6)

h = tu, s = v/
√
t3, (7)

ãäå z, u = (u1, u2) è v � íîâûå ôóíöèè. Óñòàíîâëåíî, ÷òî ïîëó÷åííûå â ðåçóëüòàòå
çàìåí (5)� (7) çàäà÷è ìîãóò áûòü ðåøåíû êàê ÷èñëåííûìè, òàê è àíàëèòè÷åñêèì
ìåòîäàìè íà õàðàêòåðèñòèêàõ. Îñóùåñòâëåí àíàëèç ïîëó÷åííûõ ðåøåíèé, îïðå-
äåëåíà èõ îáëàñòü ïðèìåíèìîñòè ñ òî÷êè çðåíèÿ ôèçè÷åñêîé ïîñòàíîâêè ñîîòâåò-
ñòóþùèõ êðàåâûõ çàäà÷.
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ÎÁ ÎÄÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÒÈÏÀ.

Èññëåäîâàíèå êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ÿâëÿåòñÿ îäíèì èç âàæíûõ ðàçäåëîâ ñîâðåìåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Ïîòðåáíîñòü â èçó÷åíèè íàãðóæåííûõ óðàâíå-
íèé îáúÿñíÿåòñÿ êàê òåîðåòè÷åñêîé çíà÷èìîñòüþ ïîëó÷åííûõ ðåçóëüòàòîâ, òàê è
íàëè÷èåì èõ â ïðàêòè÷åñêèõ ïðèëîæåíèÿõ ðåøåíèÿ ïðîáëåì íåëèíåéíîé äèíàìè-
êè.
Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ïîñòàíîâêè è èññëåäîâàíèÿ îäíî-

çíà÷íîé ðàçðåøèìîñòè íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ íàãðóæåííîãî äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè âòîðîãî ïîðÿäêà ïàðàáîëè÷åñêîãî
òèïà, íàãðóæåííàÿ ÷àñòü êîòîðîãî ïðåäñòàâëÿåò ñîáîé íåëîêàëüíîå èíòåãðàëüíîå
çíà÷åíèå èñêîìîé ôóíêöèè íà ãðàíèöå îáëàñòè åãî çàäàíèÿ. Ñëåäóåò îòìåòèòü, ÷òî
ïðè ýòîì íàëè÷èå íàãðóæåííîãî îïåðàòîðà íå ïîçâîëÿåò íåïîñðåäñòâåííî ïðèìå-
íèòü äëÿ èõ ðàçðåøèìîñòè èçâåñòíóþ òåîðèþ êðàåâûõ çàäà÷. Ìåòîäîì ýêâèâàëåíò-
íîé ðåäóêöèè ê çàäà÷å Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
íàéäåíû óñëîâèÿ ãàðàíòèðóþùèå åäèíñòâåííîñòü è ñóùåñòâîâàíèå èññëåäóåìîé
êðàåâîé çàäà÷è.
Îáðàùåíî âíèìàíèå, ÷òî èññëåäîâàííàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèé äàííîãî

òèïà åñòåñòâåííî âîçíèêàåò â çàäà÷àõ äîëãîñðî÷íîãî ïðîãíîçèðîâàíèÿ è ðåãóëè-
ðîâàíèÿ ðåæèìà ãðóíòîâûõ âîä ñ àíîìàëüíûìè ñâîéñòâàìè.
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INITIAL-BOUNDARY VALUE PROBLEM FOR THE
NON-HOMOGENEOUS EQUATION OF MIXED

PARABOLIC-HYPERBOLIC TYPE WITH DEGENERATE
HYPERBOLIC PART1

Consider the equation of mixed type
1The work was supported by RFBR project-Volga (project 14-01-97003).
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Lu =

{
ut − uxx + b2u = F1(x, t), t > 0,

(−t)muxx − utt − b2(−t)mu = F2(x, t), t < 0,
(1)

in the rectangular domain D = {(x, t)| 0 < x < l, −α < t < β}, where m > 0, b ≥ 0,
l > 0, α > 0, β > 0 are given real numbers, Fi(x, t), i = 1, 2, are known functions and
we pose the following problem.

Problem. In the domain D �nd the function u(x, t) satisfying the following condi-
tions: u(x, t) ∈ C(D)∩C1(D)∩C1

x(D)∩C2
x(D+)∩C2(D−); Lu(x, t) = Fi(x, t), i = 1, 2,

(x, t) ∈ D− ∪ D+; u(0, t) = h1(t), u(l, t) = h2(t), −α ≤ t ≤ β; u(x,−α) = ϕ(x),
0 ≤ x ≤ l, where F1(x, t), F2(x, t), ϕ(x), h1(t) and h2(t) are given su�ciently smooth
functions satisfying the conditions h1(−α) = ϕ(0), h2(−α) = ϕ(l), D− = D ∩ {t <
0}, D+ = D ∩ {t > 0}.
Note that the initial-boundary problem and the problem with a nonlocal boundary

condition u(x,−α) − u(x, β) = ψ(x), 0 ≤ x ≤ 1, for equation (1) at Fi(x, t) ≡ 0,
hi(t) ≡ 0, i = 1, 2, l = 1, in the rectangular domain D has been studied in the papers
[1] and [2].
In this paper we �nd necessary and su�cient conditions for the uniqueness of the

solution of the inverse problem. The solution is built in the form of a series in eigenfunc-
tions of the corresponding one-dimensional spectral problem. In justifying the uniform
convergence of the problem of small denominators.
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CONSTITUTIVE RELATIONS IN THE FORM OF HYSTERESIS
OPERATORS FOR POLYCRYSTALLINE FERROELASTIC

MATERIALS

Here was built a mathematical model describing the nonlinear strain processes in
polycrystalline ferroelastic materials that is fundamentally di�ered from the generally
accepted in the linear theory of elasticity Hooke model. In ferroelastic materials, as well
as in the theory of plasticity, between the stress and the strain is observed a nonlinear
relation of hysteresis type. For their description we took into account the internal
structure of material and used some physical principles, which allowed building the
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operator equations of hysteresis type in di�erentials. One of main part this theory was
related with determination of location ferroelastic domains in a representative volume.
Their allocation with using a statistical approach was able to describe by the function of
density distribution exponential type. Created nonlinear model has several parameters
that have a de�nite physical meaning. Unlike the linear models where by experiment
enough �nd a few physical constants, here it is necessary to compare the experimental
and calculated curves of the nonlinear behavior which is determined by the speci�ed
values of parameters. Although the additional task of choosing the model parameters
is an incorrect coe�cient problem, in general, this problem can be solved by a series
of numerical experiments. For this purpose, the equations reduce to a system of six
ordinary �rst order di�erential equations [1], for which was employed the numerical
method of Runge-Kutta 4th order. It is shown that for each type of ceramics you can
choose a speci�c set of parameters for which the hysteresis curves are coincide not only
qualitatively but also quantitatively.
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ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ ÍÅÊÎÒÎÐÛÕ ÇÀÄÀ× ÒÅÎÐÈÈ
ÎÁÎËÎ×ÅÊ

Â ðàáîòå ðàññìàòðèâàåòñÿ øèðîêèé êëàññ çàäà÷ ñòàòèêè è äèíàìèêè óïðóãèõ è
óïðóãîïëàñòè÷åñêèõ óçêèõ öèëèíäðè÷åñêèõ ïàíåëåé/ïëàñòèí è ñôåðè÷åñêèõ îáî-
ëî÷åê: àñèìïòîòè÷åñêîå èíòåãðèðîâàíèå ëèíåéíûõ è íåëèíåéíûõ óðàâíåíèé ìàòå-
ìàòè÷åñêîé ôèçèêè, îïèñûâàþùèõ èçãèá è êîëåáàíèÿ óçêèõ èçîòðîïíûõ è îðòî-
òðîïíûõ ïàíåëåé è îáîëî÷åê, à òàêæå ÷èñëåííîå èíòåãðèðîâàíèå äàííûõ çàäà÷ ñ
ó÷åòîì ïëàñòè÷íîñòè ìàòåðèàëà [1]. Àñèìïòîòè÷åñêîå èíòåãðèðîâàíèå ëèíåéíûõ
è íåëèíåéíûõ óðàâíåíèé òèïà Êàðìàíà [1] ïðîâîäèòñÿ ïðè ïîìîùè ìåòîäà ìàëî-
ãî ïàðàìåòðà ñîâìåñòíî ñ ìåòîäîì ïîãðàíè÷íîãî ñëîÿ. Ðåøåíèå ñòðîèòñÿ â âèäå
ðÿäîâ ïî ñòåïåíÿì ìàëîãî ïàðàìåòðà. Â êà÷åñòâå ìàëîãî ïàðàìåòðà ïðèíèìàåòñÿ
îòíîøåíèå äëèí ñìåæíûõ ñòîðîí ïàíåëè. Êîýôôèöèåíòû ïåðâîãî ðÿäà îïðåäå-
ëÿþòñÿ â õîäå ïåðâîãî èòåðàöèîííîãî ïðîöåññà ïîäñòàíîâêîé ýòîãî ðÿäà â óðàâ-
íåíèÿ, íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ. Íàõîäÿòñÿ ãëàâíûå ÷ëåíû ðàçëîæåíèÿ,
êîòîðûå óäîâëåòâîðÿþò óðàâíåíèÿì ìåíüøåé ðàçìåðíîñòè ïî ïðîñòðàíñòâåííûì
ïåðåìåííûì, îïèñûâàþùèì èçãèá èëè êîëåáàíèÿ ñîîòâåòñòâóþùèõ îáîëî÷å÷íûõ
ýëåìåíòîâ. Äëÿ îïðåäåëåíèÿ ïîñëåäóþùèõ ÷ëåíîâ àñèìïòîòèêè íåîáõîäèìî ðå-
øàòü ëèíåéíûå áèãàðìîíè÷åñêèå óðàâíåíèÿ, êîòîðûì óäîâëåòâîðÿþò êîýôôèöè-
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åíòû âòîðîãî ðÿäà � ôóíêöèè ïîãðàíè÷íîãî ñëîÿ. Äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ
óïðóãîïëàñòè÷åñêèõ ïàíåëåé è îáîëî÷åê ïðèìåíÿþòñÿ ìîäèôèöèðîâàííûå ñîîòíî-
øåíèÿ äåôîðìàöèîííîé òåîðèè ïëàñòè÷íîñòè è àëãîðèòì ðàñ÷åòà, ó÷èòûâàþùèé
òàê íàçûâàåìûå ïîâòîðíîå è ïåðåìåííîå óïðî÷íåíèå. Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñ-
ëåííûõ ðàñ÷åòîâ, ïîçâîëÿþùèå îöåíèòü ïðåäåëû ïðèìåíèìîñòè àñèìïòîòèêè äëÿ
óïðóãèõ è íåóïðóãèõ îáîëî÷å÷íûõ ýëåìåíòîâ.
Method of asymptotic integration in connection with boundary layer method are

applied to some linear and non-linear narrow shells problems. Numerical integration is
carried out in order to evaluate the asymptotic results and to consider the elastic-plastic
shells behavior.
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DUAL INTEGRAL EQUATION FOR THE HARMONICALLY

OSCILLATING WING 1

In the linearized stationary 3d theory of wing in a �ow of non-viscous incompressible
�uid there is known the basic dual integral equation [1]:

b∫
−b

L∫
−L

[
x− ξ√

(x−ξ)2+(y−η)2
+1

]
γ(ξ, η)

(η−y)2
dξdη =f(x, y),

(
|x|<b
|y|<L

)
. (1)

The kernel is hyper-singular over variable y [2]. It is proved that, when constructing
a numerical method, a discrete scheme along variable η may be taken with a simple
quadrature formula, like for continuous functions [1,3]. After that, the arising one-
dimensional kernel possesses the standard Cauchy-type singular behavior along variable
ξ, where one can take a special quadrature formula with interplaced nodes for internal
variable ξ and external one x [1].
In the present work for the harmonically oscillating wing we study the following

equation allied to equation (1):
1The work is performed under �nancial support of the Russian Ministry for Education and Science, Project 9.1371.2014/K.
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b∫
−b

L∫
−L

K(ξ − x, η − y) γ(ξ, η) dξdη =f(x, y),

(
|x|<b
|y|<L

)
,

K(ξ, η) = − πe−iνξI1(η)+I2(ξ, η), I1 =

∫ ∞
−∞

√
β2 + ν2 eiβηdβ,

I2 =

∫ ∞
−∞

eiαξdα

i(α + ν)

∫ ∞
−∞

√
β2 + α2 eiβηdβ,

(2)

It is proved that its kernel possesses the same qualitative properties like in (1). We
propose a special numerical method, to solve equation (2).
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SPECTRAL APPROACH TO HOMOGENIZATION OF
NONSTATIONARY SCHR�ODINGER-TYPE EQUATIONS

In L2(Rd;Cn), we consider a selfadjoint strongly elliptic operator Aε, ε > 0, given
by the di�erential expression b(D)∗g(x/ε)b(D). Here g(x) is a periodic bounded and
positive de�nite matrix-valued function, and b(D) is a �rst order di�erential operator.
We study the behavior of the operator e−itAε, t ∈ R, for small ε. It is proved that,
as ε → 0, e−itAε converges to e−itA

0

in the norm of operators acting from the Sobolev
space Hs(Rd;Cn) (with a suitable s) to L2(Rd;Cn). Here A0 = b(D)∗g0b(D) is the
e�ective operator. In [1], the following sharp order error estimate was obtained:

‖e−itAε − e−itA0‖H3(Rd)→L2(Rd) ≤ (C1 + C2|t|)ε. (1)

Also, by interpolation, ‖e−itAε − e−itA0‖Hs→L2
= O(εs/3) for 0 ≤ s ≤ 3.

Now we obtain more subtle results [2]. From one hand, we con�rm that (1) is sharp:
in the general case the estimate ‖e−itAε − e−itA0‖Hs→L2

= O(ε) is not true if s < 3.
The supporting examples are given.
From the other hand, we distinguish conditions on the operator under which the

result can be improved:

‖e−itAε − e−itA0‖H2(Rd)→L2(Rd) ≤ (C̃1 + C̃2|t|)ε,

and then also ‖e−itAε − e−itA0‖Hs→L2
= O(εs/2) for 0 ≤ s ≤ 2. In particular, this is the

case for the scalar elliptic operator Aε = −div g(x/ε)∇, where the matrix g(x) has
real entries.
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The results are applied to study the behavior of the solution uε(x, t) of the Cauchy
problem for the Schr�odinger-type equation i∂tuε(x, t) = (Aεuε)(x, t). Applications to
the Schr�odinger equation and the two-dimensional Pauli equation with singular rapidly
oscillating potentials are given. The method is based on the scaling transformation, the
Floquet-Bloch theory and the analytic perturbation theory.
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ÌÅÒÀÓÑÒÎÉ×ÈÂÛÅ ÑÒÐÓÊÒÓÐÛ
Â ÏÀÐÀÁÎËÈ×ÅÑÊÎÉ ÇÀÄÀ×Å

Íà îêðóæíîñòè ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêàÿ çàäà÷à ñ ïðåîáðàçîâàíèåì îò-
ðàæåíèÿ

vt + Lv = Λ
1

2!
ctgω ·Qv2 − Λ

1

3!
·Qv3, (1)

ãäå L = L(D) = 1−D4− ΛQ, Qv(ϕ, t) = v(π − ϕ, t).
Äëÿ íàõîæäåíèÿ ðåøåíèé óðàâíåíèÿ (1) ñòðîèòñÿ ãàëåðêèíñêàÿ àïïðîêñèìàöèÿ

â âèäå

v =
N∑
s=0

zs cos sϕ+
N∑
k=1

zk+N sin kϕ, (2)

êîòîðàÿ ïðèâîäèò óðàâíåíèå (1) ê ñèñòåìå

żs = −λcszs + gs(z), s = 0, N,

żk+N = −λskzk+N + gk+N(z), k = 1, N,
(3)

ãäå λcs = 1 + s2D − (−1)sΛ, λsk = 1 + k2D − (−1)k+1Λ.
Íåïðåðûâíûì âåòâÿì ñòàöèîíàðíûõ òî÷åê ñèñòåìû îáûêíîâåííûõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé (3), ðîæäåííûõ â ðåçóëüòàòå ñåäëî-óçëîâûõ áèôóðêàöèé, îò-
âå÷àþò íåïðåðûâíûå âåòâè ïðèáëèæåííûõ ñòàöèîíàðíûõ ðåøåíèé (1). Ýòè âåòâè
ïðèáëèæåííûõ ñòàöèîíàðíûõ ðåøåíèé òèïà âíóòðåííåãî ïåðåõîäíîãî ñëîÿ â èñ-
õîäíîé çàäà÷å ïîðîæäàþò ìåòàóñòîé÷èâûå ñòðóêòóðû.
Â ðàáîòå [1] èññëåäîâàëèñü ðåøåíèÿ óðàâíåíèÿ (1) â ñëó÷àå cosω = 0.
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THE FUNDAMENTAL IDENTITY FOR ITERATED WEIGHTED
SPHERICAL MEAN

LetR+
n={x=(x1, ..., xn)∈Rn:x1>0, ..., xn>0}, f ∈ C(R+

n ), multi-index γ=(γ1, ..., γn)
consists of positive numbers γi > 0, |γ| = γ1 + ...+ γn and S

+
r (n)={x∈R+

n :|x|=r}.
Weighted spherical mean of function f has the form

M r
γ [f(x)] =

1

ωγn

∫
S+

1 (n)

T ryx f(x)yγdSy, y
γ =

n∏
i=1

yγii , ω
γ
n =

n∏
i=1

Γ
(
γi+1

2

)
22nΓ

(
n+|γ|

2

) ,
where T yx is multidimensional generalized translation (see [1]). Let us de�ne the iterated
weighted spherical mean Mγ(x, λ, µ) by the following formula

Mγ(x, λ, µ) = Mλ
γM

µ
γ [f(x)].

The fundamental identity for the iterated weighted spherical mean is valid

Mγ(x, t, µ) =
2−nΓ

(
n+|γ|

2

)
√
πΓ
(
|γ|+n−1

2

) 1

(2tµ)n+|γ|−2
×

×
t+µ∫
|t−µ|

[
(t2 − (r − µ)2)((r + µ)2 − t2)

]n+|γ|−3
2 M r

γ [f(x)]rdr. (1)

If F̂ is a function with support inside the set B+
2t(n)={x∈R+

n :|x|<2t} when using (1)
we obtain

F (y) = C(n, γ)

∫
Ω+
ζ

∫
Ω+
ξ

T tζtξ

[
|tξ|

(4t2 − |tξ|2)
n+|γ|−3

2

F̂ (tξ)jγ(tξ, y)

]
ζγξγdSξdSζ ,

where F̂ is Fourier-Bessel transform of F . De�nitions of Fourier-Bessel transform and
function jγ(x, y) see in [1].
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ÎÏÒÈÌÈÇÀÖÈß ÊÂÀÇÈËÈÍÅÉÍÛÕ ÑËÎÆÍÛÕ ÑÈÑÒÅÌ Ñ

ÒÐÅÌß ÏÐÈÎÐÈÒÅÒÀÌÈ 1

Ðàññìîòðèì â ïðîñòðàíñòâå Rn çàäàíû íåîòðèöàòåëüíûå íåïðåðûâíûå ôóíêöèè
Fi(x1, x2, . . . , xn), i = 1, 2, 3, äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûå íà îòêðûòûõ
ìíîæåñòâàõ Bi = {Fi > 0} ñîîòâåòñòâåííî, è ïóñòü ∩3

i=1Bi 6= ∅. Öåëåâàÿ ôóíêöèÿ
F3 ôîðìóëèðóåò âíóòðåííèå òðåáîâàíèÿ ñèñòåìû, à F1 è F2 âîñïðîèçâîäÿò òðåáî-
âàíèÿ íåêîòîðûõ âíåøíèõ �îïòèìèçàòîðîâ� ê ýòîé ñèñòåìå. Ñîçäàäèì íîâóþ öå-
ëåâóþ ôóíêöèþ àðáèòðà: F = F α1

1 F α2
2 F α3

3 , ãäå αi > 0, i = 1, 2, 3 è α1 +α2 +α3 = 1.
Ïîêàçàòåëè α1, α2, α3 áóäåì íàçûâàòü ïðèîðèòåòàìè. Àðáèòð, âîçäåéñòâóÿ íà âíóò-
ðåííþþ ñòðóêòóðó ñèñòåìû è íà âíåøíèõ �îïòèìèçàòîðîâ�, ñòðåìèòñÿ îáåñòå÷èòü
ýôôåêòèâíóþ ðàáîòó âñåé ñèñòåìû, òî åñòü ìàêñèìèçèðîâàòü öåëåâóþ ôóíêöèþ
F . Ïîýòîìó â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî x ∈ ∩3

i=1Bi. Áóäåì ïðåäïîëàãàòü,
÷òî Fi(x) ÿâëÿþòñÿ ôóíêöèÿìè ¾êâàçèëèíåéíîãî¿ âèäà:

Fi(x) =

(
n∑
k=1

aikxk + bi

)
I
{
n∑
k=1

aikxk+bi>0}
, ãäå IA åñòü èíäèêàòîð A.

Ââåäåì îáîçíà÷åíèÿ: Gi(x) =
Fi(x)

F3(x)
, i = 1, 2.

Òåîðåìà. Äëÿ òîãî, ÷òîáû ôóíêöèÿ F (x) èìåëà ñòàöèîíàðíûå òî÷êè íåîáõî-
äèìî, ÷òîáû ñèñòåìà âåêòîðîâ {−→a 1,−→a 2,−→a 3} áûëà ëèíåéíî çàâèñèìà è âûïîë-
íÿëîñü ðàâåíñòâî
−→a 3 =

α1

(α1 + α2)− 1
G−1

1
−→a 1 +

α2

(α1 + α2)− 1
G−1

2
−→a 2.

Îáðàòíî, ïóñòü ýòè óñëîâèÿ âûïîëíåíû. Ââåäåì îáîçíà÷åíèÿ

G−1
i = const = ci > 0, i = 1, 2 , s =

n∑
k=1

a1
kxk, t =

n∑
k=1

a2
kxk.

Òîãäà öåëåâàÿ ôóíêöèÿ ïðèìåò âèä:

F = (s+ b1)α1
(t+ b2)α2

(
α1c1

(α1 + α2)− 1
s+

α2c2

(α1 + α2)− 1
t+ b3

)1−(α1+α2)

.

Èññëåäóåìàÿ ôóíêöèÿ F (x) èìååò ëîêàëüíûé ìàêñèìóì â òî÷êå(
1
c1

((α1 − 1)(c1b1 − b3) + α2(c2b2 − b3));
1
c2

(α1(c1b1 − b3) + (α2 − 1)(c2b2 − b3))
)
.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 16-01-00184 è 16-01-20092).
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THE MOTION OF QUANTUM PARTICLE IN THE CLASSICAL
GAUGE FIELD IN THE LANGUAGE OF STOCHASTIC MECHANICS

Nelson's Stochastic Mechanics is a mathematical theory that is based on the classical
physics but gives the same predictions as the quantum mechanics for a broad class
of problems, for which both theories are applicable. The Stochastic Mechanics can
be considered as a special method of quantization distinct from Hamiltonian and
Lagrangian (in terms of path integrals) ones. An important feature of the Stochastic
Mechanics is that it deals with quantization of the second Newton law, not Hamiltonian
or Lagrangian equations. The analog of Newton's law, the equation of motion in
Stochastic Mechanics, is known as the Newton-Nelson equation. It is given in terms of
the so-called mean derivatives of stochastic processes.
Up to the present time a lot of quantum mechanical problems have been investigated

in the language of Stochastic Mechanics. However the description of a quantum particle
motion in the classical gauge �eld has not been translated in this language. We elaborate
a special version of Stochastic Mechanics on the total space of a complex vector bundle
over a Lorentz manifold, in particular, over a space-time of General Relativity. For
a particular case of symmetry group U(1) we investigate relations with quantum
electrodynamics.
Then we construct and investigate an analogue of the Newton-Nelson equation on

the total space of real vector bundle over a Riemannian manifold.

Â.Ì. Äåóíäÿê, C.À. Åâïàê, À.À. Òàðàí (Ðîñòîâ-íà-Äîíó)
vl.deundyak@gmail.com, syevpak@yandex.ru, fraktal-at@yandex.ru

ÎÁ ÎÖÅÍÈÂÀÍÈÈ ÂÅÐÎßÒÍÎÑÒÈ ÓßÇÂÈÌÎÑÒÅÉ
ÏÎËÈËÈÍÅÉÍÎÉ ÑÈÑÒÅÌÛ ÐÀÑÏÐÅÄÅËÅÍÈß ÊËÞ×ÅÉ

Äîêëàä ÿâëÿåòñÿ ïðîäîëæåíèåì ïóáëèêàöèé [1,2,3] î ðåçóëüòàòàõ èññëåäîâàíèÿ
òåîðåòèêî�êîäîâîé ïîëèëèíåéíîé ñèñòåìû ðàñïðåäåëåíèÿ êëþ÷åé (ñì. [4]). Ýòà
ñèñòåìà îáåñïå÷èâàåò áåçîïàñíîñòü ïðîâåäåíèÿ êîíôåðåíöèé â íåêîòîðîì ñîîáùå-
ñòâå ïîëüçîâàòåëåé, â êîòîðîì ìîæåò áûòü êîàëèöèÿ çëîóìûøëåííèêîâ ìîùíî-
ñòè, íå ïðåâûøàþùåé äîïóñòèìîãî ïîðîãà. Â ñëó÷àå, êîãäà ìîùíîñòü êîàëèöèè
ïðåâûøàåò ïîðîã, ñèñòåìà ðàñïðåäåëåíèÿ êëþ÷åé ñòàíîâèòñÿ óÿçâèìîé. Â ðàáîòå
îöåíèâàþòñÿ âåðîÿòíîñòè âîçíèêíîâåíèÿ òàêèõ óÿçâèìîñòåé, ïðèâîäÿòñÿ ïðèìåðû
êîíêðåòíûõ ñèñòåì ñ áåçîïàñíûìè è íåáåçîïàñíûìè ïàðàìåòðàìè.
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ÎÁ ÈÍÂÀÐÈÀÍÒÍÎÑÒÈ ÏÅÐÅÕÎÄÍÎÉ ÏËÎÒÍÎÑÒÈ
ÄÈÔÔÓÇÈÈ ÏÐÈ ÍÅÏÐÅÐÛÂÍÎÌ ÈÇÃÈÁÀÍÈÈ

Áóäåì ðàññìàòðèâàòü ïîâåðõíîñòü S êëàññà C3 â åâêëèäîâîì ïðîñòðàíñòâå E3.
Çàäàäèì íà S äèôôóçèþ Xt, ïîðîæä¼ííóþ ïåðâîé êâàäðàòè÷íîé ôîðìîé ýòîé
ïîâåðõíîñòè. ×åðåç pt(x, y) îáîçíà÷èì ïåðåõîäíóþ ïëîòíîñòü äèôôóçèè Xt. Èìååò
ìåñòî

Òåîðåìà. Ïåðåõîäíàÿ ïëîòíîñòü pt(x, y) äèôôóçèè Xt ÿâëÿåòñÿ èíâàðèàíòîì
ïðè íåïðåðûâíîì èçãèáàíèè ïîâåðõíîñòè S.

Í.Ï. Êðàñèé (Ðîñòîâ-íà-Äîíó)
krasnad@yandex.ru

ÎÏÒÈÌÈÇÀÖÈß ÊÂÀÇÈËÈÍÅÉÍÛÕ ÌÎÄÅËÅÉ Ñ
ÍÅÇÀÂÈÑÈÌÛÌÈ ÏÐÈÎÐÈÒÅÒÀÌÈ1

Â äàííîé ðàáîòå, âûïîëíåííîé â ðàìêàõ íàó÷íîé òåìàòèêè êàôåäðû âûñøåé
ìàòåìàòèêè ÐÃÑÓ, ïðîâîäÿòñÿ èññëåäîâàíèÿ âîçìîæíîñòè îïòèìèçàöèè êâàçèëè-
íåéíûõ ìîäåëåé, èíòåðïðåòèðóþùèõ ñèòóàöèþ, êîãäà öåëåâàÿ ôóíêöèÿ îòðàæàåò
ðàçíîíàïðàâëåííûå òðåáîâàíèÿ ðàçëè÷íûõ ñòðóêòóð ñ ó÷¼òîì ñëó÷àéíîé ðàññòà-
íîâêè ïðèîðèòåòîâ ñòîðîííèì ëèöîì � àðáèòðîì, ïðèíèìàþùèì ðåøåíèÿ íà îñíî-
âàíèè ýêñïåðòíûõ ðåêîìåíäàöèé. Áóäåì ñ÷èòàòü, ÷òî â ñèñòåìå âçàèìîäåéñòâóþò
äâå ñòðóêòóðû, è ôóíêöèè

F1(x) =

(
n∑
i=1

aixi + b

)
I{ n∑

i=1

aixi+b>0

},
F2(x) =

(
n∑
i=1

cixi + d

)
I{ n∑

i=1

cixi+d>0

}
1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 16-01-00184 è 16-01-20092).
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âûðàæàþò èõ êîíêóðèðóþùèå öåëè.
Ïóñòü αi = αi(ω), i = 1, 2 � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, îïðåäåëåííûå

íà íåêîòîðîì âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,F , P ) è óäîâëåòâîðÿþùèå óñëîâèþ:
P (0 < αi < 1) > 0, i = 1, 2. Ââåäåì ñëåäóþùóþ öåëåâóþ ôóíêöèþ àðáèòðà:
F (x) = E (F α1

1 )E (F α2
2 ).

Òåîðåìà. Äëÿ òîãî, ÷òîáû ôóíêöèÿ F (x) èìåëà ñòàöèîíàðíûå òî÷êè, íåîá-
õîäèìî âûïîëíåíèå óñëîâèé:
1) ñóùåñòâóåò ïîäìíîæåñòâî èíäåêñîâ I ⊂ {1, 2, . . . , n} (êîòîðîå ìîæåò áûòü
è ïóñòûì) òàêîå, ÷òî ∀i ∈ I ai = ci = 0 è ∀i ∈ Ic = {1, 2, . . . , n}\I ai 6= 0 è
ci 6= 0;

2) ñóùåñòâóåò òàêîå ÷èñëî c > 0 , ÷òî ∀i ∈ Ic âûïîëíÿþòñÿ ðàâåíñòâà − ci
ai

= c;

3) −b < d

c
. Ïðè âûïîëíåíèè óñëîâèé 1), 2) è 3) óðàâíåíèå g(t) = 0, ãäå g(t) =

E
(
α1(t+ b)α1−1

)
E ((−ct+ d)α2) − cE ((t+ b)α1)E

(
α2(−ct+ d)α2−1

)
èìååò åäèí-

ñòâåííûé êîðåíü t = t∗
(
−b < t∗ <

d

c

)
è âñå òî÷êè ãèïåðïëîñêîñòè

n∑
i=1

aixi = t∗

ÿâëÿþòñÿ òî÷êàìè ëîêàëüíîãî è ãëîáàëüíîãî ìàêñèìóìà ôóíêöèè F (x) (äðóãèõ
òî÷åê ëîêàëüíîãî è ãëîáàëüíîãî ìàêñèìóìà íåò).

K.V. Lykov (Samara, Russia)
alkv@list.ru

THE MOMENT PROBLEM FOR A MIXTURE OF TWO
DISTRIBUTIONS 1

De�nition.We will say that the (Hamburger) moment problem for the distribution
function F = F (x), x ∈ R, is determinate, if for any distribution function G from the
condition

+∞∫
−∞

xn dF (x) =

+∞∫
−∞

xn dG(x) for all n ∈ N

it follows that F (x) = G(x) for all x ∈ R. For the random variable X de�ned on a
probability space {Ω,F ,P} we will say that it's moment problem is determinate, if
this holds for distribution function of X

FX(x) := P{ω ∈ Ω : X(ω) 6 x}.

Otherwise, we will say that moment problem is indeterminate.
1This work was supported by the RFBR grant 14-01-31452.
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Theorem. Let X be a random variable on some probability space {Ω,F ,P} such
that all it's moments are �nite, i.e. E|X|n <∞ for all n ∈ N. Then there exist random
variables Y and Z on {Ω,F ,P} such that:
1) X = Y + Z; 2) Y and Z are pairwise disjoint on Ω;
3) all moments of Y and Z are �nite and moment problems for Y and Z are both
determinate.

Corollary 1. There exist random variables Y and Z with determinate moment
problems such that the moment problem for Y + Z is indeterminate.

Corollary 2. Let F = F (x) be a distribution function such that all it's moments
are �nite. Then there exist α ∈ (0, 1) and distibution functions G and H such that:
1) F (x) = αG(x) + (1− α)H(x) for all x ∈ R;
2) moment problems for G and H are both determinate.

Corollary 3. There exist two distribution functions G and H with determinate
moment problems such that the moment problem for some it's mixture F (i.e. F (x) =
αG(x) + (1− α)H(x) for some α ∈ (0, 1) and all x ∈ R) is indeterminate.

Ã.Â. Ìèðîíåíêî (Ðîñòîâ-íà-Äîíó)
georim89@gmail.com

ÇÀÄÀ×À ÎÁ ÎÏÒÈÌÀËÜÍÎÌ ÈÇÌÅÍÅÍÈÈ ÏÐÈÐÀÙÅÍÈÉ
ÑËÓ×ÀÉÍÎÃÎ ÏÐÎÖÅÑÑÀ

Ðàññìîòðèì äèôôóçèîííûé ïðîöåññ

dSt = µ(t, St)dt+ σ(t, St)dWt, S0 = const,

ãäåW � áðîóíîâñêîå äâèæåíèå. Ïóñòü XT = (Sτ −S0)+γτ(ST −Sτ). Öåëü ñîñòîèò
â òîì, ÷òîáû ìèíèìèçèðîâàòü îòêëîíåíèå XT îò çàäàííîé êîíñòàíòû H:

E[(XT −H)2]→ min
(γτ ,τ)

.

Çäåñü τ ∈ [0, T ] ìîìåíò îñòàíîâêè, îòíîñèòåëüíî åñòåñòâåííîé ôèëüòðàöèè áðî-
óíîâñêîãî äâèæåíèÿ F = (Fs)s∈[0,T ], γτ � Fτ èçìåðèìàÿ ñëó÷àéíàÿ âåëè÷èíà. Òàêèì
îáðàçîì, ïðèðàùåíèå ïðîöåññà S ðàçðåøàåòñÿ èçìåíèòü òîëüêî îäèí ðàç â ìîìåíò
âðåìåíè τ .
Ïðîâåäÿ ìèíèìèçàöèþ ïî γ∗τ ïîëó÷àåì çàäà÷ó îá îïòèìàëüíîé îñòàíîâêå:

E[h(Sτ)φ(τ, Sτ)]→ min
τ
,

h(St) = (H − (St − S0))
2, φ(τ, Sτ) =

(
1− I{τ<T}

E(ST − Sτ |Fτ)2

E((ST − Sτ)2|Fτ)

)
.
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Îïòèìàëüíûé ìîìåíò îñòàíîâêè èìååò âèä:

τ ∗ = inf
t
{t ≥ 0 : St 6∈ G} ∧ T, ãäå G = {(t, s) : s1(t) ≤ s ≤ s2(t)}.

Äëÿ ìîäåëåé Áàøåëüå (µ, σ êîíñòàíòû) è Áëåêà-Øîóëçà (µt = µSt, σt = σSt) áûëè
ïîëó÷åíû îöåíêè îáëàñòè ïðîäîëæåíèÿ:

G̃ ⊂ G, G̃ = {(t, s) : s̃1(t) ≤ s ≤ s̃2(t)}.

×èñëåííûå ðàñ÷åòû ïîêàçûâàþò, ÷òî äàííûå îöåíêè ÿâëÿþòñÿ äîñòàòî÷íî òî÷-
íûìè. ßâíàÿ ÷èñëåííàÿ ñõåìà îïèñàíà â [1], å¼ ñõîäèìîñòü âûòåêàåò èç òåîðåìû
ñðàâíåíèÿ äëÿ ñîîòâåòñòâóþùåãî óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè-Áåëëìàíà [2].

Ë È Ò Å Ð À Ò Ó Ð À
1.Oberman A. M. Convergent di�erence schemes for degenerate elliptic and parabolic equations: Hamilton-Jacobi equations

and free boundary problems. SIAM Journal on Numerical Analysis. 2006. Ò. 66, � 44. C. 879�895.

2. Touzi N. Optimal Stochastic Control, Stochastic Target Problems, and Backward SDE. Fields Institute Monographs, New

York: Springer. 2013.

Ô.Ñ. Íàñûðîâ (Óôèìñêèé ãîñóäàðñòâåííûé àâèàöèîííûé
òåõíè÷åñêèé óíèâåðñèòåò, Ðîññèÿ)

farsagit@yandex.ru
Î ÑÒÐÓÊÒÓÐÅ ÐÅØÅÍÈß ÑÈÑÒÅÌ ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ðàññìîòðèì ñèñòåìó ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé (â äàëüíåé-
øåì: ÑÄÓ) âèäà

ηi(t) = η0
i +

∫ t

0

Bi(s, η(s),W (s))ds+
d∑
j=1

∫ t

0

σij(s, η(s)) ∗ dWj(s),

i = 1, 2, . . . , n,

(1)

ãäå W (s) = {W1(s), . . . ,Wd(s)}� d-ìåðíûé âèíåðîâñêèé ïðîöåññ, ñòîõàñòè÷åñêèå
èíòåãðàëû åñòü èíòåãðàëû Ñòðàòîíîâè÷à. Ïóñòü âûïîëíåíû óñëîâèÿ ñóùåñòâîâà-
íèÿ è åäèíñòâåííîñòè äëÿ ñèñòåìû (1). Êðîìå òîãî, ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèè
σij è Bi íåïðåðûâíî äèôôåðåíöèðóåìû è â êàæäîì ñòîëáöå ìàòðèöû Σ = {σij}
ñóùåñòâóåò õîòÿ áû îäèí îòäåëåííûé îò íóëÿ ýëåìåíò.
Â ðàáîòå âûÿâëåíà ñòðóêòóðà ðåøåíèÿ ñèñòåì ÑÄÓ âèäà (1). Ïîêàçàíî, ÷òî

ηi(t) = ϕi(t,W1(t), . . . ,Wd(t), C1(t), . . . , Cn(t)), i = 1, . . . , n,

òî åñòü ðåøåíèÿ ÑÄÓ ïðåäñòàâëÿþò ñîáîé íåñëó÷àéíûå ôóíêöèè ϕi(t, w1, . . . , wd,
c1, . . . , cn) îò âèíåðîâñêîãî ïðîöåññà Wj(t), j = 1, 2, . . . , d, è ãëàäêèõ àäàïòèðî-
âàííûõ ñëó÷àéíûõ ôóíêöèé Ck(t), k = 1, 2, . . . , n, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè
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íîðìàëüíîé ñèñòåìû îáûêíîâåííûõ ÎÄÓ, ïðàâûå ÷àñòè êîòîðûõ ñîäåðæàò ñëó-
÷àéíûå ôóíêöèè Wj(t).
Âûÿâëåííàÿ ñòðóêòóðà ðåøåíèé ÑÄÓ ïîçâîëÿåò óïðîñòèòü ðàçëè÷íûå çàäà÷è

ñòîõàñòè÷åñêîãî àíàëèçà. Ðàíåå ñîîòâåòñòâóþùèé ðåçóëüòàò áûë ïîëó÷åí (ñì.[1])
äëÿ ñêàëÿðíûõ ÑÄÓ ñ îäíîìåðíûì âèíåðîâñêèì ïðîöåññîì.

Ë È Ò Å Ð À Ò Ó Ð À

1. Íàñûðîâ Ô.Ñ. Ëîêàëüíûå âðåìåíà, ñèììåòðè÷íûå èíòåãðàëû è ñòîõàñòè÷åñêèé àíàëèç. Ì. Ôèçìàòëèò, 2011.
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ON THE EXISTENCE OF INTERPOLATING MARTINGALE
MEASURES FOR A STATIC MODEL OF (B,S)-MARKET 1

Let us consider on {Ω,F} a one period (B, S)-market, where F = (F0,F1) is a
one-step �ltration, F0 = {Ω, ∅}, and F1 is generated by a decomposition of Ω into a
countable number of atoms Bi

k, 1 ≤ k <∞, 1 ≤ i < mk + 1, 1 ≤ mk ≤ ∞. We denote
by Z = (Zn,Fn)1

n=0 an F-adapted stochastic process which we think like a discounted
value of a stock (Z0 = a, Z1(B

i
k) = bk), where bk are di�erent real numbers.

Suppose that this (B, S)-market is arbitrage-free. Denote by P the set of martingale
measures P such that
1) pik := P (Bi

k) > 0, ∀k and i;

2) bl 6=
∑
J

bkp
i
k∑

J

pik
, ∀l(1 ≤ l < ∞) and for all subset J ⊂ {(k, i), 1 ≤ k < ∞, 1 ≤ i <

mk + 1} such that J c is �nite.
Measures from P can be used for so-called Haar interpolations of (B, S)-markets

under consideration. Such interpolations transform arbitrage-free incomplete markets
to arbitrage-free and complete ones.
In this talk we will present some new su�ciant conditions providing the existence of

measures P ∈ P . Other conditions cal be found in [1�2].
R E F E R E N C E S

1. Pavlov I. V., Tsvetkova I. V., Shamrayeva V.V. // Some results on martingale measures of static �nancial markets models
relating noncoincidence barycenter condition. Vestn. Rostov Gos. Univ. Putei Soobshcheniya. 2012. N. 3. P. 177�181.

2. Pavlov I. V., Tsvetkova I. V., Shamrayeva V.V. // On the existence of martingale measures satisfying the weakend

condition of noncoincidence of barycenters in case of countable probability space. Teor. Veroyatn. Primen. 2016. Vol. 61, N. 1.

1This work was supported by the RFBR (projects 16-01-00184, 16-07-00888, 16-01-20092).
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Â. Â. Ðîäî÷åíêî (Þæíûé Ôåäåðàëüíûé Óíèâåðñèòåò, Ðîññèéñêàÿ
Ôåäåðàöèÿ)

vrodochenko@gmail.com
ÊÀËÈÁÐÎÂÊÀ ÌÎÄÅËÅÉ ÐÎÑÑÈÉÑÊÎÃÎ ÑÐÎ×ÍÎÃÎ ÐÛÍÊÀ
Ñ ÏÐÈÌÅÍÅÍÈÅÌ ÌÅÒÎÄÎÂ ÌÀØÈÍÍÎÃÎ ÎÁÓ×ÅÍÈß 1

Ïðàêòè÷åñêè âñå ñóùåñòâóþùèå ìîäåëè îöåíêè ñòîèìîñòè îïöèîíîâ èìåþò íåêî-
òîðûé íàáîð ïàðàìåòðîâ, êîòîðûå íåëüçÿ íàáëþäàòü íåïîñðåäñòâåííî [1]. Â ñëó÷àå
êëàññè÷åñêîé ìîäåëè Áëýêà-Øîóëñà â ýòîé ðîëè âûñòóïàåò σ - âåëè÷èíà ðûíî÷-
íîé âîëàòèëüíîñòè. Äëÿ òîãî, ÷òîáû èñïîëüçîâàòü èõ íà ðåàëüíûõ èñòîðè÷åñêèõ
äàííûõ, ðàçðàáàòûâàþò ðàçëè÷íûå ñïîñîáû "êàëèáðîâêè"ìîäåëåé (ñì., íàïðèìåð,
[2]). Ïîñëå ïðîâåäåíèÿ êàëèáðîâêè îñòðî âñòà¼ò âîïðîñ óñòîé÷èâîñòè ðåçóëüòàòîâ
îòíîñèòåëüíî èçìåíåíèÿ äàííûõ.
Â ðàìêàõ äàííîé ðàáîòû ìû ïðèìåíÿåì íåêîòîðûå èç ïîïóëÿðíûõ àëãîðèòìîâ

ìàøèííîãî îáó÷åíèÿ (ñëó÷àéíûé ëåñ è SVM) ê çàäà÷å äèíàìè÷åñêîé êàëèáðîâ-
êè íåãàóññîâûõ ìîäåëåé (Ìåðòîíà [3] è Õåñòîíà [4]) â ôîðìàòå ñðàâíèòåëüíîãî
àíàëèçà. Èñïîëüçîâàâ â êà÷åñòâå îáó÷àþùåé âûáîðêè èñòîðèþ èçìåíåíèÿ èíäåêñà
ÐÒÑ, èíäåêñà âîëàòèëüíîñòè Ìîñêîâñêîé áèðæè, à òàêæå íàáëþäàåìûå ïàðàìåò-
ðû îïöèîíà (òàêèå êàê âðåìÿ ýêñïèðàöèè, âåëè÷èíà ñòðàéêà è èñòîðèÿ òîðãîâ),
ìû àíàëèçèðóåì âåëè÷èíó îøèáêè êàæäîãî èç àëãîãðèòìîâ íà êàæäîé èç ìîäå-
ëåé îöåíêè ñòîèìîñòè îïöèîíà. Ïî ðåçóëüòàòàì ýêñïåðèìåíòîâ ìû äåëàåì âûâîä
î êà÷åñòâå ïðîãíîçèðîâàíèÿ êàæäîé èç ìîäåëåé, � êàê ïî îòíîøåíèþ ê "ñàìîé ñå-
áå òî åñòü îïòèìàëüíî ïåðåêàëèáðîâàííûì äàííûì ìîäåëè, òàê è ñ òî÷êè çðåíèÿ
âåðîÿòíîñòè ïîëó÷èòü àíàëîãè÷íûé îòâåò ïóò¼ì ñëó÷àéíîãî ïîäáîðà ïàðàìåòðîâ.
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MINIMAX PERFECT STOPPING RULES FOR SELLING AN ASSET
NEAR ITS ULTIMATE MAXIMUM

Assume that an agent wants to sell an asset before the maturity date T at a price
Xτ , which is as close as possible to the ultimate maximum X∗T = max0≤t≤T Xt. The

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÃÍÔ, ïðîåêò �15-32-01390.
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asset price is a continuous function t 7→ Xt(ω), depending on an unknown outcome
ω ∈ Ω. A selling rule τ(ω) may depend on the price history {Xs : s ≤ τ(ω)}.
To each selling rule we associate the regret over the past, the regret over the future

and the overall regret. Based on the latter quantity we introduce the notion of a perfect
stopping rule. The idea is that it improves any earlier stopping rule and cannot be
improved by further delay. We show that a perfect stopping rule is unique and has the
following simple form: one should sell the asset if its price Xt deviates from the running
maximum X∗t by a certain time-dependent quantity.
An optimality of such selling rule (�let pro�ts run but cut losses�) was �rst justi�ed

in [1] for a discrete time model. This result was inspired by the paper [2], which studied
the case of a divisible asset. The approach of [1, 2] was based on discrete-time speci�c
recurrent dynamic programming formulas. In continuous-time probabilistic setting the
problem of stopping near the ultimate maximum became popular after the stimulating
paper [3].
To illustrate our results assume that the price trajectories satisfy the inequalities

−l · (t− s) ≤ Xt(ω)−Xs(ω) ≤ u · (t− s), 0 ≤ s < t ≤ T

with some constants l, u > 0. Then the perfect stopping rule is the following: τ ∗(ω) =
inf{t ≥ 0 : (X∗t −Xt)(ω) ≥ u · (T − t)}. Note, that it depends only on one parameter
u, which shows how fast the price can go upwards.
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ÀÍÀËÈÒÈ×ÅÑÊÈÅ È ÄÈÑÊÐÅÒÍÛÅ ÌÅÒÎÄÛ Â

ÈÑÑËÅÄÎÂÀÍÈÈ ÏÀÐÀÌÅÒÐÀ ÏÎÒÎÊÀ ÎÒÊÀÇÎÂ Â
ÒÐÀÍÑÏÎÐÒÅ ÃÀÇÀ

Èññëåäóåòñÿ çàâèñèìîñòü ìåæäó ïîêàçàòåëÿìè íàäåæíîñòè íåâîññòàíàâëèâàå-
ìûõ è âîññòàíàâëèâàåìûõ ñèñòåì è èõ ýëåìåíòîâ (â ñëó÷àå ãàçîïåðåêà÷èâàþùèõ
àãðåãàòîâ (ÃÏÀ) îáúåêòû ñ òî÷êè çðåíèÿ îòêàçîâ èëè àâàðèéíûõ îñòàíîâîâ ìîæíî
ðàññìàòðèâàòü ñ äâîÿêîé ïîçèöèè: êàê ðåìîíòèðóåìûå, òàê è íåðåìîíòèðóåìûå).
Â êà÷åñòâå ìîäåëè ðàññìàòðèâàåòñÿ ðåêóððåíòíûé ïîòîê îòêàçîâ, äëÿ êîòîðîãî
óêàçàííàÿ ñâÿçü âûðàæàåòñÿ èíòåãðàëüíûì óðàâíåíèåì Âîëüòåððà, ñâÿçûâàþùèì
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ïàðàìåòð ïîòîêà ω(t) è ïëîòíîñòü f(t) ðàñïðåäåëåíèÿ âðåìåíè ξk ìåæäó îòêàçàìè
:

ω(t) = f(t) +

t∫
0

ω(τ)f(t− τ) dτ.

Â ðàáîòå [1] áûëî íàéäåíî àñèìïòîòè÷åñêîå , t → +∞, ðåøåíèå óðàâíåíèå Âîëü-
òåððà â âèäå ðÿäà, â ïðåäïîëîæåíèè, ÷òî æèçíåííûé öèêë ôóíêöèîíèðîâàíèÿ
îáúåêòîâ ñèñòåìû òðàíñïîðòà ãàçà îïèñûâàåòñÿ ñ ïîìîùüþ çàêîíà ðàñïðåäåëåíèÿ
Âåéáóëëà-Ãíåäåíêî.
Äëÿ íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèèÿ ω(t), t > 0 ðàññìàòðèâàþòñÿ òðè

ñïîñîáà äèñêðåòèçàöèè óðàâíåíèÿ (1).
1. Ðåøåíèå èùåòñÿ â âèäå ñóììû êóñî÷íî-ïîñòîÿííûõ ôóíêöèé ðàâíûõ íà êàæ-

äîì îòðåçêå ðàçáèåíèÿ çíà÷åíèþ èñêîìîãî ðåøåíèÿ â êîíå÷íîé òî÷êå, êàê â êâàä-
ðàòóðíîì ìåòîäå ïðÿìîóãîëüíèêîâ.
2. Ïîëàãàåòñÿ çíà÷åíèå ðåøåíèÿ íà êàæäîì îòðåçêå ðàçáèåíèÿ ðàâíîå ñðåäíåìó

çíà÷åíèþ, êàê ýòî äåëàåòñÿ â ìåòîäå òðàïåöèé.
3. Íà êàæäîì îòðåçêå ðàçáèåíèÿ, èñïîëüçóÿ ìíãî÷ëåí Ëàãðàíæà ïåðâîé ñòåïåíè,

èñêîìîå ðåøåíèå çàìåíÿåòñÿ ëèíåéíîé ôóíêöèåé, ò.å. ðàññìàòðèâàåòñÿ ïðèáëèæå-
íèå òî÷íîãî ðåøåíèÿ ëîìàíîé.
Ïîëó÷åíû àëãîðèòìû, ïðîâåðåííûå íà ìîäåëüíûõ ðàñïðåäåëåíèÿõ, è ïðîâåäå-

íû ÷èñëåííûå ðàñ÷åòû äëÿ ðåàëüíûõ ýêñïëóàòàöèîííûõ äàííûõ ïî ìåõàíè÷åñêèì
îòêàçàì ÃÏÀ Ðîñòîâñêîãî ÓÌÃ.
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ÀÍÀËÈÒÈ×ÅÑÊÈÅ ÄÈÔÔÓÇÈÎÍÍÛÅ ÏÐÎÖÅÑÑÛ:
ÎÏÐÅÄÅËÅÍÈÅ, ÑÂÎÉÑÒÂÀ, ÏÐÅÄÅËÜÍÛÅ ÒÅÎÐÅÌÛ. 1

Áóäåò ââåäåíî ïîíÿòèå àíàëèòè÷åñêîãî äèôôóçèîííîãî ïðîöåññà. Âñÿêèé òàêîé
ïðîöåññ ÿâëÿåòñÿ ïðåäåëîì íåêîòîðîé ïîñëåäîâàòåëüíîñòè êëàññè÷åñêèõ ñëó÷àé-
íûõ áëóæäàíèé, íî ïðåäåë ïîíèìàåòñÿ íå â òðàäèöèîííîì ñìûñëå ñìûñëå ñëàáîé
ñõîäèìîñòè ìåð (êàê â òåîðåìå Äîíñêåðà-Ïðîõîðîâà), à â ñìûñëå ñõîäèìîñòè îáîá-
ùåííûõ ôóíêöèé.
Àíàëèòè÷åñêèå ïðîöåññû îáëàäàþò ðÿäîì èíòåðåñíûõ ñâîéñòâ. Âî-ïåðâûõ, èõ

òðàåêòîðèè âñåãäà ÿâëÿþòñÿ êóñî÷íî-ïîñòîÿííûìè ôóíêöèÿìè ñ êîíå÷íûì ÷èñ-
ëîì ñêà÷êîâ. Êðîìå òîãî, ñðåäíåå çíà÷åíèå ëþáîãî ôóíêöèîíàëà îò àíàëèòè÷å-
ñêîãî ïðîöåññà îïðåäåëÿåòñÿ òîëüêî ïðîèçâîäíûìè â îäíîé åäèíñòâåííîé òî÷êå,
èìåííî, íà òðàåêòîðèè, òîæäåñòâåííî ðàâíîé êîíñòàíòå, ñîîòâåòñòâóþùåé çíà÷å-
íèþ ïðîöåññà â íóëåâîé ìîìåíò âðåìåíè.
Ñ èñïîëüçîâàíèåì àíàëèòè÷åñêèõ äèôôóçèîííûõ ïðîöåññîâ óäàåòñÿ ïîëó÷èòü

âåðîÿòíîñòíûå àïïðîêñèìàöèè ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé òèïà Øð¼äèí-
ãåðà, íî ñîäåðæàùèõ â ïðàâîé ÷àñòè ýëëèïòè÷åñêèé îïåðàòîð ñ ïåðåìåííûì êî-
ýôôèöèåíòîì.

V.V. Ulyanov (Lomonosov Moscow State University, Russia)
vulyanov@cs.msu.su

ASYMPTOTIC AND NON-ASYMPTOTIC ANALYSIS OF
NON-LINEAR FORMS IN RANDOM ELEMENTS 2

First we give short review on recent approximation results for non-linear forms in
independent random elements including asymptotic expan-sions (see, e.g., [1]). The
errors of approximations could be described either in asymptotic way as an order of
a remainder term with respect to number n of random elements or in non-asymptotic
form as a bound for remainder term with dependence on n, moment characteristics

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 15-01-01453).
2This work was supported by RSCF 14-11-00196.
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and dimension p of random elements or observations (see, e.g., Chapters 13-15 in [2]).
The results are obtained by very di�erent techniques.
We show that for most of these expansions one could safely ignore the underlying

probability model and its ingredients. Indeed, similar expansions and error bounds
can be derived using a general scheme re�ecting some common features. This is the
universal collective behavior caused by many independent asymptotically negligible
variables. The following scheme of sequences of symmetric functions is studied (see
[3]).
Let hn(ε, ..., εn), n ≥ 1, denote a sequence of real functions de�ned on Rn and

suppose that the following conditions hold:

hn+1(ε1, ..., εj, 0, εj+1, ..., εn) = hn(ε1, ..., εj, εj+1, ..., εn);

∂

∂εj
hn(ε1, ..., εj, ..., εn)

∣∣∣∣
εj=0

= 0 for all j = 1, ..., n;

hn(επ(1), ..., επ(n)) = hn(ε1, ..., εn) for all π ∈ Sn,

where Sn denotes the symmetric group. We give the applications of the results to
stochastic models as well, e.g. for high order U -statistics.
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ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÈ

1. Ýêñòðåìàëüíàÿ çàäà÷à îá îïòèìàëüíîé îñòàíîâêå ðàññìàòðèâàëàñü â [1]. Â
äîêëàäå ïðåäëàãàåòñÿ íîâûé ïîäõîä ê å¼ ðåøåíèþ.
2. Ïóñòü íà ñòîõàñòè÷åñêîì áàçèñå (Ω, F , (Fn)n∈N , P), N = 1, . . . , N , N <∞

� ãîðèçîíò, çàäàíû ñîãëàñîâàííûå ñëó÷àéíûå ïîñëåäîâàòåëüíîñòè (Xn, Fn)n∈N è
(fn, Fn)n∈N . Ïóñòü {T Nn }n∈N , τ ∈ T Nn � ìíîæåñòâî ìîìåíòîâ îñòàíîâêè îòíî-
ñèòåëüíî ôèëüòðàöèè (Fn)n∈N , ïðèíèìàþùèõ çíà÷åíèå â ìíîæåñòâå {n, . . . , N}.
Îáîçíà÷èì: 1) P � ìíîæåñòâî âåðîÿòíîñòíûõ ìåð ýêâèâàëåíòíûõ ìåðå P, Q ∈ P ;
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2) EQξ(ω) =
∫
Ω

ξ(ω)Q(dω) � èíòåãðàë Ëåáåãà; 3) L0(Ω, F0) � ìíîæåñòâî îãðàíè÷åí-

íûõ F0-èçìåðèìûõ ñëó÷àéíûõ âåëè÷èí.
Ðàññìàòðèâàåòñÿ çàäà÷à

EQfτ → inf
τ∈T N0

sup
Q∈P

(1)

Ðåøåíèåì çàäà÷è (1) íàçîâ¼ì íàáîð (τ ∗,Q∗, νN0 ) ∈ T N0 × P × L0(Ω, F0) òàêîé,
÷òî

νN0 = ess inf
τ∈T N0

ess sup
Q∈P

EQ(fτ |F0) = EQ∗(fτ∗|F0). (2)

Îáîçíà÷èì νNn = ess inf
τ∈T Nn

ess sup
Q∈P

EQ(fN∧τ |Fn).

Òåîðåìà. Ïóñòü N < ∞, sup
n∈N
|fτ | ≤ C < ∞ P − ï.í., P � ñëàáî êîìïàêòíî.

Òîãäà äëÿ ëþáîãî n ∈ N ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) νNn = min

[
fτ , ess sup

Q∈P
EQ(νNn+1|Fn)

]
= min

[
fτ , E

Q∗(νNn+1|Fn)
]
, νNn |n=N = fN ;

2) τ ∗ = min{n ≥ 0 : fn = νNn } � îïòèìàëüíûé ìîìåíò îñòàíîâêè;
3) νNn = EQ∗(fN∧τ |Fn).
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ÀËÃÎÐÈÒÌ ÂÛ×ÈÑËÅÍÈß ÌÀÐÒÈÍÃÀËÜÍÛÕ ÌÅÐ,
ÓÄÎÂËÅÒÂÎÐßÞÙÈÕ ÎÑÓÕÅ, Â ÑËÓ×ÀÅ ÎÄÍÎØÀÃÎÂÎÃÎ

ÐÛÍÊÀ ÑÎ Ñ×�ÒÍÛÌ ×ÈÑËÎÌ ÑÎÑÒÎßÍÈÉ1

Â äîêëàäå ðàññìàòðèâàåòñÿ îäíîøàãîâûé (B,S) - ðûíîê, êîòîðûé çàäàí íà
ôèëüòðîâàííîì ïðîñòðàíñòâå (Ω,F), ãäå F = (Fk)1

k=0, F0 � òðèâèàëüíàÿ σ- àë-
ãåáðà, F1 � σ - àëãåáðà, ïîðîæä¼ííàÿ ðàçáèåíèåì Ω íà ñ÷¼òíîå ÷èñëî àòîìîâ Bi,
i = 1, 2, 3, . . . . Ïóñòü Z = (Zk,Fk)1

k=0 � F - àäàïòèðîâàííûé ñëó÷àéíûé ïðîöåññ
ñî çíà÷åíèÿìè: Z0(Ω) = a, Z1(Bi) = bi, a ∈ R, bi ∈ R, i = 1, 2, . . . (R � ìíî-
æåñòâî âñåõ äåéñòâèòåëüíûõ ÷èñåë). Ðàññìîòðèì ñëó÷àé, êîãäà ñðåäè ýëåìåíòîâ
ïîñëåäîâàòåëüíîñòè {bi}∞i=1 âñåãî r ðàçëè÷íûõ (3 < r < ∞) ñ ñîîòâåòñòâóþùèìè
êðàòíîñòÿìè mk, 1 ≤ k ≤ r (mk � ÷èñëî, ïîêàçûâàþùåå ñêîëüêî ðàç çíà÷åíèå bk
âñòðå÷àåòñÿ â íàáîðå {bi}∞i=1, 1 ≤ mk ≤ ∞). Îáîçíà÷èì ÷åðåç P(Z,F) ìíîæåñòâî
íåâûðîæäåííûõ âåðîÿòíîñòíûõ ìåð, îòíîñèòåëüíî êîòîðûõ ïðîöåññ Z ÿâëÿåòñÿ

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 16-01-00184 è 16-01-20092).



¾Ñîäåðæàíèå¿

Âåðîÿòíîñòíî - àíàëèòè÷åñêèå ìîäåëè è ìåòîäû 145

ìàðòèíãàëîì. Ïðåäïîëàãàåòñÿ, ÷òî èñõîäíûé ðûíîê ÿâëÿåòñÿ áåçàðáèòðàæíûì è
íåïîëíûì.
Äëÿ ïåðåõîäà îò íåïîëíûõ ðûíêîâ ê ïîëíûì ìû áóäåì èñïîëüçîâàòü ìåòîä

ñïåöèàëüíûõ õààðîâñêèõ èíòåðïîëÿöèé, ïðåäïîëàãàþùèé ñóùåñòâîâàíèå ìàðòèí-
ãàëüíûõ ìåð, óäîâëåòâîðÿþùèõ îñëàáëåííîìó ñâîéñòâó óíèâåðñàëüíîé õààðîâñêîé
åäèíñòâåííîñòè (ÎÑÓÕÅ)[1]. Â äîêëàäå áóäåò ïðåäñòàâëåí àëãîðèòì âû÷èñëèòåëü-
íûõ ïðîöåäóð äëÿ ïîëó÷åíèÿ ìàðòèíãàëüíûõ ìåð, îáëàäàþùèõ ýòèì ñâîéñòâîì.
Â îñíîâó ýòîãî àëãîðèòìà ïîëîæåíà èäåÿ, ïðåäñòàâëåííàÿ â ðàáîòå [2].

Ë È Ò Å Ð À Ò Ó Ð À
1. Äàíåêÿíö À. Ã., Ïàâëîâ È.Â. Îá îñëàáëåííîì ñâîéñòâå óíèâåðñàëüíîé õààðîâñêîé åäèíñòâåííîñòè // Îáîçðåíèå

ïðèêë. è ïðîìûøë. ìàòåì.,Ì.: 2004. Ò. 11, � 3. C. 506-508.

2. Ïàâëîâ È.Â., Øàìðàåâà Â.Â., Öâåòêîâà È.Â. Î ñóùåñòâîâàíèè ìàðòèíãàëüíûõ ìåð, óäîâëåòâîðÿþùèõ îñëàáëåí-

íîìó óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ, â ñëó÷àå ñ÷¼òíîãî âåðîÿòíîñòíîãî ïðîñòðàíñòâà// Òåîðèÿ âåðîÿòíîñòåé è å¼

ïðèìåíåíèÿ. 2016. Ò. 61, � 1.

Å. Ã. ×óá (Ðîñòîâ-íà-Äîíó)
elenachub111@gmail.com

ÑÒÎÕÀÑÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÈÍÅÐÖÈÀËÜÍÎÉ
ÍÀÂÈÃÀÖÈÎÍÍÎÉ ÑÈÑÒÅÌÛ Â ÔÎÐÌÅ ¾ÎÁÚÅÊÒ -

ÍÀÁËÞÄÀÒÅËÜ¿ 1

Â äàííîé ðàáîòå ïðåäñòàâëåíà íîâàÿ ñòîõàñòè÷åñêàÿ ìîäåëü äâèæåíèÿ ãèðî-
ñòàáèëèçèðîâàííîé ïëàòôîðìû â ôîðìå ¾îáúåêò - íàáëþäàòåëü¿, êîòîðàÿ ìîæåò
áûòü èñïîëüçîâàíà â ïîäâèæíûõ èçìåðèòåëüíûõ ñèñòåìàõ, îáåñïå÷èâàþùèõ áåç-
îïàñíîñòü äâèæåíèÿ æåëåçíîäîðîæíîãî òðàíñïîðòà. Êàíîíè÷åñêèé âèä ìîäåëè â
ïàðàìåòðàõ Ðîäðèãà-Ãàìèëüòîíà èìååò âèä:

m = F (m, t) + F0(m, t)ξ, Z = qm+Wa,

ãäå

F (m, t) =
1

2
Φ(m)(R + UD(m)V T (l)GA+

+(D(m)V T (l)GA)T
⊗

D(m)V T (l)GA),

F0 =
1

2
|Φ(m)(UD(m)V T (l)GA+

+(D(m)V T (l)GA)T
⊗

D(m)V T (l)GA
...Φ(m)|,

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-20092).



¾Ñîäåðæàíèå¿

Âåðîÿòíîñòíî - àíàëèòè÷åñêèå ìîäåëè è ìåòîäû 146

ξ = |w...W |T , w � âåêòîð ñëó÷àéíûõ âîçìóùàþùèõ óñêîðåíèé, íàïðàâëåííûõ ïî
îñÿì ãèðîñêîïè÷åñêîãî òðåõãðàííèêà è îïèñûâàåìûé â îáùåì ñëó÷àå ÁÃØ ñ íóëå-
âûì ìàòåìàòè÷åñêèì îæèäàíèåì è èçâåñòíîé ìàòðèöåé èíòåíñèâíîñòè Dw(t); W ,
Wa � ÁÃØ ñ íóëåâûìè ìàòåìàòè÷åñêèìè îæèäàíèÿìè è ìàòðèöàìè èíòåíñèâíî-
ñòè DW (t), DWa

(t). Âåêòîð q = |C0, C1, C2, C
T
3 | ñîñòîèò èç áëîêîâ, ñîñòàâëÿþùèå

äëÿ êîòîðûõ v∗1 = (2l20 + 2l21 − 1)GN + 2l1l2GL − 2l0l2GE, v
∗
2 = 2l1l2GN + (2l20 +

2l22 − 1)GL + 2l0l2GE, v
∗
3 = 2l0l2GN − 2l0l1GL + (2l20 − 1)GE, à êîîðäèíàòû � áëîêè

ñîîòâåòñòâåííî:
C0 = 2|m0v

∗
1 + m3v

∗
2 − m0v

∗
3,m3v

∗
1 + m0v

∗
2 + m1v

∗
3,m2v

∗
1 − m1v

∗
2 + m0v

∗
3|T , C1 =

2|m1v
∗
1 +m2v

∗
2 +m3v

∗
3,m2v

∗
1,m3v

∗
1|T , C2 = 2|0,m2v

∗
2,m3v

∗
2|T , C3 = 2|0,m2v

∗
3,m3v

∗
2|T .

Äàííàÿ ìîäåëü óïðîùàåò èñïîëüçîâàíèå ñîâðåìåííûõ ñóáîïòèìàëüíûõ ìåòîäîâ
îáðàáîòêè èíôîðìàöèè è óïðàâëåíèÿ â ïîäâèæíûõ èçìåðèòåëüíûõ ñèñòåìàõ.

Â.Â. Øàìðàåâà (Ðîñòîâ-íà-Äîíó)
shamraeva@mail.ru

ÍÎÂÛÉ ÌÅÒÎÄ ÏÎÑÒÐÎÅÍÈß ÌÀÐÒÈÍÃÀËÜÍÛÕ ÌÅÐ,
ÓÄÎÂËÅÒÂÎÐßÞÙÈÕ ÎÓÍÁ, Â ÑËÓ×ÀÅ Ñ×�ÒÍÎÃÎ

ÂÅÐÎßÒÍÎÑÒÍÎÃÎ ÏÐÎÑÒÐÀÍÑÒÂÀ1

Ðàññìîòðèì ôèëüòðîâàííîå ïðîñòðàíñòâî (Ω,F) ñ îäíîøàãîâîé ôèëüòðàöèåé
F= (F0,F1) , ãäå F0 = {Ω,�}, à F1 ïîðîæäåíà ðàçáèåíèåì Ω íà ñ÷åòíîå ÷èñëî
àòîìîâ Bi, i ∈ N = {1, 2, . . . }. Ðàññìîòðèì F-àäàïòèðîâàííûé ñëó÷àéíûé ïðî-
öåññ Z = (Zn,Fn)1

n=0. Ââåäåì îáîçíà÷åíèÿ: Z0 = a, Z1|Bi = bi. Ïðåäïîëîæèì,
÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ: b1 < b2 < b3 < b4; êàæäîå èç ýòèõ ÷èñåë
âñòðå÷àåòñÿ â ïîñëåäîâàòåëüíîñòè b5, b6, . . . áåñêîíå÷íîå ÷èñëî ðàç, à äðóãèõ ÷èñåë
â ýòîé ïîñëåäîâàòåëüíîñòè íåò; b1 < a < b2. Äëÿ íåâûðîæäåííîé âåðîÿòíîñòíîé
ìåðû P íà F1 áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ pi = P (Bi), i ∈ N. Áóäåì ãîâîðèòü,
÷òî òàêàÿ ìåðà P óäîâëåòâîðÿåò îñëàáëåííîìó óñëîâèþ íåñîâïàäåíèÿ áàðèöåí-
òðîâ (ÎÓÍÁ), åñëè ∀i ∈ N è äëÿ ëþáîãî íàáîðà èíäåêñîâ J ⊂ N\{i} ñ êîíå÷íûì

äîïîëíåíèåì J = N\J âûïîëíÿåòñÿ íåðàâåíñòâî bi 6=
∑
j∈J

bjpj∑
j∈J

pj
.

Ëåììà. Åñëè ∀k > 1 âûïîëíÿþòñÿ íåðàâåíñòâà

(b2 − b1)p4k−3 > (b3 − b2)
∞∑
j=k

p4j−1 + (b4 − b2)
∞∑
j=k

p4j,

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêòû 16-01-00184, 16-07-00888, 16-01-20092).
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(b4 − b3)p4k > (b3 − b1)
∞∑

j=k+1

p4j−3 + (b3 − b2)
∞∑

j=k+1

p4j−2,

(b3 − b1)p4k−3 > (b4 − b3)
∞∑
j=k

p4j, (b3 − b2)p4k−2 > (b4 − b3)
∞∑
j=k

p4j,

(b3 − b2)p4k−1 > (b2 − b1)
∞∑

j=k+1

p4j−3, (b4 − b2)p4k > (b2 − b1)
∞∑

j=k+1

p4j−3,

òî ìåðà P óäîâëåòâîðÿåò ÎÓÍÁ.

Òåîðåìà. Åñëè íåâûðîæäåííàÿ ìàðòèíãàëüíàÿ ìåðà P ïðîöåññà Z óäîâëåòâî-
ðÿåò óñëîâèÿì ëåììû, òî îíà óäîâëåòâîðÿåò ÎÓÍÁ.

Îòìåòèì, ÷òî â [1] äàííûé ðåçóëüòàò ïîëó÷åí ëèøü äëÿ ðàöèîíàëüíûõ bi ñîâåð-
øåííî äðóãèì ìåòîäîì.

Ë È Ò Å Ð À Ò Ó Ð À

1. Ïàâëîâ È.Â., Öâåòêîâà È.Â., Øàìðàåâà Â.Â. Î ñóùåñòâîâàíèè ìàðòèíãàëüíûõ ìåð, óäîâëåòâîðÿþùèõ îñëàáëåí-

íîìó óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ, â ñëó÷àå ñ÷åòíîãî âåðîÿòíîñòíîãî ïðîñòðàíñòâà. Òåîðèÿ âåðîÿòíîñòåé è åå

ïðèìåíåíèÿ. 2016. Ò. 61. N1.

E.A. Shelemekh (Moscow, Russia)
letis@mail.ru

CALCULATION OF EXOTIC OPTION IN INCOMPLETE
{1, S}-MARKET WITH DISCREET MEASURE (A FINITE NUMBER

OF STATES)

Suppose in incomplete {1, S}-market [1] price of risky asset follows Markov chain
{Sn}n≥0: Sn = Sn−1(1 + ρn), Sn|n=0 = S0, where {ρn}n≥0 are i.i.d. and ∀ i = 1, l:
pi , P(ρn = ai) > 0, − 1 < ai < ∞, ai 6= 0, p1 + ... + pl = 1 (Condition 1 ).
Let's use designations [1]: 1) N is for horizon; 2) {π,C} is for a self-�nancing portfolio
with consumption and Xn for its capital at a moment n ∈ {0, ..., N}; 3) τ is for a
Markov moment with values in a set {0, ..., N}; 4) fn(x) : R+ × {0, ..., N} → R+ is
for a bounded Borel function. Then fτ∧N(Sτ∧N) is a payo� of exotic option [2].

Theorem. Suppose Condition 1 is satis�ed and there is portfolio {π∗, C∗} such that
∀ n ∈ {0, ..., τ ∧N}:
1) its capital

X∗n = 1{τ=n}fn + 1{τ>n}

{
p∗n+1X

∗
n+1

(
Sn(1 + ai∗,n+1)

)
+ q∗n+1X

∗
n+1

(
Sn(1 + aj∗n+1

)
)}

,

X∗N |n=N = fN , where p
∗
n+1 ,

|aj∗n+1
|

|ai∗n+1
|+ |aj∗n+1

|
, q∗n+1 , 1− p∗n+1;
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2) quantity of risky asset

γ∗n+1 =
[
X∗n+1

(
Sn(1 + aj∗n+1

)
)
−X∗n+1

(
Sn(1+ +ai∗n+1

)
)]
/
[
Sn(aj∗n+1

− ai∗n+1
)
]
, γ∗0 = 0;

3) quantity of risk-free asset β∗n+1 = β∗n −4γ∗n+1Sn, β
∗
0 = X∗0 ;

4) consumption 4C∗n+1 = γ∗n+14Sn+1 − 4X∗n+1, C
∗
0 = 0, where i∗n, j

∗
n:

max
1≤i,j≤l

{
|aj |

|ai|+|aj |X
∗
n

(
Sn−1(1 + ai)

)
+ |ai|
|ai|+|aj |X

∗
n

(
Sn−1(1 + aj)

)}
= p∗nX

∗
n

(
Sn−1(1 + ai∗n)

)
+

q∗nX
∗
n

(
Sn−1(1 + + aj∗n)

)
, ai∗naj∗n < 0. Then X∗τ∧N = fτ∧N and for any other superhedging

portfolio {π,C} it holds, that X∗n ≤ Xn, n ∈ {0, ..., τ ∧N}.
Theorem provides a way to construct a perfect superhedging portfolio with minimal

capital for exotic option in stated above {1, S}-market.
R E F E R E N C E S

1. Shiryaev A.N. Fundamentals of Stochastic Financial Mathematics. Volu-me 2: Theory [in Russian]. M.: Fazis, 1998.

2. Hull J. C. Options, Futures And Other Derivatives. Pearson Prentice Hall, 2009.
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Ñåêöèÿ V

Áèîèíôîðìàòèêà è ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå
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Õ. Àáäóëðàõìàí, Â.À. Ñêîðîõîäîâ (Ðîñòîâ-íà-Äîíó)
abdulrahm.haidar@gmail.com, pdvaskor@yandex.ru
Î ÐÀÑÏÐÅÄÅËÅÍÈÈ ÐÅÑÓÐÑÍÎÃÎ ÏÎÒÎÊÀ Â

ÄÂÓÕÐÅÑÓÐÑÍÛÕ ÑÅÒßÕ

Ðàññìîòðèì ðåñóðñíûå ñåòè, âåðøèíàì vi êîòîðûõ ïðèïèñàíû íåîòðèöàòåëüíûå
÷èñëà q1

i è q2
i , èçìåíÿþùèåñÿ â äèñêðåòíîì âðåìåíè è íàçûâàåìûå âåëè÷èíàìè

ñîîòâåòñòâåííî ïåðâîãî è âòîðîãî ðåñóðñà â âåðøèíå vi. Ñîñòîÿíèåì ñåòè â ìîìåíò
âðåìåíè t íàçûâàåòñÿ âåêòîð

Q(t) =

((
q1

1(t)
q2

1(t)

)
;

(
q1

2(t)
q2

2(t)

)
; . . . ;

(
q1
n(t)
q2
n(t)

))
Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Äëÿ îäíîðîäíîé äâóñòîðîííåé ïîëíîé ñåòè ñ äâóìÿ ðåñóðñàìè è
äëÿ ëþáîãî ñóììàðíîãî ðåñóðñà W = W1 +W2 åñëè ïîñëåäíèé ìåíüøå ëèáî ðàâåí
ñóììàðíîé ïðîïóñêíîé ñïîñîáíîñòè â ñåòè, òîãäà ïðè ëþáîì íà÷àëüíîì ñîñòî-
ÿíèè, ïåðâûé è âòîðîé ðåñóðñ ðàâíîìåðíî ðàñïðåäåëÿþòñÿ â âåðøèíàõ ñåòè. Èõ

âåëè÷èíû äëÿ êàæäîé âåðøèíû ñîîòâåòñòâåííî ðàâíû
W1

n
è
W2

n
. Â ïðîòèâíîì

ñëó÷àå ïðè ëþáîì íà÷àëüíîì ñîñòîÿíèè ñåòè, â êîòîðîì õîòÿ áû â äâóõ âåðøè-
íàõ ðåñóðñû íå ðàâíû, âûðàâíèâàíèå ðåñóðñîâ íå ïðîèñõîäèò.

Òåîðåìà 2. Â íåñèììåòðè÷íîé äâóñòîðîííåé ïîëíîé ñåòè ñ ïåòëÿìè, äâóìÿ
ðåñóðñàìè è îäíîé ïðîïóñêíîé ñïîñîáíîñòüþ äëÿ ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ è
ëþáîãî ñóììàðíîãî ðåñóðñà W = W1 +W2, ñóùåñòâóåò òàêîé ìîìåíò âðåìåíè,
ïîñëå êîòîðîãî âûïîëíÿþòñÿ, ÷òî ñóììà ïåðâîãî è âòîðîãî ðåñóðñà (qi = q1

i +q2
i )

ìåíüøå, ÷åì ñóììà âõîäíîé ïðîïóñêíîé ñïîñîáíîñòè äëÿ êàæäîé âåðøèíû vi
íåêîòîðîãî ïîäìíîæåñòâà âåðøèí ñåòè.

Ðàçðàáîòàíû ìåòîäû íàõîæäåíèÿ ïîðîãîâîãî çíà÷åíèÿ è ïðåäåëüíîãî ñîñòîÿ-
íèÿ â íåñèììåòðè÷íûõ äâóñòîðîííèõ ïîëíûõ ñåòÿõ ñ ïåòëÿìè, äâóìÿ ðåñóðñàìè è
äâóìÿ ïðîïóñêíûìè ñïîñîáíîñòÿìè, ãäå ïîðîãîâîå çíà÷åíèå ÿâëÿåòñÿ êîëè÷åñòâîì
ïåðâîãî ðåñóðñà, äëÿ êîòîðîãî ïåðâûé ðåñóðñ è âòîðîé ðåñóðñ ðàñïðåäåëÿþòñÿ
íåçàâèñèìî äðóã îò äðóãà.

Â.À. Áàòèùåâ (Ðîñòîâ-íà-Äîíó)
batishev-v@mail.ru

ÌÎÄÅËÈÐÎÂÀÍÈÅ ÑÏÈÐÀËÜÍÛÕ ÂÎËÍ Â ÀÎÐÒÅ

Ñïèðàëüíûå òå÷åíèÿ êðîâè â êðóïíûõ êðîâåíîñíûõ ñîñóäàõ àêòèâíî èçó÷àþòñÿ
ñî âòîðîé ïîëîâèíû ïðîøëîãî ñòîëåòèÿ. Ñóùåñòâóåò ðÿä ïðè÷èí âðàùàòåëüíûõ
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òå÷åíèé êðîâè, íàïðèìåð, â ëåâîì æåëóäî÷êå ñåðäöà ýòî çàêðó÷åííàÿ ôîðìà ñòå-
íîê æåëóäî÷êà.
Â äîêëàäå ïðèâîäèòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü êîðîòêèõ ñïèðàëüíûõ âîëí â

àîðòå, ïîñòðîåííàÿ ñîâìåñòíî ñ ïðîôåññîðîì Þ.À. Óñòèíîâûì. Ìîäåëü îñíîâàíà
íà óðàâíåíèÿõ Íàâüå-Ñòîêñà è óðàâíåíèÿõ òîíêîé óïðóãîé èçîòðîïíîé îáîëî÷-
êè. Ñïèðàëüíûå âîëíû â âîñõîäÿùåé àîðòå âûçâàíû çàêðó÷åííûì ïîòîêîì êðîâè,
ïîñòóïàþùèì èç ëåâîãî æåëóäî÷êà ñåðäöà.
Ýêñïåðèìåíòû ïîêàçàëè, ÷òî â àîðòå ìîæíî âûäåëèòü ñðåäíèé ñòàöèîíàðíûé

ïîòîê æèäêîñòè. Ýòîò ïîòîê ìîäåëèðóåòñÿ â ïåðâîì ñëó÷àå òå÷åíèåì Ïóàçåéëÿ, à
âî âòîðîì ñëó÷àå - ðàâíîìåðíûì ïîòîêîì æèäêîñòè, îãðàíè÷åííûì ïîãðàíè÷íûì
ñëîåì Áëàçèóñà íà ñòåíêàõ ñîñóäà. Íà ôîíå ýòîãî ïîòîêà âûäåëÿþòñÿ äëèííûå
ïóëüñîâûå ïðîäîëüíûå è ñïèðàëüíûå âîëíû.
Ñïèðàëüíûå âîëíû ðàññ÷èòàíû ÷èñëåííûìè è àñèìïòîòè÷åñêèìè ìåòîäàìè. Ïî-

êàçàíî, ÷òî äëèííûå ñïèðàëüíûå âîëíû ëîêàëèçîâàíû â ïîãðàíè÷íîì ñëîå âáëèçè
ñòåíîê àîðòû è âûçâàíû óïðóãèìè ñâîéñòâàìè ñòåíîê ñîñóäîâ. Êîðîòêèå ñïèðàëü-
íûå âîëíû çàïîëíÿþò âñå ïîïåðå÷íîå ñå÷åíèå êðîâåíîñíîãî ñîñóäà. Êðîìå ýòèõ
âîëí, ðàññ÷èòàíû è êâàçèñòàöèîíàðíûå ìîäû, êîòîðûå â ãëàâíîì ïðèáëèæåíèè íå
çàâèñÿò îò âðåìåíè.
Ïîêàçàíî, ÷òî êîìáèíàöèè ñïèðàëüíûõ ìîä ïðèâîäÿò ê ðàçëè÷íûì ñïîñîáàì

çàêðó÷èâàíèÿ æèäêîñòè âî âðåìÿ ñèñòîëû. Ñèñòîëà - ýòî îäíà èç ôàç ñåðäå÷íîãî
öèêëà, à èìåííî, ñîêðàùåíèå ñåðäöà. Ðàññ÷èòàí îäèí èç âàðèàíòîâ çàêðó÷èâàíèÿ
æèäêîñòè âî âðåìÿ ñèñòîëû, êîãäà æèäêîñòü âðàùàåòñÿ â îäíîì íàïðàâëåíèè,
êðîìå íåáîëüøîãî ïðîìåæóòêà âðåìåíè, â òå÷åíèå êîòîðîãî âîçíèêàåò îáðàòíîå
âðàùåíèå. Ýòîò ðåæèì îïèñàí â ëèòåðàòóðå è ïîäòâåðæäåí ýêñïåðèìåíòàëüíî.
Ïîêàçàíî, ÷òî ñòàöèîíàðíûé ïîòîê è äëèííûå ïðîäîëüíûå âîëíû ÿâëÿþòñÿ ìåõà-
íèçìîì ïåðåíîñà êîðîòêèõ ñïèðàëüíûõ âîëí.

Í.Â. Áîåâ (Ðîñòîâ-íà-Äîíó)
boyev@math.rsu.ru

ÊÎÐÎÒÊÎÂÎËÍÎÂÀß ÄÈÔÐÀÊÖÈß ÏÐÎÄÎËÜÍÎÉ ÂÎËÍÛ ÍÀ
ÒÐÎßÊÎÏÅÐÈÎÄÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÅ ØÀÐÎÂÛÕ

ÏÐÅÏßÒÑÒÂÈÉ Â ÓÏÐÓÃÎÉ ÑÐÅÄÅ 1

Ìåòîäàìè ãåîìåòðè÷åñêîé òåîðèè äèôðàêöèè (ÃÒÄ) èññëåäîâàíà çàäà÷à î ïðî-
õîæäåíèè ïëîñêîé óïðóãîé ïðîäîëüíîé âîëíû ÷åðåç òðîÿêîïåðèîäè÷åñêóþ ñèñòå-
ìó òâåðäûõ øàðîâûõ âêëþ÷åíèé, íàõîäÿùèõñÿ â êóáå èç óïðóãîãî ìàòåðèàëà. Ñ
îäíîé èç ýòèõ ãðàíåé â êóá ââîäèòñÿ ïëîñêàÿ âûñîêî÷àñòîòíàÿ, ìîíîõðîìàòè÷å-

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîíäà (ãðàíò � 15-19-10008).
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ñêàÿ ïðîäîëüíàÿ óïðóãàÿ âîëíà, à íà ïðîòèâîïîëîæíîé ãðàíè ïðèíèìàåòñÿ ïðî-
øåäøàÿ ïðîäîëüíàÿ âîëíà. Ïàäàþùàÿ ïëîñêàÿ óïðóãàÿ âîëíà çàìåíÿåòñÿ íàáîðîì
òî÷å÷íûõ èñòî÷íèêîâ ñôåðè÷åñêèõ ïðîäîëüíûõ âîëí. Êàæäóþ ñôåðè÷åñêóþ âîë-
íó, ðàñïðîñòðàíÿþùóþñÿ â òåëåñíîì óãëå ñ âåðøèíîé â èñòî÷íèêå, íàïðàâëåííîì
â ñòîðîíó ïðåïÿòñòâèé è ñòÿãèâàþùèìñÿ ïîëóñôåðîé çàìåíÿåì ñèñòåìîé ñîîòâåò-
ñòâóþùèõ ðàäèàëüíûõ ëó÷åé ðàñïðîñòðàíåíèÿ ïðîäîëüíîé âîëíû. Òàêèì îáðàçîì,
ïðîáëåìà ñâîäèòñÿ ê èññëåäîâàíèþ çàäà÷è êîðîòêîâîëíîâîé äèôðàêöèè óïðóãèõ
âîëí â ëîêàëüíîé ïîñòàíîâêå. Ñóììàðíîå ïîëå íà ãðàíè ïðèåìà ðàñïðîñòðàíÿþ-
ùèõñÿ óïðóãèõ âîëí ñêëàäûâàåòñÿ èç ëó÷åé, ïðîøåäøèõ ÷åðåç ñèñòåìó øàðîâ,
êîòîðûå ìîãóò áûòü òðåõ òèïîâ: ëó÷è, ïðîøåäøèå ÷åðåç ñèñòåìó ïðåïÿòñòâèé
áåç äèôðàêöèè; ëó÷è, îòðàçèâøèåñÿ îò ñèñòåìû îäèí èëè êîíå÷íîå ÷èñëî ðàç.
Îäíîêðàòíàÿ è ìíîãîêðàòíàÿ äèôðàêöèÿ ïðîäîëüíîé âîëíû èññëåäóåòñÿ â ðàì-
êàõ ìîäèôèêàöèè èíòåãðàëüíîãî ïðåäñòàâëåíèÿ ïåðåìåùåíèé â îòðàæåííîé âîëíå
ôèçè÷åñêîé òåîðèè äèôðàêöèè Êèðõãîôà. Ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå
ãëàâíîãî ÷ëåíà àñèìïòîòèêè ïåðåìåùåíèé â òî÷êå ïðèåìà ìíîãîêðàòíî îòðàæåí-
íîé ïðîäîëüíîé âîëíû, êîòîðîå ñîîòâåòñòâóåò ÃÒÄ. Òàêèì îáðàçîì, â ëîêàëüíîé
ïîñòàíîâêå çàäà÷è äëÿ êàæäîãî ëó÷à ðàñ÷åò ïåðåìåùåíèé â ïðîøåäøåé óïðóãîé
ïðîäîëüíîé âîëíå íà ãðàíè ïðèåìà ïðîõîäèò â äâà ýòàïà. Íà ïåðâîì ýòàïå ðåøàåò-
ñÿ ãåîìåòðè÷åñêàÿ çàäà÷à. Ðàññ÷èòûâàþòñÿ òðàåêòîðèè êàæäîãî îäíîêðàòíî èëè
ìíîãîêðàòíî îòðàæåííîãî ëó÷à. Íà âòîðîì ýòàïå íà îñíîâå ïîëó÷åííûõ ÿâíûõ
âûðàæåíèé âû÷èñëÿþòñÿ ðàäèàëüíûå ïåðåìåùåíèÿ â òî÷êàõ ïðèåìà îäíîêðàòíî
è ìíîãîêðàòíî îòðàæåííûõ ëó÷åé è âû÷èñëÿåòñÿ ñóììàðíîå ïîëå ïåðåìåùåíèé â
ïðîøåäøåé ïðîäîëüíîé óïðóãîé âîëíå.

V.A. Getman (Rostov-on-Don, Russia)
vagetman@sfedu.ru

LONG PULSE WAVES IN BLOOD VESSEL

Long waves in a �uid which �lls a cylindrical tube with elastic border have been
studied by many authors since the end of the nineteenth century [1, 2]. An important
contribution to the study of the theoretical aspect was made by the Russian physicist
I.S. Gromeka [2]. Literature review on this subject is provided in a well - known
monograph by T.Pedley "Hydrodynamics of large blood vessels"(1983) [1].The calcula-
ted phase velocity of the waves in a liquid in an elastic tube is well proved experimentally.
Prof. Ustinov Yu.A. was the �rst to investigate long helical waves in a blood vessel with
the anisotropy of walls [3].
Long longitudinal and spiral waves were calculated on the basis of the Navier-Stokes's

system and the dynamic equations of a thin elastic isotropic membrane, taking into
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consideration in�nitesimality of a viscosity coe�cient. Some small parameters arise
upon transition to dimensionless variables. The parameter connected with viscosity is
proportional to the thickness of the boundary layer arising by the wall. The second small
parameter is inversely proportional to the phase speed of the Mouensa-Kortevega wave.
A well-known method to calculate long waves with the use of a slow axial coordinate
is applied. Asymptotic expansions are presented in the form of a series based on the
degrees of the second-order small parameter. In the main approach there is a linear
problem which serves the basis to calculate the long waves propagating in the steady
�ow. The velocity vector of this �ow has only one nonzero component (Poiseuille's
parabola), directed along the cylinder axis. It is shown that amplitude longitudinal
velocity component at the beginning of a systole grows in time, reaches a maximum,
and further on, in the second half of a systole, decreases to zero. At the end of a systole
there is a inverse �ow zone, this zone being localized in a boundary layer. The speed
of a countercurrent tends to zero when it leaves the boundary layer, and approaches a
vascular wall.
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Î ÒÎ×ÊÀÕ ÔÅÐÌÀ-ØÒÅÉÍÅÐÀ Â ÁÀÍÀÕÎÂÛÕ
ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Ââåäåíèå. Íà ïëîñêîñòè äàíû òðè òî÷êè A, B è C íå ëåæàùèå íà îäíîé
ïðÿìîé. Íàéòè òî÷êó Ì, ñóììà ðàññòîÿíèé îò êîòîðîé äî ýòèõ òî÷åê áûëà
áû ìèíèìàëüíîé.
Ýòà çàäà÷à Ôåðìà-Òîððè÷åëëè-Øòåéíåðà íàñ÷èòûâàåò áîëåå 350 ëåò. Îíà ïîëó-

÷èëà îãðîìíîå ïðèêëàäíîå çíà÷åíèå ïîñëå øèðîêîãî ïðèìåíåíèÿ ñåòåé Øòåéíåðà
[1,2], ïðè÷åì â ðàçíûõ çàäà÷àõ ðàññòîÿíèå ìåæäó îáúåêòàìè â ñåòè èçìåðÿëîñü â
ðàçëè÷íûõ ìåòðèêàõ.
Äëÿ îáùåãî ÷èñëà òî÷åê n ≥ 4 àíàëèòè÷åñêîãî ðåøåíèÿ â îáùåì ñëó÷àå, äëÿ

îïðåäåëåíèÿ êîîðäèíàò òî÷êè (ÔØ) ñ îïòèìàëüíîé ñóììîé äî ôèêñèðîâàííûõ
òî÷åê â íàñòîÿùåå âðåìÿ íåò. ×àñòè÷íîå ðåøåíèå åñòü â ðàáîòå [3].
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Ðàññìîòðèì èçâåñòíûå ïðîñòðàíñòâà lNp , 1 ≤ p ≤ ∞. Ñ ìåòðèêàìè

∥∥∥−→C ∥∥∥
lp

=

(
N∑
k=1

|ck|p
)1/p

äëÿ 1 ≤ p <∞, è
∥∥∥−→C ∥∥∥

l∞
= max |ck|.

Çàäà÷à 1. Â êîîðäèíàòíûõ áàíàõîâûõ ïðîñòðàíñòâàõ îïðåäåëèòü êîîðäèíà-
òû òî÷êè M, ñóììà ðàññòîÿíèé â ðàçëè÷íûõ ìåòðèêàõ îò êîòîðîé äî ôèêñè-
ðîâàííûõ n òî÷åê (A1, A2, . . . , An) ìèíèìàëüíà.
Â äîêëàäå îòìå÷åíî, ÷òî ïîñòðîåí àëãîðèòì ÷èñëåííîãî îïðåäåëåíèÿ êîîðäèíàò

òî÷êè (ÔØ) äëÿ ïðîèçâîëüíîé ìåòðèêè, íàïðèìåð äëÿ ïðîñòðàíñòâ lp, 1 ≤ p ≤ ∞
.
Ìåòðèêè â êîíå÷íîìåðíîì ïðîñòðàíñòâå ýêâèâàëåíòíû.

Çàäà÷à 2.Ïðè êàêèõ óñëîâèÿõ êîîðäèíàòû òî÷êè Ô.Ò.Ø. áóäóò ðàçëè÷íû ïðè
èçìåðåíèè ðàññòîÿíèé â ðàçëè÷íûõ ìåòðèêàõ â ìíîãîìåðíîì ïðîñòðàíñòâå? È
êîãäà ýòè òî÷êè ñîâïàäóò.

Óòâåðæäåíèå. Äëÿ ïðàâèëüíûõ ìíîãîóãîëüíèêîâ ñ ÷èñëîì âåðøèí n = 2k
òî÷êè â çàäà÷å (ÔØ) â ìåòðèêàõ l1, l2, l∞ ñîâïàäàþò, à äëÿ íîìåðîâ n = 2k+ 1
êîîðäèíàòû èõ ðàçëè÷íû.
Óòâåðæäåíèå ëåãêî ïîëó÷èòü, ðàññìàòðèâàÿ ñèììåòðèþ îòíîñèòåëüíî îáðàçóþ-

ùèõ åäèíè÷íûõ �øàðîâ� â ïðîñòðàíñòâàõ l1, l2, l∞.
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ÎÁ ÓÑÅ×ÅÍÍÎÉ ÌÀÒÐÈÖÅ ÈÍÖÈÄÅÍÒÍÎÑÒÈ ÌÎÄÅËÈ
ÄÈÑÊÐÅÒÍÎÉ ÄÈÍÀÌÈ×ÅÑÊÎÉ ÑÈÑÒÅÌÛ

Â ðàáîòå â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè, ïîçâîëÿþùåé ìîäåëèðîâàòü ñëîæ-
íûå äèñêðåòíûå äèíàìè÷åñêèå ñèñòåìû ñ ïàðàëëåëèçìîì, ðàññìàòðèâàåòñÿ ìîäåëü
Ïåòðè ñî âðåìåíåì � âðåìåííàÿ ñåòü Ïåòðè. Ïðè ýòîì, èññëåäóÿ âîçìîæíîñòè
ðåäóöèðîâàíèÿ äåòàëüíîé ìîäåëè Ïåòðè èññëåäóåìîé äèñêðåòíîé äèíàìè÷åñêîé
ñèñòåìû ñ ïîìîùüþ âûäåëåíèÿ â íåé ñîñòàâíûõ êîìïîíåíò [1] è ïîëó÷åíèÿ ðåäó-
öèðîâàííîé ìîäåëè � êîìïîíåíòîé ñåòè Ïåòðè ñî âðåìåíåì [2], ïîëó÷åí íîâûé



¾Ñîäåðæàíèå¿

Áèîèíôîðìàòèêà è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå 155

èíñòðóìåíò óñòàíîâëåíèÿ ñòðóêòóðíûõ ñâîéñòâ âðåìåííîé ñåòè Ïåòðè èññëåäóå-
ìîé ñèñòåìû � óñå÷¼ííàÿ ìàòðèöà èíöèäåíòíîñòè.
Óñå÷¼ííàÿ ìàòðèöà èíöèäåíòíîñòè âðåìåííîé ñåòè Ïåòðè, îòíîñèòåëüíî ìàòðè-

öû èíöèäåíòíîñòè äåòàëüíîé âðåìåííîé ñåòè Ïåòðè èññëåäóåìîé ñèñòåìû, ïðåä-
ñòàâëÿåò ñîáîé ìàòðèöó, ñ ìåíüøèì ÷èñëîì ñòðîê, ÷òî äîñòèãàåòñÿ ââåäåíèåì ïðà-
âèëà "ñêëåèâàíèÿ". Ïî ýòîìó ïðàâèëó ïðîèñõîäèò "ñêëåèâàíèå"òåõ ñòðîê èñõîäíîé
ìàòðèöû èíöèäåíòíîñòè äåòàëüíîé âðåìåííîé ñåòè Ïåòðè, êîòîðûå ñîîòâåòñòâóþò
ìåñòàì, îáëàäàþùèì îáùèì âðåìåííûì ñâîéñòâîì ïîëó÷åíèÿ è ëèøåíèÿ ôèøåê.
Èíñòðóìåíò � óñå÷åííàÿ ìàòðèöà èíöèäåíòíîñòè ïîçâîëÿåò èññëåäîâàòü ñòðóê-

òóðíûå è äèíàìè÷åñêèå ñâîéñòâà èñõîäíîé äåòàëüíîé ìîäåëè äèñêðåòíîé äèíà-
ìè÷åñêîé ñèñòåìû. Ïðè ýòîì ðàçìåð ìàòðèöû èíöèäåíòíîñòè óìåíüøåí íà ÷èñëî
îäíîâðåìåííî ôóíêöèîíèðóþùèõ ó÷àñòêîâ äåòàëüíîé âðåìåííîé ñåòè Ïåòðè, âû-
äåëåíèå êîòîðûõ ó÷èòûâàåò ñïåöèôè÷åñêèé ñïîñîá ôóíêöèîíèðîâàíèÿ ýòîé ñåòè,
ìîäåëèðóþùåé ñèñòåìó ñ ïàðàëëåëèçìîì. ×òî íà ýòàïå ïîëó÷åíèÿ ñòðóêòóðíûõ
õàðàêòåðèñòèê èñêëþ÷àåò "ëèøíèå"ïîñëåäîâàòåëüíîñòè ñðàáàòûâàíèé ïåðåõîäîâ
äåòàëüíîé âðåìåííîé ñåòè Ïåòðè.
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GRAPH-LATTICE. WAYS AND RANDOM WALKS

Graf-lattice has vertices at the points of the plane with integer coordinates i.e. in
the set Z × Z, where Z - the set of integers. From each vertex of the �rst quadrant
(Z+ × Z+, where Z+- the set of non-negative integers) leaves two arcs: horizontal
and vertical neighboring vertices (right and top). In each of the other quadrants the
graph-lattice locally isomorphic to its subgraph on the �rst quadrant. On the arcs of
the graph- lattice de�ned of transition probabilities. The transition probabilities for
the arcs coming out of the vertex are equals and are equal to the �one� divided by �the
number of arcs coming out of this vertex. Therefore, the transition probabilities on the
arcs emanating from the origin are equal 1/4, on the edges, leaving the vertices lying on
the coordinate axes are equal 1/3 and are equal to 1/2 for arcs leaving from the another
vertices. The lengths of all arcs are equal to one.
The problem of the number of paths of the length n, leaving from the vertices of

the graph. It is proved that the number of such paths, emanating from the origin, is
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equal to 4(2n− 1), from the vertices lying on the coordinate axes � 2n+1− 1, from the
vertices, lying inside the quadrants, � 2n.
The same problem is considered in the case of restrictions on reachability of two

types: magnetic and mixed (see [1]) when restrictions are generated by either the
vertical or horizontal arcs of the graph-lattice.
We also consider the problem of the random walk on the tops of the graph-lattice

without restrictions on the reachability and with restrictions. In the �rst case, this
process is a Markov process, and if there are restrictions on reachability it is not a
Markov process. The results are an extension of the results of [2].
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÄÂÈÆÅÍÈß
ÎÁÂÀËÎÂ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÊÎÍÒÈÍÓÀËÜÍÎÃÎ

ÏÎÄÕÎÄÀ 1

Â íàñòîÿùåå âðåìÿ îöåíêà ðàçìåðîâ çîí ïîðàæåíèÿ, âûçâàííûõ îáâàëàìè ìàñ-
ñû ãîðíûõ ïîðîä, ïðåäñòàâëÿåòñÿ àêòóàëüíûì íàó÷íî-ïðàêòè÷åñêèì èññëåäîâàíè-
åì. Îñóùåñòâèòü òàêîå èññëåäîâàíèå âîçìîæíî ñ èñïîëüçîâàíèåì ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ. Íà ñåãîäíÿøíèé äåíü äëÿ îïèñàíèÿ îáâàëîâ èñïîëüçóþòñÿ, â îñ-
íîâíîì, òîëüêî äèñêðåòíûå ìîäåëè, êîòîðûå îïèñûâàþò äâèæåíèå ïîòîêà â âèäå
äâèæåíèÿ ñîâîêóïíîñòè îòäåëüíûõ ñòðóêòóðíûõ ÷àñòèö. Ïðè ýòîì îòñóòñòâóåò
ìàòåìàòè÷åñêàÿ ìîäåëü, ó÷èòûâàþùàÿ îæèæåíèå îáëîìêîâ, âûçâàííîå èõ õàî-
òè÷åñêèì äâèæåíèåì. Êðîìå òîãî, äèñêðåòíûå ìîäåëè ïîçâîëÿþò ìîäåëèðîâàòü
îãðàíè÷åííîå êîëè÷åñòâî äâèæóùèõñÿ îáëîìêîâ.
Â äàííîé ðàáîòå äëÿ îïèñàíèÿ äâèæåíèÿ îáâàëîâ èñïîëüçóåòñÿ äâóõæèäêîñò-

íàÿ ìîäåëü, êîãäà äâèæåíèå ïîòîêà âåùåñòâà ïðåäñòàâëÿåòñÿ â âèäå ñïëîøíîé
ñðåäû. Ðàññìàòðèâàåòñÿ äâèæåíèå äâóõ ôàç - ãàçîâîé è òâåðäîé. Äëÿ îïèñàíèÿ
îæèæåíèÿ îáëîìêîâ ãîðíîé ïîðîäû â ïðîöåññå èõ äâèæåíèÿ ïî ñêëîíó èñïîëü-
çóåòñÿ êèíåòè÷åñêàÿ òåîðèÿ ãðàíóëÿðíîãî ãàçà, êîòîðàÿ ó÷èòûâàåò õàîòè÷åñêîå
äâèæåíèå îáëîìêîâ (âñëåäñòâèå èõ ñòîëêíîâåíèé äðóã ñ äðóãîì è ñ ïîâåðõíîñòüþ
ñêëîíà) êàê â ïëîòíîì, òàê è â ðàçðåæåííîì ñîñòîÿíèè.
Çàäà÷à ðåøàëàñü â äâóìåðíîì ïðèáëèæåíèè. Ðàññìàòðèâàëñÿ ñêëîí, ñîïðÿæåí-

íûé ñ ãîðèçîíòàëüíûìè ó÷àñòêàìè ðåëüåôà.
1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-35-00147).



¾Ñîäåðæàíèå¿

Áèîèíôîðìàòèêà è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå 157

Ë È Ò Å Ð À Ò Ó Ð À
1.Ìèõàéëîâ Â.Î. Êëàññèôèêàöèÿ ÷èñëåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé ñåëåâûõ è ñêëîíîâûõ ïðîöåññîâ // Èíæåíåðíàÿ

ãåîëîãèÿ. 2011. � 3. C. 56�63.
2. Rammer W., Brauner M., Dorren L., Berger F., Lexer M. Evaluation of 3-D rockfall module within a forest patch model

// Natural Hazards and Earth system Sciences. 2010. � 10.P. 669�711.

3. Ìèõàéëîâ Â.Î. Òðåõìåðíàÿ ìàòåìàòè÷åñêàÿ ìîäåëü îáâàëüíûõ ïðîöåññîâ // Âåñòíèê Ìîñêîâñêîãî óíèâåðñèòåòà.

Ñåðèÿ 5. Ãåîãðàôèÿ. 2011. � 4. C. 53�58.

Â.È. Ñóááîòèí (Íîâî÷åðêàññê)
geometry@mail.ru

ÎÁ ÎÄÍÎÌ ÊËÀÑÑÅ ÌÍÎÃÎÃÐÀÍÍÈÊÎÂ
Ñ ÐÎÌÁÈ×ÅÑÊÈÌÈ ÂÅÐØÈÍÀÌÈ

Ðàññìàòðèâàþòñÿ çàìêíóòûå âûïóêëûå ìíîãîãðàííèêè ñ ðîìáè÷åñêèìè âåðøè-
íàìè â òð¼õìåðíîì åâêëèäîâîì ïðîñòðàíñòâå.

Îïðåäåëåíèå 1. Âåðøèíà ìíîãîãðàííèêà íàçûâàåòñÿ ðîìáè÷åñêîé, åñëè å¼
çâåçäà ñîñòîèò èç ðàâíûõ îäèíàêîâî ðàñïîëîæåííûõ ðîìáîâ.
Îïðåäåëåíèå 2. Ðîìáè÷åñêàÿ âåðøèíà íàçûâàåòñÿ ñèììåòðè÷íîé, åñëè îíà

ðàñïîëîæåíà íà îñè âðàùåíèÿ ìíîãîãðàííèêà.
Îïðåäåëåíèå 3. Ðîìáè÷åñêàÿ âåðøèíà íàçûâàåòñÿ èçîëèðîâàííîé, åñëè å¼

çâåçäà íå èìååò îáùèõ ýëåìåíòîâ ñî çâåçäîé ëþáîé äðóãîé ðîìáè÷åñêîé âåðøèíû
ìíîãîãðàííèêà.
Åñëè ðàññìàòðèâàòü ìíîãîãðàííèêè, êàæäàÿ âåðøèíà êîòîðîãî ÿâëÿåòñÿ ñèì-

ìåòðè÷íîé ðîìáè÷åñêîé, íî íå èçîëèðîâàííîé, òî, êàê èçâåñòíî, êëàññ òàêèõ ìíî-
ãîãðàííèêîâ èñ÷åðïûâàåòñÿ äâóìÿ ìíîãîãðàííèêàìè: ðîìáè÷åñêèì äîäåêàýäðîì è
ðîìáîòðèàêîíòàýäðîì.
Ïðèìåðîì ìíîãîãðàííèêà ñ èçîëèðîâàííûìè ñèììåòðè÷íûìè ðîìáè÷åñêèìè

âåðøèíàìè ÿâëÿåòñÿ îäèí èç ïàðàëëåëîýäðîâ-óäëèí¼ííûé ðîìáè÷åñêèé äîäåêàýäð:
÷åðåç êàæäóþ åãî øåñòèóãîëüíóþ ãðàíü ïðîõîäèò îñü âðàùåíèÿ ìíîãîãðàííèêà.
Â ðàáîòå äîêàçàíî,÷òî ìíîãîãðàííèê ñ øåñòèóãîëüíûìè ãðàíÿìè, îòäåëÿþùèìè

ñèììåòðè÷íûå èçîëèðîâàííûå ðîìáè÷åñêèå âåðøèíû, ÿâëÿåòñÿ ëèáî óäëèí¼ííûì
ðîìáè÷åñêèì äîäåêàýäðîì, ëèáî äâàæäû óñå÷¼ííûì èêîñàýäðîì. Êðîìå òîãî, ïî-
êàçàíî, êàê ïðè ïîìîùè äâóõ ïîñëåäîâàòåëüíûõ ïðåîáðàçîâàíèé óäëèíåíèÿ ðîì-
áîýäðà ìîæíî ïîëó÷èòü ðîìáè÷åñêèé äîäåêàýäð.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÀß ÌÎÄÅËÜ ÝÊÎÍÎÌÈ×ÅÑÊÎÃÎ ÐÎÑÒÀ
ÐÅÃÈÎÍÀ Ñ Ó×ÅÒÎÌ ×ÅËÎÂÅ×ÅÑÊÎÃÎ ÊÀÏÈÒÀËÀ

Èçó÷àåòñÿ ïðîáëåìà ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ýêîíîìè÷åñêîãî ðîñòà ðå-
ãèîíà ñ ó÷åòîì ÷åëîâå÷åñêîãî êàïèòàëà. ×åëîâå÷åñêèé êàïèòàë (ñì. [1]-2]) ÿâëÿåò-
ñÿ èíòåíñèâíûì ïðîèçâîäèòåëüíûì ôàêòîðîì ýêîíîìè÷åñêîãî ðàçâèòèÿ, âêëþ÷à-
þùèé âûñîêîêâàëèôèöèðîâàííóþ ÷àñòü òðóäîâûõ ðåñóðñîâ, çíàíèÿ, èíñòðóìåí-
òàðèé èíòåëëåêòóàëüíîãî è óïðàâëåí÷åñêîãî òðóäà, ñðåäó îáèòàíèÿ è òðóäîâîé
äåÿòåëüíîñòè. Ïîýòîìó â ïîñëåäíåå âðåìÿ áîëüøîå âíèìàíèå óäåëÿåòñÿ ïðîáëå-
ìàì âëèÿíèÿ ÷åëîâå÷åñêîãî êàïèòàëà íà ðàçâèòèå ðåãèîíàëüíîé ýêîíîìèêè, â òîì
÷èñëå è äèíàìè÷åñêîìó ìîäåëèðîâàíèþ êàê îäíîìó èç íàèáîëåå ýôôåêòèâíûõ
ìåòîäîâ èññëåäîâàíèÿ êà÷åñòâåííûõ è êîëè÷åñòâåííûõ õàðàêòåðèñòèê ïîâåäåíèÿ
ñëîæíûõ ýêîíîìè÷åñêèõ è ñîöèàëüíûõ ñèñòåì.
Ñîñòàâèì ìóëüòèïëèêàòèâíóþ òðåõôàêòîðíóþ ïðîèçâîäñòâåííóþ ôóíêöèþ íåî-

êëàññè÷åñêîãî òèïà:

Y (t) = A(t) ·K(t)α · [L(T ) ·H(t)]1−α, 0 < α < 1. (1)

Çäåñü: Y (t) �� ôóíêöèÿ âûïóñêà, K(t) � êàïèòàë, H(t) � ÷åëîâå÷åñêèé êàïèòàë,
A(t) �� òåõíè÷åñêèé ïðîãðåññ, L(t) �� òðóä, t� âðåìÿ, α �� ýëàñòè÷íîñòü êàïèòàëà.
Ââåäåì îáîçíà÷åíèÿ: λ = A′(t)/A(t), y = Y (t)/(A(t)L(t)), çíàíèÿ

k = K(t)/(A(t)L(t)), òðóäîâûå íàâûêè l = 1/A(t), h = H(t)/(A(t)L(t)).
Ïðèâåäåì ìîäåëü (1) ê äèôôåðåíöèàëüíîìó âèäó

Y ′(t)

y
= λ+ α

K(t)

k
+ (1− α)

L′(t)

l
+ (1− α)

H ′(t)

h
. (2)

Ñ èñïîëüçîâàíèåì äèôôåðåíöèàëüíîé ìîäåëè (2) è ñòàòèñòè÷åñêèõ äàííûõ áû-
ëî èññëåäîâàíî äèíàìè÷åñêîå ïîâåäåíèå ýêîíîìè÷åñêîãî ðîñòà Êðûìà.
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ÏÀÊÅÒ ÂÛÑÎÊÎÏÐÎÈÇÂÎÄÈÒÅËÜÍÛÕ ÏÐÎÃÐÀÌÌ ÄËß
ÎÁÐÀÁÎÒÊÈ ÃÅÍÎÌÍÛÕ ÄÀÍÍÛÕ

Ïðåäñòàâëåí ïàêåò âûñîêîïðîèçâîäèòåëüíûõ ïðîãðàìì äëÿ ðàáîòû ñ íóêëåî-
òèäíûìè ïîñëåäîâàòåëüíîñòÿìè. Ïàêåò ðàçðàáàòûâàåòñÿ â Þæíîì Ôåäåðàëüíîì
Óíèâåðñèòåòå. Â ïàêåò âõîäèò íåñêîëüêî ìîäóëåé äëÿ ðÿäà çàäà÷ áèîèíôîðìàòè-
êè, âêëþ÷àÿ ñîâðåìåííûå ïîñòãåíîìíûå çàäà÷è. Íàèáîëåå ðåñóðñîåìêèå ðàñ÷åòû
îïòèìèçèðîâàíû ñ ïîìîùüþ ñïåöèàëüíûõ ñòðóêòóð äàííûõ è ïàðàëëåëüíîãî âû-
ïîëíåíèÿ. ×àñòü ìîäóëåé äîñòóïíà ïî ñåòè (http://mmcs.sfedu.ru/bio/).
Ïàêåò âêëþ÷àåò â ñåáÿ äâå ðåàëèçàöèè àëãîðèòìà ïàðíîãî âûðàâíèâàíèÿ (ïà-

ðàëëåëüíûé áëî÷íûé è ïàðàëëåëüíûé áëî÷íûé ñ îïòèìàëüíûì èñïîëüçîâàíèåì
ïàìÿòè) è ó÷èòûâàåò âîçìîæíîñòè ìóëüòèïðîöåññîðíûõ ñèñòåì è óñêîðèòåëåé.
Òåñòû ïðîèçâîäèòåëüíîñòè ïîêàçàëè, ÷òî âûèãðûø â ïðîèçâîäèòåëüíîñòè ïåð-

âîãî àëãîðèòìà ïî ñðàâíåíèþ ñ êëàññè÷åñêèì àëãîðèòìîì Íèäëìàíà-Âóíøà ìî-
æåò äîñòèãàòü 60% è ïî ñðàâíåíèþ ñ ïðîãðàììîé EMBOSS � 30%. Âòîðîé àëãî-
ðèòì âûðàâíèâàåò äëèííûå ïîñëåäîâàòåëüíîñòè áûñòðåå, ÷åì EMBOSS Stretcher
íà 40%.
Ìîäóëü ïîèñêà ìîòèâîâ äëÿ óñêîðåíèÿ ðàáîòû èñïîëüçóåò îáîáùåííûå ñóô-

ôèêñíûå äåðåâüÿ îãðàíè÷åííîé ãëóáèíû, ÷òî ïîçâîëÿåò äîñòè÷ü óñêîðåíèÿ â îïðå-
äåëåííûõ ñèòóàöèÿõ äî 10�20 ðàç. Óñêîðåíèå ïðîãðàììû ïîèñêà ïîâòîðÿþùèõñÿ
ó÷àñòêîâ ãåíîìà ðåàëèçîâàíî íà îñíîâå VP-äåðåâà.
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MACHINE LEARNING APPROACH FOR SOLUTION OF THE

HANDWRITTEN DIGITS CLASSIFICATION PROBLEM

We solve the problem of creating and training the neural network [1], [2], designed
for classi�cation of handwritten digits images.
The investigation was done using MatLab computing environment.
As input data there was used a set of marked 5000 grayscale images of handwritten

digits of 20× 20 pixel size. The regularized logistic regression model was used to solve
the problem. As an activation function there was selected the exponential sigmoid
function.
There was constructed a neural network with the following architecture:
1) the �rst (input) layer consists of 401 neurons (corresponding to the number of

pixels in the input image and bias);
2) the second (hidden) layer;
3) third (output) layer of 10 neurons (corresponding to the number of markers).
To con�gure the network weights, there was used the backpropagation algorithm [3].
The database elements were randomly permuted. The �rst 4000 marked images were

taken as the training set, the remaining marked images were used as the test set.
After 50 iterations the training accuracy was about 95.5%, the test accuracy was

about 92.5% (this may vary up to ±1% due to randomization of the input). The higher
accuracies may be obtained by training the neural network using more iterations. For
instance, after 1000 iterations the training accuracy becomes about 99.5%, the test
accuracy becomes about 94%.
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THE DEEP LEARNING:TWO PROBLEMS 1

We must to evaluate the minF (w) =
1

N

N∑
i=1

fi(w) on the deep learning. The N is

the sample value, w ∈ Rd is the weight vector of the neural network. If we will use the
1The reported study was partially supported by RFBR, research project No. 14-01-00579 a.
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gradient method: wk+1 = wk − αk∇F (wk), then we will face with two problems. The
iteration price of the G-method isNL(D), L(D) - number of operations for the gradient
evaluation. For the deep neuron netN and L(D) are large. Look for on the �rst problem
(large N). The stochastic gradient method (Robins and Monro, 1951) is an alternative
to the gradient method. The iteration step is: wk+1 = wk − αk∇fξ(wk). The random
variable ξ is uniform distributed on the set N={1,...,N}. The iteration price of the SG-
method is L(D). The error for the G-method is rk = F (wk)−F (w∗) = O(Ck), 0 < C <
1 and is rk = EF (wk)− F (w∗) = O(1/k) for the SG-method. The di�erence between
the geometrical and the linear speed of the convergence can compensate the di�erence
between iterations prices. The stochastic average gradient method (SAG, Shmidt at all,
2013) is a compromise between the speed and the memory. On the �rst step we evaluate

the N components y1
i = ∇fi(w0), the �rst direction g1 =

1

N

N∑
1

y1
i , and the �rst

approximation w1 = w0 − α1g1. On the iteration step we evaluate the next direction,

the next approximation: gk = gk−1 −
1

N
yk−1
ξk

+
1

N
∇fξk(wk−1), wk = wk−1 − αkgk, and

change the one component: ykξk = ∇fξk(wk−1). The sequence ξk is i.i.d. with common
distribution as ξ. For SAG the memory size is ND and the convergence is the same
as the gradient method. The modi�ed SAG is SAG with step-by-step accumulation of
components. On the �rst step y1

ξ1
= ∇fξ1(w0), y

1
i = 0 for i 6= ξ1. The �rst direction

is g1 = ∇fξ1(w0), the �rst approximation w1 = w0 − α1g1. On the iteration step:

gk =
1

mk
(mk−1gk−1 − yk−1

ξk
) +

1

mk
∇fξk(wk−1), wk = wk−1 − αkgk, and change the one

component: ykξk = ∇fξk(wk−1). The normalize factor mk =

{
mk−1, y

k−1
ξk
6= 0

mk−1 + 1, yk−1
ξk

= 0
,

m1 = 1. This method is faster then SAG on �rst iterations and is same as SAG
on large iterations. The second problem is the large number calculation to evaluate
the gradient ∇fi(w) in any point w. To solve the second problem we will change the
gradient on the empirical gradient. For this let's consider the point w neighborhood:
Bh(w) = {v ∈ RD : |vi − wi| ≤ h}, and select the subset Ph(w) = {zj} of the
orthogonal, (zj − w, zk − w) = δj,k, boundary points of the neighborhood Bh(w),
|Ph(w)| = D. Let's vectors zj = w + huj. The components vectors uj equal -1,0 or
1. To construct orthogonal vectors uj we can use the Harr algorithm. The empirical

gradient ∇̃fi(w) =
1

h
A−1UFi. The matrix A is the diagonal matrix with diagonal

elements aj = (uj, uj), columns of the matrix U is uj, and components of the vector
Fi: Fi,j = fi(zj). Matrix A and matrix U are not depending on the iteration, and
the calculation price of the empirical gradient is O(D2). Thus we announce the deep
learning method, which decide two problems of the iteration price. The iteration price
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of this method is O(D2).
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ÀÂÒÎÌÀÒÈÇÈÐÎÂÀÍÍÛÉ ÂÛÁÎÐ ÌÎÄÅËÈ ÏÎÒÎÊÀ
ÎØÈÁÎÊ Â ÈÍÔÎÐÌÀÖÈÎÍÍÎÉ ÑÈÑÒÅÌÅ ÎÖÅÍÊÈ

ÏÐÈÌÅÍÈÌÎÑÒÈ ÏÎÌÅÕÎÓÑÒÎÉ×ÈÂÎÃÎ ÊÎÄÈÐÎÂÀÍÈß

Äëÿ ðåøåíèÿ çàäà÷è ñîãëàñîâàíèÿ ïàðàìåòðîâ ïîìåõîóñòîé÷èâîãî êîäåêà è õà-
ðàêòåðèñòèê êàíàëà ñâÿçè óäîáíî èñïîëüçîâàòü èíôîðìàöèîííûå ñèñòåìû îöåí-
êè ïðèìåíèìîñòè ñõåì àëãåáðàè÷åñêîãî ïîìåõîóñòîé÷èâîãî êîäèðîâàíèÿ (ÈÑ ÎÏ-
ÑÀÏÊ), îñíîâàííûå íà èìèòàöèîííîì ìîäåëèðîâàíèè ïîìåõîóñòîé÷èâûõ êàíàëîâ
ñâÿçè (íàïðèìåð, ÈÑ ¾Êàíàë¿ [1]). Ïðè ñîñòàâëåíèè ýôôåêòèâíîé ïàðû êîäåê-
êàíàë äëÿ çàäàííîãî êàíàëà ñâÿçè âàæíî, ÷òîáû ìîäåëü êàíàëà ñâÿçè â ÈÑ áûëà
àäåêâàòíà ðåàëüíîìó êàíàëó, äëÿ êîòîðîãî ïîäáèðàåòñÿ êîäåê. Ïîýòîìó íåîáõîäè-
ìî óìåòü ïîäáèðàòü ìîäåëü ïîòîêà îøèáîê äëÿ ðåàëüíîãî êàíàëà ïåðåäà÷è äàí-
íûõ. Ðåøåíèå ýòîé çàäà÷è â îáùåì ñëó÷àå çàòðóäíèòåëüíî, îäíàêî âîçìîæíî â
÷àñòíûõ ñëó÷àÿõ, íàïðèìåð, äëÿ ñêðûòûõ ïîëóìàðêîâñêèõ ìîäåëåé [2].
Â äîêëàäå ðàññêàçûâàåòñÿ î ìîäèôèêàöèè ñòðóêòóðû ÈÑ ÎÏÑÀÏÊ ñ ó÷åòîì

èñïîëüçîâàíèÿ ñêðûòûõ ïîëóìàðêîâñêèõ ìîäåëåé â êà÷åñòâå áàçîâûõ ìîäåëåé èñ-
òî÷íèêîâ îøèáîê è ïðèìåíåíèÿ ìåòîäà ïîäáîðà ìîäåëè èñòî÷íèêà îøèáîê äëÿ
êîíêðåòíîãî êàíàëà ñâÿçè.
Ðåçóëüòàòû ðàáîòû ÷àñòè÷íî îïóáëèêîâàíû â [1], [2], [3].
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ÐÀÇÂÈÒÈÅ ËÈÍÅÉÍÛÕ ÌÎÄÅËÅÉ ÈÍÒÅËËÅÊÒÓÀËÜÍÎÃÎ
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Q-ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß

Èíòåëëåêòóàëüíûé àíàëèç äàííûõ ÿâëÿåòñÿ îäíèì èç âàæíûõ è ñîâðåìåííûõ
íàïðàâëåíèé ðàçâèòèÿ òåõíîëîãèé èñêóññòâåííîãî èíòåëëåêòà. Åãî õàðàêòåðíûì
ïðèçíàêîì ÿâëÿåòñÿ îáðàáîòêà èíôîðìàöèè ñ âûÿâëåíèåì â íåé ãëóáèííûõ êëþ÷å-
âûõ ïðèçíàêîâ íà îñíîâå èñïîëüçîâàíèÿ íåòðèâèàëüíûõ è íåñòàíäàðòíûõ ïðèåìîâ
àíàëèçà, èñïîëüçóþùåãî íåêëàññè÷åñêèå ïðèåìû âû÷èñëåíèé[1].
Ìàòåìàòè÷åñêèìè ìîäåëÿìè øèðîêîãî êëàññà çàäà÷ èíòåëëåêòóàëüíîãî àíàëè-

çà äàííûõ ÿâëÿþòñÿ ñèñòåìû ëèíåéíûõ óðàâíåíèé. [1,2]. Èõ ðåàëèçàöèÿ ñâÿçà-
íà ñ íåïîëíîòîé èñõîäíûõ äàííûõ, ÷òî çàòðóäíÿåò èñïîëüçîâàíèå òðàäèöèîííûõ
àëãîðèòìîâ èõ ðåøåíèÿ. Îñíîâíûì ôàêòîðîì, ïðåïÿòñòâóþùèì òî÷íîìó ðåøå-
íèþ, ÿâëÿåòñÿ ïëîõàÿ îáóñëîâëåííîñòü çàäà÷è. Â ðàáîòå ïðåäëîæåíà ìîäèôèêàöèÿ
âàðèàöèîííûõ ìåòîäîâ ðåøåíèÿ ÑËÀÓ ñ èñïîëüçîâàíèåì àïïàðàòà q-èñ÷èñëåíèÿ
[2,3]. Îíà çàêëþ÷àåòñÿ â èçìåíåíèè ïîäõîäà ê ðàñ÷åòó èõ ïàðàìåòðîâ, òàêèõ, êàê
øàã ñïóñêà. Ïîêàçàíî, ÷òî ïîðÿäîê q-ïðîèçâîäíîé, ôèãóðèðóþùåé â èòåðàöèîí-
íîì ïðîöåññå, ìîæåò çàâèñåòü îò äîïîëíèòåëüíûõ óñëîâèé ñâÿçè ìåæäó ðåøåíèÿ-
ìè íà òåêóùåé è ñëåäóþùåé èòåðàöèÿõ. Ýòî äåëàåò ìåòîä áëèçêèì ê ìåòîäèêàì
ðåøåíèÿ ÑËÀÓ, èñïîëüçóþùèì ñîïðÿæåííûå íàïðàâëåíèÿ. Ïðè ïðîâåäåíèè ÷èñ-
ëåííîãî ýêñïåðèìåíòà ïîêàçàíî, ÷òî ïðåäëîæåííûé ïîäõîä äëÿ ðÿäà çàäà÷ ìîæåò
ïîâûñèòü òî÷íîñòü ðåøåíèÿ.
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ÑÅÒÅÉ ÏÅÒÐÈ

Ïðè ìîäåëèðîâàíèè ôóíêöèîíèðîâàíèÿ ïàðàëëåëüíûõ ðàñïðåäåë¼ííûõ ñèñòåì
ïðèõîäèòñÿ ñòàëêèâàòüñÿ ñ òàê íàçûâàåìîé ïðîáëåìîé "âçðûâà ñîñòîÿíèé" , êîãäà
ïîëíàÿ ìîäåëü ñèñòåìû ñòàíîâèòñÿ íåîáîçðèìî áîëüøîé. ×òî ÿâëÿåòñÿ ñåðü¼ç-
íîé ïðîáëåìîé äëÿ äàëüíåéøåé âåðèôèêàöèè äåòàëüíûõ ìîäåëåé ðåàëüíûõ ñè-
ñòåì. Ïðèìåíåíèå äëÿ ìîäåëèðîâàíèÿ ïàðàëëåëüíûõ ðàñïðåäåë¼ííûõ ñèñòåì êîì-
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ïîíåíòíûõ ñåòåé Ïåòðè [1, 2] ïîçâîëÿåò ñòðîèòü àäåêâàòíûå ðåäóöèðîâàííûå ìîäå-
ëè. Èçó÷åíèå [3, 4] è ñðàâíåíèå ÿçûêîâ ïîñòðîåííûõ ìîäåëåé (èñõîäíîé äåòàëüíîé
è å¼ ðåäóöèðîâàííîé ñåòåé Ïåòðè) ïîçâîëÿåò èññëåäîâàòü ïîâåäåí÷åñêèå ñâîéñòâà
ìîäåëåé è îñóùåñòâëÿòü ïîèñê òðàññ ïðèâîäÿùèõ ê îøèáî÷íûì ñîñòîÿíèÿì.
Â ïðîäîëæåíèè èçó÷åíèÿ âîïðîñà î òîì íàñêîëüêî "ñõîæè"ÿçûêè äåòàëüíîé ìî-

äåëè èññëåäóåìîé ñèñòåìû è å¼ ðåäóöèðîâàííîé êîìïîíåíòíîé ìîäåëè, ââîäèòñÿ
ïîíÿòèå ïîäîáèÿ ÿçûêîâ ñåòåé Ïåòðè, êàê ïðåîáðàçîâàíèÿ ÿçûêîâ ñåòåé Ïåòðè,
îïðåäåë¼ííûõ íàä îäíèì è òåì æå àëôàâèòîì, ïîçâîëÿþùåãî âîññòàíàâëèâàòü
ÿçûê îäíîé ñåòè Ïåòðè ïî ÿçûêó äðóãîé. Óñòàíàâëèâàåòñÿ, ÷òî ðàññìàòðèâàåìîå
ïðåîáðàçîâàíèå ÿâëÿåòñÿ ñþðúåêòèâíûì ãîìîìîðôèçìîì è, ÷òî ïî ÿçûêó ðåäóöè-
ðîâàííîé ìîäåëè (êîìïîíåíòíîé ñåòè Ïåòðè) ìîæíî âîññòàíîâèòü ÿçûê å¼ äåòàëü-
íîé ìîäåëè Ïåòðè èññëåäóåìîé ñèñòåìû, ÷òî ïîçâîëèò ïðîâîäèòü êà÷åñòâåííûé
àíàëèç ÿçûêîâ ðàññìàòðèâàåìûõ ñåòåé Ïåòðè.
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ON SOME ALGORITHMS OF EDGE DETECTION IN THE
PRESENCE OF NOISE

Edge detection is one of important steps in the problems of digital image processing,
image recognition and in the computer vision in general. The aim of edge detectors is
to �nd the points of the image in which there is a sharp change of brightness. These
points should be further combined in lines, which form the edges in the image. The
presence of the noise may complicate signi�cantly the given problem [1].
The edge detection methods may be divided into several categories [2]. We mention

the following approaches: methods based on the search for maxima, methods based on
the search for zeroes, statistical methods, methods using fuzzy logic, methods using
dispersive phase stretch transform.
In this investigation, the edge detection is used at the stage of preparation of

initial data for detection of objects on X-ray images with the aid of the generalized
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Hough transform [3], whose temporal and spatial complexity depends essentially on
the number of points of interest on the image, so it is important to de�ne the exact
boundaries in the noisy images. The features of the given application area also requires
the correct detection of the rounded borders as well as of the boundaries of varying
contrast.
We have implemented various methods of edge detection including the approaches

mentioned above. Evaluation of their advantages and weaknesses was made empirically
using the experimental set of images. The obtained results may be the basis for the
design of an automatic system for analysis of medical X-ray images.

R E F E R E N C E S
1. Canny J. A computational approach to edge detection. IEEE Pattern Analysis and Machine Intelligence. 1986. Vol. 8,

No. 6. P. 679�698.
2. Maini R., Aggarwal H. Study and comparison of various image edge detection techniques. International Journal of Image

Processing. 2009. Vol. 3, No. 1. P. 1�11.

3. Pilidi V. S., Sharenko T. S. A modi�ed Hough algorithm for pattern detection on the medical X-ray images. Proc. of the

scienti�c school of I. B. Simonenko. Issue 2. 2015. Rostov-on-Don. Publishing House of Southern Federal University. P. 270�278.

À.À. Îñòàïåö (Ìîñêâà)
aostapec@mail.ru

ÎÁ ÎÄÍÎÌ ÏÎÄÕÎÄÅ Ê ÐÅØÅÍÈÞ ÇÀÄÀ×È
ÀÂÒÎÌÀÒÈ×ÅÑÊÎÉ ÊËÀÑÑÈÔÈÊÀÖÈÈ ÒÎÂÀÐÎÂ ÍÀ

ÎÑÍÎÂÅ ÒÅÊÑÒÎÂÎÉ ÈÍÔÎÐÌÀÖÈÈ

Àâòîìàòè÷åñêàÿ êëàññèôèêàöèÿ òîâàðîâ ïî êàòåãîðèÿì ÿâëÿåòñÿ âàæíîé ÷à-
ñòüþ æèçíåííîãî öèêëà òîâàðîâ â ýëåêòðîííîé êîììåðöèè è èñïîëüçóåòñÿ äëÿ
ìíîãèõ ïîñëåäóþùèõ ýòàïîâ ðàáîòû ñ òîâàðîì, òàêèõ êàê ïîèñê ïîäõîäÿùèõ òî-
âàðîâ, ðåêîìåíäàöèÿõ ïîõîæèõ òîâàðîâ, ïîñòðîåíèå êàòàëîãîâ è ò.ï.. Ýòà çàäà÷à
ìîæåò áûòü ñôîðìóëèðîâàíà êàê çàäà÷à îáó÷åíèÿ ñ ó÷èòåëåì, ãäå êàòåãîðèè òîâà-
ðîâ ÿâëÿþòñÿ öåëåâûì êëàññîì, à ïðèçíàêàìè - íåêîòîðûå àòðèáóòû, èçâëå÷åííûå
èç òåêñòîâûõ îïèñàíèé òîâàðîâ. Áîëüøîå êîëè÷åñòâî êëàññîâ (íåñêîëüêî òûñÿ÷)
è íàëè÷èå êëàññîâ ñ ìàëåíüêèì ÷èñëîì îáúåêòîâ â îáó÷àþùåé âûáîðêå (íàïðè-
ìåð, âñåãî îäèí èëè äâà îáúåêòà) ÿâëÿþòñÿ äîñòàòî÷íî òèïè÷íûìè îñîáåííîñòÿìè
ïîäîáíûõ çàäà÷ êëàññèôèêàöèè òåêñòîâ.
Äîêëàä ïîñâÿù¼í ó÷àñòèþ â Ìåæäóíàðîäíîì ñîðåâíîâàíèè ¾cDiscount 2015

product classi�cation¿, ãäå ðåøàëàñü çàäà÷à ïîñòðîåíèÿ àëãîðèòìà, îñóùåñòâëÿþ-
ùåãî àâòîìàòè÷åñêóþ êëàññèôèêàöèþ òîâàðîâ ïî êàòåãîðèÿì. Îðãàíèçàòîðû êîí-
êóðñà ïðåäîñòàâèëè îïèñàíèÿ ïðîäóêòîâ, ðàñïîëîæåííûõ íà ñàéòå [1] è çàäà÷à
ñîðåâíîâàíèÿ çàêëþ÷àëàñü â ðàçðàáîòêå ñèñòåìû, êîòîðàÿ áóäåò îñóùåñòâëÿòü àâ-
òîìàòè÷åñêóþ êëàññèôèêàöèþ ýòèõ ïðîäóêòîâ.
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Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçîâàëèñü ëèíåéíûå ìîäåëè (èç áèáëèîòåêè Liblinear
[2]) â êà÷åñòâå áàçîâûõ ìîäåëåé. Ôèíàëüíîå ðåøåíèå áûëî âçâåøåííîé êîìáèíàöè-
åé íåñêîëüêèõ áàçîâûõ ìîäåëåé. Äëÿ êëàññèôèêàöèè èñïîëüçîâàëñÿ ìåòîä ¾îäèí-
ïðîòèâ-âñåõ¿, êîãäà îáúåêòû îäíîãî êëàññà îòäåëÿþòñÿ îò îáúåêòîâ âñåõ îñòàëü-
íûõ êëàññîâ. Äëÿ ïîñòðîåíèÿ ðåøåíèÿ èñïîëüçîâàëñÿ òîëüêî àíàëèç òåêñòîâûõ
îïèñàíèé ïðîäóêòîâ (îðãàíèçàòîðû ïðåäîñòàâëÿëè è äðóãèå äàííûå, íàïðèìåð,
ôîòîãðàôèè ïðîäóêòîâ, íî â äàííîì ðåøåíèè ýòè äàííûå íèêàê íå èñïîëüçîâà-
ëîñü). Îïèñàííîå ðåøåíèå ïîêàçàëî 66% òî÷íîñòè íà ñêðûòîé (private) òåñòîâîé
âûáîðêå, ÷òî ïîçâîëèëî àâòîðó çàíÿòü 6 ìåñòî (èç 175 êîìàíä).
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MODERN NEURAL NETWORK METHODS FOR TIME SERIES
PREDICTION

Time series are especially di�cult to predict using the �nancial and economic data
as distinct from climate data [1]. The reason is because time series data are often
noisy, not-stationary, have high dimen-sionality and there are not always su�cient
information for analysis.
Recurrent neural networks are often used for time series prediction. Some versions

like Long Short-Term Memory (LSTM), as well as its generalization Gated Recurrent
Unit (GRU) can be marked. Such RNN allow to store and use information about
previous events for analysing subsequent events. This gives it a great advantage in
comparison with other neural networks provided that there are time dependencies
in the data [2]. Using of convolutional neural network (CNN) and its modi�ca-tions
has become a non-standard way for time series prediction. In [3] has obtained good
prediction results for trading strategy. CNN may also be useful for feature extraction
and next using them as input data for LSTM. Another interesting approach in solving
prediction problem is reinforcement learning [4], but signi�cant results have not yet to
be received. The behavior of reinforcement learner needs further analysis. It should
be noted that the success of neural network applications depends on high-quality
preparation of the training data, which can be done using wavelet transform or Kalman
�lter.
Modern neural network methods are not a panacea for prediction of complex time

series. The combination of di�erent neural network architectures and design methods
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provides a more powerful model, which in some cases can improve the quality of the
prediction.
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AUTOMATIC ANALYSIS OF BLURRED IMAGES

The main aim of this research is based on comparison of image characteristics in
order to �nd blurred image criteria. Such analysis is based on the appearance of the
functions, de�ned in the area of oriented gradients histogram construction.
As the result of constructing and scrutiny of 200 images with di�erent quality

and resolution, authors �nd, that common symptom of indicating blurred images, is
character of convexity or concavity of the gradient intensity values function.
If the image is sharp, it contains more abrupt tone transitions, so, the average values

will dominate in the distribution of gradient intensities. As a result, function, describing
such intensities, will be convex or it will be similar to linear function. If the image is
blur, values of gradients intensity will be few on the whole image. So, the gradients
intensity function will be �pulled up�, thereby changing the nature of the convexity from
a linear to concave function. Therefore, by increasing or decreasing the degree of the
image blur, the function will change the nature of the concavity is directly proportional
to image blur.
In more complicated situation - when image consists of blurred and sharp areas

- the function of a gradient intensity distribution can have an uncertain character
of convexity. The research found, that the gradient function changing of convexity is
strictly relative to the linear function, de�ned on the interval from the histogram peak
to its �rst zero value. Monitoring such changes of histogram intensities function with
comparison to described line function, make it possible to calculate image blur factor.
This results made it possible to describe screening methods and write image �ltering

algorithm. The main qualities of proposed algorithm are high speed, �exibility, versatility
to the input parameters, and a wide range of further modi�cations.
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