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A.V. Abanin (Rostov-na-Donu, Russia)
avabanin@sfedu.ru

MINIMALITY OF OVERFULL REPRESENTING SYSTEMS AND
RELATED PROBLEMS OF WEIGHTED FUNCTION SPACES

As is well known, representing systems of exponentials in function spaces are, as a
rule, overfull, that is, we can remove from such a system any �nite number of elements
without loss of the property to be representing. It seems this implies that there is
not any reasonable way to de�ne a concept of minimality for such systems. But it
is nevertheless possible for some model spaces such as the space of all holomorphic
functions in a bounded convex domain. On the other hand, there is no such a way for
the space of all entire functions.
The main problem we will discuss in the talk is the following. Given a function space,

how to determine if there is a reasonable way to de�ne minimal representing systems of
exponentials or their analogs in this space? There will be presented a general approach
and given an answer to this problem stated in terms of multipliers classes of dual
weighted function spaces.

E.G. Bakhtigareeva (Moscow, Russia)
salykai@yandex.ru

AN OPTIMAL IDEAL SPACE FOR A CONE OF NONNEGATIVE
GENERALLY DECREASING FUNCTIONS

Let T0 ∈ (0,∞], Y = Y (0, T0) be an ideal space (shortly: IS), generated by an
ideal quasinorm (shortly: IQN) ρ, let M = M(0, T0) be the set of measurable almost
everywhere �nite functions, M+ = {f ∈M : f ≥ 0} . Let M+ be ordered with the
following order relation:

f ≺ g ⇔
t∫

0

fdτ ≤
t∫

0

gdτ, f, g ∈M+(0, T0), t ∈ (0, T0). (1)

Consider the operator (Bf)(t) = t−1
∫ t

0 fdτ : Y → Y. (2)
Consider a cone of nonnegative generally decreasing functions

K =

h ∈ Y : h ≥ 0, t−1

t∫
0

hdτ ↓

 , ρK(h) = ρ(h), h ∈ K. (3)
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Consider the operator A0 : M(0, T0)→M+(0, T0)

(A0f)(t) =

∥∥∥∥∥∥τ−1

τ∫
0

|f |dξ

∥∥∥∥∥∥
L∞(t,T0)

, t ∈ (0, T0). (4)

Theorem 1. Let Y = Y (0, T0) be an IS, generated by an IQN ρ, which is coordinated
with order relation (1). Let K be a cone (3). Assume that restriction of operator (2)
to cone (3) is bounded with the norm ‖·‖Y . For f ∈M+(0, T0) consider the functional
ρ0(f) = ρ(A0f). Here A0f is an operator (4). Òhen, ρ0 is an IQN, coordinated with
order relation (1), ànd space

X0 = X0(0, T0) = {f ∈M(0, T0) : ρ0(|f |) <∞} , generated by ρ0,

is an IS, moreover X0 is an optimal IS among all ISs X such that K 7−→ X and ‖·‖X
is coordinated with the operator A0 in the following way:

‖f‖X ≤ c0 ‖A0f‖X .

R E F E R E N C E S
1. E.G. Bakhtigareeva, M. L. Goldman. Construction of an Optimal Envelope for a Cone of Nonnegative Functions with

Monotonicity Properties. Proceedings of the Steklov Institute of Mathematics. 2016. Vol. 293, pp. 37�55.

Hichem Ben-El-Mechaiekh (Department of Mathematics and Statistics,
Brock University, Saint Catharines, Ontario, CANADA)

hmechaie@brocku.ca
GENERALIZED VARIATIONAL INEQUALITIES WITHOUT

CONVEXITY

The talk discusses a general umbrella set-up for the well-posedness of generalized
variational inequalities (GVIs) in the absence of convexity for both objectives and
feasibility domains. The solvability of such GVIs calls upon far-reaching extensions
of the Poincar�e-Miranda theorem (an n−dimensional version of Bolzano intermediate
value theorem) for the existence of equilibria for nonlinear set-valued operators de�ned
on neighborhood retracts of arbitrary normed spaces and subject to non-smooth tangency
conditions. Possible applications to non-convex optimization are also discussed.

R E F E R E N C E S
1. Abdul Latif, Ben-El-Mechaiekh H. Topological �xed point theory and applications to variational inequalities. Fixed Point

Theory and Applications, Springer Open (2015) 1-26.
2. Ben-El-Mechaiekh H. Spaces and maps approximation and �xed points. J. Comp. Appl. Math 113 (2000) 283-308.
3. Ben-El-Mechaiekh H., Kryszewski W. Equilibria of set-valued maps on nonconvex domains. Trans. Amer. Math. Soc.349(1997)

4159-4179.
4. Bounkhel, Jofre M. and A. Subdi�erential stability of the distance function and its applications to nonconvex economies

and equilibrium. J. Nonlinear Convex Anal. 5 (2004) 331-347.
5. Bothe D. Multivalued di�erential equations on graphs and applications, Ph.D. thesis, Universit?at Paderborn, 1992.
6. Cornet B. Euler characteristic and �xed point theorems. Positivity 6 (2002) 243-260. 7. Kryszewski W. Topological

structure of solution sets of di�erential inclusions: the constrained case. Abstract and Applied Analysis 6 (2003) 325-351
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8. Kryszewski W. Graph-approximation of set-valued maps on noncompact domains. Topology and its Application 83 (1998)
1-21.

9. Singer I. Duality for nonconvex programming. CMS Books in Math. Halifax 2006.
10. J. van Mill In�nite dimensional topology. North Holland, Amsterdam 1989.

I. N. Braeutigam (Archangelsk, Russia), D.M. Polyakov (Vladikavkaz,
Russia)

irinadolgih@rambler.ru, DmitryPolyakow@mail.ru
SPECTRAL ANALYSIS OF A FOURTH ORDER DIFFERENTIAL

OPERATOR WITH MATRIX COEFFICIENTS 1

Let Lk2[0, 1] = L2[0, 1] × · · · × L2[0, 1] (k times). The inner product in Lk2[0, 1] is
de�ned by

(f, g) =
k∑
i=1

(fi, gi), (fi, gi) =

∫ 1

0

fi(t)gi(t) dt, f, g ∈ Lk2[0, 1].

We consider the operator L : D(L) ⊂ Lk2[0, 1] → Lk2[0, 1] determined by the
di�erential expression

l(y) = yIV − A(t)y′′ −B(t)y

with the domain D(L) = {y ∈ (W 4
2 )k[0, 1] : y(0) = y(1) = 0, y′′(0) = y′′(1) = 0}.

Here A(t) = (apj(t)), B(t) = (bpj(t)) are k × k matrices and apj, bpj ∈ L2[0, 1], p, j =

1, . . . , k. By A0 we denote the matrix A0 = (a0,pj), a0,pj =
∫ 1

0 apj(t) dt, p, j = 1, . . . , k,
and suppose that this matrix has the simple structure.
The aim of this talk is to discuss the spectral properties of the operator L. Below

we formulate the main result.
De�nition 1. For every bounded matrix A acting in Ck the weighted average of the
eigenvalues is de�ned by λ̂ = 1

k

∑k
i=1 λi, where λi are the eigenvalues of the matrix A.

Using the method of similar operators, we get
Theorem 1. There exists m ∈ N such that the spectrum σ(L) of the operator L has

the form σ(L) = σ(m) ∪ (∪n>m+1σn), where σ(m) is �nite set and the set σn has not

more than k points. Then for λ̂n, n > m+ 1 we obtain

λ̂n = (πn)4 +
(πn)2

k

k∑
j=1

µj −
(πn)2

k

k∑
j=1

a2n,jj +O(n),

where µj, j = 1, . . . , k, are the eigenvalues of matrix A0 and a2n,jj, n ∈ N, are Fourier
coe�cients of the function ajj, j = 1, . . . , k.

1The �rst author is supported by MES of Russia and DAAD (Mikhail Lomonosov - 12791.2018/12.2). The second author is supported
by Grant MC-1056.2018.1 of the President of the Russian Federation.
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E. Burtseva (Lule�a, Sweden)
Evgeniya.Burtseva@ltu.se

GENERALIZED HARDY-TYPE AND FRACTIONAL OPERATORS IN
MORREY-TYPE SPACES

We study the following weighted generalized multidimensional Hardy-type operators,
de�ned by

Ha
wf(x) := a(|x|)w(|x|)

|x|−n

∫
|y|<|x|

f(y)

w(|y|)
dy,

Ha
wf(x) := w(|x|)

∫
|y|>|x|

a(|y|)f(y)

w(|y|)|y|n
dy.

We provide conditions for Ha
w and Ha

w with radial quasi-monotone weights w (|x|) ,
to be bounded from the generalized Morrey space Lp,ϕ(Rn) into the Orlicz-Morrey
space LΦ,ϕ(Rn) with the Young function Φ(r).
We also study the weighted boundedness of the generalized fractional operator

Iaf(x) =

∫
Rn

a(|x− y|)f(y) dy

|x− y|n
as operator mapping from generalized Morrey spaces to Orlicz-Morrey spaces. We

�nd conditions on ϕ(r),Φ(r), the weight w(|x|) and the kernel of the fractional operator,
which insure such a boundedness. We prove a pointwise estimate for weighted fractional
operator wIa 1

w with power weights w(|x|) = |x|µ, which allows us to obtain weighted
boundedness of the fractional operator Ia from the boundedness for Hardy-type operators
in the case of power weights. The general case of quasi-monotone weights is reduced to
the case of power weights by using the properties of such weights.

* The talk is based on the joint paper with N. Samko: Burtseva E. and Samko N. On
weighted generalized fractional and Hardy-type operators acting between Morrey-type
spaces. Fract. Calc. Appl. Anal. 2017. Vol. 20, No. 6, pp. 1545�1566.

V. I. Chilin (Tashkent, Uzbekistan)
vladimirchil@gmail.com

MEAN ERGODIC THEOREM IN SYMMETRIC IDEALS OF
COMPACT OPERATORS

Let c0 be a Banach lattice of all converging to zero sequences {ξn}∞n=1 of real numbers
with respect to the norm ‖{ξn}‖∞ = sup

n∈N
|ξn|, where N is the set of natural numbers. By
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x∗ = {ξ∗n}∞n=1 we denote a non-increasing rearrangement of a sequence x = {ξn}∞n=1 ∈
c0.
The Hardy-Littlewood-Polya partial order x ≺≺ y in the space c0 is de�ned as

follows: x = {ξn}∞n=1 ≺≺ y = {ηn}∞n=1) i�
∑n

k=1 ξ
∗
k ≤

∑n
k=1 η

∗
k for all n ∈ N.

A non-zero linear subspace E ⊂ c0 with a Banach norm ‖ · ‖E is called a fully
symmetric sequences space, if the conditions x ≺≺ y, x ∈ c0, y ∈ E, imply that
x ∈ E and ‖x‖E ≤ ‖y‖E.
Let H be a complex separable in�nite-dimensional Hilbert space and let K(H) be

the C∗-algebra of all compact linear operators in H with respect to the uniform norm
‖ · ‖∞.
If (E, ‖ · ‖E) ⊂ c0 is a fully symmetric sequence space, then the set CE := {x ∈

K(H) : {sn(x)}∞n=1 ∈ E} is a proper two-sided ideal in K(H), in addition, (CE, ‖ · ‖CE)
is a Banach space with respect to the norm ‖x‖CE = ‖{sn(x)}∞n=1‖E, where {sn(x)}∞n=1

are the singular values of x (i.e. the eigenvalues of (x∗x)1/2 in decreasing order). In this
case we say that (CE, ‖ · ‖CE) is a Banach symmetric ideal.
Let T : K(H)→ K(H) be a positive Dunford-Schwartz operator (writing T ∈ DS+),

i.e. T is a positive linear operator such that ‖T (x)‖1 ≤ ‖x‖1 for all x ∈ C1 and
‖T (x)‖∞ ≤ ‖x‖∞ for all x ∈ K(H), where (C1, ‖ · ‖1) = (Cl1, ‖ · ‖Cl1). It is known that
T (CE) ⊂ CE and ‖T‖CE→CE ≤ 1 for any fully symmetric sequences space (E, ‖ · ‖E)
and every T ∈ DS+.
The following Theorem gives the necessary and su�cient conditions for the validity

of the mean ergodic theorem for a Banach symmetric ideal.

Theorem. Let (E, ‖ · ‖E) be a fully symmetric sequence space. Then the following

conditions are equivalent:

(i). For any T ∈ DS+ and x ∈ CE there is an x̂ ∈ CE such that ‖ 1
n

∑n−1
k=0 T

k(x) −
x̂‖CE → 0 as n→∞;

(ii). E is a separable space and E 6= l1.

V. I. Chilin (Tashkent, Uzbekistan), M.A. Muratov (Simferopol, Russia)
vladimirchil@gmail.com; mamuratov@gmail.com

DOMINATED ERGODIC THEOREM IN SYMMETRIC SEQUENCE
SPACES

Let N be the set of all natural numbers and let l∞ (respectively, l1) be a Banach
lattice of all bounded (respectively, summable) sequences x = {ξn}n∈N of real numbers
with respect to the norm ‖x‖∞ = sup

n∈N
|ξn| (respectively, ‖x‖1 =

∑∞
n=1 |ξn|). If x =

{ξn}n∈N ∈ l∞ and |x| = {|ξn|}n∈N, then a non-increasing rearrangement x∗ = {ξ∗n}n∈N
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of x is de�ned by x∗ = {ξ∗n}n∈N, where

ξ∗n := inf
card(F )<n

sup
n/∈F
|ξn|, where F is a �nite subset of N.

A non-zero linear subspace E ⊂ l∞ with a Banach norm ‖ · ‖E is called symmetric
sequence space if the conditions y ∈ E, x ∈ l∞, x

∗ ≤ y∗, imply that x ∈ E and
‖x‖E ≤ ‖y‖E. If (E, ‖ · ‖E) is a symmetric sequence space then there are the following
continuous embeddings:

(l1, ‖ · ‖1) ⊆ (E, ‖ · ‖E) ⊆ (l∞, ‖ · ‖∞).

Let x = {ξn}n∈N ∈ l∞ and x∗∗ = { 1
n

n∑
k=1

ξ∗k}n∈N (the maximal Hardy-Littlewood

sequence). A symmetric sequence space (E, ‖ · ‖E) is called fully symmetric sequence
space, if the conditions x∗∗ ≤ y∗∗, x ∈ l∞, y ∈ E, imply that x ∈ E and ‖x‖E ≤ ‖y‖E.
Let T : l∞ → l∞ be a Dunford-Schwartz operator (writing T ∈ DS), i.e. T is a

contraction in l∞ and in l1 as well. In the case when E is a fully symmetric sequence
space we have that T (E) ⊆ E and ‖T‖E→E ≤ 1 for any T ∈ DS.
For every T ∈ DS, x ∈ l∞ we set BT (x) = supn≥1

1
n

∑n−1
k=0 T

k(|x|). It is known that
BT (x) ≤ x∗∗.
We say that a fully symmetric sequence space (E, ‖ · ‖E) satis�es the dominated

ergodic theorem (writing E ∈ (DET )) if BT (x) ∈ E for every T ∈ DS and x ∈ E.
The following Theorem give the necessary and su�cient conditions for the validity

of the dominated ergodic theorem for a fully symmetric sequence spaces.

Theorem. Let (E, ‖ · ‖E) be a fully symmetric sequence space. Then the following

conditions are equivalent:

(i). E ∈ (DET );
(ii). H(E) = {x ∈ E : x∗∗ ∈ E} = E.

V.M. Deundyak, D.A. Leonov (Rostov-on-Don, Russia)
vl.deundyak@gmail.com, tori_92@inbox.ru

ON THE EQUATION WITH DOUBLE CONVOLUTION ON THE
DESCRETE FINITE HEISENBERG GROUP

Fourier method has been used for a long time in many �elds of mathematics, physics
and engineering sciences on commutative groups. The development of the fast Fourier
transform that can signi�cantly speed up the solution of important practical problems is
of particular interest. But in comparison with the commutative variant the construction
of the fast Fourier transforms for non-commutative groups is more di�cult because of
the complexity of the dual objects group in terms of which this transformation is
constructed. The numerical methods of solution of double convolution equations are
constructed in this report.
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The obtained results demonstrate the advantage of constructed numerical solution
of double convolution equations on the discrete �nite Heisenberg group H(Fp) in
comparison with algorithm that uses Gauss elimination. Moreover the generation of
matrix of double convolution worse than Gauss elimination in terms of computational
complexity. The using of provided algorithm does not require construction of this
matrix. Hence this method has the advantage in case of multiple application for double
convolution equations with di�erent kernels. Constructed algorithms are based on fast
Fourier transformation on Heisenberg group described in [1].

R E F E R E N C E S
1. Deundyak V.M., Leonov D.A. FFT and solving of convolution equations on Heisenberg group over prime Galua �eld.

Ecological bulletin of scienti�c centers of the Black Sea economic cooperation. 2016. Vol. 2, pp. 46�53.

Kirimli Elcim Elgun (Istanbul, Turkey)
elcimelgun@gmail.com

GABOR TRANSFORM ON CENTRAL GROUP EXTENSIONS

Given a locally compact groupG, a locally compact Abelian groupA, and a continuous
mapping w : G×G→ A satisfying cocycle conditions, we construct a locally compact
group Gw = G ×w A which is equipped by a Heisenberg type multiplication and
contains A as an Abelian normal subgroup. Locally compact Abelian groups has been
studied as a natural setting for time frequency analysis since 80s. In this talk our
goal is to construct a continuous Gabor transform on non-Abelian locally compact
groups of the form Gw, extending the one on A. We will observe that orthogonality
and inversion properties also carry to Gw, suggesting that Heisenberg type non-Abelian
locally compact groups not only play an important role in time frequency analysis of
Abelian groups, but also provide a suitable setting on their own.
This is a joint work with Serap Oztop. The project is supported by TUBITAK

BIDEB-2232 Program in Istanbul University.

D.V. Fufaev (Moscow, Russia)
fufaevdv@rambler.ru

SOME EQUIVALENCES RELATED TO THE TWISTED
REPRESENTATION

Let G be a locally compact group with right Haar measure and δ(x) its modular
function. To study the conjugation representation in L2(G), γ(x)f(y) = δ(x)1/2f(x−1yx),
it is reasonable to consider the representation β(x1, x2)f(y) = δ(x2)

1/2f(x−1
1 yx2) of

G×G in L2(G). So, similarly it is reasonable to consider the representation

βφ(x1, x2)f(y) == δ(x2)
1/2f(φ(x−1

1 )yx2)
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for the twisted conjugation representation
γφ(x)f(y) = δ(x)1/2f(φ(x−1)yx), where φ is an automorphism of G. In this way,
we state some results on the βφ:

Theorem 1. If γ isn't equivalent to γφ, then β isn't equivalent to βφ.
Denote by Γ(φ) a subgroup of G×G which is the graph of φ: Γ(φ) = {(h, φ(h)), h ∈

G}.
Theorem 2. γ is equivalent to the induced representation

indG×GΓ(φ) 1Γ(φ), where 1Γ(φ) is the identity representation of Γ(φ).

Let ρr be the right regular representation ofG and
∫
X

F ydα(y) its canonical decomplo-

sition into factor representations.

Theorem 3. There exists for each y an irreducible representation Ky of G×G such
that
1) Ky restricted to G × e is equivalent to F̄ y ◦ φ and Ky restricted to e × G is

equivalent to F y, where F̄ y is adjoint of F y,
2) the canonical decomposition into factor representations of βφ is given by

∫
X

Kydα(y).

Moreover, if the representation ρr is of type I then each F
y is of the form (L̄y ◦φ)×Ly

and the canonical decomposition into factor representations of βφ is given by∫
X

(L̄y ◦ φ)× Lydα(y).

V. Guliyev (Institute of Mathematics and Mechanics, Baku, Azerbaijan;
Ahi Evran University, Kirsehir, Turkey), F. Deringoz (Ahi Evran

University, Kirsehir, Turkey), S. Hasanov (Ganja State University, Ganja,
Azerbaijan)

vagif@guliyev.com
CHARACTERIZATION OF LIPSCHITZ FUNCTIONS VIA THE

COMMUTATORS OF SINGULAR AND FRACTIONAL INTEGRAL
OPERATORS IN ORLICZ SPACES

In this talk, we shall give some new characterizations of the Lipschitz spaces via the
boundedness of commutators associated with the fractional maximal operator, Riesz
potential and Calder�on-Zygmund operators on Orlicz spaces.
This work was supported by the Ahi Evran University Scienti�c Research Projects

Coordination Unit. Project Number: FEF.A4.18.012.
R E F E R E N C E S

1. Guliyev V. S., Deringoz F. and Hasanov S.G. Riesz potential and its commutators on Orlicz spaces. J. Inequal. Appl.
2017, Paper No. 75, 18 pp.
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2. Guliyev V. S., Deringoz F. and Hasanov S.G. Fractional maximal function and its commutators on Orlicz spaces, Anal.
Math. Phys. DOI 10.1007/s13324-017-0189-1.

3. Guliyev V. S., Deringoz F. and Hasanov S.G. Commutators of fractional maximal operator on Orlicz spaces, accepted in
Math. Notes 2018, 1-12.

A.G. Kamalyan (Yerevan State University and Institute of Mathematics
NAS, Armenia)

kamalyan_armen@yahoo.com

ON PARTIAL INDICES OF TRIANGULAR MATRIX FUNCTIONS

We will discuss the problem of constructive description of set of possible tuples of

partial indices of triangular matrix functions, whose diagonal elements are factorizable

with indices equal to the components of the vector χ ∈ Zn. Said set A(x) contained the

set E(x) of all vectors obtained from χ by permuting its components and is contained

in the set M(x) of all vectors majorized by χ. The conditions on χ under which

A(x) = E(x) or A(x) = M(x) are also discussed.

A. Karapetyants (Rostov-on-Don, Russia), H. Rafeiro (Colombia),
S. Samko (Portugal)

karapetyants@gmail.com, silva-h@javeriana.edu.co, ssamko@ualg.pt

ON NEW SPACES OF ANALYTIC FUNCTIONS OF NONSTANDARD
GROWTH

We give a simple proof of the boundedness of Bergman projection in various Banach

spaces of functions on the unit disc in the complex plain. The approach of the paper

is based on the idea of V.P. Zaharyuta, V.I. Yudovich (1964) where the boundedness

of the Bergman projection in Lebesgue spaces was proved using Calder�on-Zygmund

operators. We exploit this approach and treat the cases of variable exponent Lebesgue

space, Orlicz space, variable exponent generalized Morrey spaces and Grand Lebesgue

spaces. In the case of variable exponent Lebesgue space the boundedness result is

known, so in that case we provide a simpler proof, whereas the other cases are new.

The major idea of this study is to show that the approach can be applied to a wide range

of function spaces. We also study the rate of growth of functions near the boundary in

spaces under consideration and their approximation by molli�ed dilations.

Acknowledgement: RFBR 18-01-00094(a) and 18-51-05009 Apm(a).
R E F E R E N C E S

1. Karapetyants A., Samko S. On boundedness of Bergman projection operators in Banach spaces of holomorphic functions

in half plane and harmonic functions in half space. Journal of Mathematical Sciences. 2017. Vol. 226, No. 4, pp. 344-354.

https://doi.org/10.1007/s10958-017-3538-6

2. Karapetyants A., Rafeiro H., Samko S. Boundedness of the Bergman projection and some properties of Bergman type

space. Complex Anal. Oper. Theory (2018). https://doi.org/10.1007/s11785-018-0780-y
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3. Karapetyants A., Samko S. On grand and small Bergman spaces. Preprint 2018.

Z. A. Kusraeva (Vladikavkaz, Russia)
zali13@mail.ru

ON REPRESENTATION OF A CLASS OF HOMOGENEOUS
POLYNOMIALS1

We use the standard notation and terminology of Aliprantis and Burkinshaw [1] for

the theory of vector lattices.

De�nition 1. Let E and F be vector lattices. A mapping P : E → F is called an n-
homogeneous polynomial if there exists an n-linear operator ϕ : En → F , such that

P = ϕ◦∆n, where ∆n : E → En is the diagonal mapping ∆n : x 7→ (x, . . . , x) ∈ En.

The center Z(F ) of F is de�ned as the collection of linear operators T in F such

that −cIF ≤ T ≤ cIF for some 0 < c ∈ R.
De�nition 2. An n-linear operator T : En → F is said to be disjointness

preserving if for any choice of 1 ≤ j ≤ n and xk ∈ E, j 6= k ≤ n the linear operator

x 7→ T (x1, . . . , xj−1, x, xj+1, . . . , xn) is disjointness preserving. It can be easily seen

that an order bounded n-linear operator T is disjointness preserving if and only if

|T (x1, . . . , xn)| = |T (|x1| . . . , |xn|)| for all xk ∈ E.
Theorem. Let E and F be vector lattices with F universally complete and assume

that an f -algebra multiplication ∗ is �xed in F . Let P be an n-homogeneous polynomial

from E to F . Denote K(m) := {(k1, . . . , km) ∈ Nm :
∑m

i=1 ki = n}. The following

conditions are equivalent:

(1) There exists an order bounded disjointness preserving n-linear operator T from

En to F such that P (x) = T (x, . . . , x) for all x ∈ E.
(2) There exist a band projection τ ∈ P(F ), a collection of lattice homomorphisms

T1, . . . , Tn from E to F , and a partition of unity %1, . . . , %n in P(F ), such that for

every m ≤ n there exists a disjoint family {πk1,...,km : (k1, . . . , km) ∈ K(m)} in Z(F )

such that for all x ∈ E we have

P (x) = (τ − τ⊥)
n∑

m=1

%m
∑

(k1,...,km)∈K(m)

πk1,...,kmT1(x)k1 ∗ . . . ∗ Tm(x)km.

R E F E R E N C E S

1. Aliprantis C.D., Burkinshaw O. Positive Operators. Acad. Press Inc. London etc. 1985.

1 The study was supported by Russian Foundation for Basic Research (project �18-31-00205).
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I. Louhichi (American University of Sharjah, UAE)
ilouhichi@aus.edu

FINITE RANK COMMUTATORS AND SEMICOMMUTATORS OF
QUASIHOMOGENEOUS TOEPLITZ OPERATORS

In this talk, I shall survey our results about �nite rank commutators and semicom-
mutators of quasihomogeneous Toeplitz operators on the unit disk of the complex plane
C. A discussion of the recent developments related to this problem, for two-monomial
type Toeplitz operators on the weighted Bergman space and weighted pluriharmonic
Bergman space of the unit ball (resp. of the unit polydisk), shall be made.

A.R. Mirotin (Gomel, Belarus)
amirotin@yandex.ru

THE LIVSCHITS-KREIN TRACE FORMULA IN SEVERAL
OPERATOR VARIABLES ON BANACH SPACES

The trace formula for a trace class perturbation of a self-adjoint operator on Hilbert
space was proved in a special case by I.M. Livschits and in the general case by
M.G. Krein [1] (see also [2]). In the talk we introduce a spectral shift function and prove
a Livschits-Kre��n trace formula for a trace class perturbations of several generators of
holomorphic semigroups on Banach space with approximation property.
In the following Tn stands for the cone of negative Bernstein functions in n variables

[3]. The case n = 1 was studied in [4].

Theorem 1. [5] Let X be the Banach space with the approximation property. Let A
and B be n-tuples of generators of pairwise commuting bounded C0-semigroups TAj and
TBj respectively on X holomorphic in the right half plane C+ and satisfying ‖TAj(ζ)‖,
‖TBj(ζ)‖≤ M |ζ|mj for some mj ∈ Z+ (ζ ∈ C+, j = 1, . . . , n). If ∀j Aj − Bj are
nuclear there exists a unique distribution ηA,B supported in Rn

+ such that for every
ψ ∈ Tn with ∂2m+1ψ

∣∣
s=−0

6=∞ (m = (m1, . . . ,mn)) we have

tr(ψ(A)− ψ(B)) =

∫
Rn+\{0}

LηA,B(u)dµ(u),

where µ stands for the representing measure of ψ and LηA,B denotes the Laplace
transform of ηA,B.

R E F E R E N C E S
1. Krein M. G. On a trace formula in perturbation theory. Mat. Sbornik. 1953. Vol. 33, pp. 597�626 (Russian).
2. Peller V. V. The Lifshitz-Krein trace formula and operator Lipschitz functions. Proc. Amer. Math. Soc. 2016. Vol. 144(12),

No. 1, pp. 5207�5215.
3. Mirotin A.R. Properties of Bernstein functions of several complex variables. Mat. Zametki. 2013. Vol. 93, No. 2, pp. 257�

265; English transl.: Math. Notes. 2013. Vol. 93, No. 2.
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4. Mirotin A.R. Bernstein functions of several semigroup generators on Banach spaces under bounded perturbations.
Operators and Matrices. 2017. Vol. 11, pp. 199�217.

5. Mirotin A.R. Bernstein functions of several semigroup generators on Banach spaces under bounded perturbations, II.
Operators and Matrices. 2018. Vol. 12, No. 2, pp. 445 � 463.

M.N. Oreshina (Lipetsk, Russia)
m_oreshina@mail.ru

ON A RATIONAL APPROXIMATION OF THE FUNCTIONS OF
LINEAR SELF-ADJOINT OPERATOR PENCILS 1

Let H be a Hilbert space. We consider a linear operator pencil

L(λ) = λA−B, λ ∈ C.

Here A : H → H is a bounded positive de�nite operator, and B : D(B) ⊂ H → H is
an unbounded self-adjoint operator.
We construct a functional calculus

Ψ̃(f) =

∫
σ(L)

f(ξ) dẼ(ξ),

where σ(L) is the spectrum of the pencil L and Ẽ is a special spectral decomposition.
An important example of Ψ̃(f) is the operator impulse response of the linear di�erential
equation Ax′(t)−Bx(t) = f(t).
We suggest an approximate approach to the calculation of Ψ̃(f). We approximate

the function f by a rational function r on the spectrum of the pencil, and then take
the operator Ψ̃approx(f, r) = Ψ̃(r) as an approximation of Ψ̃(f). A similar approach to
the approximate solution of the equation x′(t) = Bx(t) + f(t) is used in [1].
We de�ne a special norm ‖T‖� = ‖

√
AT
√
A‖ and obtain the estimate of the

approximation.

Theorem 1. If the rational function r approximates the function f on σ(L) with
an absolute error ε ≥ 0, i.e.

|r(ξ)− f(ξ)| ≤ ε, ξ ∈ σ(L),

then the approximate operator Ψ̃approx(f, r) satis�es the estimate

‖Ψ̃approx(f, r)− Ψ̃(f)‖� ≤ ε.

The suggested approach can be used in remodeling of the complicated systems.
R E F E R E N C E S

1. Oreshina M.N. Approximate solution of a parabolic equation with the use of a rational approximation to the operator
exponential. Di�erential Equations. 2017. Vol. 53, No. 3, pp. 398�408.

1The research was supported by the Russian Foundation for Basic Research and Lipetsk region (research project No. 17-47-480305-r_a).
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J. S. Pashkova (Simferopol, Russia), B.A. Rubshtein (Beer-Sheva, Izrael)
j.pashkova@gmail.com; benzion.rubshtein@gmail.com

ERGODIC THEOREMS IN REARRANGEMENT INVARIANT
SPACES

Let m be the usual measure on the set nonnegative real numbers R+ = [0, ∞),
L0 = L0(R+,m) (respectively L∞ = L∞(R+,m), L1 = L1(R+,m)) be the space of
all m-measurable (respectively, be the spaces of all bounded and integrable) functions
f : R+ → R.
A positive linear operator T : L1 + L∞ → L1 + L∞ is said to be an absolute

contraction (T ∈ PC) if T is a contraction in L1 and in L∞ as well.
Let {Tn}∞n=1 ⊂ PC. We denote by

B{Tn}f(s) = sup
n
{Tn|f |(s)}, f ∈ L1 + L∞, s > 0.

If the operator B{Tn} is bounded, the sequence {Tn}∞n=1 ⊂ PC is called dominant.
Theorem 1. Let E be an rearrangement invariant space, the sequence {Tn}∞n=1 ⊂

PC is dominant and satis�es the inequality

m{B{Tn}f > t} 6 1

t

∫
{B{Tn}f>t}

|f | dm.

Then f ∈ H(E) = {f ∈ L1 + L∞ : f ∗∗ ∈ E} implies B{Tn}f ∈ E and

‖B{Tn}f‖E 6 ‖f‖H(E).

Theorem 2. Let E be an rearrangement invariant space, sequence {Tn}∞n=1 ⊂ PC
satis�es the inequality

1

2t

∫
{|f |>t}

|f | dm 6 m{B{Tn}f > t}, t > 0

for all function f ∈ L1 + L∞. If f
∗(∞) = 0, then B{Tn}f ∈ E implies f ∈ H(E).

A. Sandikci (Samsun, Turkey)
ayses@omu.edu.tr

TIME-FREQUENCY REPRESENTATIONS OF WIGNER TYPE
OPERATORS ON LORENTZ SPACES

The classical Wigner representation of a signal f is de�ned

W (f)(x,w) =

∫
Rd
f(x+

t

2
)f(x− t

2
)e−2πitwdt.
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Its meaning is roughly speaking one of energy distribution of the signal in the time-
frequency plane.
We consider in this work continuity properties for the two window spectrogram

and the τ -Wigner representation Wτ , a modi�cation of the Wigner representation
depending on a parameter τ ∈ [0, 1], whenever they act from product space of approp-
riate Lebesgue spaces into Lorentz spaces. We can then state the su�cient conditions
for the boundedness of the integrals

∫
[0,1]Wτdτ.

Some key references are given below.
R E F E R E N C E S

1.Boggiatto P., De Donno G., Oliaro A. A class of quadratic time-frequency representations based on the short-time Fourier
transform. Oper Theor. 2007. 172, pp. 235�249.

2.Boggiatto P., De Donno G., Oliaro A. Time-frequency representations of Wigner type and pseudo-di�erential operators.
Trans Amer Math Soc. 2010. 362, pp. 4955�4981.

3.Grochenig K. Foundations of Time-Frequency Analysis. Birkhauser. 2001.
4.O'Neil R. Integral transforms and tensor products on Orlicz spaces and L(p, q) spaces. J d'Analyse Math. 1968. 21, pp. 1�

276.
5.Sandikci A. On Lorentz mixed normed modulation spaces. J Pseudo- Di�er Oper Appl. 2012. 3, pp. 263�281.
6.Sandikci A. Continuity of Wigner-type operators on Lorentz spaces and Lorentz mixed normed modulation spaces. Turk J

Math. 2014. 38, pp. 728�745.

I. A. Sheipak (Moscow, Russia)
iasheip@yandex.ru

ON CONTINUOUS SPECTRUM OF THE SPECTRAL PROBLEM
FOR DIFFERENTIAL OPERATOR WITH WEIGHT-MULTIPLIRE

We study spectral properties of boundary value problem

−y′′ = λρy,

y(0) = y(1) = 0,

in the case where the weight ρ is a multiplier from the space
◦
W 1

2[0, 1] into the dual space
◦
W−1

2 [0, 1]. We have received the necessary and su�cient conditions under which a self-

similar function generates multiplier in these spaces. The class of compact self-similar

multipliers was described. For such weights-multipliers the spectrum of the problem

is discrete and eigenvalues have exponentially growth. Characteristics of growth are

determined by the parameters of self-similarity. We have constructed the class of non-

compact multipliers, for which the spectrum of the problem is continuous. The full

description of continuous spectrum is obtained for self-similar weights based on two

subintervals.

The work is supported by Russian Scienti�c Fund, project N. 17-11-01215.
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E. Shulman (Katowice, Poland)
ekaterina.shulman@us.edu.pl

ON POLYNOMIALS ON GROUPS AND NILPOTENCE OF NIL
SUBSETS

An algebra A is called a nil algebra of index n if

xn = 0, ∀x ∈ A. (1)

A classical result by Dubnov-Ivanov [1] and Nagata-Higman [2,3] states that a nil

algebra over a �eld of characteristic zero is nilpotent, that is there exists an N such

that x1 · · ·xN = 0 for any x1, . . . , xN ∈ A.
We consider a generalization of this statement to the case when the identity (1) holds

on some subset S only.

Theorem 1. Let S ⊂ A be a subset that, for any a, b ∈ S, contains also the element
a + b + ab. If each x ∈ S satis�es the relation (1) then there exists an M ∈ N such

that x1 · · ·xM = 0 for any x1, . . . , xM ∈ S.
The main tool of the proof is the remarkable Zel'manov theorem on nilpotence of Engel

Lie algebras [4].

We apply Theorem 1 to the study of polynomial functions on groups.

In the space of all continuous functions on a topological group G we consider the

classes of polynomials and semipolynomials, which are de�ned, respectively, by the

conditions

(∃n ∈ N) (∀ h1, ..., hn+1 ∈ G) ∆hn+1
· · ·∆h2∆h1 f = 0 (2)

and

(∃n ∈ N) (∀ h ∈ G) ∆n+1
h f = 0, (3)

where ∆h is the di�erence operator: ∆hf(g) = f(gh)− f(g).

The problem of comparing this two families of functions has a long story. In particular,

it was proved that for any Abelian group G the relations (2) and (3) are equivalent.

We investigate the case of non-commutative G and prove

Theorem 2. For any group G, any semipolynomial is a polynomial.
R E F E R E N C E S

1. Dubnov J., Ivanov V. Sur l'abaissement du degr�e des polyn�omes en a�neurs. Dokl. Akad. Nauk SSSR. 1943. Vol. 41,

pp. 96�98.
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3. Higman G. On a conjecture of Nagata. Math. Proc. Cambridge Philos. Soc. 1956. Vol. 52, pp. 1�4.

4. Zelmanov E. I. Engel Lie algebras. Dokl. Akad. Nauk SSSR. 1987. Vol. 292, no. 2, pp. 265�268.
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S.M. Tabatabaie (Qom, Iran)
sm.tabatabaie@qom.ac.ir

FRAMES RELATED TO LOCALLY COMPACT HYPERGROUPS

A hypergroup is a locally compact Hausdor� space with an involution such that the
space of its complex Radon measures is a Banach algebra.
This structure was introduced in a series of papers by C.F. Dunkl, R.I. Jewett and

R. Spector. Locally compact groups, double coset spaces and polynomial hypergroups
are important classes of hypergroups. On the other hand, in several papers, frames
and wavelets have been studied in harmonic analysis via representations of locally
compact groups. In this talk among other things, by a version of Wiener's theorem
on hypergroups, we give a characterization of admissible vectors related to the left
regular representation of hypergroups. Also, we give some applications of the existence
of relatively compact fundamental domains for hypergroups which are strong and
important tools in theory of frames.

R E F E R E N C E S
1. Bloom W. R. and Heyer H. Harmonic Analysis of Probability Measures on Hypergroups, De GruYter, Berlin, 1995.
2. Sadathoseyni B.H. and S.M. Tabatabaie S.M., Coorbit spaces related to locally compact hypergroups, Acta Math. Hungar.

2017. Vol. 153, pp. 177�196.
3. Tabatabaie S. M., The problem of density on L2(G), Acta Math. Hungar. 2016. Vol. 150, pp. 339�345.
4. Tabatabaie S.M. and Jokar S., A characterization of admissible vectors related to representations on hypergroups, Tbilisi

Mathematical Journal, 2017. Vol. 10, pp. 143�151.
5. Tabatabaie S.M., Kamyabi Gol R.A. and Jokar S., Existence of the relatively compact fundamental domain for hypergroups,

Submitted.

Ruya Uster (Istanbul, Turkey)
ruya.uster@istanbul.edu.tr

PROJECTIVITY AND INJECTIVITY OF ORLICZ SPACES

Let G be a locally compact group with left Haar measure µ and Φ be a Young
function. In this talk we will consider the Orlicz space LΦ(G) as an L1(G)- module. If
we take Φ(x) = xp

p , 1 ≤ p < ∞, LΦ(G) becomes the classical Lebesgue space Lp(G).

We show that LΦ(G) is projective L1(G)- module if and only if G is compact. Also we
show that the L1(G)- module LΦ(G) is injective whenever G is an amenable locally
compact group. These results generalize classical results on Lp spaces.
This is a joint work with Serap Oztop.

B.G. Vakulov, Yu. E. Drobotov (Rostov-on-Don, Russia)
bvak1961@bk.ru, yu.e.drobotov@yandex.ru

TWO-POLE POTENTIAL TYPE OPERATORS IN WEIGHTED
GENERALIZED H�OLDER SPACES

Operators to be considered are the two-pole potential type ones, de�ned as follows:
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(Kαcf) (x) =

∫
Ω

c(x, σ)f(σ)

|x− σ|n−α|x+ σ|n−α
dσ, Ω ⊆ Rn, (1)

where n ≥ 2, Reα > 0 and c(·) is a characteristic. These operators are studied in
the generalized variable H�older spaces Hω(·) (Ω, w), which are de�ned through a local
continuity modulus Mr(·) of a function, i.e.

∀f ∈ C(Ω, w) Mr(wf, x, t) ≤ Aω(x, t), A > 0,

where
Mr(f, x, t) = sup

y∈Ω:|x−y|≤t
|f(x)− f(y)|, x ∈ Ω, t > 0.

In [1], the operators (1) with Ω = Sn−1 ⊂ Rn and c(·) ≡ 1 were studied in various
types of the weighted spaces Hω

(
Sn−1, ρ

)
, where ω(·) assumed to be a function from

the Bary�Stechkin type class Φδ
β, β > δ ≥ 0, and ρ(·) was considered as an power

function. Theorems on boundedness and isomorphisms are presented in [1] and [2].
These studies are continued here for a wider class of weights. Results for Ω which

is not necessarily of �nite measure are obtained. Theorems on boundedness of the
operators (1) in Hω(·) (Ω, w) are proven.
The study was carried out with the �nancial support of RFBR within the framework

of the scienti�c project 17-301-50023 ¾ìîë_íð¿.
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UNILATERAL BALL POTENTIALS ON GENERALIZED LEBESGUE
SPACES Lp(.)

In this paper, we study unilateral ball potentials of variable order in variable exponent

Lebesgue spaces. We will show the boundedness of unilateral ball potentials in variable

exponent Lebesgue spaces [1].

Unilaterals ball potentials of an order α > 0 we will de�ne equalities [2]:

(Bα
+f)(x) =

2

Γ(α)ωn−1

∫
|y|<|x|

(
|x|2 − |y|2

)α
|x− y|n

f(y)dy,
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(Bα
−f)(x) =

2

Γ(α)ωn−1

∫
|y|>|x|

(
|y|2 − |x|2

)α
|x− y|n

f(y)dy.

Òåîðåìà 1. Let Ω ⊂ Rn be a bounded, open set and 0 < α < n. Let p ∈ P log(Rn)

with 1 < p− ≤ p+ < n
α . If k ≥ max{ p+

n−αp+ , 1}, then

‖Bα
+f‖ ≤ C|x|αk

1
p+Mf(x)1−αp(x)n

for every f ∈ Lp(.)(Ω) with ‖f‖p(.) ≤ 1 and every x ∈ Ω ⊂ Rn. The constant depends

only on α, n, clog(p), and diam(Ω).

Òåîðåìà 2. Let p ∈ P log(Rn), 0 < α < n and 1 < p− ≤ p+ < n
α. Then the

following estimate holds for operator Bα
+

‖|x|−αBα
+‖q(.) ≤ C(n, p, α)‖f‖p(.),

where the constant depends on p only via clog(p), p
− and p+.
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COMMUTING TOEPLITZ OPERATORS ON THE BERGMAN SPACE
WITH BOUNDED SYMBOLS

Various algebraic problems related to Toeplitz operators have been extensively studied

in the literature. One of the most interesting problems in the �eld is the commuting

problem of two Toeplitz operators on the Bergman space of the unit disk. This problem

was motivated by the same problem for Toeplitz operators on the Hardy space over the

unit circle, which was solved by Brown and Halmos in their seminal paper � Algebraic

properties of Toeplitz operators�. In this talk, I will present the recent contributions

toward solving this problem, then I will show that if a Toeplitz operator on the Bergman

space of the unit disk, with right-terminating bounded symbol, commute with another

Toeplitz operator whose right-terminating bounded symbol is neither analytic nor

coanalytic, then a nontrivial linear combination of both symbols is constant on the

unit disk.



¾Table of content¿

Functional Analysis and Operator Theory 30

Î.Ã. Àâñÿíêèí (Ðîñòîâ�íà�Äîíó, Ðîññèÿ)
avsyanki@math.rsu.ru

OÁ ÎÄÍÎÉ C∗-ÀËÃÅÁÐÅ, ÏÎÐÎÆÄÅÍÍÎÉ ÌÍÎÃÎÌÅÐÍÛÌÈ
ÈÍÒÅÃÐÀËÜÍÛÌÈ ÎÏÅÐÀÒÎÐÀÌÈ Ñ ÎÄÍÎÐÎÄÍÛÌÈ
ßÄÐÀÌÈ È ÐÀÄÈÀËÜÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ1

Ïóñòü Bn = {x ∈ Rn : |x| 6 1}. Â ïðîñòðàíñòâå L2(Bn) ðàññìîòðèì îïåðàòîð

(Kϕ)(x) =

∫
Bn

k(x, y)ϕ(y) dy, x ∈ Bn,

ïðåäïîëàãàÿ, ÷òî ôóíêöèÿ k(x, y) îïðåäåëåíà íà Rn × Rn è óäîâëåòâîðÿåò ñëåäó-

þùèì óñëîâèÿì:

1) k(αx, αy) = α−nk(x, y), ∀α > 0;

2) k(ω(x), ω(y)) = k(x, y), ∀ω ∈ SO(n);

3) k(e1, y)|y|−n/p ∈ L1(Rn), ãäå e1 = (1, 0, . . . , 0).

Èçâåñòíî, ÷òî îïåðàòîð K îãðàíè÷åí â ïðîñòðàíñòâå L2(Bn).
Ïóñòü A � íàèìåíüøàÿ C∗-ïîäàëãåáðà C∗-àëãåáðû L(L2(Bn)), ñîäåðæàùàÿ âñå

îïåðàòîðû âèäà λI + K + T , ãäå λ ∈ C, à T � êîìïàêòíûé â L2(Bn) îïåðàòîð.
Äàëåå, îïðåäåëèì â ïðîñòðàíñòâå L2(Bn) îïåðàòîð Mα, ãäå α ∈ R, ðàâåíñòâîì

(Mαϕ)(x) = |x|iαϕ(x), x ∈ Bn.

Îáîçíà÷èì ÷åðåç B C∗-àëãåáðó, ïîðîæäåííóþ âñåìè îïåðàòîðàìè A èç àëãåáðû

A è âñåìè îïåðàòîðàìè Mα. Ñ ïîìîùüþ ìåòîäà, èçëîæåííîãî â êíèãå [1], äëÿ

àëãåáðûB ïîñòðîåíî îïåðàòîðíîå ñèìâîëè÷åñêîå èñ÷èñëåíèå, â òåðìèíàõ êîòîðîãî

ïîëó÷åí êðèòåðèé íåòåðîâîñòè îïåðàòîðîâ èç ýòîé àëãåáðû.

Îáùèå ðåçóëüòàòû ïðèìåíÿþòñÿ ê èçó÷åíèþ âàæíîãî ÷àñòíîãî ñëó÷àÿ, à èìåííî

îïåðàòîðîâ âèäà

B = I +K1 +MαK2.

Äëÿ òàêèõ îïåðàòîðîâ ïîëó÷åíû ýôôåêòèâíûå ñêàëÿðíûå óñëîâèÿ íåòåðîâîñòè è

ôîðìóëà äëÿ âû÷èñëåíèÿ èíäåêñà.
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ÈÍÒÅÃÐÀËÜÍÛÅ ÑÂÎÉÑÒÂÀ ÎÁÎÁÙ�ÍÍÛÕ ÏÎÒÅÍÖÈÀËÎÂ
ÒÈÏÀ ÁÅÑÑÅËß È ÒÈÏÀ ÐÈÑÑÀ

Ïðîñòðàíñòâî ïîòåíöèàëîâ. Ïðîñòðàíñòâî ïîòåíöèàëîâHG
E ≡ HG

E (Rn) îïðå-
äåëÿåì êàê ìíîæåñòâî ñâ¼ðòîê ÿäåð ïîòåíöèàëîâ ñ ôóíêöèÿìè èç áàçîâîãî ïðî-
ñòðàíñòâà

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)},

‖u‖HG
E

= inf{‖f‖E : f ∈ E(Rn), G ∗ f = u}.
ãäå E � ïåðåñòàíîâî÷íî-èíâàðèàíòíîå ïðîñòðàíñòâî, à ÿäðî G � ñïåöèàëüíîãî
âèäà,

c1Φ(r) 6 G(x) 6 c2Φ(r), r = |x| ∈ R+ ,

ãäå 0 < Φ ↓ íà R+;
r∫

0

Φ(ρ)ρn−1 dρ <∞, ∀r ∈ R+

â ñëó÷àå, êîãäà áàçîâîå ïðîñòðàíñòâî E(Rn) = Λp(v) � âåñîâîå ïðîñòðàíñòâî Ëî-
ðåíöà ñ íîðìîé

‖f‖E =

 ∞∫
0

f ∗(t)pv(t) dt

 1
p

; 1 < p <∞.

Ïîëó÷åíî îïèñàíèå îïòèìàëüíî-ïåðåñòàíîâî÷íîãî èíâàðèàíòíîãî ïðîñòðàíñòâà
X0(Rn) äëÿ âëîæåíèÿ HG

E (Rn) ⊂ X(Rn): X0(Rn) = Γp(ω), ãäå Γp(ω) � âåñîâîå
Γ-ïðîñòðàíñòâî Ëîðåíöà ñ âåñîì ω, çàâèñÿùèì îò v, Φ.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÑÂÎÉÑÒÂÀ ÎÁÎÁÙ�ÍÍÛÕ
ÏÎÒÅÍÖÈÀËÎÂ ÁÅÑÑÅËß

Ïðîñòðàíñòâî ïîòåíöèàëîâ òèïà Áåññåëÿ.Ïðîñòðàíñòâî ïîòåíöèàëîâHG
E ≡

HG
E (Rn) îïðåäåëÿåì êàê ìíîæåñòâî ñâ¼ðòîê ÿäåð ïîòåíöèàëîâ ñ ôóíêöèÿìè èç áà-

çîâîãî ïðîñòðàíñòâà

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)},

‖u‖HG
E

= inf{‖f‖E : f ∈ E(Rn), G ∗ f = u}.
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ãäå E � ïåðåñòàíîâî÷íî-èíâàðèàíòíîå ïðîñòðàíñòâî, à ÿäðî G � ñïåöèàëüíîãî
âèäà,

G = G0
R +G1

R;

G0
R = G · χ

R
; G1

R = G · χRn\BR,

c1Φ(r) 6 G0
R(x) 6 c2Φ(r), r = |x| ∈ (0, R) ,

ãäå 0 < Φ(ρ) ↓ íà R+;

R∫
0

Φ(ρ)ρn−1 dρ <∞, G1
R ∈ L1(Rn) ∩ E ′(Rn),

ãäå E ′(Rn) � àññîöèèðîâàííîå äëÿ E(Rn).
Ïðè E(Rn) = Λp(v) � âåñîâîå ïðîñòðàíñòâî Ëîðåíöà äàí êðèòåðèé âëîæåíèÿ

HG
E (Rn) ⊂ C(Rn). Ïîëó÷åíî îïèñàíèå îïòèìàëüíîãî ïðîñòðàíñòâà Êàëüäåðîíà

Λk(C;X) ñ íîðìîé

‖u‖Λk(C;X) = ‖u‖c +
∥∥∥ωkc (u; t

1
n

)∥∥∥
X(0,1)

äëÿ ìîäóëåé íåïðåðûâíîñòè ïîòåíöèàëîâ ωkc

(
u; t

1
n

)
.
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ÎÖÅÍÊÈ ÐßÄÎÂ ÐÀÄÅÌÀÕÅÐÀ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÌÎÐÐÈ

Ïóñòü I = [0, 1] îòðåçîê, ó êîòîðîãî ìû áóäåì òî÷êè 0 è 1 îòîæäåñòâëÿòü.
Çàôèêñèðóåì ïîñëåäîâàòåëüíîñòü τi = 2−i, i = 1, 2, ....
Ïóñòü l èäåàëüíîå ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé ñî ñòàíäàðòíûì áàçèñîì

{ei}∞1 , â êîòîðîì îãðàíè÷åí îïåðàòîð T (
∑∞

i=1 e
ixi) =

∑∞
k=1 e

k(
∑∞

i=k xi).
Äèñêðåòíûì ïðîñòðàíñòâîì Ìîððè M τ

l,Lp áóäåì íàçûâàòü ìíîæåñòâî ïåðèîäè-

÷åñêèõ ôóíêöèé f ∈ L1,loc(I), äëÿ êàæäîé èç êîòîðûõ êîíå÷íà íîðìà

‖f |M τ
l,Lp‖ = sup

h
‖
∑

ei‖f(h+ .)χ(B(0, τi))|Lp‖|l‖,

(χ(D) - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà D, B(0, r) � "øàð"ñ öåíòðîì â
íóëå ðàäèóñà r. )
Ïóñòü rk(t) = sign sin(2kπt), k = 1, 2, ...ôóíêöèè Ðàäåìàõåðà. Çàôèêñèðóåì ÷èñ-

ëîâóþ ïîñëåäîâàòåëüíîñòü {ck}∞1 è ïîñòðîèì ðÿä Ðàäåìàõåðà R(t) =
∑∞

k=1 ckrk(t).
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Òåîðåìà 1. Çàôèêñèðóåì ñäâèã h0 ∈ (0, 1). Åñëè

‖
∞∑
l=1

el2−l/p{(
∞∑

j=l+2

c2
j)

1/2 +
l+1∑
k=1

|ck|}|l‖ <∞,

òî ‖Rm(h0 + .)|M τ
l,Lp‖ <∞.

Äëÿ òîãî, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

‖Rm(h0 + .)|M τ
l,Lp‖ < Bp(

∞∑
k=1

|ck|2)1/2

äîñòàòî÷íî âûïîëíåíèå íåðàâåíñòâà

‖
∞∑
l=1

el
l+1∑
k=1

|ck|}|l‖ < bp.

Ïðè äîêàçàòåëüñòâå òåîðåìû ñóùåñòâåííî èñïîëüçóþòñÿ óòâåðæäåíèÿ è êîíñòðóê-
öèè èç [1].

Ë È Ò Å Ð À Ò Ó Ð À
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Î ÂËÎÆÅÍÈÈ W 1,n(Ω) ÄËß ÌÍÎÆÅÑÒÂÀ ÏÐÎÈÇÂÎËÜÍÎÉ
ÌÅÐÛ

Ïóñòü â Ω ⊆ Rn, (n ≥ 2) � îòêðûòîå ìíîæåñòâî, S(µ; Ω) � ïðîñòðàíñòâî èçìåðè-
ìûõ íà Ω ôóíêöèé x : Ω → R, X � ñèììåòðè÷íîå ïðîñòðàíñòâî â S(µ; Ω). ×åðåç
W 1,p(Ω, X), (1 ≤ p <∞) îáîçíà÷èì çàìûêàíèå C∞0 (Ω) ïî íîðìå Ñîáîëåâà

‖x|W 1,p(Ω, X)‖ = ‖∇x|Lp‖+ ‖x|X‖.

Îïðåäåëèì ôóíêöèþ ψR,n : (0, ρ)→ R+ ðàâåíñòâîì

ψρ,n(t) = nC1/n
n

{
(lnρt )

−1/n′, ïpè t ∈ (0, ρe−1/n′),

( 1
n′

)−1/n′, ïpè t ∈ [ρe−1/n′, ρ)
.

Ïî ôóíêöèÿì ψρ,n ïîñòðîèì ïðîñòðàíñòâà Ìàðöèíêåâè÷à M(ψρ,n), íîðìû â êî-
òîðûõ îïðåäåëÿåòñÿ ðàâåíñòâîì

‖x|M(ψ)‖ = sup
0<t<ρ

ψρ,n(t)

t

∫ t

0

x∗(s)ds,

x∗(·) � ïåðåñòàíîâêà ôóíêöèè |x(·)| â íåâîçðàñòàþùåì ïîðÿäêå.
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Òåîðåìà 1. Çàôèêñèðóåì Ω. Òîãäà äëÿ ëþáîãî x èç åäèíè÷íîãî øàðà ïðîñòðàí-
ñòâà W 1,n(Ω, X) ñïðàâåäëèâî òî÷íîå íåðàâåíñòâî

sup
ρ∈(0,µ(Ω))

{2‖(x∗(.)− x∗(ρ))χ(0, ρ)|M(ψρ,n)‖+

‖x∗(ρ)χ(0, ρ) + x∗(.)χ(ρ, µ(Ω))|X‖} ≤ ‖x|W 1,n(Ω, X)‖. (1)

Åñëè â êà÷åñòâå ïðîñòðàíñòâà X âçÿòü ïðîñòðàíñòâî Ln ñ íîðìîé ‖x|Ln‖m =
1
m‖x|L

n‖, òî â ñëó÷àå µ(Ω) <∞ â (1) ìîæíî ïåðåéòè ê ïðåäåëó è ïîëó÷èòü òî÷íóþ
òåîðåìó âëîæåíèÿ äëÿ ïðîñòðàíñòâà Ñîáîëåâà W 1,n(Ω) â íîðìå Äèðèõëå.
Â ñëó÷àå Ω = Rn èç òåîðåìû 1 ñëåäóþò ðåçóëüòàòû [1-2].

Ë È Ò Å Ð À Ò Ó Ð À
1. Adachi S., Tanaka K. Trudinger type inequality in Rn and their best exponent. // Pros. AMS., 1999, v. 128, p. 2051�2057.
2. Li X., Ruf B. A sharp Trudinger-Moser type inequality for unbounded domains in Rn. // Indiana Univ. Math. J., 2008,

v. 57, p. 451�480.

Â.Ñ. Áóäûêà (Äîíåöê)
budyka.vik@gmail.com

ÍÅÐÅËßÒÈÂÈÑÒÑÊÈÉ ÏÐÅÄÅË ÄËß 2P × 2P ÎÏÅÐÀÒÎÐÎÂ
ÄÈÐÀÊÀ Ñ ÒÎ×Å×ÍÛÌÈ ÂÇÀÈÌÎÄÅÉÑÒÂÈßÌÈ

Ðàññìîòðèì 2p× 2p îïåðàòîð Äèðàêà, àññîöèèðîâàííûé ñ äèôôåðåíöèàëüíûì
âûðàæåíèåì

D =

(
c2/2 −i c d

dx

−i c d
dx −c

2/2

)
⊗ Ip. (1)

â H = L2(I)⊗C2p. Çäåñü c > 0 îáîçíà÷àåò ñêîðîñòü ñâåòà, Ip = ICp � åäèíè÷íûé
îïåðàòîð â Cp, I = (a, b) ñ −∞ < a < b ≤ +∞.
Â ðàáîòå ðàññìàòðèâàþòñÿ ðåàëèçàöèèDX,α âûðàæåíèÿ Äèðàêà (1) ñ òî÷å÷íûìè

âçàèìîäåéñòâèÿìè

dom(DX,α) =
{
f ∈ W 1,2

comp(I\X)⊗ C2p : fI ∈ ACloc(I), fII ∈ ACloc(I\X);

fII(a+) = 0 , fII(xn+)− fII(xn−) = −iαn
c
fI(xn), n ∈ N

}
íà äèñêðåòíîì ìíîæåñòâå X = {xn}∞n=1 ⊂ R íà ïîëóîñè, ãäå αn = α∗n ∈ Cp×p è
fI = {f1 f2 . . . fp}>, fII = {fp+1 fp+2 . . . f2p}>, f = {fI fII}>.
Îáîáùàþòñÿ îïðåäåëåííûå ðåçóëüòàòû ðàáîòû [2] íà ìàòðè÷íûé ñëó÷àé. Ïîêà-

çàíî, ÷òî ýòè ðåàëèçàöèè âñåãäà ñàìîñîïðÿæåííûå.
Èññëåäîâàí íåðåëÿòèâèñòñêèé ïðåäåë ïðè ñòðåìëåíèè ñêîðîñòè ñâåòà ê áåñêî-

íå÷íîñòè

s− lim
c→+∞

(
Dc
X,α − (z + c2/2)

)−1
= (HX,α − z)−1

⊗(
Ip Op

Op Op

)
,
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ãäå HX,α � ìàòðè÷íûé îïåðàòîð Øð¼äèíãåðà ñ òî÷å÷íûìè âçàèìîäåéñòâèÿìè (ñì.
[3]).
Ýòà ðàáîòà îñíîâàíà íà ñòàòüå [1].

Ë È Ò Å Ð À Ò Ó Ð À
1. Budyika V., Malamud M., Posilicano A. Nonrelativistic limit for 2p × 2p�Dirac operators with point interactions on a

discrete set. Russian J. Math. Phys. 2017. V. 24, �. 4, pp. 426�435.
2. Carlone R., Malamud M., Posilicano A. On the spectral theory of Gesztesy��Seba realizations of 1�D Dirac operators with

point interactions on a discrete set. J. Di�erential Equations. 2013. V. 254, �. 9, pp. 3835�3902.
3. Kostenko A.S., Malamud M.M., Natyagailo D.D. Matrix Schr�odinger operator with δ�interactions. Math. Notes. 2016,

V. 100, �. 1, pp. 48�64.

Õ.Õ. Áóð÷àåâ (Ãðîçíûé, ÐÔ), Ã.Þ. Ðÿáûõ (Ðîñòîâ-íà-Äîíó, ÐÔ)
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ÍÀÑËÅÄÎÂÀÍÈÅ ÃËÀÄÊÎÑÒÈ ÝÊÑÒÐÅÌÀËÜÍÛÌÈ
ÝËÅÌÅÍÒÀÌÈ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÁÅÐÃÌÀÍÀ1

Ïóñòü A(R) � ôóíêöèè, àíàëèòè÷åñêèå â êðóãå D(R) ðàäèóñà R ≥ 1; 0 < p <

∞, lg � ëèíåéíûé ôóíêöèîíàë íàä ïðîñòðàíñòâàìè Áåðãìàíà Ap ïî D = D(1),
îáðàçîâàííûé g èç A(1) [1-2]. Ôóíêöèÿ f ∈ Ap ýêñòðåìàëüíà äëÿ lg, ò.å. lg(f) ==
‖lg‖ è ‖f‖Lp(D) = 1. Ïîëîæèì, ÷òî

ΛαA := A(1)
⋂

Lip(α, T = ∂D), 0 < α < 1.

Òåîðåìà 1. Åñëè 1 < p <∞, 1
p + 1

q = 1 è g ∈ Aq1, q < q1 <∞, òî f = bh, ãäå
b � ïðîèçâåäåíèå Áëÿøêå, h ∈ A(p−1)q1 è íå èìååò íóëåé.

Òåîðåìà 2. Åñëè 1 ≤ p < ∞, è g ∈ A(R), R > 1, òî f è X : min
x∈Ap
‖ḡ − x‖Lp =

‖ḡ −X‖Lp îáëàäàþò òàêîé æå ãëàäêîñòüþ.

Òåîðåìà 3. Ïóñòü 1 ≤ p ≤ 2 è g ∈ ΛαA, òîãäà f = bh, ãäå b � ïðîèçâåäåíèå
Áëÿøêå, h ∈ ΛαA è íå èìååò íóëåé.

Òåîðåìà 4. Ïóñòü m ≥ 2, 2
m+1 < p < 2

m è g(m−2) ∈ ΛβA, ãäå β = 2
p −m + ν <

1, ν > 0. Òîãäà ýêñòðåìàëüíàÿ ôóíêöèÿ äëÿ lg ñóùåñòâóåò, íî ìîæåò áûòü
íååäèíñòâåííîé. Åñëè F ýêñòðåìàëüíà äëÿ lg, òî F = BH, ãäå B � ïðîèçâåäåíèå
Áëÿøêå, H íå èìååò íóëåé è H(m−2) ∈ ΛβA.
Òåîðåìû 1,2 è 3,4 ÿâëÿþòñÿ ïðîäîëæåíèåì [2�3].
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2(116).�Ñ. 139�142.
2. Áóð÷àåâ Õ.Õ., Ðÿáûõ Â. Ã. Îáùèé âèä ëèíåéíîãî ôóíêöèîíàëà â ìåòðè÷åñêîì ïðîñòðàíñòâå H ′p, 0 < p < 1 // Ñèáèðñ.

ìàòåì. æ. Äåï â ÂÈÍÈÒÈ.� 1975.� 736�75.�Ñ. 1�10.
3. Áóð÷àåâ Õ.Õ., Ðÿáûõ Â. Ã., Ðÿáûõ Ã.Þ. Àíàëèòè÷íîñòü â C ýêñòðåìàëüíûõ ôóíêöèé ôóíêöèîíàëà, îáðàçîâàííîãî

ïîëèíîìîì íàä ïðîñòðàíñòâîì Áåðãìàíà // Ìàò. ôîðóì (Èòîãè íàóêè. Þã Ðîññèè). Èññëåäîâàíèÿ ïî ìàòåìàòè÷åñêîìó
àíàëèçó. ÞÌÈ ÂÍÖ ÐÀÍ è ÐÑÎ�À.� 2014.� Ò. 8, ×. 1.� Ñ. 204�214.

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 18-01-00017).



¾Table of content¿

Functional Analysis and Operator Theory 36

Â.Å. Âëàäûêèíà (Ìîñêâà, Ðîññèÿ)
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ÐÅÃÓËßÐÍÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ Ñ
ÈÍÂÎËÞÖÈÅÉ1

Ïóñòü L äèôôåðåíöèàëüíûé îïåðàòîð, çàäàííûé äèôôåðåíöèàëüíûì âûðàæå-
íèåì

Ly = l(y) = y(n) + p1(x)y(n−1) + · · ·+ pn(x)y, pj ∈ W n
1 [a, b], j = 1, ..., n

ñ îáëàñòüþ îïðåäåëåíèÿ D(L) = {y ∈ W 2n
1 [a, b]|Uj(y) = 0, j = 1, ...n},ãäå

Uj(y) =
n−1∑
k=0

ajky
(k)(a) + bjky

(k)(b).

Ïóñòü ϕ : [a, b] → [a, b] � èíâîëþöèÿ îòðåçêà [a, b], ò.å. ϕ(a) = b, ϕ(b) = a,
ϕ′(x) < 0 è ϕ(ϕ(x)) = x. Ïðåäïîëàãàåì, ÷òî ϕ ∈ W 2n+1

1 [a, b].
Ìû èçó÷àåì ñïåêòðàëüíóþ çàäà÷ó

JLy = µy, Uj(y) = 0, j = 1, ..., n, (Jf)(x) = f(ϕ(x)) (1)

(çäåñü µ � ñïåêòðàëüíûé ïàðàìåòð). Çàìåòèì, ÷òî îïåðàòîð T = (JL)2 êîððåêò-
íî îïåðåäåëåí è ÿâëÿåòñÿ îáûêíîâåííûì äèôôåðåíöèàëüíûì îïåðàòîðîì 2n-ãî
ïîðÿäêà. Îñíîâíîé ðåçóëüòàò äîêëàäà ñëåäóþùèé.
Òåîðåìà. Ïóñòü îïåðàòîð T = (JL)2 ðåãóëÿðåí ïî Áèðêãîôó. Òîãäà ñîáñòâåí-

íûå è ïðèñîåäèíåííûå ôóíêöèè îïåðàòîðà JL (ñïåêòðàëüíîé çàäà÷è (1)) îáðàçó-
þò áåçóñëîâíûé áàçèñ Ðèññà ñî ñêîáêàìè ïðîñòðàíñòâà L2(a, b).
×àñòíûå ñëó÷àè ýòîé òåîðåìû äëÿ JL = −y′′(−x), [a, b] = [−1, 1] ðàíåå áûëè

äîêàçàíû â ðàáîòàõ [1,2].
Ë È Ò Å Ð À Ò Ó Ð À
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À.Â. Ãèëü (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
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ÎÖÅÍÊÈ ÄËß ÍÅÊÎÒÎÐÛÕ ÎÏÅÐÀÒÎÐÎÂ ÑÂÅÐÒÊÈ Ñ
ÎÑÎÁÅÍÍÎÑÒßÌÈ ßÄÅÐ ÍÀ ÑÔÅÐÀÕ

Ðàññìîòðèâàåòñÿ îïåðàòîð ñâåðòêèMβ
θ ϕ = mβ

θ ∗ϕ ñ ÿäðîì, èìåþùèì ñòåïåííûå
îñîáåííîñòè íà êîíå÷íîì îáúåäèíåíèè ñôåð:

mβ
θ (y) = θ1(|y|)(r2

1 − |y|2 + i0)β1−1 × . . .× θs−1(|y|)×
×r2

s−1 − |y|2 + i0)βs−1−1θs(|y|)(1− |y|2)βs−1
+ ,

1Ðàáîòà ïîääåðæàíà ãðàíòîì ÐÍÔ � 17-11-01215.
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ãäå β = (β1, . . . , βs), βj > 0, 1 ≤ j ≤ s, 0 < r1 < r2 < . . . < rs−1 < rs = 1. Çäåñü
θj(r) - ãëàäêèå ôóíêöèè, θj(rj) 6= 0, 1 ≤ j ≤ s.
×åðåç Hp = Hp(Rn), 0 < p <∞, îáîçíà÷èì ìíîæåñòâî âñåõ S ′ - ðàñïðåäåëåíèé

òàêèõ, ÷òî
f+(x) = sup

0<ε<∞
|(f ∗ ϕε)(x)| ∈ Lp,

ãäå ϕ ∈ S è
∫
Rn ϕ(x)dx 6= 0, ϕε(x) = ε−nϕ(xε ) è

(f ∗ ϕε)(x) = 〈f, ϕε(x− ·)〉.

Ïîëîæèì ‖f‖Hp = ‖f+‖Lp (ñì. [1 , ñòð. 269]).
Íà
(

1
p ,

1
q

)
- ïëîñêîñòè ðàññìîòðèì ìíîæåñòâî:

L(β, n) =

{ (
1
p ,

1
q

)
, 0 < p ≤ q <∞ : 1

p −
n
q ≤ β, åñëè 1

p + 1
q ≤ 1

n
p −

1
q ≤ β + (n− 1), åñëè 1

p + 1
q ≥ 1

}
.

×åðåç H(Mβ
θ ) îáîçíà÷èì ìíîæåñòâî âñåõ ïàð

(
1
p ,

1
q

)
, äëÿ êîòîðûõ îïåðàòîð Mβ

θ

îãðàíè÷åí èç Hp â Hq.
Òåîðåìà 1. Ïóñòü βj > 0, 1 ≤ j ≤ s, β0 = min{β1, . . . , βs}. Òîãäà L(β0, n) =

H(Mβ
θ ).

Ë È Ò Å Ð À Ò Ó Ð À
1. Miyachi A. On some singular Fourier multipliers // J. Fac. Sci. Univ. Tokyo., Sec. IA., 1981 V.28 P. 267�315
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CÏÅÊÒÐÀËÜÍÛÉ ÀÍÀËÈÇ ÎÏÅÐÀÒÎÐÍÛÕ ÏÎËÈÍÎÌÎÂ È
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ N-ÎÃÎ ÏÎÐßÄÊÀ

Ïóñòü X � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé || · ||, EndX � áà-
íàõîâà àëãåáðà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X . Ïóñòü
A : D(A) ⊂ X → X � ëèíåéíûé îïåðàòîð ñ íåïóñòûì ðåçîëüâåíòíûì ìíî-
æåñòâîì ρ(A) è B1, B2, . . . , BN � îïåðàòîðû èç àëãåáðû EndX , N ∈ N
Îïðåäåëåíèå 1. Ïóñòü B : D(B) ⊂ Y → Z � çàìêíóòûé îïåðàòîð. Ðàññìîò-

ðèì ñëåäóþùèå óñëîâèÿ:
1) KerB = {0}, ò.å. îïåðàòîð B èíúåêòèâåí;
2) 1 ≤ n = dim KerB <∞;
3) KerB � áåñêîíå÷íîìåðíîå ïîäïðîñòðàíñòâî èç Y ;
4) KerB � äîïîëíÿåìîå ïîäïðîñòðàíñòâî â Y ;
5) ImB = ImB;
6) ImB 6= ImB;
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7) ImB � çàìêíóòîå äîïîëíÿåìîå ïîäïðîñòðàíñòâî èç Z êîíå÷í îé êîðàçìåð-
íîñòè (codim ImB = m <∞);
8) ImB � çàì êíóòîå äîïîëíÿåìîå ïîäïðîñòðàíñòâî èç Z áåñêîíå÷íîé êîðàç-

ìåðíîñòè;
9) ImB = Z , ò.å. B � ñþðúåêòèâíûé îïåðàòîð;
10) ImB 6= Z ;
11) îïåðàòîð B íåïðåðûâíî îáðàòèì, ò.å. B−1 ∈ Hom (Z,Y).
Åñëè äëÿ îïåðàòîðà B âûïîëíåíû âñå óñëîâèÿ èç ñîâîêóïíîñòè íåïðîòèâîðå-

÷èâûõ óñëîâèé S ⊂ {1, 2, . . . , 11}, òî áóäåì ãîâîðèòü, ÷òî îïåðàòîð B íàõîäèòñÿ
â ñîñòîÿíèè îáðàòèìîñòè S. Ìíîæåñòâî ñîñòîÿíèé îáðàòèìîñòè îïåðàòîðà B îáî-
çíà÷èì ñèìâîëîì Stinv(B).
Ðàññìîòðèì ëèíåéíûé îïåðàòîðA = AN+B1A

N−1+· · ·+BN : D(AN) ⊂ X → X
ñ îáëàñòüþ îïðåäåëåíèÿ D(A) = D(AN), N ∈ N.
Íàðÿäó ñ îïåðàòîðîì A îïðåäåëèì îïåðàòîð A : D(A) ∈ X × X → X × X ñ

ïîìîùüþ ìàòðèöû A ∼



A −I 0 . . . 0 0
0 A −I . . . 0 0
0 0 A . . . 0 0
...

...
... . . . ...

...
0 0 0 . . . A −I
BN BN−1 BN−2 . . . B2 A+B1


.

Òåîðåìà 1. Ìíîæåñòâà ñîñòîÿíèé îáðàòèìîñòè îïåðàòîðîâ A : D(A2) ⊂
X → X è A : D(A)N ⊂ X × X → X ×X ñîâïàäàþò, ò.å. Stinv(A) = Stinv(A).

Ï.À. Èâàíîâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
pavel−rsm@mail.ru

ÖÈÊËÈ×ÅÑÊÈÅ ÂÅÊÒÎÐÛ ÌÍÎÃÎÌÅÐÍÎÃÎ ÎÏÅÐÀÒÎÐÀ
ÏÎÌÌÜÅ

Äëÿ îáëàñòåé Ωj, 1 ≤ j ≤ N , â C, ñîäåðæàùèõ 0, ââåäåì ïîëèöèëèíäðè÷åñêóþ

â CN îáëàñòü Ω :=
N∏
j=1

Ωj. ×àñòíûå îïåðàòîðû Ïîììüå îïðåäåëÿþòñÿ ñëåäóþùèì

îáðàçîì:

Dj,0(f)(t) :=

{
f(t)−f(t1,...,tj−1,0,tj+1,...,tN )

tj
, tj 6= 0,

∂f
∂tj

(t1, . . . , tj−1, 0, tj+1, . . . , tN), tj = 0,

1 ≤ j ≤ N , f ∈ A(Ω), t = (tj)
N
j=1 ∈ Ω. Îïåðàòîðû Dj,0, 1 ≤ j ≤ N , ëèíåéíî

è íåïðåðûâíî äåéñòâóþò â ïðîñòðàíñòâå Ôðåøå A(Ω) âñåõ àíàëèòè÷åñêèõ â Ω
ôóíêöèé. Äëÿ α = (αj)

N
j=1 ∈ NN

0 , ãäå N0 := N ∪ {0}, ïîëîæèì Dα
0 := Dα1

1,0 · · ·D
αN
N,0.
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Â äîêëàäå èäåò ðå÷ü î öèêëè÷åñêèõ âåêòîðàõ ñèñòåìû îïåðàòîðîâ D0 := {Dj,0 :
1 ≤ j ≤ N} â A(Ω). Ïðè ýòîì ôóíêöèÿ f ∈ A(Ω) íàçûâàåòñÿ öèêëè÷åñêèì âåêòî-
ðîì D0 â A(Ω), åñëè ñèñòåìà {Dα

0 (f) : α ∈ NN
0 } ïîëíà â A(Ω).

Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà. Ïóñòü Ωj, 1 ≤ j ≤ N , � îäíîñâÿçíûå îáëàñòè â C, ñîäåðæàùèå 0.
Ôóíêöèÿ f ∈ A(Ω) ÿâëÿåòñÿ öèêëè÷åñêèì âåêòîðîì D0 â A(Ω) òîãäà è òîëüêî
òîãäà, êîãäà f îòëè÷íà îò ðàöèîíàëüíîé ôóíêöèè.

Ñëåäñòâèå. Öåëàÿ â CN ôóíêöèÿ f ÿâëÿåòñÿ öèêëè÷åñêèì âåêòîðîì D0 â
A(CN) òîãäà è òîëüêî òîãäà, êîãäà f îòëè÷íà îò ìíîãî÷ëåíà.
Ðàíåå ïðèâåäåííûå ðåçóëüòàòû áûëè ïîëó÷åíû â îäíîìåðíîì ñëó÷àå (ñì. [1]).
Â äîêàçàòåëüñòâå òåîðåìû ñóùåñòâåííî èñïîëüçóþòñÿ îïåðàòîðû ñäâèãà Tz, z ∈

CN , äëÿ îïåðàòîðà Ïîììüå. Îíè îïðåäåëÿþòñÿ òàêèì îáðàçîì, ÷òî äëÿ ëþáûõ
ìíîãî÷ëåíà f è z ∈ CN âûïîëíÿåòñÿ ðàâåíñòâî Tz(f) =

∑
α∈NN0

zαDα
0 (f).
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ÎÁ ÝËËÈÏÒÈ×ÍÎÑÒÈ ÎÏÅÐÀÒÎÐÎÂ, ÀÑÑÎÖÈÈÐÎÂÀÍÍÛÕ Ñ
ÄÈÔÔÅÎÌÎÐÔÈÇÌÀÌÈ

Îáúåêòîì èçó÷åíèÿ äàííîé ðàáîòû ÿâëÿþòñÿ îïåðàòîðû, àññîöèèðîâàííûå ñ
äåéñòâèåì äèñêðåòíîé ãðóïïû G äèôôåîìîðôèçìîâ íà ãëàäêîì ìíîãîîáðàçèè,
èëè G-îïåðàòîðû.
Íà ñôåðå Sm ðàññìîòðèì äèôôåîìîðôèçì

g : Sm → Sm, (1)

à òàêæå ðàññìîòðèì G-îïåðàòîðû, êîòîðûå ïðåäñòàâëÿþòñÿ â âèäå êîíå÷íîé ñóì-
ìû

D =
∑
k

DkT
k : Hs(Sm)→ Hs−d(Sm), (2)

ãäå Tu(x) = u(g−1x) � îïåðàòîð ñäâèãà, à Dk � ýòî ïñåâäîäèôôåðåíöèàëüíûå
îïåðàòîðû (ÏÄÎ) ïîðÿäêà d íà ñôåðå Sm, k ∈ Z.
Êàê èçâåñòíî, ýëëèïòè÷íîñòü îïåðàòîðà (2) çàâèñèò îò ïîêàçàòåëÿ ãëàäêîñòè s

ïðîñòðàíñòâà Ñîáîëåâà. Èìåííî ïîýòîìó èíòåðåñíî âûÿñíèòü, äëÿ êàêèõ s îïåðà-
òîð ýëëèïòè÷åí.
Â äàííîé ðàáîòå áûëà èññëåäîâàíà ýëëèïòè÷íîñòü îïåðàòîðà âèäà (2), àññîöèè-

ðîâàííîãî ñ äèôôåîìîðôèçìîì (1), ãäå g � äèôôåîìîðôèçì òèïà Ìîðñà-Ñìåéëà.
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Òàêæå áûëî ïîëó÷åíî, ÷òî â ñëó÷àå, êîãäà g ïðåäñòàâëÿåò ñîáîé ñäâèã âäîëü òðà-
åêòîðèè ïàðàáîëè÷åñêîãî äèôôåîìîðôèçìà, ýëëèïòè÷íîñòü îïåðàòîðà (2) íå çà-
âèñèò îò ïîêàçàòåëÿ ãëàäêîñòè s.
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ÓÑËÎÂÈß ÎÁÐÀÒÈÌÎÑÒÈ ÐÀÇÍÎÑÒÍÛÕ ÎÏÅÐÀÒÎÐÎÂ
ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ Â ÁÀÍÀÕÎÂÎÌ ÏÐÎÑÒÐÀÍÑÒÂÅ

Ïóñòü X � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî è EndX � áàíàõîâà àëãåáðà ëè-
íåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X .
Ðàññìîòðèì ðàçíîñòíûé îïåðàòîð âòîðîãî ïîðÿäêà L : lp(Z,X )→ lp(Z,X ), äåé-

ñòâóþùèé ïî ïðàâèëó

(Lx)(n) = x(n+ 2) +B1x(n+ 1) +B2x(n), x ∈ lp, n ∈ Z, (1)

ãäå B1, B2 ∈ EndX , è ðàçíîñòíûé îïåðàòîð ïåðâîãî ïîðÿäêà
L : lp(Z,X 2)→ lp(Z,X 2), äåéñòâóþùèé ïî ïðàâèëó

L :

(
x
Sx

)
7−→

(
S −I
B2 S +B1

)(
x
Sx

)
, x ∈ lp.

Çäåñü ÷åðåç S îáîçíà÷åí îïåðàòîð ñäâèãà ïîñëåäîâàòåëüíîñòåé èç lp:
S ∈ End lp, (Sx)(n) = x(n + 1), n ∈ Z, x ∈ lp. Îäíîâðåìåííàÿ îáðàòèìîñòü
îïåðàòîðîâ L è L óñòàíîâëåíà â ñòàòüå [1].
Èçó÷åíèå óñëîâèé îáðàòèìîñòè ëèíåéíîãî ðàçíîñòíîãî îïåðàòîðà âòîðîãî ïî-

ðÿäêà (1) ïðîâîäèòñÿ â óñëîâèÿõ íàëè÷èÿ ðàçäåëåííûõ êîðíåé ñîîòâåòñòâóþùåãî
"àëãåáðàè÷åñêîãî" îïåðàòîðíîãî óðàâíåíèÿ

X2 +B1X +B2 = 0, (2)

ðàññìàòðèâàåìîãî â áàíàõîâîé àëãåáðå EndX .
Äâà êîðíÿ Λ1 è Λ2 íàçîâ¼ì ðàçäåë¼ííûìè, åñëè îïåðàòîð Λ1 − Λ2 îáðàòèì â

àëãåáðå EndX .
Òåîðåìà 1. Ïóñòü Λ1, Λ2 - ðàçäåë¼ííàÿ ïàðà êîðíåé óðàâíåíèÿ (2). Òîãäà äëÿ

îáðàòèìîñòè îïåðàòîðîâ L : lp(Z,X ) → lp(Z,X ) è L : lp(Z,X 2) → lp(Z,X 2)
íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ

(σ(Λ1) ∪ σ(Λ2)) ∩ T = ∅,
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ãäå σ(Λk) � ñïåêòðû îïåðàòîðîâ Λk, k = 1, 2; T = {λ ∈ C : |λ| = 1}.
Êðîìå òîãî, ïîëó÷åíî ïðåäñòàâëåíèå (ôîðìóëû) îáðàòíûõ îïåðàòîðîâ ê ðàñ-

ñìàòðèâàåìûì îïåðàòîðàì L è L.
Ë È Ò Å Ð À Ò Ó Ð À
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Î ÍÅÊÎÒÎÐÛÕ ÍÎÂÛÕ ÐÅÇÓËÜÒÀÒÀÕ Î ÌÎÄÅËÈ ÈÇÈÍÃÀ

Â ðàáîòå ïîëó÷åíà îáùàÿ ôîðìóëà, äàþùàÿ ïðåäñòàâëåíèå ñòàòèñòè÷åñêîé ñóì-
ìû îáîáøåííîé ìîäåëè Èçèíãà íà êîíå÷íîé ðåøåòêå, â âèäå ôóíêöèîíàëà îò
ñïåêòðàëüíûõ èíâàðèàíòîâ íåêîòîðîé òåïëèöåâîé ìàòðèöû. Ïîëó÷åíî àñèìïòîòè-
÷åñêîå âûðàæåíèå ñòàòèñòè÷åñêîé ñóììû ïðè áîëüøèõ N (N�÷èñëî óçëîâ ðåøåò-
êè), êîòîðîå ìîæåò áûòü îñíîâîé äëÿ òî÷íîãî âû÷èñëåíèÿ ïðåäñòàâëÿþùèõ èíòå-
ðåñ ôèçè÷åñêèõ âåëè÷èí, íàïðèìåð, óäåëüíîé ñâîáîäíîé ýíåðãèè ïðè áîëüøèõ N .
Îáñóæäàþòñÿ íåêîòîðûå ìàòåìàòè÷åñêèå çàäà÷è, ñâÿçàííàå ñ òåîðèåé òåïëèöåâûõ
ìàòðèö, ðåøåíèå êîòîðûõ ïðåäñòàâëÿåò èíòåðåñ â ñâÿçè ñ èññëåäîâàíèÿìè òî÷íî
ðåøàåìûõ ìîäåëåé ñòàòèñòè÷åñêîé ôèçèêè.
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ÍÅÃËÀÄÊÈÅ ÏÐÎÅÊÒÎÐÛ ÌÈÍÈÌÈÇÀÖÈÈ ÍÎÐÌÛ ÍÀ
ÊÎÌÏÀÊÒÍÛÕ ÌÍÎÆÅÑÒÂÀÕ

Îïåðàòîðû íà îñíîâå îðòîãîíàëüíûõ ïðîåêòîðîâ íà ëèíåéíûå ìíîãîîáðàçèÿ è
íåãëàäêèõ ïðîåêòîðîâ íà ïàðàëëåëåïèïåäû äëÿ ýêñòðåìàëüíîé çàäà÷è â êîíå÷íî-
ìåðíîì ïðîñòðàíñòâå: âû÷èñëèòü

x∗ = arg min
{
ϕ = ‖x− C‖2

∣∣ x ∈ D0 ∩D1 6= ∅ ,
D0 = {x |Ax = b, rang A = m} ∈ Rm×n,
D1 = {x |x− ≤ x ≤ x+} 6= ∅

}
∈ Rn.

(1)
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Ïðèäåëüíûå òî÷êè èìåþò ñëåäóþùèé âèä

x∗ (α∗) = p2 + α∗p = P 1
[
P 0 [p1]

]
+

α∗
〈
P 1
[
P 0 (p1)

]
− p1

〉
= P 1

[
P 0
[
P 1
(
P 0 (C)

)] ]
+α∗

〈
P 1
[
P 0
[
P 1
(
P 0 (C)

)] ]
− P 1

(
P 0 (C)

)〉
,

(2)

ãäå àôôèííûé è íåãëàäêèé ïðîåêòîðû è ïàðàìåòðû îïðåäåëåíû ðàâåíñòâàìè

P 0 (C) = P 0C + PAb, P
0 = En − P⊥ = PAA,

PA = AT
(
AAT

)−1
, α∗ = min

i∈[1,...,m]
[b− (Ai, p0)] ,

P 1
(
x0
)

= 0, 5
(∣∣X0 −X−

∣∣− ∣∣X0 −X+
∣∣+X− +X+

)
.

Çàäà÷ó (1) ìîæíî òàêæå ðåøèòü ðåëàêñàöèîííî-ïðîåêöèîííûì ìåòîäîì

X 0
k+1 = P 0

(
X0
k

)
∈ D0, X 1

k+1 = P 1
(
X 0
k+1

)
∈ D1,

k = 0, 1, 2, ... , X0
0 = P 0 (C) ,

(3)

äëÿ êîòîðîãî (2) îïðåäåëÿåò ïðåäåëüíûå òî÷êè ìåòîäà, ïîñêîëüêó ïîñëåäîâàòåëü-
íîñòü (3) àñèìïòîòè÷åñêè ñõîäèòñÿ x∗ = lim xn, n→∞.
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ÎÁÙÀß ÊÐÀÅÂÀß ÇÀÄÀ×À ÄËß

ÏÑÅÂÄÎÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ Â
ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÃÅËÜÄÅÐÀ-ÇÈÃÌÓÍÄÀ ÏÅÐÅÌÅÍÍÎÃÎ

ÏÎÐßÄÊÀ ÃËÀÄÊÎÑÒÈ ÍÀ Rn
+.

Ðàññìàòðèâàþòñÿ îïåðàòîðû Ãðèíà A èç àëãåáðû Áóòå äå Ìîíâåëÿ (ñì. [1]) â
ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ Ãåëüäåðà-Çèãìóíäà Λs(·)(Rn

+) ñ ïåðåìåííûì ïîêà-
çàòåëåì ãëàäêîñòè s(·) (ñì. [2]), ãäå s(·) � íåïðåðûâíàÿ îãðàíè÷åííàÿ âåùåñòâåí-
íîçíà÷íàÿ ôóíêöèÿ òàêàÿ, ÷òî |s(x + y) − s(x)| ≤ S1

| log2 |y||
äëÿ ëþáûõ x, y ∈ Rn,

0 < |y| < 1.
Äîêàçàíî, ÷òî îïåðàòîð Ãðèíà

A =

(
P+ +G K
T Q

)
:

Λs(·)(Rn+)

⊕
Λs(·′,0)−m+λ(Rn−1)

→
Λs(·)−m(Rn+)

⊕
Λs(·′,0)−γ(Rn−1)

,

ãäå P+ = r+Pe+ � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ïîðÿäêà m íà ïîëóïðî-
ñòðàíñòâå ñî ñâîéñòâîì òðàíñìèññèè, G � ñèíãóëÿðíûé îïåðàòîð Ãðèíà ïîðÿäêà
m è êëàññà r ≥ 0, K � îïåðàòîð Ïóàññîíà (êîãðàíè÷íûé) ïîðÿäêà λ, T � ãðàíè÷-
íûé îïåðàòîð ïîðÿäêà γ è êëàññà r, Q � ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð íà
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Rn−1 ïîðÿäêà −m + λ + γ, îãðàíè÷åí â óêàçàííûõ ïðîñòðàíñòâàõ, åñëè âûïîëíÿ-
þòñÿ óñëîâèÿ:
i)ñóùåñòâóåò ε > 0 òàêîå, ÷òî s(x′, xn) = s(x′, 0) äëÿ ëþáîãî x′ ∈ Rn−1 è |xn| ≤ ε;
ii) s(x′, 0) ≥ s0 > r − 1 ïðè ëþáîì x′ ∈ Rn−1.
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1. Boutet de Monvel Boundary problems for pseudo-di�erential operators. Acta Math. 1971. V. 126. P. 11�51.
2. Êðÿêâèí Â.Ä. Îá îãðàíè÷åííîñòè ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ â ïðîñòðàíñòâàõ Ãåëüäåðà-Çèãìóíäà ïåðå-

ìåííîãî ïîðÿäêà. Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë. 2014. T. 55, � 6. C. 1315�1327.

Ä.Ì. Ïîëÿêîâ (Âëàäèêàâêàç, Ðîññèÿ)
DmitryPolyakow@mail.ru

ÎÁ ÎÏÅÐÀÒÎÐÀÕ Ñ ÐÀÇÄÅËÅÍÍÛÌ ÑÏÅÊÒÐÎÌ1

Ðàññìîòðèì ñàìîñîïðÿæåííûé îïåðàòîð A : D(A) ⊂ H → H ñ îáëàñòüþ îïðå-

äåëåíèÿ D(A) èç êîìïëåêñíîãî ãèëüáåðòîâà ïðîñòðàíñòâà H. Â íàñòîÿùåé ðàáîòå

èçó÷àþòñÿ ñïåêòðàëüíûå ñâîéñòâà âîçìóùåííîãî îïåðàòîðà A−B : D(A) ⊂ H →
H, ãäå îïåðàòîð B ïðèíàäëåæèò áàíàõîâîé àëãåáðå EndH ëèíåéíûõ îãðàíè÷åí-

íûõ îïåðàòîðîâ, äåéñòâóþùèõ â H.
Íèæå ñèìâîëîì J îáîçíà÷àåòñÿ îäíî èç ñëåäóþùèõ ìíîæåñòâ {0, 1, . . . , N}, Z,

Z+ = N ∪ {0}. Ïðåäïîëîæèì, ÷òî ñïåêòð σ(A) îïåðàòîðà A äîïóñêàåò ïðåäñòàâ-

ëåíèå âèäà

σ(A) =
⋃
n∈J

σn, (1)

ãäå ìíîæåñòâà σn, n ∈ J, ÿâëÿþòñÿ çàìêíóòûìè, âçàèìíî íå ïåðåñåêàþòñÿ, ïðè÷åì
âûïîëíåíî óñëîâèå d = infn∈J dn > 0, ãäå dn = dist

(
σn, σ(A) \ σn

)
. Îïåðàòîð A ñ

òàêèì ñâîéñòâîì ñïåêòðà áóäåì íàçûâàòü îïåðàòîðîì ñ ðàçäåëåííûì ñïåêòðîì

îòíîñèòåëüíî ïðåäñòàâëåíèÿ (1). Îòìåòèì, ÷òî ìíîæåñòâà σn, n ∈ J, ìîãóò áûòü
íåîãðàíè÷åííûìè.

Ââåäåì ñëåäóþùåå

Îïðåäåëåíèå. Ìíîæåñòâî ∆0 èç ñïåêòðà σ(A) ëèíåéíîãî îïåðàòîðà A íàçûâà-

åòñÿ ñïåêòðàëüíûì, åñëè ãèëüáåðòîâî ïðîñòðàíñòâî H ÿâëÿåòñÿ ïðÿìîé ñóì-

ìîé H = H0 ⊕H1 èíâàðèàíòíûõ îòíîñèòåëüíî A çàìêíóòûõ ïîäïðîñòðàíñòâ

Hk, k = 0, 1. Îòìåòèì, ÷òî ïðè ýòîì ñïåêòðû σ(Ak), k = 0, 1, ñóæåíèé

Ak = A|Hk : D(Ak) = D(A) ∩ Hk ⊂ Hk → Hk, k = 0, 1, îïåðàòîðà A íà Hk

îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè: σ(A0) = ∆0, σ(A1) = ∆1, dist (∆0,∆1) > 0.

Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà 1. Ïóñòü äëÿ âîçìóùåíèÿ B ∈ EndH âûïîëíåíî óñëîâèå ‖B‖ < d/(4π).
1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò � 18-31-00205)
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Òîãäà ñïåêòð σ(A−B) îïåðàòîðà A−B ïðåäñòàâèì â âèäå σ(A−B) = ∪n∈Jσ̃n,
ãäå ìíîæåñòâà σ̃n, n ∈ J, ÿâëÿþòñÿ ñïåêòðàëüíûìè. Êðîìå òîãî, èìåþò ìåñòî

îöåíêè

dist(σ̃n, σn) < d/π, dist(σ̃n, σ(A−B) \ σ̃n) > d(1− 2/π).

Â.Â. Ñåì¼íîâ (Êèåâ, Óêðàèíà)
semenov.volodya@gmail.com

ÊÎÍÅ×ÍÎÅ ×ÈÑËÎ ÈÒÅÐÀÖÈÉ Â ÄÂÓÕÝÒÀÏÍÛÕ
ÀËÃÎÐÈÒÌÀÕ ÄËß ÂÀÐÈÀÖÈÎÍÍÛÕ ÍÅÐÀÂÅÍÑÒÂ

Â äîêëàäå ïëàíèðóåòñÿ ðàññêàçàòü î ñõîäèìîñòè íåêîòîðûõ íåäàâíî ïðåäëîæåí-

íûõ ìåòîäîâ [1, 2] ðåøåíèÿ âàðèàöèîííûõ íåðàâåíñòâ ïðè óñëîâèè îñòðîòû.

Ðàññìàòðèâàåòñÿ âàðèàöèîííîå íåðàâåíñòâî

íàéòè x ∈ C : (Ax, y − x) ≥ 0 ∀y ∈ C,
ãäå C � íåïóñòîå âûïóêëîå çàìêíóòîå ïîäìíîæåñòâî ãèëüáåðòîâà ïðîñòðàíñòâàH,

A : H → H � íåëèíåéíûé ìîíîòîííûé è ëèïøèöåâûé îïåðàòîð. Ïðåäïîëàãàåòñÿ

íåïóñòîòà åãî ìíîæåñòâà ðåøåíèé S è âûïîëíåíèå óñëîâèÿ îñòðîòû

∃α > 0 : (Ax, x− PSx) ≥ α ‖x− PSx‖ ∀x ∈ C,
ãäå PS � îïåðàòîð ìåòðè÷åñêîãî ïðîåêòèðîâàíèÿ íà S.

Àíàëèçèðóåìûå ìåòîäû èìåþò âèä{
yn = 2xn − xn−1,

xn+1 = PC (xn − λAyn)

è 
Tn = {z ∈ H : (xn − λAyn−1 − yn, z − yn) ≤ 0} ,
xn+1 = PTn (xn − λAyn) ,
yn+1 = PC (xn+1 − λAyn) ,

ãäå λ ∈
(

0,
√

2−1
L

)
, L > 0 � ïîñòîÿííàÿ Ëèïøèöà îïåðàòîðà A.

Äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòè (xn), ãåíåðèðóåìûå àëãîðèòìàìè, ñõîäÿòñÿ ê

íåêîòîðîìó ðåøåíèþ âàðèàöèîííîãî íåðàâåíñòâà çà êîíå÷íîå ÷èñëî èòåðàöèé, òî

åñòü ñóùåñòâóåò íîìåð n ∈ N òàêîé, ÷òî xn ∈ S.
Ë È Ò Å Ð À Ò Ó Ð À

1.Malitsky Yu.V., Semenov V.V. An extragradient algorithm for monotone variational inequalities. Cybernetics and Systems

Analysis. 2014. Vol. 50. P. 271�277.

2. Malitsky Yu. Projected re�ected gradient methods for monotone variational inequalities. SIAM Journal on Optimization.

2015. Vol. 25. P. 502�520.
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Í.Á. Óñêîâà (Âîðîíåæ, Ðîññèÿ)
nat-uskova@mail.ru

Î ÏÐÅÎÁÐÀÇÎÂÀÍÈÈ ÏÎÄÎÁÈß ÎÏÅÐÀÒÎÐÎÂ Ñ
ÈÍÂÎËÞÖÈÅÉ1

Â ãèëüáåðòîâîì ïðîñòðàíñòâå H = L2[0, ω] ðàññìàòðèâàþòñÿ îïåðàòîðû Li,
i = 1, 2, 3, êîòîðûå çàäàþòñÿ ñëåäóþùèìè äèôôåðåíöèàëüíûìè âûðàæåíèÿìè

(l1x)(s) =
dx

ds
− a1x(s)− v1(s)x(ω − s),

(l2x)(s) =
dx

ds
− q0(s)x(s)− q1(s)x(ω − s),

(l3x)(s) =
dx

dξ

∣∣∣∣
ξ=ω−s

− g0(s)x(s)− g1(s)x(ω − s),

ñ îáëàñòÿìè îïðåäåëåíèÿ D(Li), i = 1, 2, 3, çàäàâàåìûìè ïåðèîäè÷åñêèìè êðàåâû-
ìè óñëîâèÿìè, ò. å. D(Li) = {x ∈ W 1

2 [0, ω] : x(0) = x(ω)}, i = 1, 2, 3. Ïîòåíöèàëû
v1, q0, q1, g0, g1 ïðèíàäëåæàò H, a1 ∈ C. Ñèìâîëîì L0 : D(L0) = D(Li) ⊂ H → H
îáîçíà÷åí îïåðàòîð äèôôåðåíöèðîâàíèÿ (L0x)(s) = dx/ds, ñïåêòðàëüíûå ïðîåê-
òîðû Pl, l ∈ Z, êîòîðîãî çàäàþòñÿ ôîðìóëîé (Plx)(s) = (x(s), ei2πls/ω)ei2πls/ω =
x̂(l)ei2πls/ω è ïóñòü P(k) =

∑
|i|6k Pi. Îñíîâíîé ðåçóëüòàò ñîäåðæèòñÿ â ñëåäóþùåé

òåîðåìå.
Òåîðåìà 1. Ñóùåñòâóåò òàêîå ÷èñëî k ∈ Z+ = N ∪ {0}, ÷òî êàæäûé èç îïå-

ðàòîðîâ Li, i = 1, 2, 3, ïîäîáåí îïåðàòîðó L0 − Vi, i = 1, 2, 3, ãäå îïåðàòîðû
Vi, i = 1, 2, 3, ïðèíàäëåæàò èäåàëó îïåðàòîðîâ Ãèëüáåðòà-Øìèäòà S2(L2[0, ω])
è èìåþò ìåñòî ðàâåíñòâà LiUi = Ui(L0 − Vi), i = 1, 2, 3, ïîäïðîñòðàíñòâà
H(k) = ImP(k) è Hj = ImPj, |j| > k, ÿâëÿþòñÿ èíâàðèàíòíûìè îòíîñèòåëü-
íî îïåðàòîðîâ L0, Vi, i = 1, 2, 3. Áîëåå òîãî, îïåðàòîðû Li, i = 1, 2, 3, åñòü
Ui-îðòîãîíàëüíàÿ ïðÿìàÿ ñóììà âèäà

Li = Ui(L0 − aiI −
(
Vi(k) ⊕

⊕
|j|>k

Vij
)
)U−1

i , i = 1, 2, 3,

ãäå a2 = q̂0(0), a3 ∈ C, îòíîñèòåëüíî Ui-îðòîãîíàëüíîãî ðàçëîæåíèÿ ïðîñòðàí-
ñòâà L2[0, ω] âèäà L2[0, ω] = UiH(k) ⊕ ⊕|j|>kUiHj. Êàæäûé èç îïåðàòîðîâ Vi(k)

èìååò ðàíã 2k + 1, à îïåðàòîðû Vij, |j| > k, i = 1, 2, 3, � ðàíã 1. Îáðàòèìûå
îïåðàòîðû ïðåîáðàçîâàíèÿ Ui, i = 1, 2, 3, ïðèíàäëåæàò EndL2[0, ω] è U1 − I ∈
S2(L2[0, ω]).

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ïðîåêò 16-01-00197)
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Session II

Function Theory and Approximation
Theory
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Fedotov A. I. (Kazan, Russia)
fedotovkazan@mail.ru

SOLVED AND OPENED PROBLEMS OF TRIGINOMETRIC
INTERPOLATION

Let Pn be the trigonometrical polynomial Hermite-Fejer interpolation operator

(Pnx)(τ) =
∑
|k|≤n

(x(tk) + ix′(tk)(1− e1(τ − tk)))ξn(τ, tk),

w.r.t. the equally-spaced multiple collocation points on [−π, π], and Hs be Sobolev
space.

Theorem 1. The operator Pn is bounded and the following estimation is valid

‖Pn‖H1+s→H1+s ≤ 2
√
ζ(2s), n = 1, 2, ..., s >

1

2
,

where ζ(t) =
∑∞

j=1 j
−t- is the Riemann's ζ-function bounded and decreasing for t > 1.

Let Pn be the trigonometrical polynomial m-dimesional Hermite-Fejer interpolation
operator

(Pnu)(τ ) =
∑
k∈In

(u(tk) + iu′τ(tk) · (1− e1(τ − tk)))ξn(τ , tk),

w.r.t. the equally-spaced by each dimension multiple collocation points on [−π, π]m,
and Hs be m-dimesional Sobolev space.

Theorem 2. For all m ∈ N, m ≥ 2, s > m/2, and n ∈ Nm the following
estimation is valid:

‖Pn‖H1+s→H1+s ≤ 2mm1+s/2M 1+s(2n + 1)
√
ζ(2s−m+ 1),

M(n) =

( √
n2

min(n)

)
.

However many problems of triginometric interpolation are still opened.

H. Hayrapetyan (Yerevan State University, Yerevan, Armenia)
hhayrapet@gmail.com

ON A BOUNDARY VALUE PROBLEM WITH INFINITE INDEX

In the work it is investigated Riemann boundary value problem in a unit circle
D+ = {z; |z| < 1} with the following setting:
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Problem R
Determine analytic in D+∪D− function ϕ(z), ϕ(∞) = 0 such that the following holds:

lim
r→1−0

‖ϕ+(rt)− a(t)ϕ−(r−1t)− f(t)‖Lp(ρ) = 0, (1)

where 1 ≤ p <∞, ρ(t) =
∏∞

k=1 |tk − t|δk , δk > 0,
∑∞

k=1 δk <∞.

On a solution
In the case 1 < p <∞ it is shown that problem (1) is normally solvable. In other words,
the homogeneous problem has a �nite number of linearly independent solutions, and
the inhomogeneous problem is solvable for any function f ∈ Lp(ρ). If p = 1, a(t) ≡ 1
and

∞∑
k=1

δkln|1− tk| > −∞

then the general solution of the homogeneous problem (1) can be represented in the
form:

ϕ0(z) =
∞∑
k=1

Ak

tk − z
,

where
∞∑
k=1

Ak <∞ . In the work it is received the general solution of problem (1).

R E F E R E N C E S
1. Hayrapetyan H.M., Petrosyan V.G. Riemann Problem in the weighted spaces L1(ρ), Journal of Contemporary Mathematical

Analysis 51 (2016), 215�227

M.A. Karapetyants (Moscow, Russian Federation)
karapetyantsmk@gmail.com

SUBDIVISION SCHEMES ON A DYADIC HALF-LINE

We consider the subdivision operator on a dyadic half-line. Necessary and su�cient
convergence conditions, the connection between the subdivision scheme and the re�ne-
ment equation, existence criterion of a fractal curve and continuous solution of the
re�nement equation and some combinatorial properties of a subdivision scheme are
studied. The conjecture on convergence of subdivision schemes with non-negative masks
is also formulated.

R E F E R E N C E S
1. Protasov V.Yu. Dyadic wavelets and re�nable functions on a half-line. Sbornic: Mathematics. 2006. Vol. 197, No. 10,

pp. 129�160.
2. Golubov B. I., E�mov A.V., Skvortsov V.A. Walsh series and transforms: theory and applications. Nauka.1987.
3. Daubechies I. Ten lectures on wavelets. SIAM.1992.
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4. Golubov B. I. Binary analysis elements. LKI.2007.
5. Novikov I. A., Protasov V.Yu., Skopina M.A. Wavelet theory. PhysMatLit.2005.
6. Melkman A.A. Subdivision schemes with non-negative masks converge always - unless they obviously cannot. Baltzer

Journals. 1996.

A.A. Shkalikov (Moscow, Russia)
ashkaliko@yandex.ru

SPECTRAL PORTRAITS AND THE EIGENVALUE DYNAMICS OF
NON-SELF-ADJOINT STURM-LIOUVOLLE OPERATORS WITH

SMALL PARAMETER

The objective of the talk is a non-self-adjoint Sturm-Liouville problem of the form

ε2y′′ + q(x, λ)y = 0

where q � is an entire function on x and analytic on λ in a domain G ⊂ C. Here λ plays
the role of non-liinear spectral parameter (in particular, the case q(x, λ) = q(x) − λ
corresponds to the usual spectral problem), and ε is the physical parameter, which is
assumed to be small or large. Our goal is to learn the behavior of the spectrum of
this problem on a �nite segment, on the semi-axis and on the whole axis as ε tends
to 0 (certainly, it is assumed that in the case of �nite interval or semi-axis boundary
conditions are involved).
We will show that the spectrum of the problem in question is localized in an ε-

neighborhood of a set, which we call the limit spectral graph. This set consists of three
types of curves and the equations for these curves will be written down. Moreover,
the dynamics of the eigenvalues along these curves will be explained (the so called
quantization formulae). We will pointed out the connection of the problem with the
celebrated Orr-Sommerfeld equation arising in hydrodynamics.
Special attention will be paid to the so-called PT -symmetric potential.
The talk is based on the joint works with S.N.Tumanov.
The work is supported by Russian Science Foundation, grant � 17-11-01215.

I. G. Tsar'kov (Russia, Moscow)
tsar@mech.math.msu.su

SMOOTHING OF UNIFORMLY CONTINUOUS FUNCTIONS ON Lp
1

Let X be à Banach space, and let A be a nonempty subset of X. We say that a
function f : A→ R belongs to the class Hα(M) (α ∈ (1, 2]) if it lies in D(A), and f ′

belongs to the H�older class of order α−1 on A. Such functions will be called α-smooth
functions.

1This research was carried out with the �nancial support of the Russian Foundation for Basic Research (grant no. 16-01-00295)
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By (Hα) we denote the class of all real Banach spaces X such that the norm on
X belongs to the class Hα(X \ B,R), where B = {x ∈ X | ‖x‖ 6 1} is the unit
ball in this space. Such spaces will be called α-smooth spaces. We note that Lp-space
(1 < p <∞) belongs to the class (Hα), where α = min{p, 2}.
In this work we investigate the problem on the uniform approximation of uniformly

continuous functions by functions having the maximum possible uniform smoothness.
For any function g : A → Y , where A ⊂ X and Y be a Banach space, by ‖g‖ and

ω(g, ε) (ε > 0) we denote correspondingly

sup
x∈A
‖g(x)‖Y and sup{‖g(x)− g(y)‖Y | x, y ∈ A : ‖x− y‖ 6 ε}.

Theorem 1. Let X ∈ (Hα), α ∈ (1, 2]; A ⊂ X be a nonempty set. Then there
exists K > 0 such that for each ε > 0, each uniformly continuous function f : A→ R
there exists a α-smooth function ϕ : X → R for which

‖f − ϕ‖ 6 3ω(f, ε), ω(ϕ′,∆) 6 K
ω(f, ε)

εα
∆α,

where ∆ ∈ [0, ε/
√

2]. In particularly, if X = Lp (1 < p < ∞) then above assertion
is ful�lled for α = min{p, 2}. We note that for X = Lp (1 < p < ∞) the order

α = min{p, 2} is the maximum possible order of smoothing.

Ì.Â. Íåâñêèé, À.Þ. Óõàëîâ (ßðîñëàâëü, Ðîññèÿ)
mnevsk55@yandex.ru, alex-uhalov@yandex.ru

ÎÁ ÎÏÒÈÌÀËÜÍÎÉ ÈÍÒÅÐÏÎËßÖÈÈ ËÈÍÅÉÍÛÌÈ
ÔÓÍÊÖÈßÌÈ

Ïóñòü Qn = [0, 1]n, S ⊂ Qn � n-ìåðíûé íåâûðîæäåííûé ñèìïëåêñ. Ðàññìîòðèì
èíòåðïîëÿöèîííûé ïðîåêòîð P , äåéñòâóþùèé èç C(Qn) íà ïðîñòðàíñòâî ëèíåéíûõ
ôóíêöèé n ïåðåìåííûõ, óçëû êîòîðîãî ñîâïàäàþò ñ âåðøèíàìè S. ×åðåç ‖P‖
îáîçíà÷èì íîðìó P êàê îïåðàòîðà èç C(Qn) â C(Qn). Ïóñòü θn åñòü ìèíèìàëüíîå
âîçìîæíîå çíà÷åíèå ‖P‖. Ïîëîæèì òàêæå ξ(S) = min{σ ≥ 1 : Qn ⊂ σS}, ξn =
min{ξ(S) : S ⊂ Qn}. Ïîä σS ïîíèìàåòñÿ îáðàç S ïðè ãîìîòåòèè îòíîñèòåëüíî
öåíòðà òÿæåñòè ñèìïëåêñà ñ êîýôôèöèåíòîì σ.

Ïðè ëþáîì n âûïîëíÿþòñÿ íåðàâåíñòâà

n+ 1

2n
(θn − 1) + 1 ≤ ξn ≤

n+ 1

2
(θn − 1) + 1.

Ñïðàâåäëèâû ñîîòíîøåíèÿ θn � n1/2, n ≤ ξn < n + 1. Ïî ïîâîäó ýòîé òåìàòè-
êè è ðàçëè÷íûõ îöåíîê ñì. [1]. Òî÷íûå çíà÷åíèÿ θn ñåãîäíÿ èçâåñòíû ëèøü äëÿ
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n = 1, 2, 3, 7. Âåëè÷èíû ξn ìû çíàåì äëÿ n = 2, n = 5, n = 9 è áåñêîíå÷íîé ñîâî-
êóïíîñòè òåõ n, äëÿ êàæäîãî èç êîòîðûõ ñóùåñòâóåò ìàòðèöà Àäàìàðà ïîðÿäêà
n+ 1. Çà èñêëþ÷åíèåì n = 2, âñå èçâåñòíûå çíà÷åíèÿ ξn ðàâíû n.
Â äîêëàäå ïðåäïîëàãàåòñÿ ïðèâåñòè íîâûå ðåçóëüòàòû, óòî÷íÿþùèå òåîðåòè÷å-

ñêèå âåðõíèå ãðàíèöû ÷èñåë θn (äëÿ n ≤ 26) è ÷èñåë ξn (äëÿ n ≤ 118). Ìíîãèå
îöåíêè óäàëîñü ïîëó÷èòü, ïîñòðîèâ ñèìïëåêñû ñ ìàêñèìàëüíûì îáú¼ìîì â Qn. Â
êà÷åñòâå ïðèìåðîâ ïðèâåä¼ì íåðàâåíñòâà ([2], [3])

θ23 ≤
9

2
, θ24 ≤

103

21
, θ25 ≤ 5, θ26 ≤

474

91
,

ξ50 ≤
1162

23
, ξ60 ≤

1985

33
, ξ90 ≤

1538

17
, ξ118 ≤

8641

73
.

Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà îáðàçîâà-
íèÿ è íàóêè ÐÔ, ïðîåêò � 1.10160.2017/5.1.

Ë È Ò Å Ð À Ò Ó Ð À
1. Íåâñêèé Ì.Â. Ãåîìåòðè÷åñêèå îöåíêè â ïîëèíîìèàëüíîé èíòåðïîëÿöèè. ßðîñëàâëü: ßðÃÓ. 2012.
2. Íåâñêèé Ì.Â., Óõàëîâ À.Þ. Î ìèíèìàëüíîì êîýôôèöèåíòå ïîãëîùåíèÿ äëÿ n-ìåðíîãî ñèìïëåêñà (ñòàòüÿ ïðèíÿòà

ê ïå÷àòè).
3. Íåâñêèé Ì.Â., Óõàëîâ À.Þ. Îá îïòèìàëüíîé èíòåðïîëÿöèè ëèíåéíûìè ôóíêöèÿìè íà n-ìåðíîì êóáå (ñòàòüÿ

ïðèíÿòà ê ïå÷àòè).

Ä.À. Ïîëÿêîâà (Ðîñòîâ-íà-Äîíó, Âëàäèêàâêàç, Ðîññèÿ)
forsites1@mail.ru

×ÀÑÒÍÎÅ ÐÅØÅÍÈÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÁÅÑÊÎÍÅ×ÍÎÃÎ ÏÎÐßÄÊÀ Ñ ÏÎÑÒÎßÍÍÛÌÈ

ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

Â ðàáîòå ðàññìàòðèâàåòñÿ ÷àñòíûé ñëó÷àé ïðîñòðàíñòâ óëüòðàäèôôåðåíöèðó-
åìûõ ôóíêöèé Áåðëèíãà íîðìàëüíîãî òèïà íà ÷èñëîâîé ïðÿìîé, à èìåííî, ïðî-
ñòðàíñòâà E1

(ω)(R), ïîðîæäàåìûå âåñàìè ω(t) = tρ(t), ãäå ρ(t) → ρ ∈ (0, 1) � íåêî-
òîðûé óòî÷íåííûé ïîðÿäîê.
Äàííûå ïðîñòðàíñòâà â îïðåäåëåííîì ñìûñëå ïðåäñòàâëÿþò ñîáîé îáîáùåííûå

ïðîåêòèâíûå àíàëîãè èçâåñòíûõ êëàññîâ Æåâðå.
Â ïðîñòðàíñòâå E1

(ω)(R) èññëåäóåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå áåñêîíå÷íîãî
ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

∞∑
k=0

akf
(k) = g , (1)

ðàçðåøèìîå â E1
(ω)(R) ïðè ëþáîé ïðàâîé ÷àñòè g ∈ E1

(ω)(R).

Ñèìâîëîì óðàâíåíèÿ (1) ñëóæèò öåëàÿ ôóíêöèÿ µ(z) =
∑∞

k=0 ak(−i)kzk, óäî-
âëåòâîðÿþùàÿ îïðåäåëåííûì óñëîâèÿì ðîñòà.
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Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â ñëåäóþùåì. Ïî ñèìâîëó µ óðàâíå-
íèÿ (1) â ÿâíîì âèäå ñòðîèòñÿ âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü (νj)

∞
j=1 ïîëî-

æèòåëüíûõ ÷èñåë òàêàÿ, ÷òî ñèñòåìà ýêñïîíåíò
{
e∓iνjx

}∞
j=1

ÿâëÿåòñÿ àáñîëþòíî

ïðåäñòàâëÿþùåé â E1
(ω)(R), è òàêàÿ, ÷òî äëÿ |µ(∓νj)| âûïîëíÿåòñÿ ïîäõîäÿùàÿ

îöåíêà ñíèçó.
Ýòî ïîçâîëÿåò äîêàçàòü, ÷òî åñëè ïðàâàÿ ÷àñòü g óðàâíåíèÿ (1) ðàçëîæåíà â

àáñîëþòíî ñõîäÿùèéñÿ ðÿä ïî óêàçàííîé ñèñòåìå

g =
∞∑
j=1

g+
j e
−iνjx +

∞∑
j=1

g−j e
iνjx,

òî ôóíêöèÿ

f(x) =
∞∑
j=1

g+
j

µ(νj)
e−iνjx +

∞∑
j=1

g−j
µ(−νj)

eiνjx

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1).
Äîêàçàòåëüñòâî îñíîâàíî íà àíàëîãè÷íûõ ðåçóëüòàòàõ èç [1], ïîëó÷åííûõ äëÿ

ïðîñòðàíñòâ ôóíêöèé íà êîíå÷íîì èíòåðâàëå, à òàêæå íà èçâåñòíîì ñâîéñòâå
óñòîé÷èâîñòè ñëàáî äîñòàòî÷íûõ ìíîæåñòâ è àáñîëþòíî ïðåäñòàâëÿþùèõ ñèñòåì.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ïîëÿêîâà Ä.À. Î ðåøåíèÿõ óðàâíåíèé ñâåðòêè â ïðîñòðàíñòâàõ óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé. Àëãåáðà è

àíàëèç. 2014. Ò. 26, � 6, ñòð. 121�142.

Â.Â. Øóñòîâ (Ìîñêâà, Ðîññèÿ)
vshustov@gosniias.ru

Î ÏÐÅÄÑÒÀÂËÅÍÈÈ ÔÓÍÊÖÈÉ ÑÎÑÒÀÂÍÛÌÈ
ÄÂÓÕÒÎ×Å×ÍÛÌÈ ÌÍÎÃÎ×ËÅÍÀÌÈ ÝÐÌÈÒÀ

Êàê ïðîäîëæåíèå ðàáîò [1-2] ðàññìîòðèâàåòñÿ çàäà÷à î ïðåäñòàâëåíèè ôóíêöèè
ñîñòàâíûì ìíîãî÷ëåíîì, ÿâëÿþùèìñÿ êóñî÷íî-çàäàííîé ôóíêöèåé, îïðåäåëåííîé
íà îáúåäèíåíèè îòðåçêîâ, íà êàæäîì èç êîòîðûõ ôóíêöèÿ ïðåäñòàâëåíà äâóõòî-
÷å÷íûì èíòåðïîëÿöèîííûì ìíîãî÷ëåíîì Ýðìèòà [1].
Ïóñòü ôóíêöèÿ f (x ) îïðåäåëåíà íà îòðåçêå [x 0,xn] è èìååò äîñòàòî÷íîå ÷èñëî

ïðîèçâîäíûõ íà ýòîì îòðåçêå. Ïóñòü òàêæå â òî÷êàõ xi = x 0 + ih, i=0,1,. . . ,n
ýòîãî îòðåçêà, ãäå h=(xn−x 0)/n, çàäàíû çíà÷åíèÿ ôóíêöèè f (x ) è åå ïðîèçâîäíûõ
äî ïîðÿäêà m âêëþ÷èòåëüíî:

f (j)(xi) = f
(j)
i , j = 0, 1, ...,m, i = 0, 1, ...,n. (1)
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Íåîáõîäèìî ïîñòðîèòü ñîñòàâíîé ìíîãî÷ëåí H (x )=Hi(x ), x ∈ [xi,xi+1), i =
0, 1, ...,n−1, óäîâëåòâîðÿþùèé óñëîâèþ (1), è îöåíèòü îñòàòî÷íûé ÷ëåí rm. Èìååò
ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü ôóíêöèÿ f (x ) óäîâëåòâîðÿåò óñëîâèþ (1). Òîãäà îíà ìîæåò

áûòü ïðåäñòàâëåíà â âèäå: f (x )=Hm(x )+rm(x ), ãäå

Hm(x) = (1−ξ)m+1
m∑
j=0

f
(j)
i hj

j!
ξj

m−j∑
k=0

ckm+kξ
k+ξm+1

m∑
j=0

f
(j)
i+1h

j

j!
(ξ−1)j

m−j∑
k=0

ckm+k(1−ξ)k,

ξ =

{
x− x0

h

}
, i =

[
x− x0

h

]
,

rm =
f (2m+2)(ηi)h

2m+2

(2m+ 2)!
ξm+1(ξ − 1)m+1, ηi ∈ (xi,xi+1).

Îòìåòèì, ÷òî ñîñòàâíûå ìíîãî÷ëåíû ñîõðàíÿþò ãëàäêîñòü èñõîäíîé ôóíêöèè äî
ïîðÿäêà m âêëþ÷èòåëüíî è â îòëè÷èå îò ñïëàéíîâ [3] ïðåäñòàâëÿþòñÿ â êîíå÷íîì
âèäå, íå òðåáóÿ ðåøåíèÿ óðàâíåíèé.

Ë È Ò Å Ð À Ò Ó Ð À
1. Øóñòîâ Â.Â. Î ïðèáëèæåíèè ôóíêöèé äâóõòî÷å÷íûìè èíòåðïîëÿöèîííûìè ìíîãî÷ëåíàìè Ýðìèòà // ÆÂÌÌÔ.

2015. Ò. 55, � 7, Ñ. 1091.
2.Øóñòîâ Â.Â. Àïïðîêñèìàöèÿ ôóíêöèé íåñèììåòðè÷íûìè äâóõòî÷å÷íûìè ìíîãî÷ëåíàìè Ýðìèòà è åå îïòèìèçàöèÿ

// ÆÂÌÌÔ. 2015. Ò. 55, � 12, Ñ. 1999.
3. Àëüáåðã Äæ., Íèëüñîí Ý., Óîëø Äæ. Òåîðèÿ ñïëàéíîâ è åå ïðèëîæåíèÿ. Ì.: Ìèð, 1972.
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A.H. Babayan (Yerevan, Armenia)
barmenak@gmail.com

ON A DIRICHLET PROBLEM FOR ONE IMPROPERLY ELLIPTIC
EQUATION

Let D = {z : |z| < 1} be a unit disk and Γ = ∂D its boundary. We consider the
improperly elliptic sixth order di�erential equation

6∑
k=0

Ak
∂6u

∂xk∂y6−k (x, y) = 0, (x, y) ∈ D, (1)

where Ak are such complex constants (A0 6= 0), that the numbers λj (j = 1, . . . , 6)

� the roots of characteristic equation
6∑

k=0

Akλ
6−k = 0, satisfy the condition: λ1 = . . . =

λ4 6= i, =λj > 0, j = 1, . . . , 4, λ5 = λ6 6= −i, =λ6 < 0.
The solution of the equation (1) belongs to the class C6(D)

⋂
C(2,α)(D), and on the

boundary Γ (z = eiθ) satisfy Dirichlet conditions:

∂2u

∂zj∂z̄2−j

∣∣∣∣
Γ

= Fj(θ), u(1, 0) = c0, ux(1, 0) = c1, uy(1, 0) = c2. (2)

Here j = 0, 1, 2; Fj are given functions, cj are given constants. Let B(α)(r) be the
space of the functions g, analytic in the ring {r < |z| < 1} and Holder continuous with
second order derivatives up to the boundary; and µ = i−λ1

i+λ1
. Then obtained result may

be formulated as follows.

Theorem 1. Let z = (i−λ1)(i+λ6)
(i+λ1)(i−λ6). Then, if the boundary functions Fj belong to

the class B(α)(|µ|) then the problem (1), (2) has a unique solution if and only if the
conditions

det

(
l−2∑
j=0

(j + 1)zjWj

)
6= 0, l = 4, . . . (3)

hold. Here

Wj =

(
l − j − 1 (j + 2)(l − j − 2)

(j + 2)(l − j − 1) (j + 2)(j + 3)(l − j − 2)

)
.

If the conditions (3) failed, then the homogeneous problem (1), (2) (if Fj ≡ 0, cj =
0) has �nite number linearly independent solutions and the same number of linearly
independent conditions necessary and su�cient for the solvability of inhomogeneous
problem (1), (2). These defect numbers are determined in explicit form.
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V. Barrera-Figueroa (Instituto Polit�ecnico Nacional, M�exico)
vbarreraf@ipn.mx

NUMERICAL METHODS IN THE SPECTRAL THEORY OF
QUANTUM GRAPHS

Let us consider periodic metric graphs Γ equipped by Schr�odinger operators

Sq = − d2

dx2
+ q (x) , x ∈ Γ \ V

with bounded potentials q, and certain conditions at their vertices V .
Graphs are periodic with respect to a group G isomorphic to Zm. Schr�odinger

operators on periodic metric graphs have been widely studied on an analytical basis
(see, e.g., [3]) but the investigation at the numerical level is rather restricted.
In this talk we consider the application of the limit operators method [5] and the

spectral parameter power series method [4] for the numerical analysis of the spectra of
G-periodic quantum graphs. The e�ectiveness of the joint application of both methods
has been shown in the works [1] and [2] for quantum graphs having Kirchho�-Neumann
and Dirac delta vertex conditions, respectively.

R E F E R E N C E S
1. Barrera-FigueroaV., Rabinovich V. S. E�ective numerical method of spectral analysis of quantum graphs. J. Phys. A:

Math. Theor. 2017. Vol. 50, No. 21, 215207 (33 pp.).
2. Barrera-Figueroa V., Rabinovich, V. S, Maldonado Rosas M. Numerical estimates of the essential spectra of quantum

graphs with delta-interactions at vertices.
Appl. Anal. 2017. DOI: 10.1080/00036811.2017.1419201.
3. Berkolaiko G., Carlson R., Fulling S. A., and Kuchment P. (eds) Quantum Graphs and Their Applications (Contemporary

Mathematics vol 415). American Mathematical Society. 2006.
4. Kravchenko V.V. Porter M.R. Spectral parameter power series for Sturm-Liouville problems. Math. Meth. Appl. Sci.

2010. Vol. 33, pp. 459�468.
5. Rabinovich V. S., Roch S., Silbermann B. Limit Operators and Their Applications in Operator Theory. Birkh�auser. 2004.

S.A. Buterin (Saratov, Russia)
buterinsa@info.sgu.ru

ON RECOVERING A DISCONTINUOUS INTEGRO-DIFFERENTIAL
OPERATOR1

Consider the boundary value problem L = L(q,M, α0, α1, β) :

−y′′ + q(x)y +

∫ x

0

M(x− t)y(t) dt = λy, x ∈
(

0,
π

2

)
∪
(π

2
, π
)
,

y
(π

2
+ 0
)

= α0y
(π

2
− 0
)
, y′

(π
2

+ 0
)

= α1y
′
(π

2
− 0
)

+ βy
(π

2
− 0
)
,

y(0) = y(π) = 0,
1This work was supported by RSF (Project no. 17-11-01193).



¾Table of content¿

Di�erential Equations and Mathematical Physics 57

where q(x) and (π − x)M(x) are complex-valued functions in L2(0, π), α0, α1, β ∈ C
and α0 + α1 6= 0. The following theorem holds.

Theorem 1. The spectrum {λn}n∈N of the problem L has the form

λn =
(
n+

ω1 − (−1)nω2

πn
+

κn
n

)2

, {κn}n∈N ∈ l2, (1)

where

ω1 =
β

α0 + α1
+

1

2

∫ π

0

q(x) dx, (2)

ω2 =
β

α0 + α1
+
α0 − α1

α0 + α1

(1

2

∫ π

π/2

q(x) dx− 1

2

∫ π/2

0

q(x) dx
)
. (3)

Consider the inverse problem: �nd the function M(x) from the spectrum {λn}n∈N,
provided that the potential q(x) along with the numbers α0, α1, β are known a priori. In
the case α0 +α1 /∈ (−∞, 0], the uniqueness of its solution is proven and necessary and
su�cient conditions for the solvability are obtained, i.e. the following theorem holds.

Theorem 2. Let an arbitrary function q(x) ∈ L2(0, π) along with the numbers
α0, α1, β ∈ C, α0+α1 /∈ (−∞, 0], be given. Then for any sequence of complex numbers
{λn}n∈N of the form (1)�(3) there exists a unique (up to values on a set of measure
zero) function M(x), such that (π − x)M(x) ∈ L2(0, π) and {λn}n∈N is the spectrum
of the corresponding boundary value problem L(q,M, α0, α1, β).

The proof is constructive. References to some latest works on inverse spectral problems
for integro-di�erential operators can be found in [1].

R E F E R E N C E S
1. Buterin S.A. On an inverse spectral problem for �rst-order integro-di�erential operators with discontinuities. Appl. Math.

Lett. 2018. V. 78. P. 65�71.

M.A. Dorodnyi (St. Petersburg, Russia)
mdorodni@yandex.ru

HOMOGENIZATION OF A NONSTATIONARY MODEL EQUATION
OF ELECTRODYNAMICS

In L2(R3;C3), we consider a self-adjoint operator Lε , ε > 0, generated by the
di�erential expression

curl η(x/ε)−1 curl−∇ν(x/ε) div .

Here the matrix function η(x) with real entries and the real function ν(x) are periodic
with respect to some lattice, are positive de�nite, and are bounded. We study the
behavior of the operators cos(τL1/2

ε ) and L−1/2
ε sin(τL1/2

ε ) for τ ∈ R and small ε. It
is shown that these operators converge to cos(τ(L0)1/2) and (L0)−1/2 sin(τ(L0)1/2),
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respectively, in the norm of the operators acting from the Sobolev space Hs (with a
suitable s) to L2. Here L0 is an e�ective operator with constant coe�cients. In [1], the
following sharp order error estimates were obtained:

‖ cos(τL1/2
ε )− cos(τ(L0)1/2)‖H2(R3)→L2(R3) ≤ C1(1 + |τ |)ε, (1)

‖L−1/2
ε sin(τL1/2

ε )− (L0)−1/2 sin(τ(L0)1/2)‖H1(R3)→L2(R3) ≤ C2(1 + |τ |)ε. (2)

We con�rm that (1), (2) are sharp (with respect to the operator norm) and distinguish
conditions on the operator under which the result can be improved:

‖ cos(τL1/2
ε )− cos(τ(L0)1/2)‖H3/2(R3)→L2(R3) ≤ C3(1 + |τ |)ε,

‖L−1/2
ε sin(τL1/2

ε )− (L0)−1/2 sin(τ(L0)1/2)‖H1/2(R3)→L2(R3) ≤ C4(1 + |τ |)ε.
The results are used for homogenizing the Cauchy problem for the model hyperbolic
equation ∂2

τvε = −Lεvε, div vε = 0, appearing in electrodynamics. We study the
application to a nonstationary Maxwell system for the case in which the magnetic
permeability is equal to 1 and the dielectric permittivity is given by the matrix η(x/ε).
The talk is based on the joint work with Tatiana Suslina.

R E F E R E N C E S
1. Dorodnyi M.A., Suslina T. A. Homogenization of a nonstationary model equation of electrodynamics. Mathematical

Notes. 2017. Vol. 102, No. 5�6, pp.645�663.

R. Duduchava (The University of Georgia & A.Razmadze Mathematical
Institute, Georgia)

r.duduchava@ug.edu.ge
HELMHOLTZ EQUATION IN DOMAINS WITH LIPSCHITZ

BOUNDARY

Let C be a smooth hypersurface in R3 with the Lipschitz boundary Γ = ∂C. We
assume a bit more: the boundary Γ is piecewise-smooth, i.e., the tangent vector to Γ
has jumps only at the �nite number of knotsMΓ := {c1, . . . , cn} ⊂ Γ. The inner angle
αj between arcs at the knot cj satis�es the inequality 0 < αj < 2π. The boundary Γ
is decomposed
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in two parts ∂C = Γ = Γ1 ∪ Γ2 and we study the mixed boundary value problems of
the following type 

A(D)u(t) = f(t), t ∈ C,
[B1(D)u]+ = g(s), on Γ1,

[B2(D)u]+ = h(s), on Γ2,

where A(D), B1(D), B2(D) are di�erential operators of order 2, r1, r2, compiled of
G�unter's tangential derivatives on the surface Dj := ∂j − νj∂ν , j = 1, 2, 3. The
problem we consider in the non-classical setting (which includes the classical setting
s = 1, p = 2):

u ∈ Hs
p(C), f ∈ H̃s−2

p (C), g ∈ Hs−r1−1/p
p (Γ1), h ∈ Hs−r2−1/p

p (Γ2),

1 < p <∞, s > 0.
The �rst step is to write the quasi-local representative of the formulated BVP at

each angular point of the surface C and prove that the initial mixed boundary value
problem in the non-classical setting is Fredholm if and only if all local representatives
on the model domains are Fredholm for each angular point of the surface C.
Some model mixed boundary value problems for the Helmholtz equation in a planar

angular domain Ωα ⊂ R2 of magnitude α is investigated in details. The BVP is
considered in a non-classical setting when a solution is sought in the Bessel potential
spaces Hs

p(Ωα), s > 1/p, 1 < p < ∞. The problems are investigated using the
potential method by reducing them to an equivalent boundary integral equation (BIE)

in the Sobolev-Slobode�ckii space on a semi-in�nite axesWs−1/p
p (R+), which is of Mellin

convolution type. By applying the recent results on Mellin convolution equations in
the Bessel potential spaces obtained by V. Didenko & R. Duduchava in [1], explicit
conditions of the unique solvability of this BIE in the Sobolev-Slobode�ckii Wr

p(R+)
and Bessel potential Hr

p(R+) spaces for arbitrary r are found and used to write explicit
conditions for the Fredholm property and unique solvability of the initial model BVPs
for the Helmholtz equation in the above mentioned non-classical setting.

R E F E R E N C E S
1.Didenko V. , Duduchava R.Mellin convolution operators in the Bessel potential spaces. Journal of Analysis and Applications

443 (2016) 707-731.

A. El-shenawy (Kazan, Russia), P.N. Ivanshin (Kazan, Russia)
Atallahtm@yahoo.com, pivanshi@yandex.ru

LINEAR SPLINE INTERPOLATION SOLUTION FOR 3D DIRICHLET
PROBLEM IN A SIMPLY CONNECTED SOLID WITH SMOOTH

BOUNDARY

The linear spline interpolation solution of 3D Dirichlet problem for Laplace equation
is based on the division of the solid into N layers. The method reduces the 3D problem
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to a solution of a 2D Dirichlet problem at each layer. The �nal solution is continuous
in the whole domain up to the boundary.

LetM be a bounded three-dimensional simply connected solid, ∂M be the boundary

smooth surface ofM . Then the corresponding Dirichlet problem for the Laplace equation

is as follows: �nd the doubly di�erentiable inM function u(x, y, h), which is continuous

in M ∪ ∂M and satis�es the three dimensional Laplace equation

∇2u(x, y, h) = 0, (x, y, h) ∈M, (1)

according to the Dirichlet boundary conditions u|∂M = f(x, y, h).

Assume that the solid is divided into N layers. The spline solution at each layer is a

polynomial function in h as follows [1]:

u(x, y, h) =

p∑
k=0

uk(x, y)hk.

By taking p = 1 we get the linear spline u(x, y, h) = u0(x, y) + hu1(x, y). If we put

this solution into equation (1), we get ∆2uk(x, y) = 0, k = 0, 1, where ∆2 = ∂2
x + ∂2

y .

The coe�cients uk(x, y), k = 0, 1 are 2D harmonic functions of x and y. These

harmonic functions are restored via their boundary values using the Cauchy integral

method which was discussed in details in our previous work [2]. The spline interpolation

method with the Cauchy integral scheme, applied to several examples, gave highly

accurate results for 3D simply connected solids.

R E F E R E N C E S

1. IvanshinP.N., ShirokovaE.A. Spline-interpolation solution of 3d dirichlet problem for a certain class of solids. IMA

Journal of Applied Mathematics. 2013. Vol. 78, pp. 1109-1129.
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A.V. Faminskii (Moscow, Russia)
afaminskii@sci.pfu.edu.ru

ON CONTROLLABILITY OF KORTEWEG�DE VRIES EQUATION

In a rectangle Q = (0, T ) × (0, R) consider an initial-boundary value problem for
Korteweg�de Vries equation

ut + bux + uxxx + uux = f(t, x) (1)

with initial and boundary conditions

u
∣∣
t=0

= u0(x), u
∣∣
x=0

= µ(t), u
∣∣
x=R

= ν(t), ux
∣∣
x=R

= h(t). (2)
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Solutions are understood in a weak sense and are considered in a space

X(Q) = C([0, T ];L2(0, R)) ∩ L2(0, T ;H1(0, R)).

Then it is known that under appropriate assumptions on input data the problem is
well-posed.
Introduce an additional condition of integral overdetermination∫ R

0

u(t, x)ω(x) dx = ϕ(t), t ∈ [0, T ], (3)

where the functions ω and ϕ are given. In this connection certain input function is
considered as a control, is not given and must be found to ful�ll this condition. Such
a problem is regarded as a controllability problem. For example, consider the function
h as the control. Then it is shown that the corresponding controllability problem is
uniquely solvable in the cases of small input data or small time interval.

Theorem. Let u0 ∈ L2(0, R), f ∈ L2(Q), µ, ν ∈ H1/3(0, T ), ϕ ∈ H1(0, T ), ω ∈
H3(0, R), ω(0) = ω′(0) = ω(R) = 0, ω′(R) 6= 0,

ϕ(0) =

∫ R

0

u0(x)ω(x) dx.

Let
r = ‖u0‖L2(0,R) + ‖µ‖H1/3(0,T ) + ‖ν‖H1/3(0,T ) + ‖f‖L2(Q) + ‖ϕ′‖L2(0,T ).

Then there exists r0 > 0, such that if r ≤ r0 there exists a unique pair {h ∈
L2(0, T ), u ∈ X(Q)}, satisfying (1)�(3). Moreover, for an arbitrary value of r there
exists T0 > 0 such that if T ≤ T0 the same result holds.

T.N. Harutyunyan (Yerevan, Armenia)
hartigr@yahoo.co.uk

ON A NEW APPROACH IN THE SPECTRAL THEORY OF THE
FAMILY OF STURM-LIOUVILLE OPERATORS

We study the direct and inverse problems for the family of Sturm-Liouville operators,
generated by a �xed potential q and the family of separated boundary conditions. We
prove that the union of the spectra of all these operators can be represented as a smooth
surface (as real analytic function of two variables), which has speci�c properties. From
these properties we select those, which are su�cient for a function of two variables to
be the union of the spectra of a family of Sturm-Liouville operators.
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Katica R. (Stevanovic) Hedrih (Department of Mechanics, Mathematical
Institute of Serbian Academy of Science and Arts, Belgrade, Serbia;
Faculty of Mechanical Engineering, University of Nis, Nis, Serbia)

katicah@mi.sanu.ac.rs; khedrih@eunet.rs; khedrih@sbb.rs
ANALYTICAL DYNAMICS OF FRACTIONAL TYPE DISCRETE

SYSTEM

First, a fractional order type, standard light visco-elastic element is described by
constitutive relation containing a fractional order di�erential operator. For like that
element a generalized function of fractional order dissipation of mechanical energy is
de�ned. A number of fractional order type, standard light visco-elastic elements are
used for coupling between a number of mass particles for modeling a fractional order
discrete system with �nite number of degrees of freedom of motion. Second, a model of
fractional order oscillator with one degree of freedom is presented and analyzed kinetic
parameters in free and forced regimes. Third, for a class of the discrete system dynamic
with �nite number of degrees of freedom, and fractional order dissipation of energy of
the system in matrix form are presented. For like that system independent eigen main
coordinates, and as well as corresponding independent eigen main modes in free and
also in forced oscillatory regimes, are de�ned. Fourth, starting from matrix fractional
order di�erential equation of de�ned class of the system dynamic with �nite number
of degrees of freedom, and fractional order energy dissipation, relation between total
mechanical energy (sum of kinetic and potential energies) and generalized function of
fractional order energy dissipation is derived. Also, using formulas of transformation of a
system of independent generalized coordinates and eigen main coordinates of considered
class of fractional order system dynamics relation between total mechanical energy
(sum of kinetic and potential energies) and generalized function of fractional order
energy dissipation on one eigen main fractional order mode is derived. On the basis
of these relations, two theorems of energy fractional order dissipation of this class
of the fractional order system with �nite number of degrees of system are de�ned
and proofed. Nect, a constitutive relation and generalized function of fractional order
dissipation of energy of a standard fractional order electrical element are presented
with corresponding analysis
Key words: Generalized function of fractional order dissipation of energy, theorem of

mechanical energy change, analogies, eigen main fractional order mode energy dissipation.
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G.A. Karapetyan (Yerevan, Armenia)
garnik_karapetyan@yahoo.com

BOUNDARY EMBEDDING THEOREMS FOR MULTIANISOTROPIC
SPACES

Introduction. In the proof of all embedding theorems (in particular, see [1]), two
cases are distinguished. The �rst case, when the embedding index is less than one; the
second case when the exponent is one, that is the boundary case holds. In previous
papers, when embedding theorem proving for functions from multianisotropic spaces
(see [2] - [3]), we studied the case when the embedding index is less than unity. In
this paper we prove embedding theorems for multianisotropic function spaces in the
boundary case.
For any parameter ν > 0 and a natural number k denote

P (ν, ξ) =
(
νξα

1
)2k

+ · · ·+
(
νξα

n)2k
+
(
νξα

n+1
)2k

.

G0(ν; ξ) = e−P (ν,ξ).

G1,j(ν, ξ) = 2k
(
νξα

j
)2k−1

e−P (ν,ξ), (j = 1, . . . , n+ 1).

For any function f consider the regularization with the kernel Ĝ0(t, ν):

fν(x) =
1

(2π)
n
2

∫
Rn

f(t)Ĝ0(t− x, ν)dt.

The following integral representation holds:

Theorem 1. Let the function f have the Sobolev weak derivatives Dαif , (i =
1, . . . , n + 1), where αi are the vertices of the completely regular polyhedron N and
Dαif∈Lp(Rn), 1 ≤ p < ∞, (i = 1, . . . , n + 1). Then for almost all x∈Rn it has the
representation

f(x) = fh(x) + lim
ε→0

n+1∑
i=1

1

(2π)
n
2

h∫
ε

dν

∫
Rn

Dαif(t)Ĝ1,i(t− x, ν)dt.

Let N be a completely regular polyhedron, then
WN

p (Rn) = {f : f∈Lp (Rn) , Dαif∈Lp (Rn) , i = 1, . . . ,M}.
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The main result of this paper is the following boundary embedding theorem for
functions from a multianisotropic space WN

p (Rn) (p > 1):
Theorem 2. Let the numbers p and q satisfy the relations 1 < p ≤ q < ∞ and a

multi-index β = (β1, . . . , βn) such that

χ = max
i=1,...,In−1

((
β, µi

)
+
∣∣µi∣∣ (1

p
− 1

q

))
= 1.

Then DβWN
p (Rn) ↪→ Lq(Rn), i.e. any function f ∈ WN

p (Rn) has weak derivatives
Dβf , belonging to the class Lq(Rn), and for some constants C1, C2 > 0 inequality
holds ∥∥Dβf

∥∥
Lq(Rn)

≤ C1

M∑
i=1

∥∥∥Dαif
∥∥∥
Lp(Rn)

+ C2‖f‖Lp(Rn).

R E F E R E N C E S
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S.A. Khoury (Sharjah, UAE)
skhoury@aus.edu

BIORTHOGONALITY CONDITIONS FOR A CLASS OF BVPS AND
ITS APPLICATIONS TO FLOW PROBLEMS

We derive a biorthogonality property that is satis�ed by the eigenfunctions and
adjoint eigenfunctions of the fourth-order BVP(

P0(r)y
′′
(r)
)′′

+
(
P1(r;α)y

′
(r)
)′

+ P2(r;α)y(r) = 0, (1)

where r ∈ [r1, r2] and the boundary conditions are given by

y(r1) = y(r2) = y
′
(r1) = y

′
(r2) = 0. (2)

Theorem 1. (Biorthogonality Condition) Consider the BVP (1)-(2), where P0(r),

P
′′

1 (r;α), P2(r;α) are continuous and P0(r) 6= 0 on r1 ≤ r ≤ r2. Pi in (1) is a
polynomial of degree at most i in the parameter α, in particular, let P1(r;α) =
p11(r)α + p12(r), and we require

P 2
1 (r;α)− 4P0(r)P2(r;α) = p31(r)α + p32(r); p2

11(r) + p2
31(r) 6≡ 0.
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Then, we have the following biorthogonality condition:

∫ r2

r1

[
φ

(m)
2 (r), φ

(m)
1 (r)

]
B(r)

 φ
(n)
1 (r)

φ
(n)
2 (r)

 dr = P ∗nδmn,

where δmn is the Kronecker's delta,

B(r) =

 −1
2
p11(r)
P0(r) 0

1
2p
′′

11(r) + 1
4
p31(r)
P0(r) −1

2
p11(r)
P0(r)

 ,

with

φ
(n)
1 (r) = yn(r); φ

(n)
2 (r) = P0(r)y

′′

n(r) +
1

2
P1(r;αn)yn(r).

Here yi is an eigenfunction of equation (1) corresponding to the eigenvalue αi. Assume
the eigenvalues αi are simple.

This biorthogonality condition will be manipulated for the solution of the biharmonic
equation that models creeping viscous incompressible �ow problems.

A.A. Kovalevsky (Yekaterinburg, Russia)
alexkvl71@mail.ru

VARIATIONAL PROBLEMS WITH IMPLICIT CONSTRAINTS IN
VARIABLE DOMAINS

We give some results on the convergence of minimizers and minimum values of
integral and more general functionals Js : W 1,p(Ωs) → R on the sets Us(hs) = {v ∈
W 1,p(Ωs) : hs(v) 6 0 a.e. in Ωs}, where p > 1, {Ωs} is a sequence of domains contained
in a bounded domain Ω of Rn (n > 2), and {hs} is a sequence of functions on R. We
assume that the functionals Js have the following structure: Js = Fs +Gs, where {Fs}
is a sequence of integral functionals whose integrands satisfy certain convexity, growth,
and coercivity conditions and {Gs} is a sequence of weakly continuous functionals.
To justify our convergence results, we require the compactness of the embedding

of W 1,p(Ω) into Lp(Ω), the strong connectedness of the sequence of spaces W 1,p(Ωs)
with the space W 1,p(Ω), the Γ-convergence of the sequence {Fs} to a functional F :
W 1,p(Ω) → R, and a certain convergence of the sequence {Gs} to a functional G :
W 1,p(Ω)→ R. Moreover, we assume certain conditions on the relation of functions hs
to a function h : R → R. Actually, these conditions relate the sets Φ(hs) = {t ∈ R :
hs(t) 6 0} to the set Φ(h) = {t ∈ R : h(t) 6 0}. The convexity of these sets is not
required.
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Under the mentioned conditions, we establish that the minimizers and minimum
values of the functionals Js on the sets Us(hs) converge to a minimizer and the minimum
value of the functional F +G on the set U(h) = {v ∈ W 1,p(Ω) : h(v) 6 0 a.e. in Ω}.
A more detailed description of the results is given in [1]. Concerning the notions of

strong connectedness of the spaces W 1,p(Ωs) and Γ-conver-gence of functionals de�ned
on these spaces, see, for instance, [2].

R E F E R E N C E S
1. Kovalevsky A.A. On the convergence of solutions of variational problems with implicit pointwise constraints in variable

domains. Funct. Anal. Appl. (accepted).
2. Kovalevsky A.A. On the convergence of solutions to bilateral problems with the zero lower constraint and an arbitrary

upper constraint in variable domains. Nonlinear Anal. 2016. Vol. 147, pp. 63�79.

Vladislav V. Kravchenko (Queretaro, Mexico)
vkravchenko@math.cinvestav.edu.mx

ON A METHOD FOR SOLVING INVERSE STURM-LIOUVILLE AND
SCATTERING PROBLEMS

A new method for solving the classical inverse Sturm-Liouville problem on a �nite
interval and the inverse scattering problem on the line is proposed. It is based on the
Gel'fand-Levitan-Marchenko integral equations and recent results on the functional
series representations for the transmutation operator kernels [1,2]. Solution of the
inverse problem reduces directly to a system of linear algebraic equations.

R E F E R E N C E S
1. V. V. Kravchenko, L. J. Navarro and S. M. Torba, Representation of solutions to the one-dimensional Schr�odinger equation

in terms of Neumann series of Bessel functions. Applied Mathematics and Computation, v. 314 (2017) 173-192.
2. V. V. Kravchenko, Construction of a transmutation for the one-dimensional Schr�odinger operator and a representation
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M.V. Kukushkin (Geleznovodsk, Russia)
kukushkinmv@rambler.ru

ASYMPTOTIC OF EIGENVALUES FOR THE DIFFERENTIAL
OPERATORS OF FRACTIONAL ORDER

In this paper we will deal with operators of fractional di�erentiation such as Marchaud,
Riemann-Liouville, Caputo, Weil. To investigate these operators in the case of compact
domain, we will use some technique applied to the Kipriyanov operator [1], which can be
reduced to the previous operators. The cases corresponding to the operators Riemann-
Liouville and Weil on the axis considered separately. As a main results the asymptotic
formula for the eigenvalues of operator second order with fractional derivative in lower
terms was obtained and the completeness property of root vectors of its resolvent was
established. Finally we conduct a classi�cation of considering operators by belonging
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resolvent to the Shetten class [2]. Consider an uniformly elliptic operator with real-
valued, su�cient smooth coe�cients and fractional derivative in the sense of Kipriyanov
in the lower terms (see [1])

Lu := −Dj(a
ijDiu) + ρDα

0+u, i, j = 1, 2, ..., n;

D(L) = H2(Ω) ∩H1
0(Ω), Ω ⊂ En,

where Ω is convex domain with su�cient smooth boundary. The following theorem
establishes the completeness property of root vectors of resolvent RL̃. Moreover, remar-
kable that the obtained su�cient conditions give us the opportunity to approve that in
the dimensions: 1,2 the set of root vectors is complete in the absence of any additional
assumptions relatively the coe�cients of operator.

Theorem 1. The condition θ < π/n is su�cient for completeness root vectors of
operator RL̃, where θ is half angle of sector containing the numerical range of value of
operator RL̃.

Theorem 2. The condition p > n is a su�cient for inclusion

RL̃ ∈ Sp, 1 ≤ p <∞.

R E F E R E N C E S
1. Kukushkin M.V. Spectral properties of fractional di�erentiation operators. Electronic Journal of Di�erential Equations.

2018. Vol. 2018, No. 29, pp. 1�24.
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L.N. Lyakhov (Voronezh, Russia), S.A. Roshchupkin (Yelets, Russia),
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levnlya@mail.ru, roshupkinsa@mail.ru, kostan.yeletsky@gmail.com
APPLICATION OF THE BESSEL-KIPRIANOV-KATRAKHOV
INTEGRAL TRANSFORM FOR THE RESEARCH OF DB

-HYPERBOLIC EQUATIONS

We consider the model equation

Bβ,tE(x, t)− L(DB)E(x, t) = δβ(t) δγ(x),

in which the following notations are adopted:
x ∈ Rn, t ∈ R+

1 = {t : t > 0}, δβ(t) and δγ(x) � weighted δ -functions.
L(DB)=

∑
α≤2m

aαD
α
B, where α=(α1, . . . , αn), D

α
B=∂α1

Bγ1
, . . . , ∂αnBγn ,

∂xi=
∂
∂xi
, ∂αiBγi

=

{
B
αi/2
γi , αi = 2k,

∂xiB
(αi)/2
γi , αi = 2k + 1.
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Bγi=∂
2
x2i

+γi
xi
∂xi = x−γii ∂xi x

γi
i ∂xi � the Bessel operators, which are applied to

variables t ∈ R+
1 , x ∈ Rn. The operator L(DB) is assumed to be B-elliptic. The kernel

of the Bessel-Kipriyanov-Katrakhov transform (FB-transform) [1] has the form
Λ±γ (x′, ξ′) =

∏n
j=1

[
jγj−1

2

(xjξj)∓ i xjξjγ+1 jγj+1

2

(xjξj)
]
.

A mixed direct and inverse complete Bessel-Kipriyanov-Katrakhov transform (FB-
transform) [1] of the function u is called
FB[u](ξ)=

∫
RN

Λ+
γ (x′, ξ′) e−i(x

′′,ξ′′)u(x) (x′)γ dx,F−1
B [u](x)=CFB[u](−x).

The fundamental solution of the singular di�erential operator �β,γ is the function

E(x, t) = F−1
B [Nγ− 1

2
](x, t), where Nν(t) = cos(νπ) jν(t)−J̃ν(t)

sin νπ , ν =
(
γ1− 1

2
, . . . γn− 1

2

)
. jν �

Bessel-Cli�ord function, J̃ν(t) � Bessel-Cli�ord function of negative order. The inverse
transform of the radial Bessel function was considered in [2]
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Helmuth R. Malonek (Aveiro, Portugal)
hrmalon@ua.pt

HARMONIC ANALYSIS AND COMBINATORICS -
A HYPERCOMPLEX FUNCTION THEORETIC APPROACH

Hypercomplex Function Theory (HFT) started in the beginning of the 1930s, mainly
initiated by R. Fueter, as generalization of the classical Function Theory of one Complex
Variable (FTCV) to the case of one quaternionic variable. However, research in multi-
variate analysis by using general Cli�ord algebras (CA) (suggesting the name Cli�ord
Analysis in analogy to Complex Analysis) only started to grow signi�cantly in the
1970s. Since then it has been treated by many authors almost exclusively as some
type of re�nement of Harmonic Analysis exploiting its deep relation to Representation
Theory.
In the talk we use our alternative and less standard approach to HFT as a function

theory in co-dimension 1. Considering hypercomplex holomorphic functions as functions
of several hypercomplex variables we stress the function theoretic origins of Cli�ord
Analysis and at the same time a dual relation to functions of several complex variables.
Besides other advantages, this approach allows to represent homogeneous polynomials
by symmetric ones in several hypercomplex variables. This is obtained by embedding
the binary non-commutative CA-multiplication into a k − nary symmetric operation.
Thereby it is possible to exploit a generalized polynomial formula and resolve an old
open problem in HFT, namely the construction of hypercomplex Appell polynomial
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sequences as adequate generalization of the ordinary complex power functions. Moreover,
it was recently noticed that positivity of trigonometric sums (cf.[3]), subordination of
analytic functions (cf.[2]), and the construction of hypercomplex Appell polynomials
are subjects connected by one and the same sequence of rational numbers (cf.[1]). The
talk shows that a non-standard application of CA-tools is able to reveal new insights
into objects of combinatorial nature obtained by methods of HFT.
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A.B. Morgulis (Vladikavkaz � Rostov-na-Donu, Russia)
morgulisandrey@gmail.com

HOMOGENIZATION OF PDES AND DESORIENTATION OF
SPECIES DUE TO INHOMOGENEITY OF THE ENVIRONMENT

We study a system of PDE's which is written as follows

pt + (pv)x = δ1∆p; qt = q(1− q − p) + δ2∆q; ut = κqx + fx − νu+ δ3∆u, (1)

where (x, t) ∈ R×R. Eqs. (1) describes a living community consisting of active predator
and non-active prey; p, u stands for the predator density and velocity, q stands for the

prey density, and f stands for the additional variable, say, describing the state of the

environment (like the salinity, temperature e.t.c). Herewith f and q are considered

as the stimuli which the active species pursues (or avoids) and therefore it spreads

itself not only via di�usion but via macroscopic directional moving as well. The latter

is described by the eulerian velocity for which third equation in (1) is written. Note

that a weighted sum of the stimuli gradients is considered as a driver for the local

accelerations of the active species. Such way of the describing of active migrations

has been proposed in articles [1-2] which also deliver a detailed study of the case of

f ≡ const. It turns out that the increase of the total number of predators makes the

uniform distribution of the species unstable, and this instability is accompanied with

excitation of nonlinear wave due to which the community survives. Moreover, both the

total number of preys and the consumption of them by predators on average are greater

than in the uniform case.

In the proposed talk, we make focus upon the case of f = f(αx, ωt), α, ω >> 1.

We derive the short wavelength-high frequency limit with the use of a technique of

homogenization. It turns out that the increasing of the amplitude of the environment
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�uctuations induces exponential damping of the e�ective velocity of the predators.

This, in turn, crucially stabilizes the uniform distribution. Such e�ect can be treated

as a kind of desorientation of active species due to the �uctuating environment.
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E.Yu. Panov (Veliky Novgorod, Russia)
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ON DECAY OF PERIODIC ENTROPY SOLUTIONS TO A
DEGENERATE NONLINEAR PARABOLIC EQUATION

In the half-plane Π = R+×R we consider a nonlinear second order parabolic equation

ut + ϕ(u)x = g(u)xx, u = u(t, x), (t, x) ∈ Π, (1)

where the functions ϕ(u), g(u) ∈ C(R), and g(u) is non-strictly increasing. We

study the long time behavior of x-periodic entropy solutions of (1) (in the sense of

Kruzhkov-Carrillo) u(t, x) ∈ L∞(Π), u(t, x + 1) = u(t, x). Let T = R/Z be a circle,

I =
∫
T u(t, x)dx =

∫ 1

0 u(t, x)dx (this value does not depend on t). The main our result

is the following property of asymptotic convergence to a traveling wave.

Theorem 1. There is a periodic function v(y) ∈ L∞(T) (a pro�le), an a constant

c ∈ R (a speed) such that

ess lim
t→+∞

(u(t, x)− v(x− ct)) = 0 in L1(T).

Moreover,

∫
T
v(y)dy = I and the functions ϕ(u) − cu, g(u) are constant on the

segment [ess inf v(y), ess sup v(y)].

Corollary. If for every c ∈ R the functions ϕ(u) − cu, g(u) are not constant

simultaneously in any vicinity of I, then

ess lim
t→+∞

u(t, x) = I in L1(T)

(decay property).

For the proof of Theorem 1 we use a variant of compensated compactness developed

in [1] and comparison principles. In the case of conservation laws g(u) = 0 Theorem 1

was established in [2].
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D.K. Plotnikov (Rostov-on-Don, Russia)
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ON THE INTEGRAL EQUATION IN THE CONTACT PROBLEM FOR
AN INHOMOGENEOUS STRIP

Nowadays, indentation methods are one of the most frequently used methods for

determining the near-surface properties of functional gradient structures, various com-

ponents of coals, biological tissues.

This study presents an approximate model of the deformation of an inhomogeneous

elastic strip rigidly coupled to an undeformable base. The contact problem of the

equilibrium of a strip under the action of a parabolic indentor is considered. It is

believed that the stamp is pressed into the upper boundary of the strip without

friction. An auxiliary problem on the loading of a strip by a normal load localized on a

certain segment of the upper face of the strip is solved. The expression for the potential

energy is simpli�ed by introducing hypotheses about the nature of the displacement

�elds. On the basis of the Lagrange variational principle, a system of two second-order

di�erential equations with variable coe�cients is constructed for the components of

the displacement vector of the upper bound of the strip. Using the Fourier transform,

the transfer functions connecting the Fourier transforms of displacements and loads are

constructed. Transfer functions are fractional-rational functions of the transformation

parameter. The integral equation of the contact problem for the strip is constructed.

The properties of the kernel of the integral equation are investigated. The solution

of the integral equation is reduced to the investigation of the fourth-order operator

equation. The solution of the contact problem is obtained, the displacement of the free

surface of the strip is found, the contact stress distribution is constructed, the force-

introduction correlation is determined. The in�uence of the heterogeneity of the elastic

moduli along a thickness coordinate on these relations is analyzed.

This approach allows to construct approximate solutions and basic dependencies for

arbitrary laws of strip inhomogeneity.
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V. Rabinovich (Instituto Polit�ecnico Nacional, ESIME Zacatenco, M�exico)
vladimir.rabinovich@gmail.com

ESSENTIAL SPECTRA OF QUANTUM GRAPHS WITH GENERAL
VERTEX CONDITIONS

Let Γ be a graph periodic with respect to a group G isomorphic to Zn. We give
a description of the essential spectra of unbounded operators Hq in L

2(Γ) generated
by Schr�odinger operators − d2

dx2 + q, q ∈ L∞(Γ) on the edges of Γ and general vertex
conditions. We introduce a set of limit operators of Hq such that the essential spectrum
of Hq is the union of spectra of the limit operators. We give an application of this
result to the description of essential spectra of operators Hq with periodic potentials q
perturbed by slowly oscillating at in�nity terms.
As example we consider the essential spectra of periodic quantum graphs with delta-

interactions at the vertices.
R E F E R E N C E S
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M. Reissig (Freiberg, Germany)
reissig@math.tu-freiberg.de

FUJITA VERSUS STRAUSS - A NEVER ENDING STORY

A lot of papers are devoted to the critical exponent pcrit(n) in Cauchy problems
for the semilinear wave model with power-nonlinearity. The model we have in mind is
((t, x) ∈ [0,∞)× Rn)

utt −∆u+ but +m2u = |u|p, u(0, x) = ϕ(x), ut(0, x) = ψ(x).

Here b andm2 are nonnegative constants. Critical exponent means, that for some range
of p ≥ pcrit(n) we have the global (in time) existence of small data Sobolev solutions.
On the contrary, for 1 < p ≤ pcrit(n) we have blow-up for Sobolev solutions under
special assumptions for the data.
If b = m2 = 0, then pcrit(n) = p0(n) is the well-known Strauss exponent. If b = 1
and m2 = 0, then pcrit(n) = pFuj(n) is the well-known Fujita exponent. In the talk we
discuss a special semilinear wave model with scale-invariant time-dependent mass and
dissipation and power-nonlinearity. We show how a competition between the Fujita
exponent and Strauss exponent comes into play. For a family of models we propose a
new critical exponent.

R E F E R E N C E S
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J. E. Restrepo (Medellin, Colombia)
cocojoel89@yahoo.es

OMEGA-WEIGHTED GENERALIZATIONS OF THE FRACTIONAL
FORCED OSCILLATOR AND THE FRACTIONAL LOGISTIC

EQUATIONS

We introduce the following ω-weighted fractional integro-di�erentiation operators for
m− 1 < µ < m and x > 0, see [1]:

Dµm,ω
x,C f(z) :=

1

Γ(m− µ)

∫ x

0

(x− t)m−µ−1ωβ1,...,βn(x− t)f (m)(t)dt,

Iµm,ω0 f(x) :=
1

Γ(m− µ)

∫ x

0

(x− t)m−µ−1ωβ1,...,βn(x− t)f(t)dt, even µ = m,

while for m = µ, Dµm,ω
x,C f(x) = f (m)(x), where m ∈ N, β1, . . . , βn are real or complex

parameters and ω is an integrable function. Now, a weighted fractional forced oscillator
is presented:

mx(t) = y0 + νy0t+ νIµ1,τ
0

(
x(t)

)
− kIλ2,ϕ0 (x(t)) + Iγ2,ϑ0 (f(t)). (1)

from the equilibrium position, subject to Hooke's Law,−kx(t), a damping force−νx′(t)
and to an external force f(t), where ν and k are nonnegative constants, 0 < µ ≤ 1,
1 < λ ≤ 2, 1 < γ ≤ 2, x(0) = y0 (y0 ∈ R) and x′(0) = 0. An approximation of the
solution of equation (1) is given and some explicit solutions are established in particular
cases.

Besides, it was recently presented and solved a fractional version of the logistic equation
(see [2]). Here, we present a weighted fractional logistic equation as follows:

Dµm,ω
t,C v(t) = k(1− v(t)), m− 1 < µ ≤ m, (2)

where v(t) = 1/N(t), N(t) is the number of individuals in time t, k is the intrinsic
growth rate. Of course, in a very particular case becomes to the classical logistic
equation. To solve equation (2), we apply the Laplace transform and solve the transformed
equation.

R E F E R E N C E S
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Di�erence Equ., (2017).
2. Varalta N., Gomes A.V., Camargo R. F. A Prelude to the Fractional Calculus Applied to Tumor Dynamic, TEMA, 15,

N. 2 (2014).
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THE EXTERIOR CALDER�ON OPERATOR FOR NON-SPHERICAL
OBJECTS

The exterior Calder�on operator (or, Poincar�e -Steklov operator) maps the tangential

scattered electric surface �eld to the corresponding magnetic surface �eld. It is analogous

to the Dirichlet - to -Neumann map for the scalar Helmholtz equation. The norm of the

exterior Calder�on operator quanti�es the largest ampli�cation factor of the surface

�elds. Explicit values of the norm of the exterior Calder�on operator have only been

obtained so far for the sphere case and the planar case.

We present a new, constructive, approach of �nding the norm of the exterior Calder�on

operator for Lipschitz surfaces in R3; more precisely, of computing its norm in the space

H−1/2(div,Γ).

The key ingredient in the analysis is the set of eigenfunctions to the Laplace-Beltrami

operator of the surface. These eigenfunctions and the corresponding eigenvalues are

intrinsic to the surface and constitute an excellent tool for further analysis.

We introduce the generalized harmonics (both scalar valued and vector valued); the

spherical surface case yields the well known vector spherical harmonics. These functions

constitute the natural orthonormal set for a matrix representation of the operator. They

are well suited for expansion of the traces of solutions to the Maxwell equations. The

norm of the operator is explicitly given as the largest eigenvalue of a quadratic form

that contains the matrix representation of the exterior Calder�on operator. A new way

for the calculation of the Calder�on matrix is also presented.

Finally, the connection between the exterior Calder�on operator and the transition

matrix of the corresponding perfectly conducting obstacle is also analyzed.

My talk is based on joint work with Gerhard Kristensson (Lund University, Sweden), Niklas Wellander (FOI, Swedish Defense

Research Agency, Link�oping) and Athanasios Yannacopoulos (Athens University of Economics and Business, Greece), that has

been submitted for publication.

N. Tokmagambetov (Almaty, Kazakhstan)
tokmagambetov@math.kz

NONHARMONIC ANALYSIS OF BOUNDARY VALUE PROBLEMS

(Joint work with Professor Michael Ruzhansky)

We consider the development of pseudo�di�erential operators generated by boundary

value problems. In particular, we derive an explicit formula for the quantization of
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pseudo�di�erential operators induced by the derivative operator on a segment. Starts

an interesting direction of discrete analysis based on elliptic boundary value problems,

continuing, in a sense, the analysis on the torus started by M. Ruzhansky and V.

Turunen, in which case one may think of a problem having periodic boundary conditions.

K. S. Yeletskikh (Yelets, Russia)
kostan.yeletsky@gmail.com

ON A PARTICULAR CLASS OF SINGULAR EQUATIONS

Assume (DB)ij =

{
∂
∂yi

∂
∂yj
, i 6= j,

∂2

∂y2i
+ γi

yi
∂
∂yi
, i = j,

where γi ≥ 0. Let us consider the Cauchy

problem:

utt = uxx +
∑n−1

i,j=1 ai,j(x− t) (DB)iju.

u|t=0 = 0, ut|t=0 = f(x, y).

The coe�cients aij = aji are in�nitely di�erentiable. If all γi = 0, then this is the

Ibraimov-Mamontov equation [1].

The function f(x, y) is assumed to be even for each coordinate of the vector

y=(y1. . . . , yn−1), �nite and in�nitely di�erentiable. We seek a solution in the class

of y-even functions. The Fourier-Bessel-Kipriyanov-Katrakhov integral transform [2] is

used, its action is denoted by FB[u] = û. It is known that FB[DBu] = (iξ)αû. We

apply FB to the original problem, a transform with respect to variables y. We obtain

the following Cauchy problem

ûtt = ûxx +
n−1∑
i,j=1

ai,j(x− t) λiλj û, û|t=0 = 0, ût|t=0 = f(x, λ), (1)

which does not di�er from the Cauchy problem in [1], obtained by applying the Fourier

transform to the Ibragimov-Mamontov equation. Using the Riemann function, we de�ne

the following solution of the obtained problem (1).

û(t, x, λ) =
1

2

x+t∫
x−t

j0

(
k
√
Q(λ)

)
FB[f ](ξ, λ) dξ. (2)

We apply the inverse Fourier-Bessel transform to the equality (2). Within the framework

of weighted generalized functions, we have

u(t, x, y) = 1
2cγ

x+t∫
x−t

(
FB[j0(k|µ|)](η) , T yη f(ξ, η)

)
γ
dξ .

Using the formulas of FB-transform of the radial Bessel function jp(k |x|), for the index
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p = 0 in case of even and odd numbers n+ |γ|, the solution of the original problem is

obtained.
R E F E R E N C E S
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ÊÐÀÅÂÀß ÇÀÄÀ×À Ñ ÄÀÍÍÛÌÈ ÍÀ ÂÑÅÉ ÃÐÀÍÈÖÅ ÄËß
ÓÐÀÂÍÅÍÈß ÊÎËÅÁÀÍÈÉ

Èññëåäóåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ êîëåáàíèé

∂2u

∂t2
=
∂2u

∂x2
+
∂2u

∂y2
, (1)

ñ óñëîâèåì ïåðèîäè÷íîñòè ïî x è y

u(x, y, t) = u(x+ 1, y, t) = u(x, y + 1, t) (2)

è óñëîâèÿìè

u|t=0 = g1(x, y); (3)(
a1(x, y)

∂u

∂x
+ a2(x, y)

∂u

∂y
+ b(x, y)

∂u

∂t

)∣∣∣∣
t=τ

= g2(x, y), (4)

ãäå a1, a2, b, g1, g2 � çàäàííûå ïåðèîäè÷åñêèå ôóíêöèè ñ ïåðèîäîì 1 ïî x, y, à τ �

çàäàííîå ÷èñëî (ñð.[1] è [2]).

Â ðàáîòå èññëåäóåòñÿ ðàçðåøèìîñòü çàäà÷è (1)-(4). Äàþòñÿ óñëîâèÿ îäíîçíà÷íîé

è ôðåäãîëüìîâîé ðàçðåøèìîñòè.

Áîëåå òî÷íî, çàäà÷à ñâîäèòñÿ ê íåêîòîðîìó óðàâíåíèþ íà ãðàíèöå îáëàñòè. Ïî-

ëó÷åííîå óðàâíåíèå íà ãðàíèöå îêàçûâàåòñÿ àññîöèèðîâàííûì ñ êâàíòîâàííûìè

êàíîíè÷åñêèìè ïðåîáðàçîâàíèÿìè (ñì. [3]). Ìû ïðèìåíÿåì ðåçóëüòàòû öèòèðîâàí-

íîé ðàáîòû, ÷òîáû äàòü óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ íà ãðàíèöå è, ñëåäîâà-

òåëüíî, óñëîâèÿ ðàçðåøèìîñòè çàäà÷è (1)-(4).
Ë È Ò Å Ð À Ò Ó Ð À
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Í.Ï. Áîíäàðåíêî (Ñàìàðà, Ñàðàòîâ, Ðîññèÿ)
bondarenkonp@info.sgu.ru

ÍÅÏÎËÍÀß ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÎÏÅÐÀÒÎÐÀ
ØÒÓÐÌÀ-ËÈÓÂÈËËß ÍÀ ÃÐÀÔÅ Ñ ÖÈÊËÎÌ 1

Ðàññìîòðèì ãðàô-ëàññî G, ñîñòîÿùèé èç âåðøèí v1 è v2, ãðàíè÷íîãî ðåáðà e1 =
(v1, v2) öåëî÷èñëåííîé äëèíû l1 è ïåòëè e2 = (v2, v2) äëèíû l2 = 1. Ââåäåì íà
êàæäîì ðåáðå ej ïàðàìåòð xj ∈ [0, lj]. Çíà÷åíèå x1 = 0 ñîîòâåòñòâóåò ãðàíè÷íîé
âåðøèíå v1, x1 = l1 � âíóòðåííåé âåðøèíå v2. Äëÿ ðåáðà e2 îáà çíà÷åíèÿ x2 = 0 è
x2 = 1 ñîîòâåòñòâóþò âåðøèíå v2.
Ðàññìîòðèì íà ãðàôå G êðàåâóþ çàäà÷ó L äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

−y′′j + qj(xj)yj = λyj, xj ∈ (0, lj), j = 1, 2,

ñî ñòàíäàðòíûìè óñëîâèÿìè ñêëåéêè âî âíóòðåííåé âåðøèíå

y1(l1) = y2(0) = y2(l2), y
[1]
1 (l1)− y[1]

2 (0) + y
[1]
2 (l2) = 0,

è óñëîâèåì Äèðèõëå y1(0) = 0 â ãðàíè÷íîé âåðøèíå. Çäåñü qj � âåùåñòâåííûå

ôóíêöèè èç W−1
2 (0, lj), ò.å. qj = σ′j, σj ∈ L2(0, lj), y

[1]
j := y′j − σjyj � êâàçèïðîèç-

âîäíûå.
Ïîëó÷åíû àñèìïòîòîòè÷åñêèå ôîðìóëû äëÿ ñîáñòâåííûõ çíà÷åíèé êðàåâîé çà-

äà÷è L. Èññëåäîâàíà íåïîëíàÿ îáðàòíàÿ çàäà÷à, êîòîðàÿ ñîñòîèò â âîññòàíîâëåíèè
ïîòåíöèàëà σ2 íà öèêëå ïî ÷àñòè ñïåêòðà è ïîñëåäîâàòåëüíîñòè çíàêîâ, ñâÿçàí-
íûõ ñ ïåðèîäè÷åñêîé çàäà÷åé íà öèêëå (ñì. ïîäðîáíîñòè â [1]), ïðè èçâåñòíîì
ïîòåíöèàëå σ1 íà ãðàíè÷íîì ðåáðå. Äîêàçàíà òåîðåìà åäèíñòâåííîñòè è ïîëó÷åí
êîíñòðóêòèâíûé àëãîðèòì ðåøåíèÿ äàííîé îáðàòíîé çàäà÷è.

Ë È Ò Å Ð À Ò Ó Ð À
1. Yang C.-F., Bondarenko N.P. A partial inverse problem for the Sturm-Liouville operator on the graph with a loop.

Preprint: Cornell University Library, 2017. URL: https://arxiv.org/abs/1711.05660.

À.Î. Âàòóëüÿí, Ñ.À. Íåñòåðîâ(Âëàäèêàâêàç, Ðîññèÿ)
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ÏÐÈÌÅÍÅÍÈÅ ÌÅÒÎÄÀ ÀËÃÅÁÐÀÈÇÀÖÈÈ ÏÐÈ ÐÅØÅÍÈÈ
ÎÁÐÀÒÍÛÕ ÇÀÄÀ× ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

Êîëè÷åñòâåííûå ðàñ÷åòû ïðîöåññîâ ðàñïðåäåëåíèÿ òåïëà îñíîâûâàþòñÿ íà çíà-

íèè òåïëîôèçè÷åñêèõ õàðàêòåðèñòèê ìàòåðèàëîâ. Îäíàêî â ñëó÷àå íåîäíîðîäíûõ

òåë èäåíòèôèêàöèÿ ìîæåò îïèðàòüñÿ òîëüêî íà àïïàðàò êîýôôèöèåíòíûõ îáðàò-

íûõ çàäà÷ òåïëîïðîâîäíîñòè (ÊÎÇÒ). Â äàííîé ðàáîòå ïðåäëîæåí íîâûé ñïîñîá

ðåøåíèÿ ÊÎÇÒ, êîòîðûé äîñòóïåí èññëåäîâàòåëÿì ñ èíæåíåðíûì îáðàçîâàíèåì.
1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà ÐÔ (ïðîåêò ÌÊ-686.2017.1), Ìèíîáðíàóêè ÐÔ (ïðîåêò 1.1660.2017/4.6) è

ÐÔÔÈ (ïðîåêòû 16-01-00015, 17-51-53180).
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Òðåáóåòñÿ îïðåäåëèòü òåïëîôèçè÷åñêèå õàðàêòåðèñòèêè ñòåðæíÿ (êîýôôèöè-

åíò òåïëîïðîâîäíîñòè, óäåëüíóþ òåïëîåìêîñòü) ïî äîïîëíèòåëüíîé èíôîðìàöèè

î òåìïåðàòóðå, èçìåðåííîé íà òîðöå ñòåðæíÿ íà íåêîòîðîì âðåìåííîì èíòåðâà-

ëå. Äëÿ ðåøåíèÿ ïîñòàâëåííîé îáðàòíîé çàäà÷è ñíà÷àëà áûëà ïîëó÷åíà ñëàáàÿ

ïîñòàíîâêà ïðÿìîé çàäà÷è òåïëîïðîâîäíîñòè äëÿ ñòåðæíÿ â òðàíñôîðìàíòàõ ïî

Ëàïëàñó. Òðàíñôîðìàíòà òåìïåðàòóðû è ôóíêöèè, õàðàêòåðèçóþùèå òåïëîôè-

çè÷åñêèå õàðàêòåðèñòèêè, ïðåäñòàâëåíû â âèäå ðàçëîæåíèÿ ïî ñèñòåìå áàçèñíûõ

ôóíêöèé. Â ðàáîòå îãðàíè÷èëèñü òðåìÿ ÷ëåíàìè ðàçëîæåíèÿ. Ïîäñòàâèâ ýòè ðàç-

ëîæåíèÿ â âûðàæåíèå äëÿ ñëàáîé ïîñòàíîâêè, áûëà ïîëó÷åíà ÑËÀÓ äëÿ íàõîæ-

äåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ òðàíñôîðìàíòû òåìïåðàòóðû. Äàëåå íàõîäèì

âûðàæåíèå äëÿ òðàíñôîðìàíòû òåìïåðàòóðû íà òîðöå ñòåðæíÿ. Äëÿ íàõîæäåíèÿ

êîýôôèöèåíòîâ ðàçëîæåíèÿ ôóíêöèé, õàðàêòåðèçóþùèå òåïëîôèçè÷åñêèå õàðàê-

òåðèñòèêè, ïðèðàâíèâàåì ê íóëþ ïîëó÷åííîå âûðàæåíèå, à â êà÷åñòâå çíà÷åíèé

äëÿ ïàðàìåòðà ïðåîáðàçîâàíèÿ Ëàïëàñà èñïîëüçóåì çíà÷åíèÿ ïåðâûõ òðåõ ïîëþ-

ñîâ òðàíñôîðìàíòû äîïîëíèòåëüíîé èíôîðìàöèè. Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó

òðåõ àëãåáðàè÷åñêèõ óðàâíåíèé òðåòüåãî ïîðÿäêà, ÷èñëåííîå ðåøåíèå êîòîðîé äà-

åò 9 íàáîðîâ ÷èñåë. Ïîäõîäÿùàÿ òðîéêà êîýôôèöèåíòîâ íàõîäèòñÿ èç óñëîâèÿ

ìèíèìóìà ôóíêöèîíàëà íåâÿçêè. Äëÿ íàõîæäåíèÿ ïîëþñîâ òîðöåâàÿ òåìïåðàòó-

ðà àïïðîêñèìèðîâàëàñü â âèäå ëèíåéíîé êîìáèíàöèè ýêñïîíåíöèàëüíûõ ôóíêöèé.

Ïîêàçàòåëè ýêñïîíåíò íàõîäèëèñü ïî ìåòîäó Ïðîíè.

Â õîäå âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ âûÿñíåíî, ÷òî ïðîåêöèîííûé ìåòîä ðå-

øåíèÿ îáðàòíîé çàäà÷è òåïëîïðîâîäíîñòè äîêàçàë ñâîþ ýôôåêòèâíîñòü.

À.Î. Âàòóëüÿí, Â.Î. Þðîâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
vatulyan@math.rsu.ru

ÀÍÀËÈÇ ÂÛÍÓÆÄÅÍÍÛÕ ÂÎËÍÎÂÛÕ ÊÎËÅÁÀÍÈÉ Â
ÂÎËÍÎÂÎÄÀÕ Ñ ÏÅÐÅÌÅÍÍÛÌÈ ÑÂÎÉÑÒÂÀÌÈ

Ðàññìîòðåíà çàäà÷à î ðàñïðîñòðàíåíèè âîëí â íåîäíîðîäíîì ïî ðàäèàëüíîé êî-

îðäèíàòå óïðóãîì öèëèíäðè÷åñêîì âîëíîâîäå. Êîëåáàíèÿ âîëíîâîäà âûçûâàþòñÿ

ðàñïðåäåëåííîé â êîëüöåâîé îáëàñòè ïåðèîäè÷åñêîé âî âðåìåíè íàãðóçêîé. Ðå-

øåíèå ñòðîèòñÿ â ðàìêàõ ïðèíöèïà ïðåäåëüíîãî ïîãëîùåíèÿ. Ê êðàåâîé çàäà÷å

ïðèìåíÿåòñÿ îáîáùåííîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå ïî îñåâîé êîîðäè-

íàòå, êîòîðîå ïîçâîëÿåò â ðàìêàõ îñåñèììåòðè÷íîé ïîñòàíîâêè ñâåñòè çàäà÷ó ê

êðàåâîé çàäà÷å äëÿ âåêòîðíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà

ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Êðàåâàÿ çàäà÷à â òðàíñôîðìàíòàõ, çàâèñÿùàÿ

îò äâóõ ïàðàìåòðîâ, ðåøàåòñÿ ÷èñëåííî ñ ïîìîùüþ ìåòîäà ïðèñòðåëêè, ïðè ýòîì

ñôîðìóëèðîâàííûå ïðè ðåàëèçàöèè ìåòîäà ïðèñòðåëêè çàäà÷è Êîøè ðåøàþòñÿ
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ìåòîäîì Ðóíãå-Êóòòû 4-ãî ïîðÿäêà.

Îáðàùåíèå òðàíñôîðìàíò ðåøåíèÿ ïðîèçâîäèòñÿ ñ ïîìîùüþ êîíòóðíîãî èíòå-

ãðèðîâàíèÿ è òåîðèè âû÷åòîâ. Óñòàíîâëåíî, ÷òî äëÿ ëþáîé ÷àñòîòû êîëåáàíèé ó

òðàíñôîðìàíò èìååòñÿ êîíå÷íîå ÷èñëî âåùåñòâåííûõ è ñ÷åòíîå ÷èñëî êîìïëåêñ-

íûõ ïîëþñîâ ïåðâîãî ïîðÿäêà. Ñôîðìóëèðîâàíà âñïîìîãàòåëüíàÿ êðàåâàÿ çàäà÷à,

ïîçâîëÿþùàÿ íàõîäèòü âû÷åò áåç âû÷èñëåíèÿ ïðîèçâîäíîé. Íàéäåíû ïðîäîëüíûå

è ðàäèàëüíûå ïåðåìåùåíèÿ íà âíåøíåé ãðàíèöå âîëíîâîäà â çàâèñèìîñòè îò ïðî-

äîëüíîé êîîðäèíàòû â áëèæíåé è äàëüíåé çîíå. Ðåøåíèå áûëî íàéäåíî íà ðàçëè÷-

íûõ ÷àñòîòàõ. Ïðîàíàëèçèðîâàíû ïåðåìåùåíèÿ äëÿ ðàçëè÷íûõ çàêîíîâ ðàäèàëü-

íîé íåîäíîðîäíîñòè (íåïðåðûâíûå ìîíîòîííûå è êóñî÷íî- ïîñòîÿííûå), ïðîèçâå-

äåíà îöåíêà âëèÿíèÿ êîìïëåêñíûõ è âåùåñòâåííûõ ïîëþñîâ íà ðåøåíèå, îïðåäå-

ëåíû ãðàíèöû îáëàñòè äàëüíåé çîíû, äëÿ êîòîðîé ðåøåíèå ôîðìèðóåòñÿ òîëüêî

áåãóùèìè âîëíàìè, îïðåäåëÿåìûìè âåùåñòâåííûìè ïîëþñàìè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Þæíîãî ìàòåìàòè÷åñêîãî èíñòèòóòà.

Ò.Ô. Äîëãèõ (Ðîñòîâ-íà-Äîíó, Ðîñòîâ)
dolgikh@sfedu.ru

ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎ-ÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÐÅØÅÍÈß
ÝËËÈÏÒÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ ÇÎÍÀËÜÍÎÃÎ

ÝËÅÊÒÐÎÔÎÐÅÇÀ

Ïðîöåññ çîíàëüíîãî ýëåêòðîôîðåçà, êàê ïðàâèëî, îïèñûâàåòñÿ ñèñòåìîé êâà-

çèëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Îäíàêî â ñëó÷àÿõ, êîãäà ïðîâîäèìîñòü

ñìåñè óìåíüøàåòñÿ ïðè óâåëè÷åíèè êîíöåíòðàöèé êîìïîíåíòîâ, òèï óðàâíåíèé

ñòàíîâèòñÿ ýëëèïòè÷åñêèì.

Â ðàáîòå ïðåäñòàâëåí ïðîñòåéøèé ñëó÷àé ðàçäåëåíèÿ íà îòäåëüíûå ñîñòàâëÿþ-

ùèå äâóõêîìïîíåíòíîé ñìåñè. Ðàññìàòðèâàåòñÿ ñèñòåìà äâóõ ýëëèïòè÷åñêèõ óðàâ-

íåíèé, äëÿ êîòîðûõ áûëè ïîñòàâëåíû ïðîñòðàíñòâåííî-ïåðèîäè÷åñêèå íà÷àëüíûå

äàííûå, ñîîòâåòñòâóþùèå âîçìóùåíèþ ïîñòîÿííîãî ðåøåíèÿ. Ðåçóëüòàòû âû÷èñ-

ëåíèé ïîêàçàëè, ÷òî ñ òå÷åíèåì âðåìåíè íà÷àëüíîå ïðîñòðàíñòâåííî-ïåðèîäè÷åñêîå

âîçìóùåíèå èñ÷åçàåò è âîçíèêàåò ñòðóêòóðà, ñîñòîÿùàÿ èç êíîèäàëüíûõ íåïî-

äâèæíûõ âîëí ñ ðàñòóùåé âî âðåìåíè àìïëèòóäîé.
Ë È Ò Å Ð À Ò Ó Ð À

1. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â., Äîëãèõ Ò.Ô. Ìåòîä ãîäîãðàôà äëÿ ðåøåíèÿ ãèïåðáîëè÷åñêèõ è ýëëèïòè÷åñêèõ êâà-

çèëèíåéíûõ óðàâíåíèé. Ðîñòîâ í/Ä: Èçä. ÞÔÓ, 2015.

2. Äîëãèõ Ò.Ô. Óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà äëÿ çîíàëüíîãî ýëåêòðîôîðåçà. Òðóäû XVIII Ìåæäóíàðîäíîé êîíôå-

ðåíöèè ¾Ñîâðåìåííûå ïðîáëåìû ÌÑÑ¿. 2016. Òîì 1, ñòð. 179�183.

3. Äîëãèõ Ò.Ô. Ðåøåíèå çàäà÷è î ïåðåíîñå ìàññû ïîä äåéñòâèåì ýëåêòðè÷åñêîãî ïîëÿ â äâóõêîìïîíåíòíîé ñìåñè.

Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ñåâåðî-Êàâêàçñêèé ðåãèîí. Ñåðèÿ: Åñòåñòâåííûå íàóêè. 2017. � 3-1 (195-1), ñòð.

28�35.



¾Table of content¿

Di�erential Equations and Mathematical Physics 80

4. Äîëãèõ Ò.Ô., Æóêîâ Ì.Þ., Øèðÿåâà Å.Â. Ðåøåíèå ýëëèïòè÷åñêèõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè äàííûìè äëÿ

çàäà÷è çîíàëüíîãî ýëåêòðîôîðåçà. Âåñòíèê Âîðîíåæñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Ñåðèÿ: Ôèçèêà. Ìàòåìàòèêà.

2017. � 2, ñòð. 85�96.

Â.Â. Äóäàðåâ, Ð.Ì. Ìíóõèí, (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
romamnuhin@yandex.ru

ÈÑÑËÅÄÎÂÀÍÈÅ ÊÎËÅÁÀÍÈÉ ÍÅÎÄÍÎÐÎÄÍÎÃÎ
ÖÈËÈÍÈÄÐÀ

Â íàñòîÿùåå âðåìÿ êîíñòðóêòèâíûå ýëåìåíòû, âûïîëíåííûå èç íåîäíîðîäíûõ

ìàòåðèàëîâ, øèðîêî ðàñïðîñòðàíåíû âî ìíîãèõ îáëàñòÿõ òåõíèêè, òàêèõ êàê àâ-

òîìîáèëåñòðîåíèå, àýðîêîñìè÷åñêàÿ îòðàñëü è ìåäèöèíà. Ñîçäàíèå ìàòåðèàëîâ ñ

çàäàííûìè ïåðåìåííûìè ìåõàíè÷åñêèìè ñâîéñòâàìè ÿâëÿåòñÿ ñëîæíîé òåõíîëî-

ãè÷åñêîé ïðîöåäóðîé, ñîñòîÿùåé èç ðÿäà ýòàïîâ, òàêèõ êàê ñïåêàíèå, ïëàâëåíèå,

ïîñëîéíîå ïðåññîâàíèå, íàïûëåíèå è ò. ä. Îáúåêòû, èçãîòîâëåííûå èç òàêèõ ìà-

òåðèàëîâ, îáëàäàþò âûñîêîé ïðî÷íîñòüþ è èìåþò öåëûé ðÿä ïðåèìóùåñòâ ïî

ñðàâíåíèþ ñ îáúåêòàìè, èçãîòîâëåííûìè èç îäíîðîäíûõ ìàòåðèàëîâ. Ýëåìåíòû

öèëèíäðè÷åñêîé ôîðìû ÿâëÿþòñÿ ñîñòàâíûìè ÷àñòÿìè ðàçëè÷íûõ êîíñòðóêöèé

(äàò÷èêè, ïðåîáðàçîâàòåëè, ñîåäèíèòåëüíûå äåòàëè, ïîäïîðêè è ò. ä.). Èñïîëüçóÿ

ñîâðåìåííûå ìîäåëè ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãî òåëà, ìîæíî ôîðìóëè-

ðîâàòü è èññëåäîâàòü ðàçëè÷íûå çàäà÷è äëÿ îáúåêòîâ ñ íåîäíîðîäíîé ñòðóêòóðîé.

Îäíèì èç íàèáîëåå ýêîíîìè÷íûõ è ïðîñòûõ â ðåàëèçàöèè ïîäõîäîâ äëÿ àíàëèçà

ñâîéñòâ òåëà ÿâëÿåòñÿ àêóñòè÷åñêèé ìåòîä.

Íà îñíîâå îáùèõ ñîîòíîøåíèé ëèíåéíîé òåîðèè óïðóãîñòè ñôîðìóëèðîâàíà îñå-

ñèììåòðè÷íàÿ çàäà÷à îá óñòàíîâèâøèõñÿ êîëåáàíèÿõ íåîäíîðîäíîãî óïðóãîãî öè-

ëèíäðà. Ïàðàìåòðû Ëàìå λ(r), µ(r) ñ÷èòàþòñÿ ïåðåìåííûìè ïî ðàäèóñó. Ïåðèî-

äè÷åñêàÿ íàãðóçêà ïðèëîæåíà ê âíåøíåé ÷àñòè ãðàíèöû öèëèíäðà. Íåèçâåñòíûìè

ôóíêöèÿìè ÿâëÿþòñÿ ðàäèàëüíàÿ ur(r, z) è ïðîäîëüíàÿ uz(r, z) êîìïîíåíòû ïîëÿ

ïåðåìåùåíèé. Ðåøåíèå çàäà÷è ïîñòðîåíî ñ ïîìîùüþ ìåòîäà îäíîðîäíûõ ðåøåíèé

â âèäå ðÿäîâ è ñâåäåíî ê ÷èñëåííîìó èññëåäîâàíèþ n ñèñòåì ÷åòûðåõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Îöåíêà òî÷íîñòè ñî-

ñòàâëåííûõ ÷èñëåííûõ ñõåì ïðîâåäåíà äëÿ ÷àñòíûõ ñëó÷àåâ ïóòåì ñðàâíåíèÿ ñ

èçâåñòíûìè ðåøåíèÿìè. Íà îñíîâå ïîëó÷åííîãî ðåøåíèÿ ïîñòðîåíû ïîëÿ ïåðåìå-

ùåíèÿ, àìïëèòóäíî-÷àñòîòíûå õàðàêòåðèñòèêè è ïîëó÷åíû çíà÷åíèÿ ðåçîíàíñíûõ

÷àñòîò äëÿ ðàçëè÷íûõ çàêîíîâ èçìåíåíèÿ ïàðàìåòðîâ λ(r), µ(r).

Àâòîðû áëàãîäàðÿò ïðîôåññîðà À.Î. Âàòóëüÿíà çà ïðåäëîæåííóþ çàäà÷ó è ïîä-

õîäû ê åå ðåøåíèþ.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè

(ïðîåêò � ÌÊ-3179.2017.1).
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À.Â. Åïèôàíîâ, Â. Ã. Öèáóëèí (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
epifanov-av@yandex.ru, vgcibulin@sfedu.ru

ÌÓËÜÒÈÑÒÀÁÈËÜÍÎÑÒÜ ÐÅÆÈÌÎÂ Â ÏÎÏÓËßÖÈÎÍÍÛÕ
ÌÎÄÅËßÕ

Äîêëàä ïîñâÿùåí ðàçâèòèþ ìåòîäà èññëåäîâàíèÿ íåëèíåéíûõ ïðîñòðàíñòâåí-
íûõ ìîäåëåé ýêîëîãèè íà îñíîâå âûäåëåíèÿ êîñèììåòðèé ðàññìàòðèâàåìûõ ñèñòåì
(Þäîâè÷ Â.È., Ìàò. çàìåòêè, 1991). Ñ ïîìîùüþ ýòîãî ïîäõîäà àíàëèçèðóþòñÿ ñöå-
íàðèè ñîñóùåñòâîâàíèÿ ïîïóëÿöèé äëÿ ñèñòåìû èç m æåðòâ è n−m õèùíèêîâ:

u̇i = [kiu
′
i − uiϕ′i]

′
+ uifi, ϕi = αiR (p) +

n∑
j=1

βijuj,

fi = µiū (1− ū/p)−
n∑

j=m+1

lijuj, i = 1, . . . ,m, (1)

fi =
m∑
j=1

µijuj − li, i = m+ 1, . . . , n, ū =
m∑
j=1

uj.

Çäåñü ui (x, t) � ïëîòíîñòü i-é ïîïóëÿöèè, ki � êîýôôèöèåíòû äèôôóçèè, αi, βij �
êîýôôèöèåíòû íàïðàâëåííîé ìèãðàöèè, âûçâàííîé íåîäíîðîäíîñòüþ ðàñïðåäåëå-
íèÿ ðåñóðñà è âèäîâ ïî àðåàëó (αi = 0, i = m+ 1, . . . , n), µi, µij � êîýôôèöèåíòû
ðîñòà, li, lij � êîýôôèöèåíòû ñìåðòíîñòè. Ðåçóëüòàòû èññëåäîâàíèÿ ìîäåëè (1)
ïðè R (p) = p ïðåäñòàâëåíû â (Åïèôàíîâ À.Â., Öèáóëèí Â. Ã., Áèîôèçèêà, 2016;
ÊèÌ, 2017).
Ïðè óñëîâèÿõ ïåðèîäè÷íîñòè

ki
kj

=
αi
αj

=
βir
βjr

=
µi
µj

=
lis
ljs

= νij, 1 ≤ i < j ≤ m, m+ 1 ≤ s ≤ n,

ki
kj

=
βir
βjr

=
µis
µjs

=
li
lj

= γij, m+ 1 ≤ i < j ≤ n, 1 ≤ s ≤ m, 1 ≤ r ≤ n.

ñèñòåìà (1) èìååò êîñèììåòðèþ L = (ξ1, ξ2, . . . , ξm, ζm+1, ζm+2, . . . , ζn),

ξi = e−ϕi/ki
m∑
j=1

sign (i− j) kjuj, ζi = e−ϕi/ki
n∑

j=m+1

sign (i− j) kjuj.

Â ñëó÷àå m = n, R (p) = ln p, αi = ki, βij = 0, i, j = 1, . . . ,m êîñèììåòðèÿ
äåéñòâóåò íà ïîäïðîñòðàíñòâå ui = cip, ïðè ýòîì ñóùåñòâóåò ñåìåéñòâî èäåàëüíûõ
ñâîáîäíûõ ðàñïðåäåëåíèé, â êîòîðûõ ïëîòíîñòè âñåõ ïîïóëÿöèé ïðîïîðöèîíàëüíû
ôóíêöèè ðåñóðñà.
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ÎÁ ÝËËÈÏÒÈ×ÍÎÑÒÈ ÍÅÊÎÌÌÓÒÀÒÈÂÍÛÕ ÎÏÅÐÀÒÎÐÎÂ,
ÀÑÑÎÖÈÈÐÎÂÀÍÍÛÕ Ñ ÄÅÉÑÒÂÈÅÌ ÌÅÒÀÏËÅÊÒÈ×ÅÑÊÎÉ

ÃÐÓÏÏÛ

Ðàññìàòðèâàåòñÿ êëàññ íåêîììóòàòèâíûõ îïåðàòîðîâ âèäà

D =
∑
k

Dk

(
x,−i d

dx

)
T k : Hs(Rn) −→ Hs−k(Rn), (1)

ãäå Dk

(
x,−i ddx

)
� äèôôåðåíöèàëüíûé îïåðàòîð ïîðÿäêà k, Hs � ïðîñòðàíñòâî

Ñîáîëåâà (ñì., íàïð.,[2]), T � êâàäðàòè÷íîå ïðåîáðàçîâàíèå Ôóðüå

Tf(x) = im−n/2
√
| detB|

∫
e2π iW (x,x′)f(x′)dx′,

arg detB ≡ mπ mod 2π,

(2)

àññîöèèðîâàííîå ñ ñèìïëåêòè÷åñêîé ìàòðèöåé

SW =

(
A B

C D

)
, detB 6= 0,

ãäå W (x, x′) = 1
2DB

−1x2 −B−1xx′ +B−1Ax′2.

Îïåðàòîðû (2) ïîðîæäàþò ìåòàïëåêòè÷åñêóþ ãðóïïó Mp(n) [1], ÿâëÿþùóþñÿ

ïîäãðóïïîé ãðóïïû óíèòàðíûõ îïåðòîðîâ íà L2(Rn).

Äàííàÿ òåîðèÿ ÿâëÿåòñÿ îáîáùåíèåì ýëëèïòè÷åñêîé òåîðèè íà íåêîììóòàòèâ-

íîì òîðå [2,3].

Òðàåêòîðíûé ñèìâîë îïåðàòîðà (1) åñòü îïåðàòîð-ôóíêöèÿ, äåéñòâóþùàÿ â âå-

ñîâûõ ïðîñòðàíñòâàõ ïîñëåäîâàòåëüíîñòåé:

σ
(
D
)
(x, ξ) : l2(Z, µx,ξ,s) −→ l2(Z, µx,ξ,s−m). (3)

Â ðàáîòå ïðåäúÿâëÿþòñÿ óñëîâèÿ ýëëèïòè÷íîñòè íåêîììóòàòèâíîãî îïåðàòîðà

(1) â òåðìèíàõ òðàåêòîðíîãî ñèìâîëà (3) â çàâèñèìîñòè îò ïîêàçàòåëÿ ãëàäêîñòè

s ñîîòâåòñòâóþùèõ ïðîñòðàíñòâ Ñîáîëåâà.
Ë È Ò Å Ð À Ò Ó Ð À

1. de Gosson M. Symplectic geometry and quantum mechanics. Birkhauser Basel, 2006.

2. Ñàâèí À.Þ., Ñòåðíèí Á.Þ. Íåêîììóòàòèâíàÿ ýëëèïòè÷åñêàÿ òåîðèÿ. Ïðèìåðû. Òð. ÌÈÀÍ. 2010. Òîì. 271.

Ñòð. 204-223

3. Connes A. Noncommutative geometry. Academic Press, Inc., San Diego, CA. 1994.
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ÀÍÀËÎÃÈß ÌÅÆÄÓ ÓÐÀÂÍÅÍÈßÌÈ Â ×ÀÑÒÍÛÕ
ÏÐÎÈÇÂÎÄÍÛÕ È ÊÎÍÅ×ÍÛÌÈ ÐÀÇÍÎÑÒßÌÈ ÄËß ÇÀÄÀ×È

ÝËÅÊÒÐÎÔÎÐÅÇÀ

Ñèñòåìà êâàçèëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé, îïèñûâàþùàÿ ýëåêòðîôî-
ðåç � ìåòîä ðàçäåëåíèÿ ìíîãîêîìïîíåíòíîé ñìåñè íà èíäèâèäóëüíûå êîìïîíåíòû
ïðè ïîìîùè ýëåêòðè÷åñêîãî ïîëÿ [1], èññëåäóåòñÿ îáîáùåííûì ìåòîäîì ãîäîãðà-
ôà, êîòîðûé ïîçâîëÿåò çàïèñàòü ðåøåíèå çàäà÷è Êîøè â íåÿâíîé àíàëèòè÷åñêîé
ôîðìå â âèäå ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé [2]. Ïðè ïðèìåíåíèè îáîáùåí-
íîãî ìåòîäà ãîäîãðàôà äëÿ âû÷èñëåíèÿ êîììóòèðóþùèõ ïîòîêîâ, òðåáóåòñÿ ðå-
øàòü ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Äëÿ ðåøåíèÿ óêàçàííîé ñèñòåìû èñïîëüçóåòñÿ
àïïàðàò êîíå÷íûõ ðàçíîñòåé � ñèñòåìó óäàåòñÿ çàïèñàòü â âèäå ðàçäåëåííûõ ðàç-
íîñòåé, ïîñòðîèòü ïîëèíîì Íüþòîíà è ïîëó÷èòü ðåøåíèå, îïðåäåëÿåìîå èíâàðèàí-
òàìè ïîëèíîìà, êîòîðûå â ñâîþ î÷åðåäü ïîëíîñòüþ èäåíòèôèöèðóåòñÿ íà÷àëüíû-
ìè äàííûìè çàäà÷è Êîøè. Îáíàðóæåííàÿ àíàëîãèÿ ìåæäó ñèñòåìîé óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ è êîíå÷íûìè ðàçíîñòÿìè ïîçâîëÿåò èñïîëüçîâàòü óêà-
çàííûé àëãîðèòì ðåøåíèÿ è äëÿ äðóãèõ ñèñòåì êâàçèëèíåéíûõ ãèïåðáîëè÷åñêèõ
óðàâíåíèé, ê êîòîðûì ïðèìåíè îáîáùåííûé ìåòîä ãîäîãðàôà. Ïðåäëîæåí òàêæå
àëãîðèòì ïîñòðîåíèÿ ÿâíîé ôîðìû ðåøåíèÿ ïðè ïîìîùè ââåäåíèÿ ëàãðàíæåâûõ
ïåðåìåííûõ, ïîçâîëÿþùèõ ñâåñòè çàäà÷ó ê èíòåãðèðîâàíèþ ñèñòåìû îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðèâåäåíû ïðèìåðû ðåøåíèÿ çàäà÷è Êîøè
äëÿ ðàçëè÷íûõ íà÷àëüíûõ äàííûõ, â ÷àñòíîñòè, êóñî÷íî-ïîñòîÿííûõ è ãàóññîâûõ
ðàñïðåäåëåíèé êîíöåíòðàöèè êîìïîíåíò ñìåñè.
Ðàáîòà âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Æóêîâ Ì.Þ. Ìàññîïåðåíîñ ýëåêòðè÷åñêèì ïîëåì. Ðîñòîâ-íà-Äîíó: Èçä-âî Ðîñò- óí-òà. 2005.
2. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â., Äîëãèõ Ò.Ô. Ìåòîä ãîäîãðàôà äëÿ ðåøåíèÿ ãèïåðáîëè÷åñêèõ è ýëëèïòè÷åñêèõ êâà-

çèëèíåéíûõ óðàâíåíèé. Ðîñòîâ-íà-Äîíó: Èçä-âî ÞÔÓ. 2015.

Ï.Í. Èâàíüøèí (Êàçàíü, Ðîññèÿ)
pivanshi@yandex.ru

ÏÐÈÁËÈÆÅÍÍÎÅ ÐÅØÅÍÈÅ ÑÌÅØÀÍÍÎÉ ÊÐÀÅÂÎÉ
ÇÀÄÀ×È ÄËß ÍÅÎÄÍÎÑÂßÇÍÎÉ ÎÁËÀÑÒÈ

Â ðàáîòå ïðèâåäåí ìåòîä ïðèáëèæåííîãî ðåøåíèÿ ñìåøàííîé êðàåâîé çàäà-
÷è äëÿ íåîäíîñâÿçíûõ ïëîñêèõ îáëàñòåé. Ìåòîä îñíîâàí íà ïðèáëèæåííîì ðåøå-
íèè èíòåãðàëüíûõ óðàâíåíèé [1]. Ðåøåíèå ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõ
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óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ Ôóðüå ãðàíè÷íûõ çíà÷åíèé ñîïðÿæ¼í-
íûõ ôóíêöèé. Ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû, íàïðèìåð, äëÿ ðåøåíèÿ ïðî-
ñòðàíñòâåííûõ çàäà÷ [2].

Ë È Ò Å Ð À Ò Ó Ð À
1. Ivanshin P.N., Shirokova E.A. Approximate Conformal Mappings and Elasticity Theory. J. of Complex Analysis. 2016

ID 4367205
2. Ivanshin P.N., Shirokova E.A. Spline-interpolation solution of 3D Dirichlet problem for a certain class of solids. IMA

Journal of Applied Mathematics. 2013. V. 78, No 6, pp. 1109-1129.

Â.Â. Êàçàê (ÞÔÓ, Ðîññèÿ), Í.Í. Ñîëîõèí (ÄÃÒÓ, Ðîññèÿ)
vkazak136@gmail.com, nik2007.72@mail.ru

ÁÅÑÊÎÍÅ×ÍÎ ÌÀËÛÅ ÈÇÃÈÁÀÍÈß ÏÀÐÀÁÎËÎÈÄÀ
ÂÐÀÙÅÍÈß Ñ ÊÐÀÅÂÛÌ ÓÑËÎÂÈÅÌ ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ

Äëÿ ïîâåðõíîñòåé âèäà z = f(x, y) â ðàáîòå [1] áûëà ðåøåíà êðàåâàÿ çàäà÷à{
wz̄ + q1wz + q2w̄z̄ = 0, z ∈ D,
Re
{
a(t)wt + εb(t)w

}
= σ, t ∈ ∂D,

Ïðè ýòîì èñïîëüçîâàíû ðåçóëüòàòû ðàáîòû [2].
Â íàñòîÿùåé ðàáîòå ðåàëèçàöèÿ îáùåãî ðåçóëüòàòà ðàññìàòðèâàåòñÿ äëÿ ÷àñò-

íîãî âèäà òàêèõ ïîâåðõíîñòåé - ïàðàáîëîèäà âðàùåíèÿ. Â ýòîì ñëó÷àå ïðèõîäèì
ê ñëåäóþùåé êðàåâîé çàäà÷å:{

wz̄ = 0, z ∈ D,
Re
{
t−kwt − aεt−(n+1)w

}
= 0, t ∈ ∂D,

Äîêàçàíà ñëåäóþùàÿ

Òåîðåìà. Äëÿ ïàðàáîëîèäà âðàùåíèÿ, ïîä÷èí¼ííîãî íà êðàþ êðàåâîìó óñëîâèþ
a(U, ¯̀

ε) + b(V , n̄) = 0, ãäå a è b - äåéñòâèòåëüíûå êîíñòàíòû, äàííîå êðàåâîå
óñëîâèå ÿâëÿåòñÿ êâàçèêîððåêòíûì ñ 2n+3 ñòåïåíÿìè ñâîáîäû äëÿ ëþáîãî ε 6= 0.
Ïðè ýòîì ðàññìîòðåíû ñëó÷àè êàê íóëåâîãî, òàê è íåíóëåâîãî çíà÷åíèÿ èíäåêñà

êðàåâîãî óñëîâèÿ.
Ë È Ò Å Ð À Ò Ó Ð À
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212 � 216.
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Êîçëîâà Ì. Ã., Áåëîçóá Â.À. (Ñèìôåðîïîëü, ÐÔ)
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ÄÈÑÊÐÅÒÍÛÅ ÌÎÄÅËÈ ÂÛÁÎÐÀ ÐÅØÅÍÈÉ
Â ÇÀÄÀ×ÀÕ ÊÎÑÂÅÍÍÛÕ ÈÇÌÅÐÅÍÈÉ

Ðàçðàáîòêà óñòîé÷èâûõ, ðåãóëÿðèçèðóþùèõ àëãîðèòìîâ ñâÿçàíà ñ àäåêâàòíûì
èñïîëüçîâàíèåì àïðèîðíîé è äðóãîé èíôîðìàöèè î ðåøåíèè, ìîäåëè, ñïîñîáàõ ïî-
ëó÷åíèÿ äàííûõ êîñâåííûõ èçìåðåíèé. Â ðàáîòå ðàññìàòðèâàþòñÿ ìîäåëè â âèäå
ðàçíîñòíûõ àíàëîãîâ íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé òèïà ñâåðòêè ïåðâîãî
ðîäà. Ðàçíîîáðàçèå ðåãóëÿðèçèðóþùèõ àëãîðèòìîâ îïðåäåëÿåòñÿ äîñòóïíîé èí-
ôîðìàöèåé è åå èñïîëüçîâàíèåì. Òåì ñàìûì, ôîðìèðóåòñÿ èíòåëëåêòóàëüíàÿ ñè-
ñòåìà, áàçîâûìè ýëåìåíòàìè êîòîðîé ÿâëÿþòñÿ óëüòðàñèñòåìû (ïî òåðìèíîëîãèè
À.Â. ×å÷êèíà), ïðåîáðàçîâàòåëè ñåìàíòè÷åñêîé èíôîðìàöèè è óëüòðàîïåðàòîðû.
Íà ïåðâîì ýòàïå ðåøàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ýêñòðåìàëüíûõ òî÷åê ïîâåðõíî-
ñòè.
Ñèñòåìû óðàâíåíèé ìîäåëèðóþò ïðîöåññ ñêàíèðîâàíèÿ ïîâåðõíîñòè àíòåííû-

ìè óñòðîéñòâàìè, õàðàêòåð ñèãíàëà è åãî îòðàæåíèå îò ñêàíèðóåìîé ïîâåðõíîñòè.
Òàêèå íåëèíåéíûå ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé ÿâëÿþòñÿ àíàëîãàìè íåëè-
íåéíûõ óðàâíåíèé òèïà Óðûñîíà 1 ðîäà [1].
Ñèíòåç äèñêðåòíûõ ìîäåëåé � àíàëîãîâ íåïðåðûâíûõ � âûÿâèë ðÿä ïðîáëåì.

Ïðîöåññ äèñêðåòèçàöèè (è êâàíòîâàíèÿ) ñóùåñòâåííî çàâèñèò îò çîíäèðóþùåãî
ñèãíàëà, åãî äåëüòà-îáðàçíîñòè è èñêîìîãî ðåøåíèÿ (ïîâåðõíîñòè è õàðàêòåðà îò-
ðàæåíèÿ îò ïîâåðõíîñòè). Ðåøåíèå ñîñòîèò â ïðèìåíåíèè àñèìïòîòè÷åñêèõ ôîð-
ìóë äëÿ èíòåãðàëà ñ áîëüøèìè ïàðàìåòðàìè è ó÷åòà èçâåñòíîé èíôîðìàöèè î
ðåøåíèè (àïðèîðíîé, ïðåöåäåíòíîé è äð.). Òàêèì îáðàçîì, ýòî ìîæåò áûòü êîì-
ïîçèöèÿ äèñêðåòíûõ àäàïòèâíûõ ìîäåëåé, äîïóñêàþùèõ ðåîïòèìèçàöèþ ïî ïðå-
öåäåíòàì. Äèñêðåòíàÿ ìîäåëü äîëæíà îáåñïå÷èâàòü ïðîâåäåíèå âû÷èñëèòåëüíûõ
ýêñïåðèìåíòîâ ïî ðåøåíèþ ïðÿìîé çàäà÷è, à òàêæå îáðàòíîé, êîòîðàÿ ÿâëÿåòñÿ
íåêîððåêòíîé. Ïðè âûáîðå äèñêðåòíûõ ìîäåëåé ïðåäïî÷òåíèå îòäàåòñÿ ïðîñòåé-
øèì è óæå ðåãóëÿðèçîâàííûì ïàðàì, ñîîòâåòñòâóþùèì ïðÿìîé è îáðàòíîé çàäà-
÷àì.

Ë È Ò Å Ð À Ò Ó Ð À
1. Lukyanenko V. A. Some Tasks for Integral Equations of Urison's Type / V.A. Lukianenko, M.G. Kozlova, U.A. Hazova //

Proceedings of the Internati-onal Conference ¾Integral Equations � 2010¿, 25-27 August 2010. � Lviv, Ukraine: PAIS, 2010. �
Ð. 80-84.



¾Table of content¿

Di�erential Equations and Mathematical Physics 86

È.Â. Êîíîïëåâà (Óëüÿíîâñê, Ðîññèÿ)
irinakonopleva2014@yandex.ru

ÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÀÇÂÅÒÂËßÞÙÈÕÑß ÐÅØÅÍÈÉ ÇÀÄÀ×È
Î ÁÈÔÓÐÊÀÖÈÈ ÏÓÀÍÊÀÐÅ�ÀÍÄÐÎÍÎÂÀ�ÕÎÏÔÀ

Â ðàáîòå [1] â áàíàõîâûõ ïðîñòðàíñòâàõ E1 è E2 ðàññìîòðåíà çàäà÷à î áèôóð-
êàöèè Ïóàíêàðå�Àíäðîíîâà�Õîïôà:

F (p, x, ε) = 0, p = dx
dt , F (0, x0, ε) ≡ 0, F ′p(0, x0, 0) = Ax0 = A0,

F ′x(0, x0, 0) = −Bx0 = −B0, F
′
p(0, x0, ε) = A0 + Ax0(ε) = A(ε),

F ′x(0, x0, ε) = −B0 +Bx0(ε), DB0
= E1, DB0

⊂ D(A(ε)).

(1)

Ïóñòü A0-ñïåêòð σA0
(B0) ôðåäãîëüìîâà îïåðàòîðà B0 ðàñïàäàåòñÿ íà äâå ÷àñòè:

σ−A0
(B0) ëåæèò ñòðîãî â ëåâîé ïîëóïëîñêîñòè è σ0

A0
(B0) ñîñòîèò èç ñîáñòâåííûõ

çíà÷åíèé ±iα êðàòíîñòè n c uj = u1j ± iu2j, vj = v1j ± iv2j�cîáñòâåííûìè ýëåìåí-
òàìè ñîïðÿæåííîãî îïåðàòîðà ñ îáîáùåííûìè æîðäàíîâûìè öåïî÷êàìè äëèí pj.
Äîêàçàíà òåîðåìà î íåÿâíûõ îïåðàòîðàõ â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè
Òåîðåìà. Â çàäà÷å (1) â òî÷êå áèôóðêàöèè x0 A0-æîðäàíîâ íàáîð îïåðàòîð-

ôóíêöèè Bx0(x− x0)−Bx0(ε)(x− x0) âñåãäà ìîæíî âûáðàòü òðè-êàíîíè÷åñêèì.

Ïóñòü dim ker(Bx0) = n, v =
n∑
i=1

ξiϕi ∈ ker(Bx0) è ïðè íåêîòîðûõ óñëîâèÿõ ãëàä-

êîñòè íåïðåðûâíîé ãðóïïû Ëè Gl(a) ñî ñòàöèîíàðíîé ïîäãðóïïîé Gs(a), s < l

òî÷êè x0 âûïîëíÿåòñÿ ðàâåíñòâî κ = l − s = n, à Gs(a) ÿâëÿåòñÿ íîðìàëü-
íûì äåëèòåëåì Gl(a) ñ ñîîòâåòñòâóþùèì èäåàëîì T sg(a) èíôèíèòåçèìàëüíûõ

îïåðàòîðîâ. Òîãäà ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ v(x0, ξ, ε) = v(x0, ξ, ξ) +
u(x0, v(x0, ξ, ξ), µ, ε) : T 2n

g(a) × (−ε, ε)→ E1, èíâàðèàíòíàÿ îòíîñèòåëüíî ôàêòîð-

ãðóïïû G2κ = G2n = Gr/Gs íà T
2n
g(a), òàêàÿ, ÷òî F (x0 + v(x0, ξ, ξ, ε), ε)) = 0 ïðè

v(x0, ξ, ξ) ∈ T 2n
g(a), |t| < ε

Íà îñíîâå ýòîé òåîðåìû è ðåçóëüòàòîâ [2] ïîëó÷åíû êðèòåðèè óñòîé÷èâîñòè ñå-
ìåéñòâ ðàçâåòâëÿþùèõñÿ ðåøåíèÿ â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ È ÍÅÓÑÒÎÉ×ÈÂÎÑÒÜ ÏÐÀÂÈËÜÍÛÕ
ÊÎÍÔÈÃÓÐÀÖÈÉ ÒÎ×Å×ÍÛÕ ÂÈÕÐÅÉ Â ÄÂÓÕÑËÎÉÍÎÉ

ÂÐÀÙÀÞÙÅÉÑß ÆÈÄÊÎÑÒÈ

Ïðîâåäåí àíàëèç óñòîé÷èâîñòè ñòàöèîíàðíîãî âðàùåíèÿ ñèñòåìû N òî÷å÷íûõ
âèõðåé îäèíàêîâîé èíòåíñèâíîñòè, ðàñïîëîæåííûõ â âåðøèíàõ ïðàâèëüíîãî N -
óãîëüíèêà íà îêðóæíîñòè ðàäèóñà R â îäíîì ñëîå äâóõñëîéíîé âðàùàþùåéñÿ
æèäêîñòè.
Ïðîñòðàíñòâî ïàðàìåòðîâ (N,R, α), ãäå α ðàçíîñòü ìåæäó òîëùèíàìè ñëîåâ,

äåëèòñÿ íà (A) îáëàñòü óñòîé÷èâîñòè â òî÷íîé íåëèíåéíîé ïîñòàíîâêå, (B) îáëàñòü
ëèíåéíîé óñòîé÷èâîñòè, â êîòîðîé òðåáóåòñÿ äîïîëíèòåëüíûé íåëèíåéíûé àíàëèç,
è (C) îáëàñòü ýêñïîíåíöèàëüíîé íåóñòîé÷èâîñòè.
Ñëó÷àé (A) èìååò ìåñòî ïðè N = 2, 3, 4 äëÿ âñåõ çíà÷åíèé R è α. Ïðè N = 5

âñòðå÷àþòñÿ ìíîæåñòâà (A) è (B), à ïðè N = 6 � ìíîæåñòâà (A) è (C). Â ñëó÷àå
N = 7 âîçìîæíû âñå ñèòóàöèè (A), (B) è (C). Â ñëó÷àå ÷åòíûõ N = 2n > 8 âñåãäà
èìååò ìåñòî ýêñïîíåíöèàëüíàÿ íåóñòîé÷èâîñòü, à â ïðè íå÷åòíûõ N = 2` + 1 > 9
âîçìîæíû äâà ñëó÷àÿ: (B) è (C).
Èññëåäîâàíèå èñïîëüçóåò ðåçóëüòàòû ðàáîòû [1] îá óñòîé÷èâîñòè êîíôèãóðàöèé

áåññåëåâûõ âèõðåé. Ðåçóëüòàòû îá óñòîé÷èâîñòè âèõðåâîãî òðèïîëÿ è êâàäðóïîëÿ
(N = 3, 4) îïóáëèêîâàíû [2].
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (� 1.5169.2017/8.9).
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ÂÛÑØÈÅ ÏÐÎÈÇÂÎÄÍÛÅ ÔÓÍÊÖÈÉ ËßÏÓÍÎÂÀ È
ÐÀÂÍÎÌÅÐÍÀß ÎÃÐÀÍÈ×ÅÍÍÎÑÒÜ ÐÅØÅÍÈÉ ÏÎ

ÏÓÀÑÑÎÍÓ 1

Ïóñòü çàäàíà ëþáàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= F (t, x), x = (x1, . . . , xn)

T , (1)

ïðàâàÿ ÷àñòü êîòîðîé çàäàíà â R+ × Rn è íåïðåðûâíî äèôôåðåíöèðóåìà äî ïî-
ðÿäêà (l − 1) âêëþ÷èòåëüíî, ãäå l > 1 � ôèêñèðîâàííîå ÷èñëî.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè, ïðîåêò � ÌÊ-139.2017.1
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Ëþáóþ íåîòðèöàòåëüíóþ âîçðàñòàþùóþ ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü
τ = {τi}i>1, lim

i→∞
τi = +∞, áóäåì íàçûâàòü P-ïîñëåäîâàòåëüíîñòüþ. Äëÿ êàæäîé P-

ïîñëåäîâàòåëüíîñòè τ = {τi}i>1 ÷åðåç M(τ) îáîçíà÷àåòñÿ ìíîæåñòâî
∞⋃
i=1

[τ2i−1; τ2i].

Î ðåøåíèÿõ ñèñòåìû (1) ãîâîðÿò, ÷òî îíè ðàâíîìåðíî îãðàíè÷åíû ïî Ïóàññîíó,
åñëè äëÿ ñèñòåìû (1) íàéäåòñÿ òàêàÿ P-ïîñëåäîâàòåëüíîñòü τ = {τi}i>1, è äëÿ
êàæäîãî α > 0 ñóùåñòâóåò òàêîå ÷èñëî β > 0, ÷òî äëÿ ëþáîãî ðåøåíèÿ x(t, t0, x0)
ñèñòåìû (1), ãäå t0 ∈ M(τ) è ‖x0‖ 6 α, âûïîëíåíî óñëîâèå ‖x(t, t0, x0)‖ < β ïðè
âñåõ t ∈ R+(t0)

⋂
M(τ). Â ñëó÷àå, êîãäà òðåáóåòñÿ òî÷íî óêàçàòü ñîîòâåòñòâóþùóþ

P-ïîñëåäîâàòåëüíîñòü τ = {τi}i>1, ãîâîðÿò, ÷òî ðåøåíèÿ ñèñòåìû (1) ðàâíîìåðíî
îãðàíè÷åíû ïî Ïóàññîíó îòíîñèòåëüíî P-ïîñëåäîâàòåëüíîñòè τ = {τi}i>1.
Ïóñòü a(r) > 0 � âîçðàñòàþùàÿ ôóíêöèÿ, b(r) > 0 � íåóáûâàþùàÿ ôóíêöèÿ è

b(r)→∞ ïðè r →∞.

Òåîðåìà 1. Ïóñòü äëÿ ñèñòåìû (1) ñóùåñòâóþò òàêèå P-ïîñëåäîâàòåëü-
íîñòü τ = {τi}i>1 è ôóíêöèÿ Ëÿïóíîâà V (t, x), çàäàííàÿ íà R+×Rn, ñ ïðîèçâîä-
íûìè l-ãî ïîðÿäêà â ñèëó ñèñòåìû (1), ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) V (i)(t, x) > 0 äëÿ êàæäîãî 0 6 i 6 l − 1;

2) b(‖x‖) 6
l∑

i=1

V (i−1)(t, x) 6 a(‖x‖)

äëÿ âñåõ (t, x) ∈M(τ)×Rn. Êðîìå òîãî, ïóñòü ðåøåíèÿ óðàâíåíèÿ ñðàâíåíèÿ
l-ãî ïîðÿäêà äëÿ ñèñòåìû (1) ðàâíîìåðíî îãðàíè÷åíû ïî Ïóàññîíó îòíîñèòåëü-
íî P-ïîñëåäîâàòåëüíîñòè τ = {τi}i>1. Òîãäà ðåøåíèÿ ñèñòåìû (1) ðàâíîìåðíî
îãðàíè÷åíû ïî Ïóàññîíó.

Â.À. Ëóêüÿíåíêî (Ñèìôåðîïîëü, ÐÔ)
art-inf@yandex.ru

ÍÅÊÎÒÎÐÛÅ ÎÁÎÁÙÅÍÈß ÇÀÄÀ×È ÒÈÏÀ ÊÀÐËÅÌÀÍÀ ÄËß
ÏÎËÎÑÛ

Òåîðèÿ çàäà÷è Êàðëåìàíà äëÿ ïîëîñû, åå îáîáùåíèÿ è ïðèëîæåíèé èçëîæåíû
â ìîíîãðàôèÿõ Ô.Ä. Ãàõîâà è Þ.È. ×åðñêîãî [1], Ã. Ñ. Ëèòâèí÷óêà. Îáîáùåííàÿ
ìíîãîýëåìåíòíàÿ çàäà÷à Êàðëåìàíà ðàññìàòðèâàåòñÿ â ðàáîòàõ Â.À. Ëóêüÿíåí-
êî [2]. Îáîáùåíèÿ íà èíòåãðàëüíûå óðàâíåíèÿ è êðàåâûå çàäà÷è äëÿ ôóíêöèé îò
äâóõ ïåðåìåííûõ ïðèâîäÿòñÿ â ðàáîòå [3]. Â ðàáîòå ðàññìîòðåíû îáîáùåíèÿ çàäà÷è
Êàðëåìàíà äëÿ ïîëîñû, ñîäåðæàùèå èíòåãðàëüíûé îïåðàòîð âèäà

(AΦ)(x) =

∫ β

α

Φ(x+ iy)dy = U(x) ∈ L2(R) (1)
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ñ ôóíêöèåé Φ(x) ∈ {{α, β}} [1, ñòð. 221]. Òàê êàê îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå
îò ïîäèíòåãðàëüíîé ôóíêöèè (1) ðàâíî e−ytϕ(t), äëÿ (1) ïîëó÷àåì

ϕ(t) =
tu(t)

e−βt − e−αt
, e−ytϕ(t) =

e−yttu(t)

eβt − e−αt
, α ≤ y ≤ β. (2)

Îòêóäà íàõîäèì Φ(z), Φ(x+ iα) è Φ(x+ iβ).
Ðàññìîòðåíû áîëåå îáùèå óðàâíåíèÿ

K(x)Φ(x+ iγ) +

∫ β

α

Φ(x+ iy)dy = G(x), x ∈ R

è ýêñòðåìàëüíûå çàäà÷è, ñîäåðæàùèå îïåðàòîð A äëÿ ôóíêöèé èç {{α, β}} ñ ôóíê-
öèîíàëüíûìè îãðàíè÷åíèÿìè, êîòîðûå ñâîäÿòñÿ ê ñèñòåìàì äâóõ çàäà÷ òèïà Êàð-
ëåìàíà.
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÂÈÕÐÅÂÎÃÎ N-ÓÃÎËÜÍÈÊÀ Â
ÀËÜÂÅÍÎÂÑÊÎÉ ÌÎÄÅËÈ ÄÂÓÕÆÈÄÊÎÑÒÍÎÉ ÏËÀÇÌÛ

Ðàññìàòðèâàåòñÿ äâèæåíèå ñèñòåìû N âèõðåé îäèíàêîâîé èíòåíñèâíîñòè Γ â
àëüâåíîâñêîé ìîäåëè â äâóõæèäêîñòíîé ïëàçìå, çàäàííîå ãàìèëüòîíèàíîì [1]

H =− Γ

4π

∑
1≤j<k≤N

W (|zj − zk|) , W (ξ) = ln ξ + cK0(ξ).

Çäåñü zk = qk + ipk, (qk, pk) � äåêàðòîâû êîîðäèíàòû k-ãî âèõðÿ, K0 � ìîäèôèöè-
ðîâàííàÿ ôóíêöèÿ Áåññåëÿ, ïàðàìåòð c > 0.
Èññëåäóåòñÿ óñòîé÷èâîñòü ñòàöèîíàðíîãî âðàùåíèÿ ñèñòåìû N çàâèõðåííîñòåé,

ðàñïîëîæåííûõ â âåðøèíàõ ïðàâèëüíîãî N -óãîëüíèêà, âïèñàííîãî â îêðóæíîñòü
ðàäèóñà R. Óñòîé÷èâîñòü ïîíèìàåòñÿ êàê îðáèòàëüíàÿ óñòîé÷èâîñòü, à íåóñòîé÷è-
âîñòü � êàê íåóñòîé÷èâîñòü ðàâíîâåñèÿ ðåäóöèðîâàííîé ñèñòåìû. Ïðîâåä¼í àíà-
ëèòè÷åñêèé àíàëèç ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ëèíåàðèçàöèè è êâàäðàòè÷íîé
ôîðìû ãàìèëüòîíèàíà.
Â ðåçóëüòàòå ïðîñòðàíñòâî ïàðàìåòðîâ (N,R, c) ðàçäåëÿåòñÿ íà 3 îáëàñòè: îá-

ëàñòü óñòîé÷èâîñòè â òî÷íîé íåëèíåéíîé ïîñòàíîâêå; îáëàñòü ëèíåéíîé óñòîé÷è-
âîñòè, â êîòîðîé òðåáóåòñÿ äîïîëíèòåëüíûé íåëèíåéíûé àíàëèç ñ ïðèâëå÷åíèåì
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ìåòîäîâ ÊÀÌ-òåîðèè è îáëàñòü ýêñïîíåíöèàëüíîé íåóñòîé÷èâîñòè. Ïîëó÷åíû ðå-
çóëüòàòû äëÿ âñåõ R > 0, c > 0 è N = 2, . . . , 11. Äëÿ âñåõ èññëåäîâàííûõ çíà÷åíèé
N = 2, . . . , 11 âñòðå÷àþòñÿ îáà ñëó÷àÿ óñòîé÷èâîñòè. Ýêñïîíåíöèàëüíàÿ íåóñòîé-
÷èâîñòü èìååò ìåñòî ïðè N = 4, ..., 11.
Èññëåäîâàíèå èñïîëüçóåò ðåçóëüòàòû ðàáîò [2,3].
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (� 1.5169.2017/8.9).
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ÁÈÔÓÐÊÀÖÈÈ ÊÎÐÀÇÌÅÐÍÎÑÒÈ 2 Â ÄÈÍÀÌÈ×ÅÑÊÈÕ
ÑÈÑÒÅÌÀÕ Ñ ÄÂÎÉÍÎÉ ÊÐÓÃÎÂÎÉ ÑÈÌÌÅÒÐÈÅÉ

Èçó÷àþòñÿ áèôóðêàöèè êîðàçìåðíîñòè 2 â äèíàìè÷åñêèõ ñèñòåìàõ, èíâàðèàíò-
íûõ îòíîñèòåëüíî ãðóïïû O(2) × O(2). Çàäà÷è ñ òàêîé ñèììåòðèåé âîçíèêàþò,
íàïðèìåð, ïðè èññëåäîâàíèè êîíâåêöèè â ãîðèçîíòàëüíîì èëè âåðòèêàëüíîì ñëîå
æèäêîñòè. Äëÿ èññëåäîâàíèÿ èñïîëüçóåòñÿ ìåòîä ñâåäåíèÿ íà öåíòðàëüíîå ìíî-
ãîîáðàçèå. Ïîñòðîåíû àìïëèòóäíûå ñèñòåìû â îêðåñòíîñòè çíà÷åíèé ïàðàìåòðîâ,
ïðè êîòîðûõ íåéòðàëüíûé ñïåêòð ëèíåéíîãî îïåðàòîðà ñîñòîèò èç äâóõ ïàð ÷èñòî
ìíèìûõ ñîáñòâåííûõ çíà÷åíèé.
Ïðîâåäåíî èññëåäîâàíèå àìïëèòóäíûõ ñèñòåì íà èíâàðèàíòíûõ ïîäïðîñòðàí-

ñòâàõ. Ïîêàçàíî, ÷òî â óñëîâèÿõ îáùåãî ïîëîæåíèÿ âîçìîæíî âîçíèêíîâåíèå ïå-
ðèîäè÷åñêèõ ðåøåíèé òèïà áåãóùèõ âîëí, êîñûõ áåãóùèõ âîëí è èõ íåëèíåéíûõ
ñìåñåé, à òàêæå âîçíèêíîâåíèå ìíîãî÷àñòîòíûõ ðåøåíèé. Ïîëó÷åíû ÿâíûå âû-
ðàæåíèÿ äëÿ àñèìïòîòèê âîçíèêàþùèõ ðåøåíèé è äëÿ âåëè÷èí, îïðåäåëÿþùèõ
õàðàêòåð èõ âåòâëåíèÿ è óñòîé÷èâîñòü.

Ä.Î. Íåïðÿõèí, Ì.Þ. Æóêîâ, Å.Â. Øèðÿåâà (Ðîñòîâ-íà-Äîíó,
Ðîññèÿ)

nervoidaz@yandex.ru
ÌÅÒÎÄ ÊÎÍÅ×ÍÛÕ ÝËÅÌÅÍÒÎÂ ÄËß ÇÀÄÀ×È Î

ÑÅÄÈÌÅÍÒÀÖÈÈ Â ÏÎÒÎÊÅ ÆÈÄÊÎÑÒÈ

Ñåäèìåíòàöèÿ ïðèìåñè â ïîòîêå æèäêîñòè èññëåäóåòñÿ äëÿ óïðîùåííîé àñèìï-
òîòè÷åñêîé ìîäåëè [1] ïðè ïîìîùè ìåòîäà êîíå÷íûõ ýëåìåíòîâ ñ èñïîëüçîâàíè-
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åì áåçäèññèïàòèâíîé ñõåìû Êðàíêà�Íèêîëüñîíà [2]. Çàäà÷à ñâîäèòñÿ ê ðåøåíèþ
óðàâíåíèÿ ïåðåíîñà ñ äèôôóçèåé äëÿ ïðèìåñè â ïîòîêå æèäêîñòè ñ èçâåñòíûì
ïðîôèëåì ñêîðîñòè (ïðîôèëü Ïóàçåéëÿ, âàðèàíòû òóðáóëåíòíîãî ïðîôèëÿ) [3].
Ïîêàçàíî, ÷òî äëÿ íåêîòîðûõ ïðîôèëåé ñêîðîñòè ñóùåñòâóåò çàìåíà ïåðåìåííûõ,
ïîçâîëÿþùàÿ èñêëþ÷èòü ñêîðîñòü ïåðåíîñà èç óðàâíåíèÿ äèôôóçèè, ÷òî ïîçâîëÿ-
åò ñóùåñòâåííî ïîâûñèòü òî÷íîñòü ðåøåíèÿ. Ïðåäñòàâëåíû ðåçóëüòàòû ðàñ÷åòîâ
ïðîôèëÿ ðàñïðåäåëåíèÿ êîíöåíòðàöèè ïðèìåñè.
Ðàáîòà âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
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Î ÐÅØÅÍÈßÕ ÇÀÄÀ×È ØÂÀÐÖÀ Â ÎÄÍÎÌ ÑËÓ×ÀÅ

Ïóñòü ìàòðèöà J ∈ Cn×n, det J 6= 0 èìååò òîëüêî êîìïëåêñíûå ñîáñòâåííûå
÷èñëà. Íàçîâåì n-âåêòîð-ôóíêöèþ φ = φ(z) ∈ C1(D), îïðåäåëåííóþ â îáëàñòè

D ⊂ R2, àíàëèòè÷åñêîé ïî Äóãëèñó âD [1], åñëè âûïîëíåíî ðàâåíñòâî
∂φ

∂y
−J ·∂φ

∂x
=

0, z ∈ D.
Îáîçíà÷èì ÷åðåç Γ ãðàíèöó îäíîñâÿçíîé îáëàñòè D. Ðàññìîòðèì ñëåäóþùóþ

ãðàíè÷íóþ çàäà÷ó Øâàðöà [1].
Ïóñòü ψ(t) ∈ C(Γ), t ∈ Γ � âåùåñòâåííàÿ n-âåêòîð-ôóíêöèÿ. Òðåáóåòñÿ íàéòè

àíàëèòè÷åñêóþ ïî Äóãëèñó â îáëàñòè D ôóíêöèþ φ(z), óäîâëåòâîðÿþùóþ ãðà-
íè÷íîìó óñëîâèþ Reφ(z)

∣∣
Γ

= ψ(t).
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: âåêòîðû xk,yk ∈ Cn, ïðè÷åì ÷åðåç xk îáîçíà-

÷èì êîìïëåêñíîå ñîïðÿæåíèå âåêòîðà xk. Îïðåäåëèì n× n-ìàòðèöû Q, J1 è J ïî
ñëåäóþùåìó ïðàâèëó:

Q =
(
x1, . . . , xm, x1 + l1x1, . . . , xm + lmxm, y1, . . . ,ym1

)
,

lk ∈ C, k = 1, . . . ,m, 2m+m1 = n, detQ 6= 0,

J1 = diag
(
λ1, . . . , λm, µ1, . . . , µm, η, . . . , η︸ ︷︷ ︸

m1

)
, J = QJ1Q

−1.
(1)

Ïðè ýòîì Imλk 6= 0, Imµk 6= 0, k = 1, . . . ,m; Im η 6= 0. Ïðåäïîëîæèì, ÷òî
Γ = ∂D � êîíòóð Ëÿïóíîâà. Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 1. Ïóñòü ìàòðèöà J = QJ1Q
−1, ãäå Q, J1 èìåþò âèä (1). Ïðè ýòîì

åñëè λk 6= µk, òî ëèáî lk = 0, ëèáî |lk| = 1. Åñëè λk = µk, òî ÷èñëî lk ∈ C �
ïðîèçâîëüíîå. Òîãäà:

1) åñëè (Imλk) · (Imµk) > 0, k = 1, . . . ,m, òî äëÿ ëþáîé ãðàíè÷íîé ôóíêöèè
ψ(t) ∈ Hσ(Γ), 0 < σ < 1 çàäà÷à Øâàðöà èìååò åäèíñòâåííîå (ñ òî÷íîñòüþ äî
âåêòîð-ïîñòîÿííîé) ðåøåíèå φ(z) ∈ Hσ(D);

2) åñëè ôóíêöèÿ ψ(t) ∈ C1,σ(Γ), à òàêæå |lk| = 1 ïðè λk 6= µk, òî çàäà÷à
Øâàðöà èìååò åäèíñòâåííîå ðåøåíèå φ(z) ∈ C1,σ(D);

3) åñëè Γ = ∂D � æîðäàíîâà êðèâàÿ è |lk| = 1 ïðè λk 6= µk, òî îäíîðîäíàÿ
(ψ ≡ 0) çàäà÷à Øâàðöà èìååò òîëüêî òðèâèàëüíûå ðåøåíèÿ â êëàññå ôóíêöèé
φ(z) ∈ C(D).
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ÂÅÒÂËÅÍÈÅ ÈÍÂÀÐÈÀÍÒÍÛÕ ÌÍÎÃÎÎÁÐÀÇÈÉ ÎÏÅÐÀÒÎÐÎÂ

Ðàññìîòðèì â áàíàõîâîì ïðîñòðàíñòâå U k ðàç (k > 3) íåïðåðûâíî äèôôåðåí-
öèðóåìûé ïî Ôðåøå îïåðàòîð Nδ: U → U , çàâèñÿùèé îò âåùåñòâåííîãî ïàðàìåòðà
δ, ñ÷èòàÿ îòîáðàæåíèå δ → Nδx íåïðåðûâíî äèôôåðåíöèðóåìûì ïî δ äëÿ ëþáîãî
x ∈ U .
Ïóñòü K � ãëàäêîå êëàññà C1 èíâàðèàíòíîå ìíîãîîáðàçèå îïåðàòîðà Nδ. Êàñà-

òåëüíîå ïðîñòðàíñòâî Tx ìíîãîîáðàçèÿ K ïåðåõîäèò ïîä äåéñòâèåì ïðîèçâîäíîé
Ôðåøå N ′δ(x) îïåðàòîðà Nδ â òî÷êå x â êàñàòåëüíîå ïðîñòðàíñòâî TNδx ìíîãîîáðà-
çèÿ K â òî÷êå Nδx.
Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òðàíñâåðñàëüíîå ñëîåíèå Rδx (x ∈ K) ê êàñà-

òåëüíîìó ñëîåíèþ Tx (x ∈ K), (Tx ⊕ Rδx = U), èíâàðèàíòíîå îòíîñèòåëüíî äåé-
ñòâèÿ ïðîèçâîäíîé ÔðåøåN ′δ(x) îïåðàòîðàNδ: U → U (òàê ÷òîN ′δ(x)Rδx 6 RNδx).
Èçâåñòíî, ÷òî åñëè ∥∥∥N ′δ(x)

∣∣
Rδx→RNδx

∥∥∥ < 1 (1)

è ∥∥∥Nδ(x)
∣∣
Tx→TNδx

∥∥∥ < ∥∥∥Nδ(x)
∣∣
Rδx→RNδx

∥∥∥ < 1, (2)

òî, â ñëó÷àå êîìïàêòíîñòè èíâàðèàíòíîãî ìíîãîîáðàçèÿ K îïåðàòîðà Nδ, îíî îá-
ëàäàåò ñâîéñòâîì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè.

Óòâåðæäåíèå. Åñëè âûïîëíåíû óñëîâèÿ

λx(0) ≡ 1, λ′x(0) > 0, ax(0) < 0,
λ′x(0)

ax(0)
≡ const,
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′
δ(x)

∣∣
R2,0x→R2,0Nδx

∥∥∥ < 1, x ∈ K,

òî ïðè ìàëûõ δ > 0 èíâàðèàíòíîå ìíîãîîáðàçèå K íåóñòîé÷èâî è îò íåãî îò-
âåòâëÿåòñÿ èíâàðèàíòíîå, àñèìïòîòè÷åñêè óñòîé÷èâîå ìíîãîîáðàçèå Kδ, ãî-
ìåîìîðôíîå K.

Ì.Â. Íîðêèí (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
norkinmi@mail.ru

ÀÍÀËÈÒÈ×ÅÑÊÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È Î ÑÂÎÁÎÄÍÎÌ
ÊÀÂÈÒÀÖÈÎÍÍÎÌ ÒÎÐÌÎÆÅÍÈÈ ÖÈËÈÍÄÐÀ Â ÆÈÄÊÎÑÒÈ

ÏÎÑËÅ ÓÄÀÐÀ

Ðàññìàòðèâàåòñÿ çàäà÷à î áåçîòðûâíîì óäàðå è ïîñëåäóþùåì ñâîáîäíîì êàâèòà-
öèîííîì òîðìîæåíèè êðóãîâîãî öèëèíäðà, ïëàâàþùåãî íà ïîâåðõíîñòè æèäêîñòè.
Îñîáåííîñòüþ ýòîé çàäà÷è ÿâëÿåòñÿ òî, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ, âîçíèêà-
þò îáëàñòè íèçêîãî äàâëåíèÿ âáëèçè òåëà è îáðàçóþòñÿ ïðèñîåäèíåííûå êàâåðíû.
Çîíû îòðûâà è çàêîí äâèæåíèÿ öèëèíäðà çàðàíåå íåèçâåñòíû è ïîäëåæàò îïðåäå-
ëåíèþ â õîäå ðåøåíèÿ çàäà÷è. Ïîñòàâëåííàÿ çàäà÷à, ïðè ìàëûõ âðåìåíàõ, ñâîäèò-
ñÿ ê ñâÿçàííîé íåëèíåéíîé çàäà÷å, âêëþ÷àþùåé â ñåáÿ óðàâíåíèå, îïðåäåëÿþùåå
çàêîí äâèæåíèÿ öèëèíäðà, è ñìåøàííóþ êðàåâóþ çàäà÷ó òåîðèè ïîòåíöèàëà ñ
îäíîñòîðîííèìè îãðàíè÷åíèÿìè íà ïîâåðõíîñòè òåëà:

∆Φ1 = 0, R ∈ Ω, Φ1 = −f(Φ0), R ∈ S2

∂Φ1

∂n
= ωny, p0 − Φ1 − f(Φ0)− Fr−2y > 0, R ∈ S11

∂Φ1

∂n
> ωny, p0 − Φ1 − f(Φ0)− Fr−2y = 0, R ∈ S12

f(Φ0) =
∂Φ0

∂y
+

1

2
(∇Φ0)

2

Çäåñü ω � íåèçâåñòíîå óñêîðåíèå öèëèíäðà (íà ìàëûõ âðåìåíàõ, â ðàññìàòðè-
âàåìîì àñèìïòîòè÷åñêîì ïðèáëèæåíèè, ñêîðîñòü òåëà óìåíüøàåòñÿ ïî ëèíåéíîìó
çàêîíó); S11 è S12 � íåèçâåñòíûå íà÷àëüíûå çîíû êîíòàêòà è îòðûâà; S2 � íåâîç-
ìóùåííàÿ âíåøíÿÿ ñâîáîäíàÿ ãðàíèöà æèäêîñòè; Φ0 � ïîòåíöèàë ñêîðîñòåé, ïðè-
îáðåòåííûõ ÷àñòèöàìè æèäêîñòè â ðåçóëüòàòå óäàðà; p0 � áåçðàçìåðíîå äàâëåíèå
íà âíåøíåé ñâîáîäíîé ïîâåðõíîñòè; Fr � ÷èñëî Ôðóäà.
Â ÷àñòíîì ñëó÷àå p0 = 0 ñòðîèòñÿ àíàëèòè÷åñêîå ðåøåíèå çàäà÷è. Äëÿ îïðå-

äåëåíèÿ òî÷êè îòðûâà è óñêîðåíèÿ öèëèíäðà ïîëó÷åíà ñèñòåìà òðàíñöåíäåíòíûõ
óðàâíåíèé, ñîäåðæàùèõ ýëåìåíòàðíûå ôóíêöèè. Äàííàÿ ðàáîòà ÿâëÿåòñÿ ðàçâè-
òèåì ðåçóëüòàòîâ ñòàòüè [1].
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÒÎÌÑÎÍÎÂÑÊÎÃÎ ÂÈÕÐÅÂÎÃÎ
ÌÍÎÃÎÓÃÎËÜÍÈÊÀ ÂÍÅ ÊÐÓÃÀ Â ÑËÓ×ÀÅ ÍÅÍÓËÅÂÎÉ

ÖÈÐÊÓËßÖÈÈ ÎÁÒÅÊÀÍÈß ÃÐÀÍÈÖÛ

Ðàññìàòðèâàåòñÿ ñèñòåìà n òî÷å÷íûõ âèõðåé îäèíàêîâîé èíòåíñèâíîñòè κ, ðàñ-
ïîëîæåííûõ ðàâíîìåðíî íà îêðóæíîñòè ðàäèóñà R0 âíå êðóãîâîé îáëàñòè ðàäèóñà

R. Ïðåäïîëàãàåòñÿ îáòåêàíèå êðóãîâîé ãðàíèöû ñ íåíóëåâîé öèðêóëÿöèåé Γ. Äâè-

æåíèå òàêîé âèõðåâîé êîíôèãóðàöèè îïèñûâàåòñÿ ãàìèëüòîíèàíîì:

H =− κ2

4π

∑
16j<k6n

ln
∣∣zj − zk∣∣2 +

κ2

8π

n∑
j=1

n∑
k=1

ln
∣∣R2 − zj z̄k

∣∣2
− κ2n

4π

n∑
k=1

ln
∣∣zk∣∣2 − κΓ

4π

n∑
k=1

ln
∣∣zk∣∣2.

Çäåñü zk = xk + iyk, xk, yk � êîîðäèíàòû k-ãî âèõðÿ, ẑk =
R2

zk
� îòðàæåíèå k-ãî

âèõðÿ ãðàíèöåé êðóãà.

Çàäà÷à èìååò ðåøåíèå, ÿâëÿþùååñÿ ñòàöèîíàðíûì âðàùåíèåì

zk = eiωtuk, uk = R0e
2πi(k−1)/n, k = 1, . . . , n,

ω = ωn =
κ

4πR2
0

(
3n− 1− 2n

1− qn

)
+

κΓ

2πR2
0

, q =
R2

R2
0

< 1.

Ïðîâåäåí àíàëèç óñòîé÷èâîñòè ýòîãî ðåæèìà â ðàìêàõ ïîäõîäà, ðàçâèòîãî Â.È.

Þäîâè÷åì äëÿ çàäà÷è óñòîé÷èâîñòè ñòàöèîíàðíûõ äâèæåíèé äèíàìè÷åñêèõ ñè-

ñòåì, îáëàäàþùèõ ãðóïïîé ñèììåòðèè. Óñòîé÷èâîñòü çäåñü ïîíèìàåòñÿ êàê óñòîé-

÷èâîñòü ïî Ðàóñó (îðáèòàëüíàÿ óñòîé÷èâîñòü ñòàöèîíàðíîãî äâèæåíèÿ).

Â ðàáîòå èññëåäîâàíà êâàäðàòè÷íàÿ ÷àñòü ïðèâåäåííîãî ãàìèëüòîíèàíà è ñîá-

ñòâåííûå çíà÷åíèÿ ìàòðèöû ëèíåàðèçàöèè. Ïîêàçàíî, ÷òî âñå ïðîñòðàíñòâî ïàðà-

ìåòðîâ çàäà÷è (q,Γ) ðàçáèâàåòñÿ íà òðè ÷àñòè: îáëàñòü óñòîé÷èâîñòè ïî Ðàóñó â

òî÷íîé íåëèíåéíîé ïîñòàíîâêå, îáëàñòü ýêñïîíåíöèàëüíîé íåóñòîé÷èâîñòè è îá-

ëàñòü â êîòîðîé òðåáóåòñÿ íåëèíåéíûé àíàëèç. Äëÿ ñëó÷àåâ n = 3, 5 íàéäåíû âñå

ðåçîíàíñû äî ÷åòâåðòîãî ïîðÿäêà âêëþ÷èòåëüíî.
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Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (Çàäàíèå � 1.5169.2017/Á×).

Ñ.Ï. Ïëûøåâñêàÿ (Ñèìôåðîïîëü, Ðîññèÿ)
splyshevskaya@mail.ru

ÌÅÒÀÓÑÒÎÉ×ÈÂÛÅ ÑÒÐÓÊÒÓÐÛ ÓÐÀÂÍÅÍÈß
ÊÀÍÀ-ÕÈËËÀÐÄÀ

Ðàññìàòðèâàåòñÿ óðàâíåíèå Êàíà-Õèëëàðäà

ut = (−ε2uxx − u+ u3)xx, 0 < x < π, t > 0,

ux(0, t) = 0, ux(π, t) = 0, uxxx(0, t) = 0, uxxx(π, t) = 0,
(1)

ãäå ε2 > 0 - ïîñòîÿííàÿ.

Óðàâíåíèþ Êàíà-Õèëëàðäà ïîñâÿùåíî çíà÷èòåëüíîå ÷èñëî ðàáîò. Â ÷àñòíîñòè,

ñîãëàñíî [1] óðàâíåíèå (1) ïðè ìàëûõ ε2 èìååò ìåäëåííî ìåíÿþùèåñÿ ñî âðåìåíåì

ðåøåíèÿ � ìåòàóñòîé÷èâûå ñòðóêòóðû.

Ðàññìîòðèì ãàë¼ðêèíñêóþ àïïðîêñèìàöèþ óðàâíåíèÿ (1) â âèäå

u = z0 +
N∑
k=1

zk cos kx. (2)

Ïîäñòàâëÿÿ (2) â (1) è ïðèðàâíèâàÿ çàòåì êîýôôèöèåíòû ïðè cos kx, k =

0, ..., N , ïðèõîäèì ê ãðàäèåíòíîé ñèñòåìå óðàâíåíèé:

ż0 = 0, żk = −∂GN(z, ε)

∂zk
, k = 1, . . . , N, (3)

ãäå z = (z0, ..., zN), à GN(z, ε) � ïîòåíöèàëüíàÿ ôóíêöèÿ, ïðåäñòàâëåíèå êîòîðîé

îïóñòèì.

Â ãðàäèåíòíîé ñèñòåìå (3) ñåäëî-óçëîâûå áèôóðêàöèè ïîðîæäàþò ïðèáëèæ¼í-

íûå ðåøåíèÿ êðàåâîé çàäà÷è òèïà âíóòðåííåãî ïåðåõîäíîãî ñëîÿ. Â ñâîþ î÷åðåäü,

ïðèáëèæ¼ííûå ðåøåíèÿ òèïà âíóòðåííåãî ïåðåõîäíîãî ñëîÿ ñ äâóìÿ òî÷êàìè ïå-

ðåõîäà ïðèâîäÿò ê ìåòàóñòîé÷èâûì ñòðóêòóðàì. Ýêñïåðèìåíòàëüíî ïîêàçàí îäèí

èç ñöåíàðèåâ âîçíèêíîâåíèÿ ìåòàóñòîé÷èâûõ ñòðóêòóð. Äëÿ ýòîãî ñòðîèëñÿ è ïðî-

âîäèëñÿ àíàëèç èåðàðõèè óïðîùåííûõ ìîäåëåé óðàâíåíèÿ (1) � ãàë¼ðêèíñêèõ àï-

ïðîêñèìàöèé (1) ñðåäíèõ ðàçìåðíîñòåé.
Ë È Ò Å Ð À Ò Ó Ð À

1. Alikakos N., Bates P., Fusco G. Slow motion for the Cahn-Hilliard equation in one space dimension. Journal of Di�erential

Equations. 1991. V. 90, p. 81�135.
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Í.Ì. Ïîëÿêîâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
zhuk_nata@mail.ru

ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÑÅÄÈÌÅÍÒÀÖÈÈ ÏÐÈÌÅÑÈ
Â ÈÑÏÀÐßÞÙÅÉÑß ÊÀÏËÅ ÆÈÄÊÎÑÒÈ

Ïîñòðîåíà è èññëåäîâàíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ èñïàðÿþùåéñÿ êàïëè áèî-
ëîãè÷åñêîé æèäêîñòè, ñîäåðæàùåé âçâåøåííóþ ïðèìåñü. Â êà÷åñòâå áàçîâîé ìî-
äåëè âûáðàíà ìîäåëü ñåäèìåíòàöèè ïðèìåñè â äâóõñëîéíîé ñïëîøíîé ñðåäå [1].
Ðàññìîòðåíû àñèìïòîòè÷åñêèå ìîäåëè ðàçëè÷íîãî óðîâíÿ ñëîæíîñòè. Ïîêàçàíî,
÷òî èñïîëüçîâàíèå áåçäèññèïàòèâíîãî ïðèáëèæåíèÿ ïîçâîëÿåò îïèñàòü îáðàçîâà-
íèå ñòðóêòóð â èñïàðÿþùåéñÿ êàïëå [2].
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà ñåäèìåíòàöèè ïðèìåñè â ïîòîêå æèäêîñòè.
Ðîñòîâ-íà-Äîíó: Èçä-âî ÞÔÓ. 2016.

2. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â., Ïîëÿêîâà Í.Ì. Ìîäåëèðîâàíèå èñïàðÿþùåéñÿ êàïëè æèäêîñòè. Ðîñòîâ-íà-Äîíó:
Èçä-âî ÞÔÓ. 2015.

Ñ.Ñ. Ïîñòíîâ (Ìîñêâà, Ðîññèÿ)
postnov.sergey@inbox.ru

ÎÏÒÈÌÀËÜÍÎÅ ÓÏÐÀÂËÅÍÈÅ ÑÈÑÒÅÌÀÌÈ ÄÐÎÁÍÎÃÎ
ÏÎÐßÄÊÀ Ñ ÐÀÑÏÐÅÄÅË�ÍÍÛÌÈ ÏÀÐÀÌÅÒÐÀÌÈ:

ÈÑÑËÅÄÎÂÀÍÈÅ ÇÀÄÀ×È ÍÀ ÎÑÍÎÂÅ ÌÅÒÎÄÀ ÌÎÌÅÍÒÎÂ

Â ðàáîòå ðàññìàòðèâàåòñÿ ñèñòåìà ñëåäóþùåãî âèäà:

C
0 D

α
t Q(x, t) = K

∂2Q(x, t)

∂x2
+ u(x, t), (x, t) ∈ Ω = [0,∞)× [0, L].

ÇäåñüQ(x, t) � ñîñòîÿíèå, u(x, t) ∈ Lp(Ω) � ðàñïðåäåë¼ííîå óïðàâëåíèå, 1 < p <∞,
C
0 D

α
t � îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ â ñìûñëå Êàïóòî [1], α ∈ (0, 2], K

� êîýôôèöèåíò. Íà÷àëüíîå è ãðàíè÷íûå óñëîâèÿ çàäàþòñÿ â âèäå:

Q(x, 0+) = Q0(x), x ∈ [0, L],[
b1,2

∂Q(x, t)

∂x
+ a1,2Q(x, t)

]
x=0,L

= h1,2(t) + u1,2(t), t ≥ 0,

ãäå ai è bi, i = 1, 2 � êîýôôèöèåíòû, b1 ≤ 0, b2 ≥ 0; u1,2(t) ∈ Lp[0, T ] � ãðàíè÷íûå
óïðàâëåíèÿ. Êîíå÷íîå ñîñòîÿíèå îïðåäåëÿåòñÿ óñëîâèåì:

Q(x, T ) = Q∗(x), T > 0, x ∈ [0, L].
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Â ðàáîòå èññëåäîâàíû äâå ïîñòàíîâêè çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ: ïîèñê
óïðàâëåíèÿ ñ ìèíèìàëüíîé íîðìîé ïðè çàäàííîì âðåìåíè óïðàâëåíèÿ è ïîèñê
óïðàâëåíèÿ, îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ, ïðè çàäàííîì îãðàíè÷åíèè (â âèäå
íåðàâåíñòâà) íà íîðìó óïðàâëåíèÿ [2-4]. Çàäà÷à ñâåäåíà ê áåñêîíå÷íîìåðíîé l-
ïðîáëåìå ìîìåíòîâ, äëÿ êîòîðîé ñòðîèòñÿ êîíå÷íîìåðíàÿ àïïðîêñèìàöèÿ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Kilbas A.A., Srivastava H.M., Trujillo J. J. Theory and applications of fractional di�erential equations. Elsevier, 2006.
2. Êóáûøêèí Â.À., Ïîñòíîâ Ñ.Ñ. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ëèíåéíûõ ðàñïðåäåë¼ííûõ ñèñòåì äðîáíîãî

ïîðÿäêà. Âåñòíèê ÐÓÄÍ, Ñåð. Ìàòåìàòèêà, ôèçèêà, èíôîðìàòèêà. 2014. �. 2, ñòð. 381�385.
3. Kubyshkin V.A., Postnov S. S. The optimal control problem for linear systems of non-integer order with lumped and

distributed parameters. Discontinuity, Nonlinearity and Complexity. 2015. Vol. 4, � 4, p. 429�443.
4. Êóáûøêèí Â.À., Ïîñòíîâ Ñ.Ñ. Îïòèìàëüíîå ïî áûñòðîäåéñòâèþ ãðàíè÷íîå óïðàâëåíèå äëÿ ñèñòåì, îïèñûâàåìûõ

óðàâíåíèåì äèôôóçèè äðîáíîãî ïîðÿäêà. Àâòîìàòèêà è òåëåìåõàíèêà. 2018 (â ïå÷àòè).

Å.À. Ïîñòíîâà (Ìîñêâà, Ðîññèÿ)
postnova@ipu.ru

Î ÍÎÂÛÕ ÐÅÇÓËÜÒÀÒÀÕ Â ÇÀÄÀ×Å ÎÏÒÈÌÀËÜÍÎÃÎ
ÓÏÐÀÂËÅÍÈß ÄÂÎÉÍÛÌ ÈÍÒÅÃÐÀÒÎÐÎÌ ÄÐÎÁÍÎÃÎ

ÏÎÐßÄÊÀ

Â ðàáîòå ïðîâåäåíî èññëåäîâàíèå ïîâåäåíèÿ äâîéíîãî èíòåãðàòîðà äðîáíîãî ïî-
ðÿäêà, êîãäà íà÷àëüíûå è êîíå÷íûå óñëîâèÿ èìåþò ïàðàìåòðè÷åñêèé âèä, ò.å. çà-
äàþòñÿ íåêîòîðûìè ôóíêöèÿìè, çàâèñÿùèìè îò âðåìåííîãî ïàðàìåòðà Ò. Ôèçè-
÷åñêè ïîäîáíûå çàäà÷è, åñëè ïðîâîäèòü àíàëîãèþ ñ ñèñòåìàìè öåëîãî ïîðÿäêà,
ñîîòâåòñòâóþò çàäà÷àì îá óïðàâëåíèè äâèæåíèÿ ñèñòåìû èëè ñìåíå òèïîâ äâè-
æåíèÿ. Ïðè ýòîì ôîðìóëèðóåòñÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ êàê îòûñêàíèÿ
ôóíêöèè óïðàâëåíèÿ ñ ìèíèìàëüíîé íîðìîé. Äîïîëíèòåëüíî èñëëåäîâàëèñü çà-
âèñèìîñòè íîðìû óïðàâëåíèÿ îò çíà÷åíèé ïîêàçàòåëåé äðîáíîãî äèôôåðåíöèðî-
âàíèÿ è âðåìåíè óïðàâëåíèÿ.
Â ðàáîòå ðàññìàòðèâàëàñü ñèñòåìà ñëåäóþùåãî âèäà:{

C
t0
Dα
t q1(t) = q2(t)

C
t0
Dβ
t q2(t) = u(t),

ãäå q1(t) è q2(t) � ôàçîâûå êîîðäèíàòû ñèñòåìû, çàâèñÿùèå îò âðåìåíè t ∈ [t0, T ];
u(t) � èñêîìàÿ ôóíêöèÿ óïðàâëåíèÿ, çàäàííàÿ â ïðîñòðàíñòâå L∞[t0, T ]; α è β � ïî-
êàçàòåëè äðîáíîãî äèôôåðåíöèðîâàíèÿ, ïðèíèìàþò çíà÷åíèÿ íà èíòåðâàëå (0, 1];
îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ Dα

t è Dβ
t ïîíèìàåòñÿ â ñìûñëå Êàïóòî.

Ñëó÷àé, êîãäà u(t) ∈ L2[t0, T ] áûë ðàññìîòðåí â áîëåå ðàííèõ ðàáîòàõ.
Ïðè ðåøåíèè ïîñòàâëåííîé çàäà÷è íà ýòàïå îòûñêàíèÿ ìèíèìàëüíîãî çíà÷åíèÿ

ôóíêöèè, êîãäà u(t) ∈ L∞[t0, T ], âîçíèêàåò òðàíñöåíäåíòíîå óðàâíåíèå, êîðíè êî-
òîðîãî íàõîäÿòñÿ ãðàôè÷åñêèì ñïîñîáîì. Â ðåçóëüòàòå èññëåäîâàíèÿ â ðàáîòå áû-
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ëè ïîëó÷åíû àíàëèòè÷åñêèå ðåøåíèÿ ïîñòàâëåííîé çàäà÷è îïòèìàëüíîãî óïðàâëå-
íèÿ è ïðîàíàëèçèðîâàíî ïîâåäåíèå íîðìû óïðàâëåíèÿ â çàâèñèìîñòè îò çíà÷åíèé
ïîêàçàòåëåé äðîáíîãî äèôôåðåíöèðîâàíèÿ è âðåìåíè óïðàâëåíèÿ. Ïîêàçàíî, ÷òî
â ðÿäå ñëó÷àåâ ýòè çàâèñèìîñòè èìåþò íåìîíîòîííûé õàðàêòåð.

Ë È Ò Å Ð À Ò Ó Ð À
1. Kilbas A.A., Srivastava H.M., Trujillo J. J. Theory and applications of fractional di�erential equations. Elsevier, 2006.
2. Êóáûøêèí Â.A., Ïîñòíîâ Ñ.Ñ. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ ëèíåéíîé ñòàöèîíàðíîé ñèñòåìîé äðîáíîãî ïî-

ðÿäêà: ïîñòàíîâêà è èññëåäîâàíèå. Àâòîìàòèêà è òåëåìåõàíèêà. 2014. � 5, p. 3�17.

À.Ð. Ðóñòàíîâ (Ìîñêâà, Ðîññèÿ), Ñ.Â. Õàðèòîíîâà (Îðåíáóðã, Ðîññèÿ)
aligadzhi@yandex.ru, hcb@yandex.ru

ÊÎÍÔÎÐÌÍÎ-ÏËÎÑÊÈÅ C10-ÌÍÎÃÎÎÁÐÀÇÈß

Îïðåäåëåíèå 1 [1]. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, õàðàêòå-

ðèçóåìàÿ òîæäåñòâîì ∇X(Φ)Y = ξ∇Y (η)ΦX + η(Y )∇ΦXξ; X, Y ∈ X(M). íàçû-

âàåòñÿ C10-ñòðóêòóðîé. Ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå, ñíàá-

æåííîå C10-ñòðóêòóðîé íàçûâàåòñÿ C10-ìíîãîîáðàçèåì.

Òåîðåìà 1. Íåíóëåâûå ñóùåñòâåííûå êîìïîíåíòû òåíçîðà Âåéëÿ êîíôîðì-

íîé êðèâèçíû C10-ìíîãîîáðàçèÿ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû

èìåþò âèä:

1)C0a0b̂ = −FacF cb − 1
2n−1(Abc

ac − FacF cb − 2δbaFcdF
dc) +

+ 1
n(2n−1)(A

cd
cd − FcdF cd)δba; 2)Cabcd = Rabcd = −FabFcd;

3)Cabĉd̂ = 1
2n−1{(A

dh
ah − FahF hd)δcb + (Ach

bh − FbhF hc)δda − (Ach
ah −

FahF
hc)δdb − (Adh

bh − FbhF hd)δca}+ 1
n(2n−1)(A

hg
hg − FhgF gh)δcdab;

4)Cab̂cd̂ = −Abd
ac + 1

2n−1((Adh
ah − FahF hd)δbc +

+(Abh
ch − FchF hb)δda)− 1

n(2n−1)(A
hg
hg − FhgF gh)δdaδ

b
c.

Òåîðåìà 2. Êîíôîðìíî-ïëîñêîå C10-ìíîãîîáðàçèå ÿâëÿåòñÿ ïëîñêèì êîñèì-

ïëåêòè÷åñêèì ìíîãîîáðàçèåì.

Òåîðåìà 3. Êîíôîðìíî-ïëîñêîå C10-ìíîãîîáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðî-

èçâåäåíèþ ïëîñêîãî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Òåîðåìà 4. Êîíôîðìíî-ïëîñêîå C10-ìíîãîîáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðî-

èçâåäåíèþ êîìïëåêñíîãî åâêëèäîâà ïðîñòðàíñòâà Cn, ñíàáæåííîãî ñòàíäàðòíîé

ýðìèòîâîé ìåòðèêîé 〈〈·, ·〉〉 = ds2, â êàíîíè÷åñêîì àòëàñå çàäàâàåìîé ñîîòíî-

øåíèåì ds2 = Σn
a=1dz

adza, íà âåùåñòâåííóþ ïðÿìóþ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Ðóñòàíîâ À.Ð. Òîæäåñòâà êðèâèçíû ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé êëàññà C10. Ïðåïîäàâàòåëü XXI

âåê. 2010. �. 4, ñòð. 199-207.
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2. Êèðè÷åíêî Â.Ô. Äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêèå ñòðóêòóðû íà ìíîãîîáðàçèÿõ. Èçäàíèå âòîðîå äîïîëíåííîå.

Îäåññà: ¾Ïå÷àòíûé äîì¿, 2013.

À.Þ. Ñàâèí (ÐÓÄÍ, Ìîñêâà, ÐÔ)
antonsavin@mail.ru

Î ÃÎÌÎÒÎÏÈ×ÅÑÊÎÉ ÊËÀÑÑÈÔÈÊÀÖÈÈ ÍÅËÎÊÀËÜÍÛÕ
ÝËËÈÏÒÈ×ÅÑÊÈÕ ÊÐÀÅÂÛÕ ÇÀÄÀ×

Âàæíóþ ðîëü â ðåøåíèè ïðîáëåìû èíäåêñà ýëëèïòè÷åñêèõ îïåðàòîðîâ (È.Ì.

Ãåëüôàíä) èãðàåò ïîëó÷åíèå ãîìîòîïè÷åñêîé êëàññèôèêàöèè, ò.å. âû÷èñëåíèå ãðóï-

ïû ñòàáèëüíûõ ãîìîòîïè÷åñêèõ êëàññîâ ýëëèïòè÷åñêèõ îïåðàòîðîâ. Ãîìîòîïè÷å-

ñêàÿ êëàññèôèêàöèÿ áûëà âïåðâûå ïîëó÷åíà íà ãëàäêîì çàìêíóòîì ìíîãîîáðàçèè

Ì.Àòü¼é è È.Çèíãåðîì â òåðìèíàõ òîïîëîãè÷åñêîé K-ãðóïïû êîêàñàòåëüíîãî ðàñ-

ñëîåíèÿ ìíîãîîáðàçèÿ. Çàòåì ãîìîòîïè÷åñêàÿ êëàññèôèêàöèÿ áûëà ïîëó÷åíà âî

ìíîãèõ äðóãèõ èíòåðåñíûõ ñèòóàöèÿõ (íà ìíîãîîáðàçèÿõ ñ êðàåì, íà ñòðàòèôè-

öèðîâàííûõ ìíîãîîáðàçèÿõ, íà ìíîãîîáðàçèÿõ ñ óãëàìè è ò.ä.) ìíîãèìè àâòîðàìè

(ñì., íàïð., ðàáîòû Ì. Àòüè è Ð. Áîòòà; Ë. Áóòå äå Ìîíâåëÿ; Ð. Ìåëüðîóçà; Â.Å.

Íàçàéêèíñêîãî, À.Þ. Ñàâèíà è Á.Þ. Ñòåðíèíà).

Ðàññìîòðèì êëàññ ýëëèïòè÷åñêèõ çàäà÷, àññîöèèðîâàííûõ ñ äåéñòâèÿìè ãðóïï

íà ìíîãîîáðàçèÿõ (ñì. ðàáîòû À.Êîííà, À.Á. Àíòîíåâè÷à, À.Â. Ëåáåäåâà è äð.).

Â äîêëàäå áóäåò ðàññêàçàíî, êàê ïîëó÷èòü ãîìîòîïè÷åñêóþ êëàññèôèêàöèþ ýë-

ëèïòè÷åñêèõ êðàåâûõ çàäà÷, àññîöèèðîâàííûõ ñ äåéñòâèåì äèñêðåòíîé ãðóïïû íà

ìíîãîîáðàçèè ñ êðàåì. Ìû ïîêàçûâàåì, ÷òî èìååò ìåñòî èçîìîðôèçì àáåëåâûõ

ãðóïï

Ell(M,G) ' K0(C0(T
∗M ◦) oG),

ãäå â ëåâîé ÷àñòè ñòîèò ãðóïïà ñòàáèëüíûõ ãîìîòîïè÷åñêèõ êëàññîâ ðàññìàòðèâàå-

ìûõ ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷, à â ïðàâîé ÷àñòè � K-ãðóïïà C∗-ñêðåùåííîãî

ïðîèçâåäåíèÿ àëãåáðû íåïðåðûâíûõ ôóíêöèé íà êîêàñàòåëüíîì ðàññëîåíèè âíóò-

ðåííîñòè M ◦ ìíîãîîáðàçèÿ ñ êðàåì è ãðóïïû G, äåéñòâóþùåé íà ýòîé àëãåáðå

àâòîìîðôèçìàìè. Îòìåòèì, ÷òî ïîñëåäíÿÿ K-ãðóïïà ìîæåò áûòü âû÷èñëåíà â

òîïîëîãè÷åñêèõ òåðìèíàõ äëÿ ìíîãèõ ãðóïï G.

Ðåçóëüòàòû, êîòîðûå áóäóò ïðåäñòàâëåíû â äîêëàäå, ïîëó÷åíû â ñîâìåñòíîé

ðàáîòå ñ ïðîô. Á.Þ. Ñòåðíèíûì. Ðàáîòà ïîääåðæàíà Íåìåöêèì íàó÷íî-èññëåäî-

âàòåëüñêèì îáùåñòâîì (DFG) è ÐÔÔÈ, ïðîåêòû �16-01-00373, 15-01-08392.
Ë È Ò Å Ð À Ò Ó Ð À

1. Ñàâèí À.Þ., Ñòåðíèí Á.Þ. Ãîìîòîïè÷åñêàÿ êëàññèôèêàöèÿ ýëëèïòè÷åñêèõ çàäà÷, àññîöèèðîâàííûõ ñ äåéñòâèÿìè

äèñêðåòíûõ ãðóïï íà ìíîãîîáðàçèÿõ ñ êðàåì, Óôèìñê. ìàòåì. æóðí., 8:3 (2016), 126�134.



¾Table of content¿

Di�erential Equations and Mathematical Physics 100

Ë.È. Ñåðáèíà (Ñòàâðîïîëü, Ðîñññèÿ)
lserbina@mail.com

ÇÀÄÀ×À ÊÎØÈ ÑÎ ÑÌÅØÅÍÍÛÌ ÍÎÑÈÒÅËÅÌ ÄËß
ÍÀÃÐÓÆÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß ÁÓÑÑÈÍÅÑÊÀ

Âàæíûé êëàññ êðàåâûõ çàäà÷, ê êîòîðûì ïðèâîäÿò ïðîáëåìû íàèáîëåå ïîë-
íîãî îïèñàíèÿ îáùèõ çàêîíîìåðíîñòåé è îñîáåííîñòåé íåëèíåéíûõ äèíàìè÷åñêèõ
ïðîöåññîâ, ñîñòàâëÿþò êà÷åñòâåííî íîâûå, òàê íàçûâàåìûå íåêëàññè÷åñêèå çàäà÷è
ìàòåìàòè÷åñêîé ôèçèêè. Îñîáûé èíòåðåñ ñðåäè çàäà÷ òàêîãî òèïà ïðåäñòàâëÿþò
ëîêàëüíûå è íåëîêàëüíûå çàäà÷è äëÿ íàãðóæåííûõ óðàâíåíèé,êîòîðûå ïîçâîëÿþò
îïèñûâàòü ÿâëåíèÿ è ïðîöåññû â áîëåå øèðîêîì äèàïàçîíå èçìåíåíèÿ ôèçè÷åñêèõ
ïàðàìåòðîâ è ïîòîìó îáëàäàþò çíà÷èòåëüíî áîëüøîé åìêîñòüþ èíôîðìàöèè îá èõ
íåëèíåéíûõ îñîáåííîñòÿõ. Â äàííîé ðàáîòå èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèÿ íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ îáîáùåííîãî íàãðóæåí-
íîãî óðàâíåíèÿ Áóññèíåñêà,ìîäåëèðóþùåãî íåëèíåéíûé ïðîöåññ ðàñïðîñòðàíåíèÿ
îäíîðîäíîé æèäêîñòè â ïîðèñòûõ ñðåäàõ. Óñòàíîâëåí êðèòåðèé åäèíñòâåííîñòè
åå ðåøåíèÿ.Äîêàçàíî, ÷òî ïðè âûïîëíåíèè ýòîãî êðèòåðèÿ èññëåäîâàíèå âîïðîñà
îäíîçíà÷íîé ðàçðåøèìîñòè èññëåäóåìîé êðàåâîé çàäà÷è äëÿ íàãðóæåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ ïàðàáîëè÷åñêîãî òèïà ýêâèâàëåíòíî ñâîäèòñÿ ê âîïðî-
ñó èññëåäîâàíèÿ ðàçðåøèìîñòè çàäà÷è Êîøè äëÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ïåðâîãî ïîðÿäêà.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ñåðáèíà Ë. È. . Äîêëàäû Àäûãñêîé (×åðêåññêîé) ìåæäóíàðîäíîé àêàäåìèè íàóê. 2014. Òîì. 16, �. 1, ñòð. 77�83.
2. Íàõóøåâ À.Ì. Íàãðóæåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèìåíåíèå.Ì: Íàóêà. 2012.

Ï.À. Ñèïàéëî (Ìîñêâà, Ðîññèÿ)
sipaylo@gmail.com

Î ÑËÅÄÀÕ ÈÍÒÅÃÐÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÔÓÐÜÅ ÍÀ
ÏÎÄÌÍÎÃÎÎÁÐÀÇÈßÕ

Â äàííîé ðàáîòå èçó÷àþòñÿ ñëåäû íà ïîäìíîãîîáðàçèÿõ èíòåãðàëüíûõ îïåðàòî-
ðîâ Ôóðüå (ÈÎÔ). Ïóñòü i : X ↪→ M � ãëàäêîå âëîæåíèå ìíîãîîáðàçèé, è ïóñòü
Φ � îïåðàòîð íà M . Ñëåäîì i!(Φ) îïåðàòîðà Φ íà X (ñì. [1,2]) íàçûâàåòñÿ îïåðà-
òîð, îïðåäåë¼ííûé êàê êîìïîçèöèÿ i!(Φ) = i∗Φ i∗, ãäå i

∗ è i∗ � îïåðàòîðû îãðà-
íè÷åíèÿ è êîîãðàíè÷åíèÿ, îòâå÷àþùèå âëîæåíèþ i, ñîîòâåòñòâåííî. Îïåðàòîð i∗

ôóíêöèè íà M ñîïîñòàâëÿåò å¼ ñóæåíèå íà X, à îïåðàòîð i∗ ôóíêöèè íà X ñîïî-
ñòàâëÿåò ðàñïðåäåëåíèå íà M , ñîñðåäîòî÷åííîå íà X.
Ìû èçó÷àåì óñëîâèÿ, ïðè êîòîðûõ îïåðàòîðû Φ è i!(Φ) îáà ÿâëÿþòñÿ èíòåãðàëü-

íûìè îïåðàòîðàìè Ôóðüå.
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Òåîðåìà 1. Ïóñòü ÈÎÔ Φ = Φ(Λ): Hs(M)→ Hs−d(M), s− ν/2 < 0, s− d >
ν/2, ν = codimX, àññîöèèðîâàí ñ ëàãðàíæåâûì ïîäìíîãîîáðàçèåì Λ ⊂ T ∗(M ×
M) \ {0}, è ïóñòü âûïîëíåíû óñëîâèÿ

1) ïåðåñå÷åíèå Λ|X×X = Λ ∩ T (M ×M)|X×X ÿâëÿåòñÿ ÷èñòûì.

2) âûïîëíåíî Λ ∩N ∗(X ×X) = ∅, ãäå N ∗(X ×X) � êîíîðìàëüíîå ðàññëîåíèå ê
ïîäìíîãîîáðàçèþ X ×X ⊂M ×M .

Òîãäà i!(Φ) � ÈÎÔ, àññîöèèðîâàííûé ñ ïîäìíîãîîáðàçèåì π(Λ|X×X), ãäå π : T (M×
M)|X×X → T (X ×X) � ïðîåêöèÿ, èíäóöèðîâàííàÿ âëîæåíèåì i × i : X ×X ↪→
M ×M .
Òðåáîâàíèå Λ ∩ N ∗(X × X) = ∅ ìîæíî îïóñòèòü â ñëó÷àå, åñëè Λ èìååò âèä

êîíîðìàëüíîãî ðàññëîåíèÿ ê íåêîòîðîìó ïîäìíîãîîáðàçèþ S ↪→M ×M .

Òåîðåìà 2. Ïóñòü ÈÎÔ Φ = Φ(Λ): Hs(M)→ Hs−d(M), s− ν/2 < 0, s− d >
ν/2, ν = codimX, ïîðÿäêà ord Φ < −ν àññîöèèðîâàí ñ ðàññëîåíèåì N ∗S\{0}, S ⊂
M ×M , è ïóñòü ïåðåñå÷åíèå S|X×X = S ∩ X×X ÿâëÿåòñÿ ÷èñòûì. Òîãäà i!(Φ)
åñòü ÈÎÔ, àññîöèèðîâàííûé ñ ðàññëîåíèåì N ∗(S|X×X) \ {0}, S|X×X ⊂ X ×X.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ � 16-01-00373 A.

Ë È Ò Å Ð À Ò Ó Ð À
1. Íîâèêîâ Ñ.Ï., Ñòåðíèí Á.Þ. Ñëåäû ýëëèïòè÷åñêèõ îïåðàòîðîâ íà ïîäìíîãîîáðàçèÿõ èK-òåîðèÿ. Äîêë. ÀÍ ÑÑÑÐ.

1966. Òîì 170, � 6, ñòð. 1265�1268.
2. Íîâèêîâ Ñ.Ï., Ñòåðíèí Á.Þ. Ýëëèïòè÷åñêèå îïåðàòîðû è ïîäìíîãîîáðàçèÿ. Äîêë. ÀÍ ÑÑÑÐ. 1966. Òîì 171, � 3,

ñòð. 525�528.

C.Ì. Ñèòíèê (Áåëãîðîä, Ðîññèÿ)
sitnik@bsu.edu.ru

ÏÐÈËÎÆÅÍÈß ÌÅÒÎÄÀ ÎÏÅÐÀÒÎÐÎÂ ÏÐÅÎÁÐÀÇÎÂÀÍÈß Ê
ÈÍÒÅÃÐÀËÜÍÛÌ ÏÐÅÄÑÒÀÂËÅÍÈßÌ ÐÅØÅÍÈÉ

ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ ÎÑÎÁÅÍÍÎÑÒßÌÈ Â
ÊÎÝÔÔÈÖÈÅÍÒÀÕ

Â äîêëàäå èçëàãàåòñÿ ìåòîä îïåðàòîðîâ ïðåîáðàçîâàíèÿ è ïðèëîæåíèÿ ýòîãî
ìåòîäà ê èíòåãðàëüíûì ïðåäñòàâëåíèÿì ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ îñîáåííîñòÿìè â êîýôôèöèåíòàõ. Òàêæå ðàññìàòðèâàþòñÿ ìíîãî÷èñëåííûå ïðè-
ëîæåíèÿ îïåðàòîðîâ ïðåîáðàçîâàíèÿ ê äèôôåðåíöèàëüíûì óðàâíåíèÿì, òåîðèè
ôóíêöèé è ôóíêöèîíàëüíîì àíàëèçå, äðîáíîì èñ÷èñëåíèè, â çàäà÷àõ, ñâÿçàííûõ
ñî ñïåöèàëüíûìè ôóíêöèÿìè è èíòåãðàëüíûìè ïðåîáðàçîâàíèÿìè, ïðèëîæåíèÿìè
ê òåîðèè ðàññåÿíèÿ è îáðàòíûì çàäà÷àì, òîìîãðàôèè è ïðåîáðàçîâàíèþ Ðàäîíà,
à òàêæå ðÿäó äðóãèõ ïðèëîæåíèé.

Ë È Ò Å Ð À Ò Ó Ð À
1. Sitnik S.M. Buschman�Erd�elyi transmutations, classi�cation and applications. Analytic Methods Of Analysis And Di�e-

rential Equations: AMADE 2012 ( Edited by M.V.Dubatovskaya, S.V.Rogosin). 2013. Cambridge Scienti�c Publishers, Cottenham,
p. 171�201. (arXiv version http://arxiv.org/abs/1304.2114v1).
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2. Sitnik S.M. Transmutations and Applications: a Survey. 2012. arXiv:1012.3741, 141 P.
3. Sitnik S.M. A short survey of recent results on Buschman�Erdelyi transmutations. Journal of Inequalities and Special

Functions. (Special issue To honor Prof. Ivan Dimovski's contributions). 2017, Vol. 8, Issue 1, P. 140�157.
4. Ñèòíèê Ñ.Ì. Îáçîð îñíîâíûõ ñâîéñòâ îïåðàòîðîâ ïðåîáðàçîâàíèÿ Áóøìàíà�Ýðäåéè. ×åëÿáèíñêèé ôèçèêî�ìàòå-

ìàòè÷åñêèé æóðíàë. 2016. Òîì 1, âûï. 4. ñòð. 63�93.
5. Êàòðàõîâ Â.Â., Ñèòíèê Ñ.Ì. Êîìïîçèöèîííûé ìåòîä ïîñòðîåíèÿ Â�ýëëèïòè÷åñêèõ, Â�ãèïåðáîëè÷åñêèõ è Â�

ïàðàáîëè÷åñêèõ îïåðàòîðîâ ïðåîáðàçîâàíèÿ. ÄÀÍ ÑÑÑÐ. 1994. Òîì 337, � 3. ñòð. 307�311.
6. Ñèòíèê Ñ.Ì. Ôàêòîðèçàöèÿ è îöåíêè íîðì â âåñîâûõ ëåáåãîâûõ ïðîñòðàíñòâàõ îïåðàòîðîâ Áóøìàíà�Ýðäåéè. ÄÀÍ

ÑÑÑÐ. 1991. Òîì 320, � 6. ñòð. 1326�1330.
7. Sitnik S.M. Buschman�Erdelyi Transmutations and applications. Abstracts of the 8th international conference "Transform

Methods and Special Functions Bulgaria, So�a, Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, 2017,
P. 59.

Ì.À. Ñóìáàòÿí, Â.Â. Àáðàìîâ
(ÞÔÓ, Ðîñòîâ-íà-Äîíó, Ðîññèÿ)

sumbat@math.sfedu.ru
ÈÍÒÅÃÐÀËÜÍÎÅ ÓÐÀÂÍÅÍÈÅ, ÑÂßÇÛÂÀÞÙÅÅ ÔÓÍÊÖÈÞ
ÒÎÊÀ È ÔÓÍÊÖÈÞ ÇÀÂÈÕÐÅÍÍÎÑÒÈ Â ÒÅ×ÅÍÈÈ ÂßÇÊÎÉ

ÆÈÄÊÎÑÒÈ Â ÊÀÍÀËÅ

Äâóìåðíîå òå÷åíèå âÿçêîé æèäêîñòè â áåñêîíå÷íîì êàíàëå −∞ < x <∞, 0 ≤
y ≤ b ñâîäèòñÿ ê íåëèíåéíîé ñèñòåìå

∂ζ

∂t
=

∂ψ

∂x

∂ζ

∂y
− ∂ψ

∂y

∂ζ

∂x
+ ν∆ζ, ζ = ∆ψ (1)

îòíîñèòåëüíî ôóíêöèè òîêà ψ(x, y, t) è ôóíêöèè çàâèõðåííîñòè ζ(x, y, t). Ïðè t =
0 çàäàþòñÿ íà÷àëüíûå óñëîâèÿ, à ãðàíè÷íûå óñëîâèÿ

ψ|y=0 = 0, ψ|y=b = Q,
∂ψ

∂y

∣∣∣∣
y=0

=
∂ψ

∂y

∣∣∣∣
y=b

= 0 , (2)

ãäå Q = ψ(x, b, t)− ψ(x, 0, t) ≡ const � çàäàííûé ðàñõîä.
Çàäà÷à (1) ñîäåðæèò äèôôåðåíöèàëüíûå îïåðàòîðû âòîðîãî ïîðÿäêà äëÿ ψ è ζ,

îäíàêî âñå ÷åòûðå ãðàíè÷íûõ óñëîâèÿ (2) çàäàíû äëÿ ôóíêöèè ψ. Äëÿ ïðåîäîëå-
íèÿ ýòîãî ïðåïÿòñòâèÿ ïðèìåíÿëèñü ðàçëè÷íûå ïðèåìû, êîòîðûå ñëîæíî íàçâàòü
óäîâëåòâîðèòåëüíûìè.
Â äàííîé ðàáîòå ê óðàâíåíèÿì (1) ïðèìåíÿþòñÿ èòåðàöèè ïî âðåìåíè. Íà êàæ-

äîì øàãå èòåðàöèé ïîëó÷àþòñÿ íåêîòîðûå ëèíåéíûå íåîäíîðîäíûå ýëëèïòè÷åñêèå
çàäà÷è â ïðÿìîóãîëüíèêå (0, L) × (0, b), (L/b � 1), ñ ïåðèîäè÷åñêèìè óñëîâèÿìè
ïðè x = 0 è x = L äëÿ ôóíêöèé ψ è ζ, êîòîðûå ðåøàþòñÿ â ÿâíîì âèäå ñ èñïîëüçî-
âàíèåì ôóíêöèé Ãðèíà. Ïðè ýòîì ãðàíè÷íûå çíà÷åíèÿ äëÿ ôóíêöèè ζ íàõîäÿòñÿ
èç ïàðû èíòåãðàëüíûõ óðàâíåíèé, (x ∈ (0, L)):

L∫
0

∞∑
m=1

b2m+1
2m J2m+1

2m (x− τ)

bλ2m+1
2m

[ζn(τ, 0)±ζn(τ, b)] dτ = f 2m+1
2m (x) (3)
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ãäå bm = πm/b, λm =
√
b2
m + 1/(νθ), θ � øàã ïî âðåìåíè, âåðõíèå èíäåêñû îòíîñÿò-

ñÿ ê íå÷åòíûì êîìïîíåíòàì, íèæíèå - ê ÷åòíûì, Jm � èçâåñòíûå êîýôôèöèåíòû
ñ äîñòàòî÷íûì äëÿ ñõîäèìîñòè ðÿäîâ óáûâàíèåì.
Ðàáîòà âûïîëíåíà â ðàìêàõ Ãîñçàäàíèÿ Ìèíîáðíàóêè ÐÔ, ïðîåêò 9.5794.2017/Á×.

Þ.À. Õàçîâà (Ñèìôåðîïîëü, Ðîññèÿ)
hazova.yuliya@hotmail.com

ÏÀÐÀÁÎËÈ×ÅÑÊÀß ÇÀÄÀ×À Ñ ÏÐÅÎÁÐÀÇÎÂÀÍÈÅÌ
ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÎÉ ÏÅÐÅÌÅÍÍÎÉ ÍÀ ÊÐÓÃÅ

Íà êðóãå ðàññìàòðèâàåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à äëÿ íåëèíåéíîãî ïàðàáî-
ëè÷åñêîãî óðàâíåíèÿ

ut + u = D4u+K(1 + γ cosQu), 0 < r < r1, 0 ≤ ϕ ≤ 2π, t > 0,

ñ ïðåîáðàçîâàíèåì îòðàæåíèå ïðîñòðàíñòâåííîé ïåðåìåííîé

Qu(r, ϕ, t) = u(r, π − ϕ, t)

ñ óñëîâèÿìè Íåéìàíà
∂u(r1, ϕ, t)

∂r
= 0,

ïåðèîäè÷íîñòè
u(r, ϕ+ 2π, t) = u(r, ϕ, t),

îãðàíè÷åííîñòè ïî r â íóëå

|u(0, ϕ, t)| ≤ c <∞,

è íà÷àëüíûì óñëîâèåì
u(r, ϕ, 0) = q0(r, ϕ),

ãäå 4u = 1
r
∂
∂r

(
r∂v∂r
)

+ 1
r2
∂2v
∂ϕ2 � îïåðàòîð Ëàïëàñà â ïîëÿðíîé ñèñòåìå êîîðäèíàò.

Äàííàÿ çàäà÷à ìîäåëèðóåò äèíàìèêó ôàçîâîé ìîäóëÿöèè u(r, ϕ, t), 0 < r < r1,
ϕ ∈ (0, 2π), t > 0 ñâåòîâîé âîëíû, ïðîøåäøåé òîíêèé ñëîé íåëèíåéíîé ñðåäû
êåððîâñêîãî òèïà ñ ïðåîáðàçîâàíèåì îòðàæåíèÿ êîîðäèíàò â îáðàòíîé ñâÿçè. Çäåñü
D � êîýôôèöèåíò äèôôóçèè íåëèíåéíîé ñðåäû, ïîëîæèòåëüíûé êîýôôèöèåíò K
ïðîïîðöèîíàëåí èíòåíñèâíîñòè ñâåòîâîãî ïîòîêà, γ � âèäíîñòü (êîíòðàñòíîñòü)
èíòåðôåðåíöèîííîé êàðòèíû, 0 < γ < 1.
Èñïîëüçóÿ ìåòîä Ôóðüå áûëà ñôîðìóëèðîâàíà è äîêàçàíà ëåììà î ñîáñòâåííûõ

çíà÷åíèÿõ è ñîáñòâåííûõ ôóíêöèÿõ ïîñòàâëåííîé çàäà÷è. Ïðè ïîìîùè èíòåãðàëü-
íûõ ìåòîäîâ íàéäåíî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå ðåøåíèÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ.



¾Table of content¿

Di�erential Equations and Mathematical Physics 104

Ë È Ò Å Ð À Ò Ó Ð À
1. ÀáðàìîâèöÌ., ÑòèãàíÈ. Ñïðàâî÷íèê ïî ñïåöèàëüíûì ôóíêöèÿì. Ì.: Íàóêà. 1979.
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À.Ï. ×åãîëèí (Ðîñòîâ-íà-Äîíó)
apchegolin@mail.ru

ÎÁ ÎÄÍÎÌ ÊËÀÑÑÅ ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÀÍÀËÎÃÎÂ
ÁÅÑÑÅËÅÂÛÕ ÏÎÒÅÍÖÈÀËÎÂ

Â ðàáîòå ðàññìîòðåí êëàññ ìíîãîìåðíûõ èíòåãðàëüíûõ îïåðàòîðîâ, çàâèñÿùèõ
îò ïàðàìåòðà, ñ ëîðåíöåâîé ìåòðèêîé â ÿäðàõ. Ýòè ÿäðà â ñëó÷àå ïîëîæèòåëü-
íîãî ïàðàìåòðà, íå ïðåâîñõîäÿùåãî åäèíèöû, ëîêàëüíî âåäóò ñåáÿ òàê æå, êàê
ÿäðà ãèïåðáîëè÷åñêîãî ïîòåíöèàëà Ðèññà, à íà áåñêîíå÷íîñòè ýêñïîíåíöèàëüíî
óáûâàþò. Ïîêàçàíî, ÷òî ðàññìàòðèâàåìûå îïåðàòîðû ÿâëÿþòñÿ ãèïåðáîëè÷åñêèìè
àíàëîãàìè Áåññåëåâûõ ïîòåíöèàëîâ. Â íåêîòîðûõ ñèòóàöèÿõ ïîñòðîåíî îáðàùåíèå
ðàññìàòðèâàåìûõ èíòåãðàëüíûõ îïåðàòîðîâ êàê â êëàññå ¾äîñòàòî÷íî õîðîøèõ¿
ôóíêöèé èç êëàññà Ëèçîðêèíà, òàê è â ïðîñòðàíñòâå p-ñóììèðóåìûõ ôóíêöèé.
Ðàññìîòðåíû ðàçëè÷íûå ïðåäåëüíûå ñëó÷àè â êëàññå ðàññìàòðèâàåìûõ îïåðàòî-
ðîâ.

Å.Â. Øèðÿåâà, Ì.Þ. Æóêîâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
evshiryaeva@mail.ru, myuzhukov@gmail.com

ÊÈÍÅÌÀÒÈ×ÅÑÊÈÅ ÓÄÀÐÍÛÅ ÂÎËÍÛ Â ÌÎÄÅËÈ
ÑÅÄÈÌÅÍÒÀÖÈÈ Â ÏÎÒÎÊÅ ÆÈÄÊÎÑÒÈ

Íà îñíîâå ïðèáëèæåíèÿ êèíåìàòè÷åñêèõ âîëí äëÿ ïðîñòðàíñòâåííî îäíîìåðíûõ
óðàâíåíèé, îïèñûâàþùèõ ñåäèìåíòàöèþ ïðèìåñè â ïîòîêå æèäêîñòè, ïîñòðîåíà
ïðîñòåéøàÿ ìîäåëü, ïîçâîëÿþùàÿ èññëåäîâàòü ìîðôîëîãèþ äíà âîäîåìà. Îñíîâ-
íàÿ èäåÿ êèíåìàòè÷åñêîãî ïðèáëèæåíèÿ çàêëþ÷àåòñÿ â ïðåíåáðåæåíèè â óðàâíå-
íèÿõ äâèæåíèÿ èíåðöèîííûìè ÷ëåíàìè, ÷òî ïîçâîëÿåò îïðåäåëèòü ñêîðîñòü òå-
÷åíèÿ ïðè ïîìîùè àëãåáðàè÷åñêèõ ñîîòíîøåíèé. Â ðåçóëüòàòå àñèìïòîòè÷åñêèõ
óïðîùåíèé, òèêàõ êàê òîíêèé ñëîé îñàäî÷íûé ïðèìåñè, ïðåíåáðåæèìî ìàëàÿ ñêî-
ðîñòü ñåäèìåíòàöèè è ò.ä., óäàåòñÿ ïîñòðîèòü ïðîñòåéøóþ ìîäåëü, ïðåäñòàâëÿþ-
ùóþ ñîáîé ãèïåðáîëè÷åñêèé çàêîí ñîõðàíåíèÿ. Îêàçàëîñü, ÷òî äàæå òàêîå ãðó-
áîå ïðèáëèæåíèå ïîçâîëÿåò îïèñûâàòü òîíêèå ýôôåêòû ïîâåäåíèÿ äíà âîäîåìà,
â ÷àñòíîñòè, âîçíèêíîâåíèå â ðåçóëüòàòå ñåäèìåíòàöèè óäàðíûõ âîëí íà óêàçàí-
íîé ãðàíèöå, ìîìåíò èõ âîçíèêíîâåíèÿ è ïðîñòðàíñòâåííî âðåìåííóþ ýâîëþöèþ
âîëí. Àíàëèç èñõîäíûõ óðàâíåíèé, ïðåäñòàâëÿþùèõ ñîáîé äâóõñëîéíóþ ìîäåëü
æèäêîñòè, ïîêàçàë, ÷òî â çàâèñèìîñòè îò ïðåäïîëîæåíèé î ïîâåäåíèè ãðàíèö ñëî-
åâ âîçìîæíî ïîñòðîåíèå ðàçëè÷íûõ àñèìïòîòè÷åñêèõ ìîäåëåé [1]. Ïðèâåäåíû ðå-
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çóëüòàòû î ïîâåäåíèè óäàðíûõ âîëí è ðåçóëüòàòû ñðàâíèòåëüíîãî àíàëèçà àñèìï-
òîòè÷åñêèõ ìîäåëåé.
Ðàáîòà âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà ñåäèìåíòàöèè ïðèìåñè â ïîòîêå æèäêîñòè.
Ðîñòîâ-íà-Äîíó: Èçä-âî ÞÔÓ. 2016.
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R.A. Bandaliyev (Baku, Azerbaijan)
bandalievr@rambler.ru

HAUSDORFF OPERATOR IN VARIABLE LEBESGUE SPACES

In this talk, we will discuss the boundedness of the Hausdor� operator in variable

Lebesgue spaces. In particular, we found some criteria on the kernel of Hausdor�

operator for the boundedness of the Hausdor� operator in variable Lebesgue spaces.

This is joint work with Przemys law G�orka.

The research of R. A. Bandaliyev was supported by the Ministry of Education and

Science of the Russian Federation (Agreement number: 02.a03.21.0008).

E. Li�yand (Ramat-Gan, Israel)
li�yand@gmail.com

HAUSDORFF OPERATORS IN Hp SPACES, 0 < p < 1

For the theory of Hardy spaces Hp, 0 < p < 1, the Hausdor� operators turn out to

be a very e�ective testing area, in dimension one and especially in several dimensions.

After publication of [4], Hausdor� operators have attracted much attention. A general

idea can be had of the subject from the surveys [3] and [1]. In contrast to the study of

the Hausdor� operators in Lp, 1 ≤ p ≤ ∞, and in the Hardy space H1, the study of

these operators in the Hardy spaces Hp with p < 1 holds a speci�c place and there are

very few results on this topic. For the case of one dimension, after [2] and [7], more or

less �nal results were given in [5]. The results di�er from those for Lp, 1 ≤ p ≤ ∞, and

H1, since they involve smoothness conditions on the averaging function, which seem

unusual but unavoidable. To explain them will be the main purpose of the talk. This

leads to better understanding even more speci�c di�culties in our multidimensional

joint work with Akihiko Miyachi [6].

R E F E R E N C E S

1. Chen J., Fan D. and Wang S. Hausdor� Operators on Euclidean Spaces. Appl. Math. J. Chinese Univ. (Ser. B) (4). 2014.

Vol. 28, pp. 548�564.

2. Kanjin Y. The Hausdor� operators on the real Hardy spaces Hp(R). Studia Math. 2001. Vol. 148, pp. 37�45.

3. Li�yand E. Hausdor� Operators on Hardy Spaces. Eurasian Math. J. 2013. Vol. 4, No. 4, pp. 101�141.

4. Li�yand E. and M�oricz F. The Hausdor� operator is bounded on the real Hardy space H1(R). Proc. Amer. Math. Soc.

2000. Vol. 128, pp. 1391�1396.

5. Li�yand E. and Miyachi A. Boundedness of the Hausdor� operators in Hp spaces, 0 < p < 1. Studia Math. 2009. Vol. 194,

pp. 279�292.

6. Li�yand E. and Miyachi A. Boundedness of the multidimensional Hausdor� operators in Hp spaces, 0 < p < 1. To appear

in Trans. Amer. Math. Soc.

7. Miyachi A. Boundedness of the Ces�aro operator in Hardy spaces. J. Fourier Anal. Appl. 2004. Vol. 10, pp. 83�92.
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Ñ.Ñ. Âîëîñèâåö (Ñàðàòîâ, Ðîññèÿ)
VolosivetsSS@mail.ru

ÂÅÑÎÂÛÅ ÎÏÅÐÀÒÎÐÛ ÕÀÐÄÈ È ×ÅÇÀÐÎ Â ÍÅÊÎÒÎÐÛÕ
ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Ïóñòü ϕ : [0, 1)→ [0,∞) èçìåðèìà è κp(ϕ) =
∫ 1

0 t
−1/pϕ(t) dt, p ∈ [1,∞]. Äëÿ èç-

ìåðèìîé êîìïëåêñíîçíà÷íîé ôóíêöèè f íà R îïðåäåëèì âåñîâûå îïåðàòîðû îïåðà-

òîðû Õàðäè è ×åçàðî Hϕ(f)(x) =
∫ 1

0 t
−1f(t−1x)ϕ(t) dt, Bϕ(f)(x) =

∫ 1

0 f(xt)ϕ(t) dt,

x 6= 0.

Åñëè f ∈ L1
loc(R), ò.å. f ∈ L(I) äëÿ ëþáîãî I = [a, b] ⊂ R, òî ïî îïðåäåëå-

íèþ fI = |I|−1
∫
I f(t) dt è ‖f‖∗δ = sup

|I|≤δ
|f − fI |I . Ðàññìîòðèì äâà ïîäïðîñòðàíñòâà

BMO(R): VMO(R) = {f ∈ BMO(R) : limδ→0 ‖f‖∗,δ = 0} è bmo(R) = {f ∈
L1
loc(R) : ‖f‖bmo := sup

|I|≤1

|f − fI |I + sup
|I|≥1

|f |I < ∞}. Äëÿ ïðîñòðàíñòâ X(R), ãäå

X = Lp, 1 ≤ p < ∞, VMO, ìîæíî ââåñòè ìîäóëü ãëàäêîñòè ïîðÿäêà k ∈ N:

ωk(f, δ)X = sup
0<h≤δ

‖
k∑
i=0

(−1)k−i
(
k
i

)
f(· + ih)‖X . Ïî îïðåäåëåíèþ, Hω,k

X (R) = {f ∈

X(R) : ωk(f, δ)X ≤ Cω(δ), δ ∈ [0, 1]}, ω ↑, ω(0) = 0, ω ∈ C[0, 1]. Ïóñòü òàêæå

H1(R) � ïðîñòðàíñòâî Õàðäè (ñì. [1, ãë. 2]. Òàì æå â ãëàâå 6 ìîæíî óçíàòü ïðî

BMO(R) è VMO(R).

Òåîðåìà 1. 1) Ïóñòü κ∞(ϕ) <∞. Òîãäà Bϕ îãðàíè÷åí â VMO(R).

2) Ïóñòü κ1(ϕ) <∞. Òîãäà Bϕ îãðàíè÷åí â bmo(R).

Òåîðåìà 2. 1) Ïóñòü X(R) = Lp(R), 1 ≤ p < ∞, è κp(ϕ) < ∞. Åñëè f ∈
Hω,k
X (R) è ω ∈ Bk, òî Bϕ(f) ∈ Hω,k

X (R).
2) Ïóñòü X(R) = VMO(R) è κ∞(ϕ) < ∞. Åñëè f ∈ Hω,k

X (R) è ω ∈ Bk, òî

Bϕ(f) ∈ Hω,k
X (R).

Çäåñü Bk � êëàññ Áàðè-Ñòå÷êèíà (ñì. [1]). Äàëåå ïóñòü Xe(R) � ïîäïðîñòðàí-

ñòâî ÷åòíûõ ôóíêöèé èç X(R).

Òåîðåìà 3. 1) Ïóñòü κ1(ϕ) <∞. Òîãäà Bϕ îãðàíè÷åí èç H1
e (R) â L1

e(R).

2) Ïóñòü κ1(ϕ) <∞. Òîãäà îïåðàòîð Hϕ is îãðàíè÷åí èç BMOe(R) â L∞e (R).

Ë È Ò Å Ð À Ò Ó Ð À
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À.Ô. ×óâåíêîâ
(Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
chuvenkovaf@mail.ru

Î ÍÎÂÎÌ ÃÐÀÍÄ�ÏÐÎÑÒÐÀÍÑÒÂÅ ÎÐËÈ×À, ÏÎÐÎÆÄÅÍÍÎÌ
ÑÒÅÏÅÍÍÛÌÈ ÔÓÍÊÖÈßÌÈ

Ââîäèìûå ãðàíä-ïðîñòðàíñòâà (â ÷àñòíîñòè, LaM),s(Ω, ω)) ñòðîÿòñÿ íà îñíîâå âå-

ñîâûõ ïðîñòðàíñòâ Îðëè÷à LM(Ω, ω), ïîðîæäåííûõ N -ôóíêöèÿìè M(u), èìåþ-

ùèõ ðàçëè÷íûå ñêîðîñòè óáûâàíèÿ â íóëå (p1) è ðîñòà â áåñêîíå÷íîñòè (p2).

Ïðåäïîëàãàåì, ÷òî âûïîëíÿþòñÿ îãðàíè÷åíèÿ 1 < p1 < ∞, 1 < p2 < ∞,
p = min{p1, p2}. Äëÿ ëþáîãî ïîëîæèòåëüíîãî âåñà a(x) èç ïðîñòðàíñòâà LM(Ω, ω)

îïðåäåëÿåì íîâûé (äîïîëíèòåëüíûé) âåñ ôîðìóëîé

ωδ(x) ≡ ωδ(a,M) = (pδ)
1
pM δ(a(x)) · ω(x), 0 < δ < 1− 1/p.

×åðåç LaM),s(Ω, ω) îáîçíà÷àåì ãðàíä-ïðîñòðàíñòâî Îðëè÷à ñ âåñîì ωδ(x) :f : ρa,s(f,M, ω) =

 δ0∫
0

∫
Ω

M 1−δ(|f(x)|)ωδ(a,M)dx

 s
1−δ

dδ


1
δ

<∞

 ,

ãäå f ∈ LM(Ω, ω), s ∈ [1,∞], δ0 ∈ (0, 1 − 1/p). Â ñëó÷àå, êîãäà M(u) = up

p ,

1 < p < ∞, s = ∞, èìååì ãðàíä-ïðîñòðàíñòâî Ëåáåãà Lp)(Ω) ôóíêöèé, çàäàííûõ

íà îãðàíè÷åííûõ ìíîæåñòâàõ Ω ([2]), è íà íåîãðàíè÷åííûõ � Lap)(Ω) ([3]).

Òåîðåìà. Ïóñòü ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàíñòâó Îðëè÷à LM(Ω, ω),

1 < p = min{p0, p∞} <∞, a � ïîëîæèòåëüíûé âåñ. Äëÿ âåðíîé îöåíêè

ρa,s(f,M, ω) ≤ Cp,aρ(f,M, ω),

ñ òî÷íîé êîíñòàíòîé Cp,a, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû a ∈ LM(Ω, ω).

Ñîîáùàþòñÿ ïåðâîíà÷àëüíûå îñíîâíûå ñâîéñòâà ââåäåííîãî ãðàíä-ïðîñòðàíñòâà.
Ë È Ò Å Ð À Ò Ó Ð À

1. Iwaniec T., Sbordone C. On the integrability of the Jacobian under minimal hypotheses. // Arch. Rational Mech. Anal.,

1992. � 119. C. 129�143.

2. Óìàðõàäæèåâ Ñ. Ì. Îáîáùåíèå ïîíÿòèÿ ãðàíä�ïðîñòðàíñòâà Ëåáåãà. Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà, 2014,� 4, ñ.

42-51.
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Ya. I. Belopolskaya (St.Petersburg, Country)
yana@yb1569.spb.edu

STOCHASTIC MODELS FOR SYSTEMS OF NONLINEAR
PARABOLIC EQUATIONS

We consider two types of the Cauchy problem for systems of nonlinear second
order parabolic equations which admit probabilistic interpretation, namely, the forward
Cauchy problem and the backward Cauchy problem. We are interested in generalized
solutions of the forward Cauchy problem for systems with fully nondiagonal second
order terms (systems with cross-di�usion) as well as classical, generalized and viscosity
solutions of the backward Cauchy problem for systems with diagonal second order
terms with di�erent coe�cients and nondiagonal �rst and/or zero order terms. We
construct stochastic representations for generalised solutions of the forward Cauchy
problem solutions in terms of di�usion processes and their multiplicative functionals
[1],[2].
On the other hand we consider backward Cauchy problem for systems with diagonal

principal part with equal coe�cients of the second order terms and nondiagonal �rst
and zero order terms. We reduce the construction of a generalised solution of the
backward Cauchy problem for a PDE system of this type to the correspondent stochastic
problem. Namely, without appealing to the correspondent nonlinear PDE solution we
derive a closed stochastic problem solve it and �nally state conditions on the stochastic
problem data that allow to verify that solving the stochastic problem we construct a
required generalised solution to the original PDE problem [3].

Financial support of the RNF Grant 17-11-01136 is greatfully acknowledged.
R E F E R E N C E S

1. Belopolskaya Ya. I. Probabilistic models of the dynamics of the growth of cells under contact inhibition. Mathematical
Notes. 2017. Vol. 101, No. 3, pp. 346�358.

2. Belopolskaaya Ya. I. Probabilistic representation of the Cauchy problem solutions for systems of nonlinear parabolic
equations Global and Stochastic Analysis. 2016. Vol. 3, No. 1, pp. 25�32.

3. Belopolskaaya Ya., Woyczynski W. Generalized solution of the Cauchy problem for systems of nonlinear parabolic equations
and di�usion processes. Stochastics and dynamics. 2012. Vol. 11, No. 1 pp. 1�31.

A.D. Bendikov (Poland, Russia)
Alexander.Bendikov@math.uni.wroc.pl

HEAT KERNELS ON ULTRAMETRIC SPACES

Let (X, d) be a locally compact separable ultrametric space. Given a measure m and
a symmetric measurable function J(x, y) we study the heat kernel (the fundamental
solution of the heat equation) associated with the operator

LJf(x) =

∫
(f(x)− f(y)) J(x, y)dm(y).
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We provide a number of examples illustrating our exposition.

The research was supported by the National Center of Sciences, POLAND, 2015/17/ST

1/00062

O.E. Kudryavtsev (Rostov-on-Don, Russia)
koer@donrta.ru

NUMERICAL METHODS FOR PRICING OPTIONS UNDER REGIME
SWITCHING L�EVY MODELS

In recent years, increasing attention has been given to stochastic models of �nancial

markets which depart from the traditional Black-Scholes model. Regime switching L�evy

models have already enjoyed much success in interpreting the behavior of �nancial

series. A L�evy process is used as the instrument that models the �nancial market,

where the parameters of the L�evy process are allowed to depend on a continuous time

Markov chain. The state space may represent general �nancial market trends and/or

other economic factors which are usually called as �regimes�.

The papers [1,2] generalized the framework of numerical Wiener-Hopf factorization

(WHF) method [3] and extended it to pricing barrier and American options under

regime switching L�evy models. In the present paper, we introduce an enhanced WHF-

method for pricing lookback options in regime switching L�evy models. The method

developed is based on the numerical Laplace transform inversion and enhanced appro-

ximate Wiener-Hopf factorization formulas derived in [4].

The idea behind our approach is to transform the problem to a space where the

solution can be obtained by using the Fast Wiener-Hopf factorization method at real

positive values of the transform parameter speci�ed by the Gaver-Stehfest algorithm.

Then the lookback option prices are recovered via the numerical inversion formula. The

reported study was funded by RFBR according to the project No. 18-01-00910 A.

R E F E R E N C E S

1. Êóäðÿâöåâ Î.Å. Áûñòðûé è ýôôåêòèâíûé ìåòîä îöåíèâàíèÿ áàðüåðíûõ îïöèîíîâ â ìîäåëÿõ Ëåâè ñ ïåðåêëþ÷åíèåì

ðåæèìîâ ïî ïàðàìåòðàì ïðîöåññà. Íàó÷íî-òåõíè÷åñêèå âåäîìîñòè ÑÏáÃÏÓ. Ñåðèÿ �Èíôîðìàòèêà. Òåëåêîììóíèêàöèè.

Óïðàâëåíèå�. 2010. Ò. 93, � 1, Ñ. 136-�141.

2.Êóäðÿâöåâ Î.Å. Ýôôåêòèâíûé ÷èñëåííûé ìåòîä îöåíèâàíèÿ àìåðèêàíñêèõ îïöèîíîâ â ìîäåëÿõ Ëåâè ñ ïåðåêëþ÷å-

íèåì ðåæèìîâ ïî ïàðàìåòðàì ïðîöåññà. Âåñòíèê ÐÃÓÏÑ. 2010. Ò. 39, � 3, Ñ. 158�167.

3. Kudryavtsev O., Levendorski�i S. Fast and accurate pricing of barrier options under L�evy processes. Finance and Stochastics.

2009. Vol. 13, No. 4, pp. 531�562.

4. Kudryavtsev O. Advantages of the Laplace transform approach in pricing �rst touch digital options in L�evy-driven models.

Boletin de la Sociedad Matema-tica Mexicana. 2016. Vol. 22, No. 2, pp. 711�731.
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V. Rodochenko, O. Kudryavtsev (Rostov-on-Don, Russia)
vrodochenko@gmail.com, okudr@mail.ru

ON MODEL CALIBRATION TECHNIQUES FOR
CRYPTOCURRENCY MARKETS

The analysis of cryptocurrencies was one of the most attractive topics for researchers
in �nance for the past year. Although the capitalization of this market has a tendency to
grow, the market still experiences a shortage in methods of evaluating risks. Existence
and development of such methods will likely lead to wider and more reliable options
and futures trading, therefore stabilizing the price and o�ering better investment
opportunities.
Using the market data we obtained from a number of most popular stock platforms

and informational resources, and following the methods in [1, 2], we analyzed the most
widely used cryptocurrencies, namely bitcoin and etherium. We've also included ripple
as an example of a �low friction� currency with relatively fast transactions and relatively
low price.
We calibrate gaussian, Merton [3], Heston [4] and Bates [5] model parameters to

choose the one that adequately re�ects assets behaviour and demonstrate that jumps
models [3] are likely to be the most natural approximation for this class of assets.
The research was supported by RFBR grant (project 18-01-00910).

R E F E R E N C E S
1. Êóäðÿâöåâ Î.Å., Ãðå÷êî À.Ñ., Ðîäî÷åíêî Â.Â., Àäåêâàòíîå ìîäåëèðîâàíèå ðîññèéñêîãî ñðî÷íîãî ðûíêà. Íàóêà è

îáðàçîâàíèå: õîçÿéñòâî è ýêîíîìèêà; ïðåäïðèíèìàòåëüñòâî; ïðàâî è óïðàâëåíèå. 2015. Òîì. 6, �. 61, ñòð. 63�67.
2. Êóäðÿâöåâ Î.Å., Ãðå÷êî À.Ñ., Ðîäî÷åíêî Â.Â., Ìàòåìàòè÷åñêèå ìåòîäû àíàëèçà è óïðàâëåíèÿ ðèñêàìè ñðî÷íîãî

ðûíêà. LAP LAMBERT Academic Publishing. 2018.
3. Cont R., Tankov P. Financial modelling with jump processes. Chapman & Hall/CRC Press. 2004.
4. Heston, S. L. A closed-form solution for options with stochastic volatility with applications to bond and currency options.

Review of Financial Studies. 1993. Vol. 6. pp. 327�344.
5. Bates, D. S.. Jumps and Stochastic Volatility: Exchange Rate Processes Implicit in Deutshe Mark Options. Review of

Financial Studies. 1996. Vol. 9. pp. 69�107.

D.B. Rokhlin (Southern Federal University, Russia)
rokhlin@math.rsu.ru

REINFORCEMENT LEARNING IN DISCOUNTED STOCHASTIC
STACKELBERG GAME

We consider a game between a leader and a follower, whose actions a�ect the
stochastic state dynamics. Let X be a �nite state space. Denote by A and B the sets
of admissible actions of the leader and the follower. Assume that the system evolution
is described by the transition kernel p(y|x, a, b):∑

y∈X

p(y|x, a, b) = 1, p(y|x, a, b) ≥ 0.

At each stage of the game
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(i) observing the state Xt ∈ X, the leader selects an action at ∈ A,

(ii) observing the state Xt ∈ X and the leader action at ∈ A, the follower selects an
action bt ∈ A,

(iii) the system moves to the state Xt+1 with probability

p(Xt+1|Xt, at, bt),

(iv) the leader and the follower get the rewards

r1(Xt, at, bt, Xt+1), r2(Xt, at, bt, Xt+1)

respectively.

Each player tries to maximize his discounted gain, and applies theQ-learning algorithm,
where the actions are chosen according to the Boltzmann distribution. So, at each stage
of the game the leader selects an action a′ with probability

exp(Q1(x, a
′)/τ1)∑

a′′∈A exp(Q1(x, a′′)/τ1)
, a′ ∈ A,

and the follower selects an action b′ with probability

exp(Q2(x, a, b
′)/τ2)∑

b′′∈B exp(Q2(x, a, b′′)/τ2)
, b′ ∈ B.

For t → ∞ we describe the limiting distributions of the Q-functions Q1, Q2 and
actions of the players in terms of fully observed Markov processes.

V.N. Rusev, À.V. Skorikov (Gubkin University, Moscow, Russia)
rusev.v@gubkin.ru, skorikov.a@gubkin.ru

ANALYTICAL AND DISCRETE APPROACHES TO RENEWAL
FUNCTION ESTIMATIONS

Ôóíêöèÿ âîññòàíîâëåíèÿ H(t) îïðåäåëÿåòñÿ êàê ñðåäíåå êîëè÷åñòâî îòêàçîâ ñè-
ñòåìû (èëè ýëåìåíòà) íà èíòåðâàëå âðåìåíè (0, t). Ýòîò ïàðàìåòð èñïîëüçóåò-
ñÿ äëÿ ïîñòðîåíèÿ ñèñòåìû ìåíåäæìåíòà íàäåæíîñòè, îïðåäåëåíèÿ îïòèìàëüíîãî
ïëàíà ïðîôèëàêòè÷åñêîãî îáñëóæèâàíèÿ èëè çàìåí. Â êà÷åñòâå ìîäåëè ðàññìàò-
ðèâàåòñÿ ðåêóððåíòíûé ïîòîê îòêàçîâ, äëÿ êîòîðîãî óêàçàííàÿ ñâÿçü âûðàæàåòñÿ
èíòåãðàëüíûì óðàâíåíèåì âîññòàíîâëåíèÿ, ñâÿçûâàþùèì ôóíêöèþ âîññòàíîâëå-
íèÿ H(t) è ôóíêöèþ ðàñïðåäåëåíèÿ F (t) âðåìåíè ìåæäó îòêàçàìè:

H(t) = F (t) +

t∫
0

H(τ)f(t− τ) dτ.
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Ðåøåíèå â çàìêíóòîé ôîðìå ýòîãî óðàâíåíèÿ íåâîçìîæíî, êðîìå íåêîòîðûõ ñëó-
÷àåâ, êîãäà ïîòîê âîññòàíîâëåíèé óïðàâëÿåòñÿ ýêñïîíåíöèàëüíûì èëè ýðëàíãîâ-
ñêèì ðàñïðåäåëåíèÿìè. Èñïîëüçóÿ ìåòîäû ðàáîòû [1], íàéäåíû àíàëèòè÷åñêèå è
÷èñëåííûå àïïðîêñèìàöèè ôóíêöèè âîññòàíîâëåíèÿ.
Äëÿ àíàëèòè÷åñêîé àïïðîêñèìàöèè ôóíêöèè âîññòàíîâëåíèÿ èñïîëüçóåòñÿ íà-

õîæäåíèÿ îðèãèíàëà ïðåîáðàçîâàíèÿ Ëàïëàñà H̃(s) ñ ïîìîùüþ ïðîèçâîäÿùåé ôóíê-
öèè ìîìåíòîâ ïëîòíîñòè ðàñïðåäåëåíèÿ Âåéáóëëà-Ãíåäåíêî.
Äëÿ íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèèÿ H(t), t > 0 ðàññìàòðèâàþòñÿ òðè ñïî-

ñîáà äèñêðåòèçàöèè óðàâíåíèÿ âîññòàíîâëåíèÿ.
1. Ðåøåíèå èùåòñÿ â âèäå ñóììû êóñî÷íî-ïîñòîÿííûõ ôóíêöèé ðàâíûõ íà êàæ-

äîì îòðåçêå ðàçáèåíèÿ çíà÷åíèþ èñêîìîãî ðåøåíèÿ â ïðàâîé òî÷êå ðàçáèåíèÿ (ìå-
òîä ïðàâûõ óçëîâ).
2. Ïîëàãàåòñÿ çíà÷åíèå ðåøåíèÿ íà êàæäîì îòðåçêå ðàçáèåíèÿ ðàâíîå ñðåäíåìó

çíà÷åíèþ (ìåòîä ñðåäíèõ).
3. Íà êàæäîì îòðåçêå ðàçáèåíèÿ ðàññìàòðèâàåòñÿ ïðèáëèæåíèå òî÷íîãî ðåøå-

íèÿ ëèíåéíîé ôóíêöèåé.
Ë È Ò Å Ð À Ò Ó Ð À

1.Rusev V., Skorikov A. On solution of renewal equation in the Weibull model. Reliability: Theory & Applications. - 2017.-
Vol. 12, No. 4(47), p.60�67.

E. L. Shishkina (Voronezh, Russia)
your@email.com

SOLUTION OF THE CAUCHY PROBLEM FOR GENERALIZED
EULER�POISSON�DARBOUX EQUATION

We apply Hankel transform method to solve the initial value problem[
n∑
i=1

(
∂2

∂x2
i

+
γi
xi

∂

∂xi

)
−
(
∂2

∂t2
+
k

t

∂

∂t

)]
u = c2u, (1)

u(x, 0; k) = f(x), (2)

ut(x, 0; k) = 0, u = u(x, t; k), γi > 0, xi > 0, i = 1, ..., n, t > 0.

We will call (1) the generalized Euler�Poisson�Darboux equation. We obtain
the distributional solution of (1)�(2) in convenient space. Besides, we give formulas
for regular solution of (1)�(2) in particular case of k and of Cauchy the the singular
Klein�Gordon equation.

Theorem 1. The solution u ∈ S ′ev(R
n
+) × C2(0,∞) of the (1)�(2) for k ≥ 0 is

unique and de�ned by the formula

u(x, t; k) = C(n, γ, k)×
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×
(
t1−k(t2 − |x|2)

k−n−|γ|−1
2

+ jk−n−|γ|−1
2

(
(t2 − |x|2)

1
2
+ · c

)
∗ f(x)

)
γ

,

where

C(n, γ, k) =
2nΓ

(
k+1

2

)
Γ
(
k−n−|γ|+1

2

) n∏
i=1

Γ
(
γi+1

2

) .
De�nitions of the S ′ev(R

n
+), jν, (· ∗ ·)γ can be found in [1].

R E F E R E N C E S
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Î ÒÅÎÐÅÌÀÕ ÑÐÀÂÍÅÍÈß ÄËß ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÎÒÍÎÑÈÒÅËÜÍÎ

ÌÍÎÃÎÌÅÐÍÎÃÎ ÂÈÍÅÐÎÂÑÊÎÃÎ ÏÐÎÖÅÑÑÀ

Ðàññìîòðèì äâà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèÿ (äàëåå � ÑÄÓ)
ñ èíòåãðàëàìè Ñòðàòîíîâè÷à îòíîñèòåëüíî n-ìåðíîãî âèíåðîâñêîãî ïðîöåññà:

dξ
(n)
i (t) =

n∑
j=1

σ
(n)
ij

(
t, ξ

(n)
i (t)

)
∗ dW (j)

t + b
(n)
i

(
t, ξ

(n)
i (t)

)
dt, (1)

ñ íà÷àëüíûìè óñëîâèÿìè ξ
(n)
i (t)|t=0 = ξ

(n)
i (0), i = 1, 2. Äëÿ íåïðåðûâíûõ ôóíêöèé

σ
(n)
ij (t, v), b

(n)
i (t, v) ïðè âñåõ t > 0, v ∈ R, j = 1, . . . , n, i = 1, 2, ïîëàãàþòñÿ âûïîëíå-

íûìè äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé óðàâíåíèé
(1).
Öåëü äàííîãî èññëåäîâàíèÿ çàêëþ÷àåòñÿ â ðàñïðîñòðàíåíèè ïîäõîäà ê äîêàçà-

òåëüñòâó òåîðåì ñðàâíåíèÿ, ïðåäëîæåííîãî â ðàáîòå [1], íà ÑÄÓ âèäà (1). Ïðèìå-
íÿåìûé â ðàáîòå ìåòîä îñíîâàí íà òîì, ÷òî åñëè äëÿ âñåõ t > 0, v ∈ R, j = 1, . . . , n,
i = 1, 2, ôóíêöèè σ

(n)
ij (t, v) ÿâëÿþòñÿ ëîêàëüíî ñóììèðóåìûìè ïî v, òî ðåøåíèÿ

óðàâíåíèé (1) ìîæíî ïðåäñòàâèòü â âèäå

ξ
(n)
i (t) = D̂

(n)
i

(
t,W

(n)
t +D

(n−1)
i (t,W

(n−1)
t )

)
,

ãäå ôóíêöèè D̂
(n)
i (t, v) ÿâëÿþòñÿ äåòåðìèíèðîâàííûìè, à ôóíêöèè ξ

(n−1)
i (t) =

D
(n−1)
i (t,W

(n−1)
t ) åñòü ðåøåíèÿ ÑÄÓ ñ èíòåãðàëàìè Ñòðàòîíîâè÷à îòíîñèòåëüíî

(n − 1)-ìåðíîãî âèíåðîâñêîãî ïðîöåññà, êîýôôèöèåíòû êîòîðûõ âûðàæàþòñÿ ÷å-
ðåç êîýôôèöèåíòû ÑÄÓ (1).
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Òåîðåìà 1. Ïóñòü äëÿ âñåõ t > 0, j = 1, . . . , n ñïðàâåäëèâû íåðàâåíñòâà
(a) σ

(j)
2j (t, v) > 0 ïðè âñåõ v ∈ R,

(b) D̂
(j)
2 (t, u) > D̂

(j)
1 (t, u) äëÿ âñåõ u ∈ R,

(c) D
(0)
2 (t) > D

(0)
1 (t) ñ âåðîÿòíîñòüþ 1.

Òîãäà ξ
(n)
2 > ξ

(n)
1 äëÿ âñåõ t > 0 ï.í.

Ë È Ò Å Ð À Ò Ó Ð À
1. Àñûëãàðååâ À.Ñ., Íàñûðîâ Ô.Ñ. Î òåîðåìàõ ñðàâíåíèÿ è óñòîé÷èâîñòè ñ âåðîÿòíîñòüþ 1 îäíîìåðíûõ ñòîõàñòè÷åñêèõ

äèôôåðåíöèàëüíûõ óðàâíåíèé. ÑÌÆ. 2016. Òîì. 57, �. 5, ñòð. 969�977.

Ò.À. Âîëîñàòîâà, À. Ã. Äàíåêÿíö (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
kulikta@mail.ru, dangegik@mail.ru

ÍÀÕÎÆÄÅÍÈÅ ÝÊÑÒÐÅÌÓÌÎÂ ÑÏÅÖÈÀËÜÍÛÕ ÖÅËÅÂÛÕ
ÔÓÍÊÖÈÉ Ñ ÇÀÂÈÑÈÌÛÌÈ ÏÐÈÎÐÈÒÅÒÀÌÈ. ×ÀÑÒÜ I 1

Äàííûé äîêëàä ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [1-2], â êîòîðûõ áûëè èññëåäî-
âàíû ðàçëè÷íûå ìîäåëè ýêîíîìè÷åñêîé ñèñòåìû ñ êîíå÷íûì ÷èñëîì ïðèîðèòåòîâ
â òîì ñëó÷àå, êîãäà öåëåâàÿ ôóíêöèÿ âîñïðîèçâîäèò ðàçíîíàïðàâëåííûå òðåáî-
âàíèÿ. Îñíîâíûå îáîçíà÷åíèÿ, èñïîëüçóåìûå â äîêëàäå, ñîîòâåòñòâóþò îáîçíà÷å-
íèÿì, ïðåäëîæåííûì Ïàâëîâûì È.Â, è Óãëè÷åì Ñ.È. â òåçèñàõ äàííîé êîíôå-
ðåíöèè. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ îïòèìèçàöèîííàÿ çàäà÷à ñ öåëåâîé
ôóíêöèåé F = E [F α1

1 F α2
2 ], ãäå αi � çàâèñèìûå ñ.â., íàçûâàåìûå ïðèîðèòåòàìè:

P (0 ≤ αj ≤ 1) = 1, ãäå j = 1, 2. áóäåì ñ÷èòàòü, ÷òî âñåãäà F 0
j (x) = 1. Òðèâèàëü-

íàÿ ñèòóàöèÿ, êîãäà aj(ω) = 0,∀ω ∈ Ω, íàìè íå ðàññìàòðèâàåòñÿ. Ââåäåì ñëåäóþ-
ùèå îáîçíà÷åíèÿ:Aij = {α1 = i} ∩ {α2 = j} , A2j = {0 < α1 < 1} ∩ {α2 = j} , Ai2 =
{α1 = i}∩{0 < α2 < 1}, ãäå i, j = 0, 1;P (Aij) = pij,∀i, j = 0, 1, 2. Â ñèëó òåîðåìû 1
åñòåñòâåííî ðàññìàòðèâàòü òîëüêî òå ìîäåëè, â êîòîðûõ ìíîæåñòâî ñòàöèîíàðíûõ
òî÷åê íåïóñòî.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû öåëåâàÿ ôóíêöèÿ F(x), èìåëà ñòàöèîíàðíûå
òî÷êè â îáëàñòè ñâîåé ïîëîæèòåëüíîñòè, íåîáõîäèìî âûïîëíåíèå óñëîâèé: 1)
a2
a1

= −c1, ãäå c1 > 0; 2) ñóùåñòâóåò òî÷êà x:
E[α1F

α1−1
1 F

α2
2 ]

E[α2F
α1
1 F

α2−1
2 ]

= c1.

Äëÿ öåëåâîé ôóíêöèè, ïðåäñòàâëåííîé (â ñîîòâåòñòâèå ñ îáîçíà÷åíèÿìè ðàáî-
òû [2]) â âèäå F (u1) = E [uα1

1 (−c1u1 + c2)
α2], ïîëó÷åíû êðèòåðèè ñóùåñòâîâàíèÿ

è åäèíñòâåííîñòè ëîêàëüíîãî (ãëîáàëüíîãî) ìàêñèìóìà â ðàçëè÷íûõ ñëó÷àÿõ ðàñ-
ñòàíîâêè ïðèîðèòåòîâ αi. Ïîäðîáíîå èçëîæåíèå ïîëó÷åííûõ êðèòåðèåâ ïðèâåäåíî
àâòîðàìè âî âòîðîé ÷àñòè òåçèñîâ äàííîé êîíôåðåíöèè.
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ïðèîðèòåòîâ. Ìåæäóíàð. íàó÷.-èññëåä. æóðí., 2016, � 10 (52), ñòð. 127�132.
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2. Ïàâëîâ È.Â., Óãëè÷ Ñ.È. Îïòèìèçàöèÿ ñëîæíûõ ñèñòåì êâàçèëèíåéíîãî òèïà ñ íåñêîëüêèìè íåçàâèñèìûìè ïðèî-
ðèòåòàìè. Âåñòíèê ÐÃÓÏÑ. 2017. N 3(67), ñòð. 140�145.

Ò.À. Âîëîñàòîâà, À. Ã. Äàíåêÿíö (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
kulikta@mail.ru, dangegik@mail.ru

ÍÀÕÎÆÄÅÍÈÅ ÝÊÑÒÐÅÌÓÌÎÂ ÑÏÅÖÈÀËÜÍÛÕ ÖÅËÅÂÛÕ
ÔÓÍÊÖÈÉ Ñ ÇÀÂÈÑÈÌÛÌÈ ÏÐÈÎÐÈÒÅÒÀÌÈ. ×ÀÑÒÜ II 1

Íàñòîÿùèé äîêëàä ÿâëÿåòñÿ ïðîäîæåíèåì èññëåäîâàíèé ñïåöèàëüíûõ öåëåâûõ
ôóíêöèé è èõ òî÷åê ýêñòðåìóìîâ, ïðåäñòàâëåííûõ àâòîðàìè â ïåðâîé ÷àñòè òåçè-
ñîâ äàííîé êîíôåðåíöèè. Ïóñòü âûïîëíåíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ
ñòàöèîíàðíûõ òî÷åê öåëåâîé ôóíêöèè F(x) (Ò 1,÷àñòü I). Â íèæåïðèâåäåííîé òàá-
ëèöå ðàññìîòðåíû ðàçëè÷íûå ñëó÷àè ðàññòàíîâêè çàâèñèìûõ ïðèîðèòåòîâ â öåëå-
âîé ôóíêöèè F(u) è ñôîðìóëèðîâàíû êðèòåðèè ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ìàêñèìóìà F(u).

Ω
p22 > 0 p22 = 0

Ñóùåñòâóåò p20 + p21 > 0 è p20 + p21 = 0 è p20 + p21 = 0 è
åäèíñòâåííûé p02 + p12 > 0. p02 + p12 = 0. p02 + p12 > 0.
ëîêàëüíûé Ñóùåñòâóåò F (U1) èìååò F (U1) èìååò

(ãëîáàëüíûé) åäèíñòâåííûé åäèíñòâ. ëîê. åäèíñòâ. ëîê.
ìàêñèìóì ëîêàëüíûé (ãëîá.) ìàêñèìóì (ãëîá.) ìàêñèìóì

ôóíêöèè (ãëîáàëüíûé) u1 ∈
(

0; c2
c1

)
⇔ u1 ∈

(
0; c2
c1

)
⇔

F (U1) ìàêñèìóì p11 > 0 è p10 + p11c2 − c1p01−
ôóíêöèè | p10

p11
−c1 p01p11

| < c2 −c1E
[
α2c

α2−1
2 IA02

]
+

F (U1) +E
[
cα2
2 IA12

]
> 0

Îòìåòèì, ÷òî â ñëó÷àå, êîãäà ïðèîðèòåòû íåçàâèñèìû, óñëîâèÿ êðèòåðèåâ ñîâ-
ïàäàþò ñ óñëîâèÿìè, ïîëó÷åííûìè Êðàñèé Í.Ï. â ðàáîòå [2]. Åñëè α1 +α2 = 1, òî
ðåçóëüòàòû èññëåäîâàíèé ïîëíîñòüþ ñîâïàäàþò ñ ðåçóëüòàòàìè, îïóáëèêîâàííûìè
â ðàáîòå [3].
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Ãëèêëèõ Þ.Å., Ùè÷êî Ò.À (Âîðîíåæ, Ðîññèÿ)
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ÏÎËÍÎÒÀ ÑÒÎÕÀÑÒÈ×ÅÑÊÈÕ ÏÎÒÎÊÎÂ, ÏÎÐÎÆÄÅÍÍÛÕ
ÓÐÀÂÍÅÍÈÅÌ Ñ ÏÐÎÈÇÂÎÄÍÛÌÈ Â ÑÐÅÄÍÅÌ ÑÏÐÀÂÀ

Èñïîëüçóåèûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ îñíîâíûõ îáúåêòîâ ââåäåíû â [1,2].
Ìû âñþäó èñïîëüçóåì ñîãëàøåíèå Ýéíøòåéíà î ñóììèðîâàíèè ïî ïîâòîðÿþùåìñÿ
âåðõíåìó è íèæíåìó èíäåêñó.

1Äàííàÿ ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 16-01-00184).
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Èññëåäóþòñÿ ñòîõàñòè÷åñêèå óðàâíåíèÿ ñ ïðîèçâîäíûìè â ñðåäíåì ñïðàâà âèäà{
Dξ(t) = a(t, ξ(t))
D2ξ(t) = α(t, ξ(t))

(1)

ãäåD � ïðîèçâîäíàÿ â ñðåäíåì ñïðàâà,D2l � êâàäðàòè÷íàÿ ïðîèçâîäíàÿ â ñðåäíåì,
a(t, x) � âåêòîðíîå ïîëå íà Rn, α(t, x) � ñèììåòðè÷åñêîå ïîëîæèòåëüíî îïðåäåëåí-
íîå (2, 0)-òåíçîðíîå ïîëå íà Rn. Îáîçíà÷èì êîîðäèíàòû â Rn ñèìâîëàìè xi, òîãäà
a(t, x) = ai ∂∂xi è α(t, x) = αij ∂2

∂xi∂xj . Äèôôåðåíöèàëüíûé îïåðàòîð A = a(t, x) =

ai ∂∂xi + αij ∂2

∂xi∂xj ÿâëÿåòñÿ ãåíåðàòîðîì ïîòîêà, çàäàííîãî óðàâíåíèåì (1). Îáî-
çíà÷èì åãî ξ(s), à ÷åðåç ξt,x(s) � åãî îðáèòó, êîòîðàÿ èìååò íà÷àëüíîå óñëîâèå
ξt,x(t) = x.

Îïðåäåëåíèå 1. Ãîâîðÿò, ÷òî ïîòîê ξ(s) íåïðåðûâåí íà áåñêîíå÷íîñòè, åñëè
íà ëþáîì îòðåçêå [0, T ] ∈ R âûïîëíÿåòñÿ ñîîòíîøåíèå

lim
x→∞

P (ξt,x(T ) ∈ K) = 0,

ãäå K -ïðîèçâîëüíûé êîìïàêò â Rn.

Ðàññìîòðèì íàRn+1 äèôôåðåíöèàëüíûé îïåðàòîðAn+1 = ∂
∂t+A, ãäå t ñ÷èòàåòñÿ

êîîðäèíàòîé ñ íîìåðîì 0.

Òåîðåìà 1. Ïóñòü ïîòîê ξ(s) íåïðåðûâåí íà áåñêîíå÷íîñòè. Îí ïîëîí òîãäà
è òîëüêî òîãäà, êîãäà íà Rn+1 èìååòñÿ ñîáñòâåííîå îòîáðàæåíèå ϕ : Rn+1 → R,
ïðèíèìàþùåå ïîëîæèòåëüíûå çíà÷åíèÿ è òàêîå, ÷òî ïðè âñåõ t è x âûïîëíÿ-
åòñÿ íåðàâåíñòâî |An+1ϕ| < C, ãäå C > 0 � êîíñòàíòà, íå çàâèñÿùàÿ îò t è
x.
Èññëåäîâàíèå ïîääåðæàíî ãðàíòîì ÐÔÔÈ 18-01-00048.
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ÀÍÀËÈÇ ÈÍÄÅÊÑÀ ÑÊÀ×ÊÎÂ Â ÖÅÍÀÕ ÊÐÈÏÒÎÂÀËÞÒÛ
BITCOIN

Â ïîñëåäíèå ãîäû áóðíî ðàçâèâàåòñÿ ðûíîê êðèïòîâàëþò, êàïèòàëèçàöèÿ êî-
òîðîãî óæå ïðåâûñèëà 398 ìëðä. äîëëàðîâ. Íàèáîëåå èçâåñòíàÿ êðèïòîâàëþòà
Bitcoin ïîêàçàëà â 2017 ãîäó ñóùåñòâåííûé ðîñò, óâåëè÷èâøèñü â öåíå ïî÷òè â
20 ðàç, à â 2018 ãîäó ïîòåðÿëà áîëåå ïîëîâèíû ñâîåé ñòîèìîñòè. Ïîõîæåå ïîâå-
äåíèå äåìîíñòðèðóþò è äðóãèå êðèïòîâàëþòû. Âûñîêàÿ âîëàòèëüíîñòü êðèïòîâà-
ëþò âûçûâàåò àêòèâíûé èíòåðåñ èíâåñòîðîâ, ïîñêîëüêó äàåò âîçìîæíîñòü ïðîâî-
äèòü âûñîêîäîõîäíûå ñïåêóëÿöèè. Íà âåäóùèõ òîðãîâûõ ïëîùàäêàõ îòêðûâàþòñÿ
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ñåêöèè òîðãîâëè ôüþ÷åðñàìè íà Bitcoin. Â áëèæàéøåé ïåðñïåêòèâå ìîæíî ïðî-
ãíîçèðîâàòü àêòèâíóþ òîðãîâëþ îïöèîíàìè íà êðèïòîâàëþòû. Òàêèì îáðàçîì,
àêòóàëüíîé çàäà÷åé ÿâëÿåòñÿ ïîñòðîåíèå àäåêâàòíûõ ìîäåëåé öåíû íà Bitcoin äëÿ
âû÷èñëåíèÿ öåí ñîîòâåòñòâóþùèõ îïöèîíîâ.
Ïîâåäåíèå öåíû Bitcoin ãîâîðèò î íåîáõîäèìîñòè èñïîëüçîâàòü ìîäåëè ñî ñêà÷-

êàìè. Äëÿ ïîäòâåðæäåíèÿ äàííîãî âûâîäà áûëî ïðîâåäåíî èññëåäîâàíèå ëîãàðèô-
ìîâ öåíû óêàçàííîé êðèïòîâàëþòû çà 455 äíåé (01.01.2017�21.03.2018) íà àêòèâ-
íîñòü ñêà÷êîâ ïî ìåòîäèêå, ðàññìîòðåííîé â [1]. Íèæå ïðèâåäåíû ñðåäíåå çíà÷åíèå
òî÷å÷íîé îöåíêè èíäåêñà àêòèâíîñòè è äîâåðèòåëüíûé èíòåðâàë:

Mean = 1.31094162801, (1.27244, 1.34944).

Ðåçóëüòàòû ïîäòâåðäèëè ïðåäïîëîæåíèå î íàëè÷èè ñêà÷êîâ â äèíàìèêå àêòèâà è
ïîêàçàëè îòñóòñòâèå äèôôóçèîííîé ñîñòàâëÿþùåé. Òàêèì îáðàçîì, äëÿ ìîäåëè-
ðîâàíèÿ öåíû Bitcoin ïðè ðàñ÷åòå áåçàðáèòðàæíûõ öåí îïöèîíîâ âìåñòî äèôôó-
çèîííûõ ìîäåëåé ñëåäóåò èñïîëüçîâàòü ÷èñòî íåãàóññîâûå ìîäåëè Ëåâè ñ íåîãðà-
íè÷åííîé âàðèàöèåé, íàïðèìåð èçâåñòíóþ ìîäåëü CGMY [2].
Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 18-01-

00910 A.
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ÌÀÐÒÈÍÃÀËÛ Ñ ÎÄÍÈÌ ÑÊÀ×ÊÎÌ È ÂËÎÆÅÍÈÅ
ÑÊÎÐÎÕÎÄÀ

Â ïðèëîæåíèÿõ ñòîõàñòè÷åñêîãî àíàëèçà, îñîáåííî â ôèíàíñîâîé ìàòåìàòèêå,
÷àñòî ðàññìàòðèâàþò çàäà÷è ñëåäóþùåãî âèäà. Äàíû äâà ðàñïðåäåëåíèÿ µ0 è µ1

íà Rd. Çàäàí òàêæå êëàññ ñëó÷àéíûõ ïðîöåññîâ ñî çíà÷åíèÿìè â Rd (íàïðèìåð,
êëàññ âñåõ ìàðòèíãàëîâ). Òðåáóåòñÿ íàéòè óñëîâèÿ, ïðè êîòîðûõ â ýòîì êëàññå
íàéäåòñÿ ïðîöåññ, èìåþùèé ðàñïðåäåëåíèÿ µ0 è µ1 â íà÷àëüíûé è òåðìèíàëüíûé
ìîìåíòû ñîîòâåòñòâåííî, à åñëè ýòè óñëîâèÿ âûïîëíåíû, òî ïðåäúÿâèòü ÿâíóþ
êîíñòðóêöèþ òàêîãî ïðîöåññà èëè íàéòè êîíñòðóêöèþ, îáëàäàþùóþ íåêîòîðûìè
ñâîéñòâàìè îïòèìàëüíîñòè. Íàïðèìåð, ê òàêîãî ðîäà çàäà÷àì îòíîñèòñÿ çàäà÷à
âëîæåíèÿ Ñêîðîõîäà.
Â äîêëàäå ðàññìàòðèâàåòñÿ êëàññ ëîêàëüíûõ ìàðòèíãàëîâ, èìåþùèõ òðàåêòî-

ðèè îãðàíè÷åííîé âàðèàöèè íà êîíå÷íûõ èíòåðâàëàõ ñ åäèíñòâåííûì ñêà÷êîì âî
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âïîëíå íåäîñòèæèìûé ìîìåíò îñòàíîâêè. Ýòîò êëàññ àêòèâíî èññëåäîâàí â ëèòå-
ðàòóðå, îäíàêî â ïîñëåäíåå âðåìÿ ïîÿâèëèñü íîâûå ðåçóëüòàòû: â [2] áûëè óêà-
çàíû ÿâíûå êîíñòðóêöèè äëÿ ïðîöåññîâ èç ýòîãî êëàññà âìåñòå ñ êðèòåðèÿìè,
áóäåò ëè äàííûé ïðîöåññ ìàðòèíãàëîì èëè òîëüêî ëîêàëüíûì ìàðòèíãàëîì è ò.ä.
Èíòåðåñ ê ðàññìàòðèâàåìîìó êëàññó ïðîöåññîâ ñ îäíèì ñêà÷êîì âûçâàí òàêæå
òåì îáñòîÿòåëüñòâîì, ÷òî îíè âîçíèêàþò êàê ýêñòðåìàëüíûå â íåêîòîðûõ çàäà-
÷àõ èç ÷èñëà îïèñàííûõ â ïðåäûäóùåì àáçàöå. Íàïðèìåð, èçâåñòíàÿ êîíñòðóêöèÿ
Äóáèíñà�Ãèëàòà ìàðòèíãàëà, èìåþùåãî ìàêñèìàëüíûé (â ñìûñëå ñòîõàñòè÷åñêî-
ãî ïîðÿäêà) ìàêñèìóì ñðåäè âñåõ ðàâíîìåðíî èíòåãðèðóåìûõ ìàðòèíãàëîâ ñ çà-
äàííûì òåðìèíàëüíûì ðàñïðåäåëåíèåì, ïðåäñòàâëÿåò ñîáîé ìàðòèíãàë ñ îäíèì
ñêà÷êîì. Äðóãèì ïðèìåðîì ÿâëÿåòñÿ çàäà÷à ïîñòðîåíèÿ íåîòðèöàòåëüíîãî ñóá-
ìàðòèíãàëà ñ çàäàííûì òåðìèíàëüíûì ðàñïðåäåëåíèåì ñàìîãî ñóáìàðòèíãàëà è
åãî êîìïåíñàòîðà [1], ãäå ïðîöåññû ñ îäíèì ñêà÷êîì ñîñòàâëÿþò îñíîâó ïîñòðîå-
íèÿ. Èäåè çàìåíû âðåìåíè ïîçâîëÿþò óñòàíîâèòü ñâÿçü íåêîòîðûõ êîíñòðóêöèé â
çàäà÷å âëîæåíèÿ Ñêîðîõîäà ñ ìàðòèíãàëàìè ñ îäíèì ñêà÷êîì.
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ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÂÈÍÅÐÎÂÑÊÎÃÎ ÏÐÎÖÅÑÑÀ Â

ÏÐÎÈÇÂÎËÜÍÎÉ ÑÈÑÒÅÌÅ ÊÎÎÐÄÈÍÀÒ

Ïóñòü S - ðåãóëÿðíàÿ ïîâåðõíîñòü êëàññà C3 â E3 ñ ïåðâîé è âòîðîé êâàäðàòè÷-
íûìè ôîðìàìè I = gijdx

idxj è II = bijdx
idxj. Îáîçíà÷èì äèôôóçèîííûé ïðîöåññ,

ïîðîæä¼ííûé ïåðâîé êâàäðàòè÷íîé ôîðìîé Xt, âòîðîé ôîðìîé - Yt. Ïåðåõîäíóþ
ôóíêöèþ ïðîöåññà Xt áóäåì îáîçíà÷àòü P 1

t (x, y), ïðîöåññà Yt - P
2
t 1(x, y), ãäå x, y

- òî÷êè ïîâåðõíîñòè S.
Èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà. Ïåðåõîäíûå ôóíêöèè ïðîöåññîâ Xt è Yt óäîâëåòâîðÿþò óðàâíåíèþ

|II|
|I|

= K =

∣∣∣∣∣∣
−1

2(g11)22 + (g12)12 − 1
2(g22)11

1
2(g11)1 (g12)1 − 1

2(g11)22

(g12)2 − 1
2(g11)1 g11 g12

1
2(g22)2 g12 g22

∣∣∣∣∣∣(∫
P

1
(t, x, dy) y

2
1

2 ·
∫
P

1
(t, x, dy)

y2
2

2 −
[∫

P
1

(t, x, dy) y1y2

]2
)−2 −



¾Table of content¿

Probability-Analytical Models and Methods 122

−

∣∣∣∣∣∣
0 1

2(g11)2
1
2(g22)1

1
2(g11)2 g11 g12
1
2(g22)1 g12 g22

∣∣∣∣∣∣(∫
P

1
(t, x, dy) y

2
1

2 ·
∫
P

1
(t, x, dy)

y2
2

2 −
[∫

P
1

(t, x, dy) y1y2

]2
)−2 ,

ãäå

g11 =

∫
P

1
(t, x, dy) y

2
2

2∫
P

1
(t, x, dy) y

2
1

2 ·
∫
P

1
(t, x, dy)

y2
2

2 −
[∫

P
1

(t, x, dy) y1y2

]2 ,

g22 =

∫
P

1
(t, x, dy) y

2
1

2∫
P

1
(t, x, dy) y

2
1

2 ·
∫
P

1
(t, x, dy)

y2
2

2 −
[∫

P
1

(t, x, dy) y1y2

]2 ,

g12 =

∫
P

1
(t, x, dy) y1y2∫

P
1

(t, x, dy) y
2
1

2 ·
∫
P

1
(t, x, dy)

y2
2

2 −
[∫

P
1

(t, x, dy) y1y2

]2 ,

à èíäåêñ ïîñëå ñêîáêè îçíà÷àåò ïðîèçâîäíóþ ïî ñîîòâåòñòâóþùåé ïåðìåííîé.
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ÎÑÎÁÛÅ ÑËÓ×ÀÈ ÎÏÒÈÌÈÇÀÖÈÈ ÊÂÀÇÈËÈÍÅÉÍÛÕ
ÌÎÄÅËÅÉ Ñ ÍÅÇÀÂÈÑÈÌÛÌÈ ÏÐÈÎÐÈÒÅÒÀÌÈ 1

Â äàííîì äîêëàäå èñïîëüçóþòñÿ îáîçíà÷åíèÿ, ïðèâåäåííûå â ðàáîòå [1] è äîêëà-
äå Ïàâëîâà È.Â. è Óãëè÷à Ñ.È. íà íàñòîÿùåé êîíôåðåíöèè. Äëÿ ñóùåñòâîâàíèÿ
åäèíñòâåííîé òî÷êè ãëîáàëüíîãî ìàêñèìóìà öåëåâîé ôóíêöèè F ìîäåëè 1, îïè-
ñàííîé â ðàáîòå [2], òðåáóåòñÿ, ÷òîáû ñðåäè ïðèîðèòåòîâ αj, j = 1, 2, 3 íå áûëî
íóëåâûõ (ñì. òåîðåìó 1 èç [1]). Ðàññìîòðèì ñèòóàöèè, êîãäà ýòî óñëîâèå íàðóøà-
åòñÿ.
Ñëó÷àé 1. Ïóñòü pj = P (αj = 1) > 0, qj = P (αj = 0) > 0 è pj + qj = 1 äëÿ âñåõ

αj, j = 1, 2, 3. Òîãäà öåëåâàÿ ôóíêöèÿ

F = (u1p1 + q1) (u2p2 + q2) ((−c1u1 − c2u2 + c3) p3 + q3) .

Åäèíñòâåííàÿ òî÷êà ãëîáàëüíîãî ìàêñèìóìà F ñóùåñòâóåò ïðè îäíîâðåìåííîì
âûïîëíåíèè óñëîâèé

1Äàííàÿ ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 16-01-00184).
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p1p2 (c3p3 + q3) + c2p1q2p3 > 2c1q1p2p3,

p1p2 (c3p3 + q3) + c1q1p2p3 > 2c2p1q2p3.

Â ïðîòèâíîì ñëó÷àå ìàêñèìóì F íà îáëàñòè îïðåäåëåíèÿ íå äîñòèãàåòñÿ.
Ñëó÷àé 2. Ïóñòü îäèí èç ïðèîðèòåòîâ α1 : P (0 < α1 < 1) > 0,

pj = P (αj = 1) > 0, qj = P (αj = 0) > 0 è pj + qj = 1, j = 1, 2. Òîãäà öåëåâàÿ
ôóíêöèÿ F =

(
u1p1 + q1 + E

(
uα1

1 I{0<α1<1}
))

(u2p2 + q2)
((−c1u1 − c2u2 + c3) p3 + q3). Èññëåäîâàíèÿ, ïðîâîäèìûå íà êîíêðåòíûõ ïðèìåðàõ,
ïîêàçàëè, ÷òî è çäåñü âîçìîæíû êàê íàëè÷èå åäèíñòâåííîé òî÷êè ãëîáàëüíîãî
ìàêñèìóìà F , òàê è åå íåäîñòèæèìîñòü.
Ñëó÷àé 3. Ïóñòü äâà ïðèîðèòåòà αj : P (0 < αj < 1) > 0, j = 1, 2, à p3 =

P (α3 = 1) > 0, q3 = P (α3 = 0) > 0, p3 + q3 = 1. Òîãäà

F =
(
u1p1 + q1 + E

(
uα1

1 I{0<α1<1}
)) (

u2p2 + q2 + E
(
uα2

2 I{0<α2<1}
))

((−c1u1 − c2u2 + c3) p3 + q3). Óñëîâèå ñóùåñòâîâàíèÿ ìàêñèìóìà F , êàê è â ïðåäû-
äóùåì ñëó÷àå, àíàëèòè÷åñêè ïîëó÷èòü íå óäàëîñü, íî ðåçóëüòàòû èçó÷åíèÿ êîí-
êðåòíûõ ïðèìåðîâ äåìîíñòðèðóþò ñóùåñòâîâàíèå è åäèíñòâåííîñòü òî÷êè ãëî-
áàëüíîãî ìàêñèìóìà F .
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ÒÅÊÓÙÈÌÈ ÑÊÎÐÎÑÒßÌÈ Ñ ÏÐÀÂÛÌÈ ×ÀÑÒßÌÈ

ÑÏÅÖÈÀËÜÍÎÃÎ ÂÈÄÀ 2

Ïîíÿòèÿ ïðîèçâîäíûõ ñëåâà, ïðîèçâîäíûõ ñïðàâà, ñèììåòðè÷åñêèõ ïðîèçâîä-
íûõ è àíòèñèììåòðè÷åñêèõ ïðîèçâîäíûõ áûëè ââåäåíû âî âòîðîé ïîëîâèíå XX
âåêà Ý. Íåëüñîíîì ñì.[1]. Â ðàáîòàõ Þ.Å. Ãëèêëèõà, áûëà ïîñòðîåíà äîïîëíè-
òåëüíî êâàäðàòè÷íàÿ ïðîèçâîäíàÿ â ñðåäíåì. Òàêæå áûëî ïîêàçàíî, ÷òî åñëè çà-
äàíû òåêóùàÿ ñêîðîñòü è êâàäðàòè÷íàÿ ïðîèçâîäíàÿ â ñðåäíåì, òî ïðè íåêîòîðûõ
óñëîâèÿõ ìîæíî ïîñòðîèòü ïðîöåññ, èìåþùèé çàäàííóþ òåêóùóþ ñêîðîñòü è êâàä-
ðàòè÷íóþ ïðîèçâîäíóþ. Ýòî ïîçâîëèëî êîððåêòíî ïîñòàâèòü çàäà÷ó î íàõîæäåíèè
ïðîöåññà ïî åãî ïðîèçâîäíûì â ñðåäíåì. Åñëè çàäàíû ìíîãîçíà÷íàÿ òåêóùàÿ ñêî-
ðîñòü è êâàäðàòè÷íàÿ ïðîèçâîäíàÿ, òî óðàâíåíèå ïðåâðàùàåòñÿ âî âêëþ÷åíèå.

2Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 18-01-00048 À).
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Ïðè èññëåäîâàíèè äèôôåðåíöèàëüíûõ âêëþ÷åíèé ñ òåêóùèìè ñêîðîñòÿìè, â
îòëè÷èå îò âêëþ÷åíèé ñ ïðîèçâîäíûìè â ñðåäíåì ñïðàâà, íå óäàåòñÿ íàïðÿìóþ
èñïîëüçîâàòü ñòîõàñòè÷åñêèå èíòåãðàëû, òî åñòü äëÿ èõ èññëåäîâàíèÿ ïîíàäîáè-
ëèñü íîâûå ìåòîäû.
Â äîêëàäå ïðåäñòàâëåíû îñíîâíûå ðåçóëüòàòû, ïîëó÷åííûå ïðè èññëåäîâàíèè

äèôôåðåíöèàëüíûõ âêëþ÷åíèé ñ òåêóùèìè ñêîðîñòÿìè. Äîêàçàíà ðàçðåøèìîñòü
ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ âêëþ÷åíèé ñ òåêóùèìè ñêîðîñòÿìè â ñëåäó-
þùèõ ñëó÷àÿõ:
- ïðè íàëè÷èè ãëàäêèõ ñåëåêòîðîâ;
- â ñëó÷àå ñóùåñòâîâàíèÿ ε�àïïðîêñèìàöèé ñ ðàâíîìåðíî îãðàíè÷åííûìè ïåð-

âûìè ÷àñòíûìè ïðîèçâîäíûìè;
- â ñëó÷àå ïîëóíåïðåðûâíûõ ñâåðõó ïðàâûõ ÷àñòåé ñ ðàâíîìåðíî îãðàíè÷åííûìè

âûïóêëûìè çàìêíóòûìè îáðàçàìè;
- â ñëó÷àå êîãäà ïðàâàÿ ÷àñòü ñîîòíîøåíèÿ ñ êâàäðàòè÷íîé ïðîèçâîäíîé ïðè-

íèìàåò çíà÷åíèÿ â ñèììåòðè÷åñêèõ ìàòðèöàõ ñ ïîñòîÿííûì îïðåäåëèòåëåì;
- â ñëó÷àå ïîëóíåïðåðûâíûõ ñíèçó ïðàâûõ ÷àñòåé ñ ðàâíîìåðíî îãðàíè÷åííûìè

âûïóêëûìè çàìêíóòûìè îáðàçàìè.
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ÏÐÎÖÅÄÓÐÀ MCS ÄËß ÎÒÁÎÐÀ ÌÎÄÅËÅÉ ÂÐÅÌÅÍÍÛÕ
ÐßÄÎÂ1

Èç ìíîæåñòâà ïîäõîäîâ ê ïðîãíîçèðîâàíèþ íàèáîëüøåå ðàñïðîñòðàíåíèå íà
ïðàêòèêå ïîëó÷èëè ìåòîäû ýêñïåðòíûõ îöåíîê, ìåòîäû îáðàáîòêè ïðîñòðàíñòâåí-
íûõ è âðåìåííûõ ñîâîêóïíîñòåé, ìåòîäû ñèòóàöèîííîãî àíàëèçà è ïðîãíîçèðî-
âàíèÿ. Èõ ñóùåñòâåííî âàðüèðóþò ïî ñëîæíîñòè èñïîëüçóåìûõ àëãîðèòìîâ. Íà-
ëè÷èå íåñêîëüêèõ àëüòåðíàòèâíûõ ñïåöèôèêàöèé ìîäåëåé, ñïîñîáíûõ àäåêâàòíî
îïèñûâàòü ïðîöåññ ýêñòðàïîëÿöèè äàííûõ, îòêðûâàåò âîïðîñ î âûáîðå "íàèëó÷-
øåé ìîäåëè ïðîãíîçèðîâàíèÿ" â ñîîòâåòñòâèè ñ çàäàííûì êðèòåðèåì îïòèìàëüíî-
ñòè. Äîêëàä ïîñâÿùåí ïðîöåäóðå MCS (model con�dence set), êîòîðàÿ ïîçâîëÿåò
èç ìíîæåñòâà ìîäåëåé îòáðîñèòü "ïëîõèå"è ñîñòîèò èç ïîñëåäîâàòåëüíîñòè ñòà-
òèñòè÷åñêèõ òåñòîâ, ïîçâîëÿþùèõ ïîñòðîèòü íàáîð ìîäåëåé (SSM "Superior Set
Model"), äëÿ êîòîðûõ íóëåâàÿ ãèïîòåçà î èõ ðàâíîé ïðîãíîñòè÷åñêîé ñïîñîáíî-
ñòè íå îòêëîíÿåòñÿ ñ îïðåäåëåííûì óðîâíåì äîâåðèÿ [1]. Ñòàòèñòè÷åñêèå òåñòû

1 Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî ïðîåêòà � 17-01-00888 À.
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ðàññ÷èòûâàþòñÿ äëÿ ïðîèçâîëüíîé ôóíêöèè ïîòåðü lit
(
yit, ŷt

)
, îáëàäàþùåé ñòàí-

äàðòíûìè ñâîéñòâàìè ôóíêöèè ïîòåðü ( ŷt - ïðîãíîç ìîäåëè).
Íèæå ïðèâåäåì óêðóïíåííûé àëãîðèòì îòáîðà ìîäåëåé ñîãëàñíî ïðîöåäóðå MCS:

1) Äëÿ êàæäîé ìîäåëè ðàññ÷èòûâàåòñÿ å¼ "ñòåïåíü íåñîâåðøåíñòâà" , íàïðèìåð îò-
ñòàâàíèå ìîäåëè ïî êà÷åñòâó ïðîãíîçîâ îò ñàìîãî ñèëüíîãî êîíêóðåíòà èëè óñðåä-
í¼ííîå îòñòàâàíèå ìîäåëè îò îñòàëüíûõ; 2) Ïðîâåðÿåòñÿ ãèïîòåçà î òîì, ÷òî âñå
ìîäåëè èìåþò ðàâíóþ ïðîãíîñòè÷åñêóþ ñïîñîáíîñòü; 3) Åñëè ãèïîòåçà íå îòâåðãà-
åòñÿ, òî ïðîöåäóðà çàêàí÷èâàåòñÿ. Åñëè îñíîâíàÿ ãèïîòåçà îòâåðãàåòñÿ, òî ñàìàÿ
ïëîõàÿ ìîäåëü îòáðàñûâàåòñÿ; 4) Ïåðåõîäèì ê øàãó 1 ñ ìåíüøèì ÷èñëîì ìîäåëåé.
Ïðîöåäóðà MCS ðåàëèçîâàíà â îäíîèìåííîì ïàêåòå ïðîãðàììíîé ñðåäû ñòàòè-

ñòè÷åñêèõ âû÷èñëåíèé R [2]. Àêòóàëüíîñòü ïàêåòà ïîêàçàíà íà ïðèìåðå, êîòîðûé
íàïðàâëåí íà ïîäðîáíîå îïèñàíèå èñïîëüçîâàíèå ôóíêöèé, ïðåäîñòàâëÿåìûõ ïà-
êåòîì.

Ë È Ò Å Ð À Ò Ó Ð À
1. Hansen P.R., Lunde A., Nason J.M. Òhe model con�dence set./ Econometrica, 79(2), 2011, 453-497.
2. Bernardi M., Catania L. The Model Con�dence Set package for R/ CEIS Research Paper 362, Tor Vergata University,

CEIS, revised 17 Nov 2015.

Â.À. Íåñòåðåíêî (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
neva09@mail.ru

ÊËÀÑÑÈÔÈÊÀÖÈß ÄÀÍÍÛÕ ÍÀ ÎÑÍÎÂÅ ÔÓÍÊÖÈÉ
ÐÀÑÏÐÅÄÅËÅÍÈß

Â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàåòñÿ íîâûé ìåòîä êëàññèôèêàöèè äàííûõ,
îñíîâàííûé íà èñïîëüçîâàíèè ãðóïïîâûõ ñâîéñòâ êëàññèôèöèðóåìûõ îáúåêòîâ.
Êëàññèôèêàöèÿ ïðîèçâîäèòñÿ íà îñíîâå ñðàâíåíèÿ ýêñïåðèìåíòàëüíûõ ôóíêöèé
ðàñïðåäåëåíèÿ òåñòîâîé è îáó÷àþùåé âûáîðîê. Îöåíêà ñòåïåíè áëèçîñòè ôóíêöèé
ðàñïðåäåëåíèÿ ïîçâîëÿåò ñäåëàòü âûâîä î ïðèíàäëåæíîñòè îáúåêòîâ òåñòîâîé âû-
áîðêè èñêîìîìó êëàññó.
Â ïðîñòåéøåì ñëó÷àå ìîæíî ïðîâåðèòü òåñòîâóþ è îáó÷àþùóþ âûáîðêè íà îä-

íîðîäíîñòü. Åñëè ãèïîòåçà îá îäíîðîäíîñòè ïðèíèìàåòñÿ, òî îáúåêòû ïðîâåðÿåìîé
âûáîðêè ïðèíàäëåæàò òîìó æå êëàññó, ÷òî è îáúåêòû îáó÷àþùåé âûáîðêè. Òàêîé
ïðÿìîëèíåéíûé ïîäõîä èìååò ñóùåñòâåííûé íåäîñòàòîê: åñëè îòíîñèòåëüíûé ðàç-
ìåð êëàññà C íåâåëèêNC/N � 1 , òî âåðîÿòíîñòü òîãî, ÷òî âñå îáúåêòû ñëó÷àéíîé
òåñòîâîé âûáîðêè ïðèíàäëåæàò êëàññó C ìàëà ∼ (NC/N)m (N - îáùåå ÷èñëî îáú-
åêòîâ, NC - ÷èñëî îáúåêòîâ èñêîìîãî êëàññà, m - ðàçìåð òåñòîâîé âûáîðêè) è
íåîáõîäèìî ïðîâåðèòü ìíîãî âûáîðîê äëÿ íàõîæäåíèÿ îáúåêòîâ ïðèíàäëåæàùèõ
êëàññó C.
Â äàííîì ñëó÷àå ïðåäëàãàåòñÿ èñïîëüçîâàòü ñëåäóþùèé ïîäõîä: âîçüì¼ì äâå

ñëó÷àéíûå òåñòîâûå âûáîðêè, îáîçíà÷èì ÷åðåç F (+) òó, êîòîðàÿ äà¼ò ëó÷øóþ îöåí-
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êó íà îäíîðîäíîñòü ñ îáó÷àþùåé âûáîðêîé è ÷åðåç F (−) äðóãóþ. Âûïîëíåíèå êðè-
òåðèÿ ñîãëàñèÿ íå òðåáóåòñÿ, äîñòàòî÷íî èç äâóõ òåñòîâûõ âûáîðîê âûáðàòü òó,
êîòîðàÿ ¾áîëüøå ïîõîæà¿ íà îáó÷àþùóþ. Àññîöèèðóåì ñ êàæäûì îáúåêòîì äâà
ñ÷¼ò÷èêà k

(+)
i è k

(−)
i , ïðè êàæäîì èñïûòàíèè áóäåì óâåëè÷èâàòü çíà÷åíèå ñ÷¼ò÷è-

êîâ k
(+)
i íà 1 äëÿ îáúåêòîâ âûáîðêè F (+) è óâåëè÷èâàòü çíà÷åíèÿ ñ÷¼ò÷èêîâ k

(−)
i

äëÿ îáúåêòîâ âûáîðêè F (−). Ìîæíî ïîêàçàòü, ÷òî äëÿ îáúåêòîâ êëàññà C óñðåä-
í¼ííûå ïî âûáîðêàì çíà÷åíèÿ ñ÷¼ò÷èêîâ óäîâëåòâîðÿþò óñëîâèþ:

k
(+)

i /(k
(+)

i + k
(−)

i ) > 0.5− α.
Ïàðàìåòð α ≥ 0 õàðàêòåðèçóåò ñòåïåíü ïåðåñå÷åíèÿ ìíîæåñòâà òî÷åê êëàññà C è
ìíîæåñòâà îñòàëüíûõ òî÷åê: α = 0 â ñëó÷àå íåïåðåñåêàþùèõñÿ ìíîæåñòâ.
Ýòî óñëîâèå ñëóæàò êðèòåðèåì â ïðåäëàãàåìîì ìåòîäå êëàññèôèêàöèè äàííûõ.

Í.Â. Íåóìåðæèöêàÿ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ), Î.Ï. Ñèäåëüíèêîâà
(Âîëãîãðàä, Ðîññèÿ)
neunata@yandex.ru

ÊÎÍÖÅÏÖÈß ÌÍÎÃÎÔÀÊÒÎÐÍÎÃÎ ÝÊÑÏÅÐÈÌÅÍÒÀ ÏÐÈ
ÎÏÐÅÄÅËÅÍÈÈ ÑÒÅÏÅÍÈ ÏÐÎÑÊÎÊÀ ÏÛËÈ Â ÂÈÕÐÅÂÎÌ

ÈÍÅÐÖÈÎÍÍÎÌ ÀÏÏÀÐÀÒÅ ÑÎ ÂÑÒÐÅ×ÍÛÌÈ
ÇÀÊÐÓ×ÅÍÍÛÌÈ ÏÎÒÎÊÀÌÈ

Â íàñòîÿùåé ðàáîòå èñïîëüçîâàëàñü îäíà èç ñàìûõ âàæíûõ èäåé òåîðèè ïëà-
íèðîâàíèÿ ýêñïåðèìåíòà: êîíöåïöèÿ ìíîãîôàêòîðíîãî ýêñïåðèìåíòà. Ñìûñë åå
ñîñòîèò â ñëåäóþùåì. Îäíîâðåìåííî âàðüèðóÿ ôàêòîðû, âûçûâàþùèå èçìåíåíèå
ñîñòîÿíèÿ îáúåêòà, ìû îïðåäåëÿåì îáùåå ñîñòîÿíèå îáúåêòà (ýòî êàñàåòñÿ êàæ-
äîãî ýêñïåðèìåíòà). Îïòèìàëüíî èñïîëüçóÿ ôàêòîðíîå ïðîñòðàíñòâî, ìû äîáèâà-
åìñÿ ñíèæåíèÿ äèñïåðñèè êîýôôèöèåíòîâ ìàòåìàòè÷åñêîé ìîäåëè [1]. Â ðàáîòå
èñïîëüçîâàíû ïëàíû ýêñòðåìàëüíîãî ýêñïåðèìåíòà. Îíè ðàçðàáîòàíû äëÿ îïðåäå-
ëåíèÿ îïòèìàëüíûõ óñëîâèé ðàçâèòèÿ ïðîöåññîâ â îáúåêòàõ èññëåäîâàíèÿ. Îïòè-
ìóì îïðåäåëÿëñÿ ïî ìàòåìàòè÷åñêîé ìîäåëè îáúåêòà èññëåäîâàíèÿ, ïðåäñòàâëÿþ-
ùåé ñîáîé íåêîòîðîå ïîëèíîìèàëüíîå óðàâíåíèå.
Ìåòîä ïëàíèðîâàíèÿ ýêñïåðèìåíòà áûë ïðèìåíåí äëÿ îïðåäåëåíèÿ ñòåïåíè ïðî-

ñêîêà ïûëè ε â âèõðåâîì èíåðöèîííîì àïïàðàòå ñî âñòðå÷íûìè çàêðó÷åííûìè
ïîòîêàìè. Âàðüèðóåìûå ôàêòîðû: îòíîñèòåëüíàÿ ñêîðîñòü V̄ ïîòîêà â ïîïåðå÷-
íîì ñå÷åíèè àïïàðàòà, êîòîðàÿ ðàâíà îòíîøåíèþ ðàñõîäà ãàçà, ïîñòóïàþùåãî íà
î÷èñòêó, ê ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ àïïàðàòà; äîëÿ ðàñõîäà ãàçà k, ïîäà-
âàåìîãî â àïïàðàò ÷åðåç íèæíèé ââîä; îòíîñèòåëüíàÿ êîíöåíòðàöèÿ C̄ ïûëè â
î÷èùàåìîì ïîòîêå âîçäóõà, ðàâíàÿ êîíöåíòðàöèè ïûëè íà âõîäå â àïïàðàò. Â äî-
êëàäå áóäåò ïðåäñòàâëåíà òàáëèöà óðîâíåé è èíòåðâàëîâ âàðüèðîâàíèÿ ôàêòîðîâ è
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ìàòðèöà ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïî îïðåäåëåíèþ ñòåïåíè ïðîñêîêà ïû-
ëè. Îáðàáîòêà ðåçóëüòàòîâ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïîçâîëèëà ïîëó÷èòü
ñëåäóþùåå óðàâíåíèå ðåãðåññèè:

ε = 0, 25− 21, 03k + 42, 43k2 − 5, 4V̄ + 0, 33V̄ 2 − 0, 2C̄.

Â ðàáîòå äîêàçàíà ïðèãîäíîñòü óðàâíåíèÿ (1) äëÿ ðåøåíèÿ çàäà÷è ïîèñêà îï-
òèìóìà.

Ë È Ò Å Ð À Ò Ó Ð À
1. Àäëåð Þ.Ï, Ìàðêîâà Å.Â, Ãðàíîâñêèé Þ.Â. Ïëàíèðîâàíèå ýêñïåðèìåíòà ïðè ïîèñêå îïòèìàëüíûõ óñëîâèé. Ì.:

Íàóêà. 1976.

È.Â. Ïàâëîâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
pavloviv2005@mail.ru

Ê ÊÎÍÖÅÏÖÈÈ ÄÅÔÎÐÌÈÐÎÂÀÍÍÛÕ ÌÀÐÒÈÍÃÀËÎÂ Ñ
ÍÅÏÐÅÐÛÂÍÛÌ ÂÐÅÌÅÍÅÌ1

Ïóñòü (Ω,F = (Ft)∞t=0) � ïðîèçâîëüíàÿ ôèëüòðàöèÿ ñ íåïðåðûâíûì âðåìåíåì,
F := Vt≥0Ft. Åñëè G åñòü σ-ïîäàëãåáðà σ-àëãåáðû F , à P � âåðîÿòíîñòíàÿ ìåðà íà
F , òî îáîçíà÷èì EP

G f := EP [f |G]. Ðàññìîòðèì ñåìåéñòâî Q = (Ω, Qt
s,Ft)0≤s<t<∞

âåðîÿòíîñòíûõ ìåð Qt
s íà Ft è ñåìåéñòâî îïåðàòîðîâ óñëîâíîãî ìàòåìàòè÷åñêîãî

îæèäàíèÿ (Et
s)0≤s<t<∞: E

t
sf := E

Qts
Fs f , ãäå f � Ft-èçìåðèìàÿ íåîòðèöàòåëüíàÿ ñëó-

÷àéíàÿ âåëè÷èíà (ñ.â.). Òðèïëåò (Ω,F,Q) áóäåì íàçûâàòü äåôîðìèðîâàííûì ñòî-
õàñòè÷åñêèì áàçèñîì 2-ãî ðîäà (DSB-2), åñëè 1) ∀ 0 ≤ s < r < t <∞ Qr

s � Qt
r|Fr ;

2) ∀ 0 ≤ s < r < t < ∞ è ∀A ∈ Ft âûïîëíÿåòñÿ ðàâåíñòâî: Qt
s(A) = EQrsEt

r(IA).
Åñëè óñëîâèå 2)âûïîëíåíî, à âìåñòî 1) âûïîëíÿåòñÿ óñëîâèå 1') Qr

s ∼ Qt
r|Fr , òî

òðèïëåò (Ω,F,Q) íàçûâàåòñÿ ñëàáî äåôîðìèðîâàííûì ñòîõàñòè÷åñêèì áàçèñîì
(WDSB).
Äîêàçûâàåòñÿ, ÷òî äàííûå îïðåäåëåíèÿ ðàâíîñèëüíû ñîîòâåòñòâóþùèì îïðåäå-

ëåíèÿì â [1]. Â äîêëàäå áóäóò óñòàíîâëåíû ñâÿçè äåôîðìèðîâàííûõ ñòîõàñòè÷å-
ñêèõ áàçèñîâ ñ íåïðåðûâíûì è äèñêðåòíûì âðåìåíåì.

Ïðèìåð. Ïóñòü P � âåðîÿòíîñòü íà F . Ïóñòü ∀t ≥ 0 Bt ∈ Ft, Bt ↑, P (Bt) > 0

è PBt � óñëîâíàÿ âåðîÿòíîñòü îòíîñèòåëüíî Bt. Äëÿ âñåõ 0 ≤ s < t <∞ è A ∈ Ft
ïîëàãàåì: Qt

s(A) = PBs(A). Òîãäà (Ω,F,Q) åñòü DSB -2.
Îñíîâíûì îáúåêòîì îáñóæäåíèÿ â äîêëàäå áóäóò îïðåäåëÿåìûå íà DSB-2 äå-

ôîðìèðîâàííûå ìàðòèíãàëû 2-ãî ðîäà ñ íåïðåðûâíûì âðåìåíåì è èõ ÷àñòíûé
ñëó÷àé � îïðåäåëÿåìûå íà WDSB ñëàáî äåôîðìèðîâàííûå ìàðòèíãàëû ñ íåïðå-
ðûâíûì âðåìåíåì.

1Äàííàÿ ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 16-01-00184).
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ÎÏÈÑÀÍÈÅ ÒÎ×ÅÊ ÌÀÊÑÈÌÓÌÀ ÖÅËÅÂÎÉ ÔÓÍÊÖÈÈ
ÊÂÀÇÈËÈÍÅÉÍÎÉ ÑËÎÆÍÎÉ ÑÈÑÒÅÌÛ Ñ ÍÅÇÀÂÈÑÈÌÛÌÈ

ÏÐÈÎÐÈÒÅÒÀÌÈ

Â íàñòîÿùåì äîêëàäå ïðåäñòàâëåíû îñíîâíûå ðåçóëüòàòû ðàáîòû [1] è íåêîòî-
ðûå äîïîëíåíèÿ ê íèì. Äàííàÿ ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 16-01-00184).

Ðàññìîòðèì ôóíêöèè Fj(x) =

(
n∑
i=1

aijxi + bj

)
I
{
n∑
i=1

aijxi+bj>0}
, j = 1, 2, . . . , k, ãäå

IA åñòü èíäèêàòîð ìíîæåñòâà A. Ïóñòü αj = αj(ω) � ïðîèçâîëüíûå ñ.â., îïðåäå-
ëåííûå íà íåêîòîðîì âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,F , P ) è ïðèíèìàþùèå çíà-
÷åíèÿ íà îòðåçêå [0;1]. Ìû áóäåì èññëåäîâàòü íà ýêñòðåìóìû öåëåâóþ ôóíêöèþ

F = E
(∏n

j=1 F
αj
j

)
, ãäå E � ñèìâîë ìàòåìàòè÷åñêîãî îæèäàíèÿ ïî âåðîÿòíîñòè P .

Îòìåòèì, ÷òî íåñìîòðÿ íà âíåøíþþ ïðîñòîòó ôóíêöèè F , ýòà çàäà÷à íå ñòîëü ïðî-
ñòà è èìååò ðàçëè÷íûå îòâåòâëåíèÿ. Ìû ïðåäïîëàãàåì, ÷òî ñ.â. αj, j = 1, 2, . . . , k,

íåçàâèñèìû. Ââåäåì â ðàññìîòðåíèå ñèñòåìó âåêòîðîâ (1): aj = (a1j, a1j, . . . , anj),
j = 1, 2, . . . , k. Íåòðóäíî äîêàçûâàåòñÿ, ÷òî åñëè ôóíêöèÿ F èìååò ñòàöèîíàðíóþ
òî÷êó â îáëàñòè ñâîåé ïîëîæèòåëüíîñòè, òî ñèñòåìà âåêòîðîâ (1) ëèíåéíî çàâèñèìà
è ïðè ýòîì êàæäûé âåêòîð ñèñòåìû (1) ìîæåò áûòü ïðåäñòàâëåí â âèäå ëèíåéíîé
êîìáèíàöèè ñ îòðèöàòåëüíûìè êîýôôèöèåíòàìè ÷åðåç îñòàëüíûå. Áóäåì ïðåä-
ïîëàãàòü, ÷òî ýòè óñëîâèÿ âûïîëíåíû. Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî ñðåäè
âåêòîðîâ ñèñòåìû (1) ñóùåñòâóåò k − 1 ëèíåéíî íåçàâèñèìûõ âåêòîðîâ. Ìîæíî
ñ÷èòàòü, ÷òî ýòèìè âåêòîðàìè ÿâëÿþòñÿ a1, a2, . . . , ak−1. Çàïèøåì ïðåäñòàâëåíèå
aj = −

∑k−1
i=1 ciai, ãäå ci, i = 1, 2, . . . , k − 1, � îäíîçíà÷íî îïðåäåëåííûå ñòðîãî

ïîëîæèòåëüíûå ÷èñëà. Ïóñòü ck :=
∑k−1

i=1 cibi + bk.

Òåîðåìà. Ïóñòü P (αj > 0) = 1 äëÿ âñåõ j = 1, 2, . . . , k è ck > 0. Òîãäà
ôóíêöèÿ F (u1, . . . , uk) =

∏k
j=1E[u

αj
j ] â îáëàñòè, îïðåäåëÿåìîé íåðàâåíñòâàìè

ui > 0, i = 1, 2, . . . , k − 1, è
k−1∑
i=1

ciui < ck èìååò åäèíñòâåííóþ ñòàöèîíàðíóþ

òî÷êó, ÿâëÿþùóþñÿ ëîêàëüíîé (à òàêæå ãëîáàëüíîé) òî÷êîé ìàêñèìóìà.
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ÂÅÐÎßÒÍÎÑÒÍÛÉ ÏÎÄÕÎÄ Ê ÐÅØÅÍÈÞ ÇÀÄÀ×È
ÐÀÑÏÐÅÄÅËÅÍÈß ÐÅÑÓÐÑÎÂ

Â ðàáîòå ðàññìòðèâàåòñÿ ìîäåëü, àíàëîãè÷íàÿ ðàññìîòðåííîé â [1]. Ïóñòü äàíà
ñëåäóþùàÿ öåëåâàÿ ôóíêöèÿ: F = f1 + f2, ãäå f1 = x1

α1y1
α2, f2 = x2

1−α1y2
1−α2 ðàñ-

ñìàòðèâàþòñÿ íà ìíîæåñòâå B = {(x1, y1, x2, y2) : 0 ≤ xi ≤ 1, 0 ≤ yi ≤ 1, i = 1, 2}.
Ïðè ýòîì 0 ≤ α1 ≤ 1 è 0 ≤ α2 ≤ 1. Äâà ñëàãàåìûõ îïèñûâàþò äâà ýêîíîìè÷åñêèõ
îáúåêòà, ìåæäó êîòîðûìè ïðîèñõîäèò ðàñïðåäåëåíèå ðåñóðñà I òèïà (ïåðåìåííûå
x1 è x2) è ðåñóðñà II òèïà (ïåðåìåííûå y1 è y2). Ñ÷èòàåì, ÷òî x1+x2 = 1, y1+y2 = 1.
Òîãäà ïîëó÷àåì ñëåäóþùóþ öåëåâóþ ôóíêöèþ F = f1 + f2, ãäå f1 = xα1yα2,
f2 = (1 − x)1−α1(1 − y)1−α2,D = {(x, y) : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, i = 1, 2}. Ñëó÷àé
íàõîæäåíèÿ îïòèìàëüíîãî ðàñïðåäåëåíèÿ ðåñóðñîâ â ýòîì ñëó÷àå ðàññìîòðåí â [2].
Äàëåå áóäåì ñ÷èòàòü, ÷òî ïîêàçàòåëè α1 è α2 îçíà÷àþò, ÷òî ýòè îáúåêòû ñâÿçàíû

òåõíîëîãè÷åñêè, ïðè÷¼ì âûáîð òåõíîëîãèè ÿâëÿåòñÿ ðåçóëüòàòîì ðàçëè÷íûõ ýêñ-
ïåðòíûõ ðåêîìåíäàöèé, ÷òî ïîáóæäàåò ñ÷èòàòü α1 è α2 ñëó÷àéíûìè âåëè÷èíàìè.
Ðàññìîòðèì ñëó÷àé, êîãäà ýòè äâå ñ.â. çàâèñèìû, à òî÷íåå α2 = 1−α1. Îáîçíà÷èì
α1 = α.
Ïóñòü α(ω) - ïðîèçâîëüíàÿ ñ.â., îïðåäåë¼ííàÿ íà íåêîòîðîì âåðîÿòíîñòíîì ïð-

ñòðàíñòâå (Ω,F , P ) è ïðèíèìàþùàÿ çíà÷åíèÿ íà [0; 1]. Òîãäà â êà÷åñòâå öåëåâîé
ôóíêöèè àðáèòðà áóäåì ðàñìàòðèâàòü E(F ), ãäå E - ìàòåìàòè÷åñêîå îæèäàíèå ïî
âåðîÿòíîñòíîé ìåðå P .
Â ðàáîòå ðàññìàòðèâàåòñÿ ñëó÷àé êîãäà α - ñ.â., èìåþùàÿ ðàâíîìåðíîå ðàñïðå-

äåëåíèå íà [0; 1]. Ïðè ýòîì óñëîâèè ïðîâîäèòñÿ èññëåäîâàíèå ïîâåäåíèÿ E(F ) íà
ìíîæåñòâå D.
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ØÐ�ÄÈÍÃÅÐÀ1

Îáîçíà÷èì ÷åðåç P t ãðóïïó óíèòàðíûõ îïåðàòîðîâ P t = e−itH , ãäå H = −1
2
d2

dx2 .
1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-11-01136).
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Ãðóïïà P t ïåðåâîäèò íà÷àëüíóþ ôóíêöèþ ϕ â ðåøåíèå u(t, ·) óðàâíåíèÿ Øð¼äèí-
ãåðà −i ∂u∂t = 1

2
∂2u
∂x2 .

Ïóñòü {ξj}∞j=1 - ïîñëåäîâàòåëüíîñòü í.î.ð. íåîòðèöàòåëüíûõ ñëó÷àéíûõ âåëè÷èí.
Ìû ïðåäïîëîæèì, ÷òî ñëó÷àéíàÿ âåëè÷èíà ξ1 èìååò êîíå÷íûé òðåòèé ìîìåíò è
Eξ2

1 = 1.
Äàëåå, ïóñòü η(t), t > 0 � ñòàíäàðòíûé ïóàññîíîâñêèé ïðîöåññ, íå çàâèñÿùèé

îò {ξj}. Îáîçíà÷èì m1 = Eξ1 > 0, m3 = Eξ3
1 > 0.

Äëÿ n ∈ N îïðåäåëèì ïðîöåññ ζn(t), t ∈ [0, T ], ïîëàãàÿ

ζn(t) =
1√
n

η(nt)∑
j=1

(ξj −m1).

Îïðåäåëèì ïîëóãðóïïó îïåðàòîðîâ P t
n, ïîëàãàÿ äëÿ ϕ ∈ L2(R)

P t
nϕ(x) = E

(
(ϕ+ ∗Rt

n)
(
x+ e

iπ
4 ζn(t)

)
+ (ϕ− ∗Rt

n)
(
x− e

iπ
4 ζn(t)

))
,

ãäå ôóíêöèÿ Rt
n çàäàåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå, èìåííî

R̂t
n(p) = exp

(
− i3σ3t|p|3

6
√
n

)
,

à ôóíêöèè ϕ+, ϕ− îïðåäåëÿþòñÿ êàê

ϕ+(x) =
1

2π

∫ 0

−∞
e−ipxϕ̂(p)dp, ϕ−(x) =

1

2π

∫ ∞
0

e−ipxϕ̂(p)dp.

Ôóíêöèÿ ϕ+ àíàëèòè÷åñêè ïðîäîëæàåòñÿ â âåðõíþþ ïîëóïëîñêîñòü, à ϕ−, ñî-
îòâåòñòâåííî, â íèæíþþ.

Òåîðåìà 1. Ñóùåñòâóåò C > 0 òàêîå, ÷òî äëÿ ëþáîé ôóíêöèè ϕ ∈ W 4
2 (R) è

âñåõ t > 0 ñïðàâåäëèâî

‖P t
nϕ− P tϕ‖L2

6
C t

n
‖ϕ‖W 4

2
.
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ÈÍÒÅÐÏÎËßÖÈÎÍÍÛÅ ÌÀÐÒÈÍÃÀËÜÍÛÅ ÌÅÐÛ ÍÀ
ÔÈÍÀÍÑÎÂÛÕ ÐÛÍÊÀÕ ÑÎ Ñ×�ÒÍÛÌ ×ÈÑËÎÌ ÈÑÕÎÄÎÂ È

ÊÎÍÅ×ÍÛÌ ÃÎÐÈÇÎÍÒÎÌ 1

Ðàññìàòðèâàåòñÿ (1, Z)-ðûíîê, çàäàííûé íà ôèëüòðîâàííîì ïðîñòðàíñòâå (Ω,F),
F = (Fk)Nk=0, Ω � ñ÷¼òíîå ïðîñòðàíñòâî ýëåìåíòàðíûõ ñîáûòèé. Ïîëàãàåì, ÷òî â

1Äàííàÿ ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 16-01-00184).
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íà÷àëüíûé ìîìåíò âðåìåíè âñÿ ñèòóàöèÿ íà ðûíêå èçâåñòíà ( F0 = {Ω,Ø}). Ïðè
ïåðåõîäå ê ìîìåíòó âðåìåíè k = 1 íà ðûíêå âîçíèêàåò ðÿä íîâûõ (íåòðèâèàëü-

íûõ)ñîáûòèé: A
(1)
1 , A

(1)
2 , . . . ; A

(1)
i ∩ A

(1)
j = Ø, ∪∞i=1A

(1)
i = Ω. Ïîëó÷èì σ-àëãåáðó

F1 = σ{A(1)
1 , A

(1)
2 , . . . }. Äëÿ òîãî, ÷òîáû îïðåäåëèòü σ-àëãåáðó F2 âûáåðåì ñëó÷àé-

íûì îáðàçîì íàòóðàëüíîå ÷èñëî, îáîçíà÷èì åãî: δ
(1)
1 . Ðàññìîòðèì ñîîòâåòñòâóþùåå

åìó ñîáûòèå: A
(1)

δ
(
11)
. Ïðè ïåðåõîäå îò ìîìåíòà k = 1 ê k = 2 áóäåì ñ÷èòàòü, ÷òî

òîëüêî ýòîò àòîì äðîáèòñÿ íà ñ÷¼òíîå ÷èñëî àòîìîâ A
(2)
1 , A

(2)
2 , . . . , à îñòàëüíûå àòî-

ìû σ-àëãåáðû F1 îñòàþòñÿ áåç èçìåíåíèÿ, òîãäà F2 = σ{A(2)
1 , A

(2)
2 , . . . ,F1}. Ïðî-

äîëæàÿ ýòó ïðîöåäóðó äàëåå, ïîëó÷èì ôèëüòðàöèþ F. Ïóñòü Z = (Zk,Fk)Nk=0 � F-
àäàïòèðîâàííûé ñëó÷àéíûé ïðîöåññ (äèñêîíòèðîâàííàÿ ñòîèìîñòü àêöèè),
P(Z,F) � ìíîæåñòâî âåðîÿòíîñòíûõ ìåð P , äëÿ êîòîðûõ ñëó÷àéíûé ïðîöåññ
(Zk,Fk, P )Nk=0 ÿâëÿåòñÿ ìàðòèíãàëîì. Ïðåäïîëàãàåì, ÷òî èñõîäíûé ðûíîê ÿâëÿ-
åòñÿ áåçàðáèòðàæíûì è íåïîëíûì. Â äîêëàäå áóäåò ïîêàçàíî êàê ñ ïîìîùüþ
ìàðòèíãàëüíûõ ìåð, óäîâëåòâîðÿþùèõ ÎÑÓÕÅ [1], è ñïåöèàëüíîé ôèëüòðàöèè Í
õààðîâñêîãî òèïà, èíòåðïîëèðóþùåé èñõîäíóþ ôèëüòðàöèþ F, ìîæíî ïîñòðîèòü
ïðîöåññ Y = (Yn,Hn, P )∞n=0, êîòîðûé èíòåðïîëèðóåò èñõîäíûé ïðîöåññ Z. Ýòîò
ìåòîä ïîçâîëÿåò ïåðåéòè îò èñõîäíîãî íåïîëíîãî ðûíêà ê ðàñøèðåííîìó ïîëíîìó
è íà íåì âû÷èñëèòü êîìïîíåíòû ñîâåðøåííîãî õåäæà, ðåïëèöèðóþùåãî çàäàííîå
ôèíàíñîâîå îáÿçàòåëüñòâî.
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Ðàçðàáîòàíà ìàðêîâñêàÿ ìîäåëü äâèæåíèÿ ñèñòåìû âûñîêîòî÷íîãî ïîçèöèîíè-
ðîâàíèÿ â óãëàõ Ýéëåðà-Êðûëîâà â ôîðìå ¾îáúåêò-íàáëþäàòåëü¿[1]. Åå ïðèìåíå-
íèå äàåò âîçìîæíîñòü îïðåäåëèòü îöåíêó âåêòîðà ñîñòîÿíèÿ ñèñòåìû âûñîêîòî÷-
íîãî ïîçèöèîíèðîâàíèÿ ïóòåèçìåðèòåëüíîãî âàãîíàâ èíåðöèàëüíîì ïðîñòðàíñòâå
íà äëèòåëüíîì èíòåðâàëå âðåìåíè â óñëîâèÿõ äåéñòâèÿ ïîìåõ áåç ïðèâëå÷åíèÿ
íàçåìíûõ ñèñòåì îðèåíòèðîâàíèÿ. Ïðåèìóùåñòâàìè ïîëó÷åííîé ìîäåëè ÿâëÿåòñÿ
ìàëàÿ ïî ñðàâíåíèþ ñ äðóãèìè ïàðàìåòðàìè ðàçìåðíîñòü è òî, ÷òî ïðè åå ïî-
ñòðîåíèè èñïîëüçîâàëèñü òîëüêî ïîêàçàíèÿ àêñåëåðîìåòðîâ, ðàñïîëîæåííûõ íà
ãèðîñòàáèëèçàòîðå, è ïðèáîðíûé ñîñòàâ íå ðàñøèðÿëñÿ [2,3].
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ÎÁÎÑÍÎÂÀÍÈÅ ÂÛÁÎÐÀ ÎÏÒÈÌÀËÜÍÛÕ ÑÒÐÀÒÅÃÈÉ
ÈÍÂÅÑÒÎÐÎÂ ÍÀ ÔÈÍÀÍÑÎÂÛÕ ÐÛÍÊÀÕ ÑÎ Ñ×ÅÒÍÛÌ

×ÈÑËÎÌ ÑÎÑÒÎßÍÈÉ 1

Ðàññìîòðèì áåçàðáèòðàæíûé è íåïîëíûé (B, S)-ðûíîê, çàäàííûé íà {Ω,F},
ãäå Ω = {ωi}∞i=1, F = (F0,F1) � îäíîøàãîâàÿ ôèëüòðàöèÿ, Z = (Zi,Fi)1

i=0 � F-
àäàïòèðîâàííûé ñëó÷àéíûé ïðîöåññ (ñ.ï.). Ñ.ï. Z � äèñêîíòèðîâàííàÿ ñòîèìîñòü
àêöèè. Ïóñòü Z0 = a, Z1(ωi) = bi, bi > 0, i = 1, 2, . . .. Áóäåì ãîâîðèòü, ÷òî P ∈
NBC (óäîâëåòâîðÿåò óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ), åñëè ðÿä

∞∑
i=1

bipi

àáñîëþòíî ñõîäèòñÿ è ∀I, J ⊂ N (I ∩ J = �, |I| 6 |J |)
∑
I

bipi∑
I

pi
6=

∑
J

bjpj∑
J

pj
. Èíòåðåñ

ïðåäñòàâëÿþò íåâûðîæäåííûå ìàðòèíãàëüíûå ìåðû P , êîòîðûå óäîâëåòâîðÿþò
óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ (NBC). Ýòî óñëîâèå ïîçâîëÿåò îòíîñèòåëüíî
ïðîèçâîëüíîé ñïåöèàëüíîé èíòåðïîëèðóþùåé õààðîâñêîé ôèëüòðàöèè ñ ïîìîùüþ
ìàðòèíãàëüíîé ìåðû P ∈ NBC èíòåðïîëèðîâàòü íåïîëíûé ðûíîê äî ïîëíîãî.
Â äàííîé ðàáîòå áóäóò óòî÷íåíû äîñòàòî÷íûå óñëîâèÿ äëÿ ïàðàìåòðîâ ðûíêà,
êîòîðûå áûëè ïîëó÷åíû ðàíåå è îïóáëèêîâàíû â [1]-[2] è îáåñïå÷àò ñóùåñòâîâàíèå
òàêîé ìàðòèíãàëüíîé ìåðû.
Ïðîãðàììíûé êîìïëåêñ, îñíîâàííûé íà ýòèõ ðåçóëüòàòàõ, ïîçâîëèò ïðèìåíÿòü

ìåòîä ñïåöèàëüíûõ õààðîâñêèõ èíòåðïîëÿöèé ê ðàñ÷åòàì íà áåçàðáèòðàæíûõ ôè-
íàíñîâûõ ðûíêàõ, ÷òî ñóùåñòâåííî îáëåã÷èò âûáîð îïòèìàëüíûõ ñòðàòåãèé èíâå-
ñòîðîâ íà ôèíàíñîâûõ ðûíêàõ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ïàâëîâ È.Â., Øàìðàåâà Â.Â. // Íîâûå ðåçóëüòàòû î ñóùåñòâîâàíèè èíòåðïîëÿöèîííûõ ìàðòèíãàëüíûõ ìåð. //

Óñïåõè ìàòåìàòè÷åñêèõ íàóê, 72:4 (2017), 193-194.
2. Øàìðàåâà Â.Â. // Î ñóùåñòâîâàíèè ñïåöèàëüíûõ èíòåðïîëÿöèîííûõ ìàðòèíãàëüíûõ ìåð, äîïóñêàþùèõ ïðåîáðà-

çîâàíèå íåïîëíûõ ôèíàíñîâûõ ðûíêîâ â ïîëíûå. Òåîðèÿ âåðîÿòí. è åå ïðèìåí., 62:4 (2017), 798�839.

1Äàííàÿ ðàáîòà ïîääåðæàíà ÐÔÔÈ (ãðàíò 16-01-00184).
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Abdulrahman H., Skorokhodov V.A. (Rostov-on-Don, Russia)
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ON DYNAMIC RESOURCES NETWORKS. THE CASE OF LOW
RESOURCE

We consider ergodic dynamic resource network G(X,U, f,D) [1,2]. Each arc u of
such network has an throughput capacity r(u), wich is periodic depended on discrete
time with period D. Every node of the network stores some amount of ¾resource¿. This
resource disseminates through networks according to the speci�ed rules.
Set of values {qi(t)} i ∈ [1;n]Z are called network G state in the moment t and each

of these values qi(t) is called the quantity of resource in vertex i in the moment t.
We de�ne rules of functioning of the dynamic resourse network: for each i ∈ [1;n]Z

qi(t+ 1) = qi(t)−
∑

v∈[xi]+(t)

F (v, t) +
∑

v∈[xi]−(t)

F (v, t),

where F (v, t) is a the resource �ow value, which passes through the arc v in the moment
t.
We consider only such networks, wich are K-cyclic ergodic graphs and if K = 1,

such graph is called regular.
Methods of �nding threshold value of resource and limit state on the dynamic

resources networks, wich based on construction of auxiliary graphG′ similar to nonstandard
reachability, are developed in case of low resource.
Proposition. Let G � be an ergodic dynamic resource networks with period D.

1. The threshold value of G is T =

sc(G′)∑
i=1

T (Hi)

D , where Hi is a connectivity component
of auxiliary graph G′ and sc(G′) is the number of such components. Values T (Hi) can
be found such as it was described in [2];
2. In case W = T the limit state Q∗ of G exists and is unique.

R E F E R E N C E S
1.Kuznetsov O.P., Zhilyakova L.Yu.Nonsymmetric resource networks. The study of limit states. Management and Production

Engineering Review. 2011. Vol. 2, No. 3. pp. 33�39
2.
2. Skorokhodov V.A., Chebotareva A. S. The Maximum Flow Problem in a Network with Special Conditions of Flow

Distribution. Journal of Applied and Industrial Mathematics. 2015. Vol. 9, No. 3. pp. 435�446.

A.M. S. Al-Temimi, V. S. Pilidi (Rostov-on-Don, Russia)
ammar.comsec.it@gmail.com, pilidi@sfedu.ru

ON THE THRESHOLD VALUES FOR CANNY EDGE DETECTOR IN
THE CASE OF MEDICAL X-RAY IMAGES

Canny edge detector [1] is an e�ective algorithm for �nding boundaries in the digital
image. Analysis of intensity gradients of the image is the main step of this algorithm.
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Here there are used two di�erent thresholds (to detect so called strong and weak
edges) for the values. The algorithm includes weak edges in the output only if they
are connected with the strong ones. These values are chosen by the user, and the result
depends on them signi�cantly.
This edge detector was used in the algorithms [2] which permit to analyze medical

X-ray images of the human joints and �nd the so called reference lines and angles [3]. As
a result of the experiments, the optimal values of the parameters of the intermediate
algorithms (including values if thresholds mentioned above) were determined, which
allowed automatic processing without additional program setting in the case of an
average quality image. The obtained after Canny detector image required extensive
additional processing to �nd the details that were important for medical analysis.
In the programs created on the basis of the developed algorithms, a manual correction

of the thresholds was provided, which, of course, signi�cantly slows down the work with
the image.
Our experiments showed that it is possible to automatically �nd these thresholds,

using only the statistical characteristics of the image. This signi�cantly improves the
quality of the de�nition of boundaries and, as a result, the need for further processing
of the image disappears or substantially decreases.

R E F E R E N C E S
1. Canny J.A. Computational Approach to Edge Detection. IEEE Transactions. 1986. Vol. PAMI-8, No. 6, pp. 659�663.
2. Al Temimi A.M. S., Pilidi V. S. Automating the process of determining the reference lines on the X-ray medical images.

2017. Engineering Journal of Don. No. 1 ivdon.ru/ru/magazine/archive/n1y2017/4007

3. Solomin L.N., Shchepkina E.A. Opredelenie referentnyh linij i uglov dlinnyh trubchatyh kostej: posobie dlja vrachej

[Determining reference lines and angles of the long bones: a manual for physicians]. SPb.: RNIITO im. R.R. Vredena, 2010. 46

pp.

Ì.À. Stepovichα, À.N. Àmrastanovβ, Å.V. Sereginaγ (Kaluga, Russia),
M.N. Filippovδ (Ìoscow, Russia)
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ON ONE PECULIARITY OF THE MATHEMATICAL MODEL
DESCRIBING THE INTERACTION OF THE ELECTRON BEAM

WITH THE SEMICONDUCTOR MATERIAL

The problem of heat distribution in semiconductor materials irradiated with sharply

focused electron beam in the absence of heat exchange between the target and the

external medium has been considered by mathematical modeling methods. The three�

dimentional di�erential equation of heat transfer is solved in a cylindrical coordinate

system. In the quantitative description of energy losses by probe electrons, a model

based on a separate description of the contributions to the energy of absorbed and
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backscattered electrons is used [1]. Using the features of this approach, the nonmonotonic

dependence of the temperature of the maximum heating of the target ∆T on the energy

of the primary electrons E0 is explained. The results of the calculations show that the

contribution of electrons absorbed in the target to the total energy losses of the probe

electrons in the target is decisive for the probe energy of less than about 2. . . 3 keV.

We note that for heavy semiconductors (for example for CdTe), the energy loss of

the absorbed electrons becomes practically zero at an energy of about 8 keV. For light

samples (for example for Si) and samples with average ordinal numbers (for example for

GaAs), the energy losses absorbed by the target absorbed and back scattered (re�ected)

electrons become commensurate with the electron energy of the probe about 8 keV,

and at higher energies the contribution of backscattered electrons predominates. This

can be explained by the deeper penetration and large scattering in the target of the

probe electrons and, as a consequence, the lower probability of the exit from the target

of electrons experiencing small�angle scattering in the volume of the semiconductor.

This work was supported in part by the Russian Foundation for Basic Research,

project no. 16�03�00515.
Ë È Ò Å Ð À Ò Ó Ð À

1. Mikheev N.N., Stepovich M.A. Distribution of Energy Losses in Interaction of an Electron Probe with Material. Industrial
Laboratory. 1996. Vol. 62, no. 4, pp. 221�226.

Ì.À. Àáäåëõàôèç, Â. Ã. Öèáóëèí (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò,
Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
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ÊÎÑÈÌÌÅÒÐÈß È ÌÎÄÅËÈÐÎÂÀÍÈÅ ÀÍÈÇÎÒÐÎÏÍÎÉ
ÊÎÍÂÅÊÖÈÈ ÍÀÍÎÆÈÄÊÎÑÒÈ Â ÏÎÐÈÑÒÎÉ ÑÐÅÄÅ

Äëÿ ìîäåëèðîâàíèÿ êîíâåêöèè æèäêîñòè â ïîðèñòîé ñðåäå èñïîëüçóåòñÿ ìîäåëü

Äàðñè-Áóññèíåñêà. Â ïëîñêîé ïîñòàíîâêå ðàññìàòðèâàåòñÿ çàäà÷à î ïîäîãðåâå íà-

íîæèäêîñòè â ïðÿìîóãîëüíèêå Ω = [0, a] × [0, b] ïðè ëèíåéíîì ïî âûñîòå ðàñïðå-

äåëåíèè òåìïåðàòóðû è êîíöåíòðàöèè íàíî÷àñòèö. Äëÿ ôóíêöèè òîêà ψ(x, y, t),

îòêëîíåíèé òåìïåðàòóðû θ(x, y, t) è êîíöåíòðàöèè c(x, y, t) ñòàâèòñÿ íà÷àëüíî�

êðàåâàÿ çàäà÷à ñ ó÷åòîì îðòîòðîïèè ñâîéñòâ æèäêîñòè è ñðåäû

0 = µ11ψyy + µ22ψxx + θx + cx,

θ̇ = dT11θxx + dT22θyy − λTψx − J(ψ, θ), J(ψ, θ) = θxψy − θyψx,
ċ = dC11cxx + dC22cyy − λCψx + dCT11 θxx + dCT22 θyy − J(ψ, c).

[ψ, θ, c]∂Ω = 0, θ(x, y, 0) = θ0(x, y), c(x, y, 0) = c0(x, y).



¾Table of content¿

Bioinformatics and Mathematical Modelling 137

Çäåñü λT � òåìïåðàòóðíîå ÷èñëî Ðýëåÿ, λC � êîíöåíòðàöèîííîå ÷èñëî Ðýëåÿ;

µii, dTii, dCii , dCTii , (i = 1, 2) � êîýôôèöèåíòû îáðàòíîé ïðîíèöàåìîñòè, òåï-

ëîïðîâîäíîñòè, ìîëåêóëÿðíîé äèôôóçèè è òåðìîäèôôóçèè (ýôôåêò Ñîðå).

Óñòàíîâëåíû óñëîâèÿ

µ11d
C
11 = µ22d

C
22,
[
−µ22d

C
22 + µ11d

CT
11

]
dT22 =

[
−dC22 + dCT22

]
µ11d

T
11,

ïðè êîòîðûõ êîñèììåòðèåé ñèñòåìû áóäåò âåêòîð-ôóíêöèÿ

L = (θ + c, S1ψ, S2ψ), S1 = µ11

[
dCT22 − dC22

]
/dT22d

C
22, S2 = −µ11/d

C
22.

Ïðè óñëîâèÿõ êîñèììåòðèè è äëÿ ñëó÷àÿ ìîíîòîííîé íåóñòîé÷èâîñòè âûâîäèòñÿ

ñîîòíîøåíèå, ñâÿçûâàþùåå êðèòè÷åñêèå ÷èñëà Ðýëåÿ λT è λC :

λTcrit
[
dC11 − dCT11

]
+ dT11λ

C
crit = 4π2dT11d

C
11

(µ22

a2
+
µ11

b2

)
.

Ïðè λC = 0 ïîëó÷àåòñÿ êðèòè÷åñêîå çíà÷åíèÿ ÷èñëà Ðýëåÿ (Èçâ. ÐÀÍ. ÌÆÃ.

2017). Äëÿ âû÷èñëåíèÿ êîíâåêòèâíûõ ðåæèìîâ ïðèìåíÿåòñÿ ìåòîä ( ÆÂÌèÌÔ,

2017), ñîõðàíÿþùèé êîñèììåòðèþ çàäà÷è.

Í.Â. Áîåâ (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
boyev@math.rsu.ru

ÐÀÑÑÅßÍÈÅ ÓËÜÒÐÀÇÂÓÊÎÂÛÕ ÂÎËÍ ÍÀ ÑÊÎÏËÅÍÈßÕ
ÒÂÅÐÄÛÕ ÂÊËÞ×ÅÍÈÉ Â ÄÂÓÌÅÐÍÎÉ ÓÏÐÓÃÎÉ ÑÐÅÄÅ Ñ
Ó×ÅÒÎÌ ÈÕ ËÞÁÛÕ ÎÒÐÀÆÅÍÈÉ È ÒÐÀÍÑÔÎÐÌÀÖÈÉ

Íàëè÷èå òâåðäûõ âêëþ÷åíèé â îäíîðîäíîì óïðóãîì ìàòåðèàëå ñóùåñòâåííî ìå-

íÿåò åãî ñâîéñòâà â ðåæèìå äèíàìè÷åñêîãî âîçäåéñòâèÿ íà íåãî. Ýòî îáñòîÿòåëü-

ñòâî ïîçâîëÿåò îòíåñòè åãî ê ìåòàìàòåðèàëàì, ñâîéñòâà êîòîðûõ èíòåíñèâíî èçó-

÷àþòñÿ â íàñòîÿùåå âðåìÿ. Èññëåäîâàíà çàäà÷à ïðîõîæäåíèÿ óëüòðàçâóêîâûõ âîëí

÷åðåç ñêîïëåíèÿ òâåðäûõ ïðåïÿòñòâèé (â òîì ÷èñëå è ïåðèîäè÷åñêîé ñòðóêòóðû),

íàõîäÿùèõñÿ â áåñêîíå÷íîé äâóìåðíîé óïðóãîé ñðåäå.

Â ñêîïëåíèå ïðåïÿòñòâèé ââîäèòñÿ èìïóëüñ ñ òîíàëüíûì çàïîëíåíèåì íåñêîëü-

êèìè ïåðèîäàìè ïëîñêîé âûñîêî÷àñòîòíîé, ìîíîõðîìàòè÷åñêîé ïðîäîëüíîé èëè

ïîïåðå÷íîé óïðóãîé âîëíû, à â íåêîòîðîé îáëàñòè óïðóãîé ñðåäû ïðèíèìàåò-

ñÿ ïðîøåäøàÿ âîëíà ñ ëþáûìè âîçìîæíûìè îòðàæåíèÿìè (ïðîäîëüíîé âîëíû

â ïðîäîëüíóþ, ïîïåðå÷íîé âîëíû â ïîïåðå÷íóþ) è òðàíñôîðìàöèÿìè (ïðîäîëü-

íîé âîëíû â ïîïåðå÷íóþ, ïîïåðå÷íîé âîëíû â ïðîäîëüíóþ). Âûñîêî÷àñòîòíûé

ðåæèì êîëåáàíèé ïîçâîëÿåò ñòðîèòü ðåøåíèå çàäà÷è íà îñíîâå ãåîìåòðè÷åñêîé
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òåîðèè äèôðàêöèè (ÃÒÄ). Çàäà÷à èññëåäóåòñÿ â ëîêàëüíîé ïîñòàíîâêå. Ñòðîÿòñÿ

òðàåêòîðèè ëó÷åé ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí ñ ó÷åòîì èõ îòðàæåíèé è òðàíñ-

ôîðìàöèé â òî÷êàõ çåðêàëüíîãî îòðàæåíèÿ íà ãðàíè÷íûõ êîíòóðàõ ïðåïÿòñòâèé.

Òðàåêòîðèè ëó÷åé ïðåäñòàâëÿþò ñîáîé ïëîñêèå ëîìàíûå ëèíèè. Ïðè ïðîõîæäå-

íèè êàæäîãî ëó÷à èç èñòî÷íèêà âîëíû ÷åðåç ñêîïëåíèå ïðåïÿòñòâèé îáðàçóåòñÿ, â

îáùåì ñëó÷àå, êîíå÷íîå ÷èñëî ëó÷åé ñ ðàçëè÷ííûìè òèïàìè îòðàæåíèé è òðàíñ-

ôîðìàöèé óïðóãèõ âîëí. Â îáëàñòü ïðèåìà ìîãóò ïîïàñòü êàê âñå îáðàçîâàâøèåñÿ

ëó÷è, òàê è ÷àñòü èõ.

Èíòåãðàëüíûå ïðåäñòàâëåíèÿ ïåðåìåùåíèé â ïåðåîòðàæåííûõ âîëíàõ âûïèñà-

íû íà îñíîâå ôèçè÷åñêîé òåîðèè äèôðàêöèè Êèðõãîôà. Àñèìïòîòè÷åñêîé îöåíêîé

êðàòíûõ äèôðàêöèîííûõ èíòåãðàëîâ ìåòîäîì ìíîãîìåðíîé ñòàöèîíàðíîé ôàçû

âûïèñàí ÿâíûé âèä ãåîìåòðîîïòè÷åñêîãî ïðèáëèæåíèÿ ïåðåìåùåíèé â ìíîãîêðàò-

íî îòðàæåííûõ âîëíàõ. Ïîñëå ýòîãî, â îáëàñòè ïðèåìà èìïóëüñà àíàëèçèðóþòñÿ

ôàçû è âåëè÷èíû ïåðåìåùåíèé â ïðîøåäøèõ ïðîäîëüíûõ è ïîïåðå÷íûõ óëüòðà-

çâóêîâûõ âîëíàõ.

Èññëåäîâàíèÿ ïðîâåäåíû ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî Ôîí-

äà, ãðàíò � 15-19-10008.
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bogachev89@yandex.ru

Î ÐÅÊÎÍÑÒÐÓÊÖÈÈ ÕÀÐÀÊÒÅÐÈÑÒÈÊ
ÔÓÍÊÖÈÎÍÀËÜÍÎ-ÃÐÀÄÈÅÍÒÍÎÃÎ ÄÈÑÊÀ Ñ Ó×ÅÒÎÌ

ÐÅÎËÎÃÈÈÈ

Àêòèâíîå èñïîëüçîâàíèå ïüåçîýëåêòðè÷åñêèõ ïðåîáðàçîâàòåëåé â ñîâðåìåííûõ
òåõíè÷åñêèõ óñòðîéñòâàõ â íàñòîÿùåå âðåìÿ âëå÷åò çà ñîáîé ðàçâèòèå ìîäåëåé
ôóíêöèîíàëüíî-ãðàäèåíòíûõ ïüåçîïîëèìåðîâ (ÔÃÏÏ), ñâîéñòâà êîòîðûõ íåïðå-
ðûâíî èçìåíÿþòñÿ îòíîñèòåëüíî êîîðäèíàò. Òàêæå îòëè÷èòåëüíûìè îñîáåííîñòÿ-
ìè ÔÃÏÏ ÿâëÿþòñÿ çíà÷èòåëüíûå êîýôôèöèåíòû çàòóõàíèÿ, íèçêàÿ òåïëîïðî-
âîäíîñòü, íàäåæíîñòü è äîëãîâå÷íîñòü ïðè öèêëè÷åñêèõ íàãðóæåíèÿõ. Ñîâðåìåí-
íûå òåõíîëîãèè ïîçâîëÿþò èçãîòàâëèâàòü ÔÃÏÏ ñî çíà÷èòåëüíûìè äèàïàçîíàìè
èçìåíåíèÿ ìåõàíè÷åñêèõ è ïüåçîýëåêòðè÷åñêèõ ñâîéñòâ, ââèäó ÷åãî ñóùåñòâåííóþ
çíà÷èìîñòü ïðèîáðåòàåò ñîçäàíèå íîâûõ ìåòîäèê èõ èäåíòèôèêàöèè ñ öåëüþ ñðàâ-
íåíèÿ õàðàêòåðèñòèê èçãîòîâëåííûõ ìàòåðèàëîâ ñ ðàñ÷åòíûìè.
Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà íîâàÿ îáðàòíàÿ çàäà÷à èäåíòèôèêàöèè ñâîéñòâ

ôóíêöèîíàëüíî-ãðàäèåíòíîãî ïüåçîêåðàìè÷åñêîãî äèñêà ñ ðàäèàëüíîé ïîëÿðèçà-
öèåé ïðè íàëè÷èè ýôôåêòà çàòóõàíèÿ. Ïðåäïîëàãàëîñü, ÷òî ìîäóëè óïðóãîñòè
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äëÿ íåïîëÿðèçîâàííîé êåðàìèêè è äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü èçâåñòíû è
òðåáóåòñÿ îïðåäåëèòü çàêîíû èçìåíåíèÿ ïüåçîýëåêòðè÷åñêèõ õàðàêòåðèñòèê ñ ó÷å-
òîì çàòóõàíèÿ êàê ôóíêöèè ðàäèàëüíîé êîîðäèíàòû. Îïðåäåëÿþùèå ñîîòíîøåíèÿ
ýëåêòðîóïðóãîñòè äëÿ ïüåçîïîëèìåðà ñôîðìóëèðîâàíû íà îñíîâå êîíöåïöèè êîì-
ïëåêñíûõ ìîäóëåé ñ èñïîëüçîâàíèåì ïðèíöèïà ñîîòâåòñòâèÿ è ìîäåëè ñòàíäàðòíî-
ãî âÿçêîóïðóãîãî òåëà. Äëÿ ðåøåíèÿ çàäà÷è ðàçðàáîòàí ýôôåêòèâíûé ïðîåêöèîí-
íûé ìåòîä, îñíîâàííûé íà ðàçëîæåíèè ôóíêöèè ñìåùåíèÿ è èñêîìûõ ôóíêöèé-
õàðàêòåðèñòèê ïî ñèñòåìàì ëèíåéíî íåçàâèñèìûõ ôóíêöèé, êîòîðûé ïîçâîëÿ-
åò îïðåäåëÿòü èñêîìûå ïüåçîýëåêòðè÷åñêèå õàðàêòåðèñòèêè â êëàññå ëèíåéíûõ
ôóíêöèé. Åãî ýôôåêòèâíîñòü ïðîèëëþñòðèðîâàíà âû÷èñëèòåëüíûìè ýêñïåðèìåí-
òàìè.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëå-

äîâàíèé (ïðîåêò 16-01-00354 À) è Ìèíîáðíàóêè ÐÔ (ïðîåêò � 9.4726.2017/8.9).

ß.Ì. Åðóñàëèìñêèé (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
ymerusalimskiy@sfedu.ru

ÃÐÀÔÛ Ñ P -ÎÃÐÀÍÈ×ÅÍÈßÌÈ ÍÀ ÄÎÑÒÈÆÈÌÎÑÒÜ

Ðàññìîòðåíû îðèåíòèðîâàííûå ãðàôû G(X,U, f) ñ p-îãðàíè÷åíèÿìè íà äîñòè-
æèìîñòü. Ìíîæåñòâî äóã ãðàôà U = U1 ∪ U2, U1 6= ∅, U2 6= ∅, U1 ∩ U2 = ∅.
Ãîâîðÿò, ÷òî ïóòü íà ãðàôå óäîâëåòâîðÿåò óñëîâèþ p-äîñòèæèìîñòè (p ∈ N),

åñëè íà íåì çà êàæäîé p-îé äóãîé èç ìíîæåñòâà U2 ñëåäóåò äóãà èç ìíîæåñòâà U1.
Ãðàô, íà êîòîðîì ðàññìàòðèâàþòñÿ òîëüêî ïóòè, óäîâëåòâîðÿþùèå óñëîâèþ p-
äîñòèæèìîñòè, áóäåì íàçûâàòü ãðàôîì ñ p-äîñòèæèìîñòüþ. Ãðàôû ñ ðàçëè÷íûìè
îãðàíè÷åíèÿìè íà äîñòèæèìîñòü ðàññìàòðèâàëèñü â ðàáîòàõ [1]�[5].
Äëÿ ãðàôîâ ñ p-äîñòèæèìîñòüþ ïðåäëîæåíà êîíñòðóêöèÿ ðàçâåðòêè � âñïîìî-

ãàòåëüíîãî ãðàôà. Ýòî ïîçâîëÿåò ñâîäèòü ðåøåíèå çàäà÷è î êðàò÷àéøèõ ïóòÿõ,
óäîâëåòâîðÿþùèõ óñëîâèþ p-äîñòèæèìîñòè, è çàäà÷è î ñëó÷àéíûõ áëóæäàíèÿõ
ïî òàêèì ïóòÿì ê ðåøåíèþ çàäà÷è î êðàò÷àéøèõ ïóòÿõ è î ñëó÷àéíûõ áëóæäàíè-
ÿõ íà åãî ðàçâ¼ðòêå áåç îãðàíè÷åíèé íà äîñòèæèìîñòü. Ñõåìà ñâåäåíèÿ ïîäðîáíî
îïèñàíà â [1].
Ðàññìîòðåí ãðàô-ðåøåòêà ñ 2-îãðàíè÷åíèÿìè íà äîñòèæèìîñòü (ìíîæåñòâî U1 �

ãîðèçîíòàëüíûå äóãè, à ìíîæåñòâî U2 � âåðòèêàëüíûå äóãè). Ðåãóëÿðíàÿ êîí-
ñòðóêöèÿ ãðàôà-ðåø¼òêè ïîçâîëèëà íàéòè êîëè÷åñòâî 2-îãðàíè÷åííûõ ïóòåé, ñî-
åäèíÿþùèõ ïàðû âåðøèí ðåøåòêè áåç ïåðåõîäà ê ðàçâåðòêå.

Ë È Ò Å Ð À Ò Ó Ð À
1. Åðóñàëèìñêèé ß.Ì. Ãðàôû ñ íåñòàíäàðòíîé äîñòèæèìîñòüþ: çàäà÷è, ïðèëîæåíèÿ / ß.Ì. Åðóñàëèìñêèé, Â.À.
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ñêîãî àíàëèçà è èõ ïðèëîæåíèÿ�VII, ìàòåðèàëû êîíôåðåíöèè, Ðîñòîâ-íà-Äîíó, 2017, ñòð. 144�145.

Æ.Ì. Ïåòðîâà, Á.ß. Øòåéíáåðã (Þæíûé Ôåäåðàëüíûé óíèâåðñèòåò,
Ðîññèÿ)

jumana.abukhalil@gmail.com borsteinb@mail.ru
ÏÅÐÅÍÎÑ ÏÀÐÀËËÅËÜÍÛÕ ÏÐÎÃÐÀÌÌ ÂÛÐÀÂÍÈÂÀÍÈß

ÍÓÊËÅÎÒÈÄÍÛÕ ÏÎÑËÅÄÎÂÀÒÅËÜÍÎÑÒÅÉ

Â äàííîé ðàáîòå ïîëó÷åí ïàðàëëåëüíûé àëãîðèòì âûðàâíèâàíèÿ ïîñëåäîâàòåëü-
íîñòåé, ó÷èòûâàþùèé èåðàðõèþ ïàìÿòè. Çàäà÷à âûðàâíèâàíèÿ ïîñëåäîâàòåëüíî-
ñòåé âîçíèêàåò â áèîèíôîðìàòèêå è ïðè àíàëèçå áîëüøèõ òåêñòîâ íà åñòåñòâåí-
íûõ ÿçûêàõ (íàïðèìåð, ïðè àíàëèçå ñîöèàëüíûõ ñåòåé). Àëãîðèòì îðèåíòèðîâàí
íà ìíîãîÿäåðíûé ïðîöåññîð ñ îáùåé ïàìÿòüþ è âîçìîæíîñòüþ âåêòîðèçàöèè.
Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäåëü âû÷èñëèòåëüíîé ñèñòåìû, îáëàäàþùàÿ íåñêîëü-

êèìè ÿäðàìè, âåêòîðíûìè ðåãèñòðàìè è, õîòÿ áû, äâóìÿ óðîâíÿìè êýø-ïàìÿòè.
Áóäåì ñ÷èòàòü, ÷òî ó ïðîöåññîðà åñòü êýø-áîëüøîé ìåäëåííûé (íèçêîãî óðîâíÿ) è
ìàëûé-áûñòðûé (âûñîêîãî óðîâíÿ). Ïðè ýòîì, áîëüøîé-ìåäëåííûé êýø ÿâëÿåòñÿ
îáùèì äëÿ âñåõ âû÷èñëèòåëüíûé ÿäåð, ìàëûé-áûñòðûé � ó êàæäîãî âû÷èñëèòåëü-
íîãî ÿäðà ñâîé.
Äëÿ ðåøåíèÿ ïðîáëåìû ïåðåíîñèìîñòè è óâåëè÷åíèÿ ýôôåêòèâíîñòè ïðîãðàì-

ìû âûðàâíèâàíèÿ âûïîëíåí ïåðåõîä ê áëî÷íûì âû÷èñëåíèÿì (òàéëèíãó) íåñêîëü-
êèõ óðîâíåé. Èñõîäíàÿ çàäà÷à ðàçáèâàåòñÿ íà ìåëêèå ïîäçàäà÷è, ó êàæäîé èõ êî-
òîðûõ äàííûå ïîïàäàþò â êýø-ïàìÿòü.
Äëÿ ïîâûøåíèÿ ïðîèçâîäèòåëüíîñòè ïðîãðàììû ïðè âûïîëíåíèè íà ñèñòåìàõ ñ

âåêòîðíûìè ðåãèñòðàìè ïðîâåäåíà âåêòîðèçàöèÿ êîäà. Ïåðåðàçìåùåíèå äàííûõ
âíóòðè êàæäîãî áëîêà ïîçâîëÿåò ïðèìåíÿòü âåêòîðíûå îïåðàöèè. Âû÷èñëåíèÿ
âíóòðè êàæäîãî áëîêà âûïîëíÿþòñÿ â âåêòîðíûõ ðåãèñòðàõ. Ñëåäóåò îòìåòèòü,
÷òî òàêîé òàêîå ñîâìåùåíèå âåêòîðíûõ è áëî÷íûõ âû÷èñëåíèé ïîâûñèëî áûñòðî-
äåéñòâèå ïðîãðàìì âûðàâíèâàíèÿ â äâà ðàçà äëÿ ïîñëåäîâàòåëüíîñòåé äëèíû 200
000, â ñëó÷àå ïàðíîãî âûðàâíèâàíèÿ, è 15 000, â ñëó÷àå ìíîæåñòâåííîãî âûðàâíè-
âàíèÿ. Ïðè ýòîì, îáúåì èñïîëüçóåìîé ïàìÿòè óâåëè÷èëñÿ íåçíà÷èòåëüíî.
Àíàëèç ïåðåíîñèìîñòè ïàðàëëåëüíîé ïðîãðàììû âûðàâíèâàíèÿ ïîñëåäîâàòåëü-

íîñòåé áåç ïîòåðè ýôôåêòèâíîñòè ïðåäñòàâëåí â [1].
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ÑÒÐÓÊÒÓÐÍÛÅ ÌÅÒÎÄÛ ÏÐÎÃÍÎÇÈÐÎÂÀÍÈß ÂÐÅÌÅÍÍÛÕ
ÐßÄÎÂ

Ïîñëåäíèå ãîäû íåéðîííûå ñåòè ïðîäåìîíñòðèðîâàëè âïå÷àòëÿþùèå ðåçóëüòà-
òû, íàïðèìåð, îáðàáîòêà åñòåñòâåííîãî ÿçûêà, êîìïüþòåðíîå çðåíèå, ðàñïîçíàâà-
íèå ðå÷è, àíàëèç âðåìåííûõ ðÿäîâ. Îäíèìè èç ñàìûõ ìîùíûõ â îáíàðóæåíèè
çàâèñèìîñòè â äàííûõ ïîñëåäîâàòåëüíîñòåé ÿâëÿþòñÿ ðåêóððåíòíûå íåéðîííûå
ñåòè è îñîáåííî äîëãî-êðàòêîñðî÷íàÿ ïàìÿòü (LSTM)[1], êîòîðàÿ õîðîøî ðàáîòà-
åò ñ âðåìåííûìè äàííûìè ñ äîëãîñðî÷íûìè çàâèñèìîñòÿìè áëàãîäàðÿ ìåõàíèçìó
âíóòðåííåé ïàìÿòè. Íå ñåêðåò, ÷òî ýòîò óñïåõ îñíîâàí íå òîëüêî íà âîçìîæíîñòÿõ
àðõèòåêòóðû ñåòè, íî è ñâÿçàí ñ êà÷åñòâåííîé ïðåäîáðàáîòêîé èñõîäíûõ äàííûõ.
Âûñîêîóðîâíåâûå ïðåäñòàâëåíèÿ âðåìåííûõ ðÿäîâ î÷åíü ÷àñòî äàþò áîëüøå èí-
ôîðìàöèè î ïîâåäåíèè ïðîöåññà, ÷åì èõ àáñîëþòíûå çíà÷åíèÿ.
Â äàííîé ðàáîòå îñíîâíîå âíèìàíèå óäåëÿåòñÿ èçó÷åíèþ è ïðîãíîçèðîâàíèþ

ëîêàëüíûõ òåíäåíöèé âî âðåìåííûõ ðÿäàõ ñ ïîìîùüþ ðåêóððåíòíûõ íåéðîííûõ
ñåòåé LSTM. Äëÿ ïðåäâàðèòåëüíîé ïðåäîáðàáîòêè äàííûõ èñïîëüçîâàíû êóñî÷íî-
ëèíåéíàÿ àïïðîêñèìàöèÿ [2], êàê, ïîæàëóé, íàèáîëåå ÷àñòî èñïîëüçóåìûé ìåòîä
îáðàáîòêè äàííûõ, êóñî÷íî-ëîãàðèôìè÷åñêàÿ àïïðîêñèìàöèÿ, ëîêàëüíûå ãëàâíûå
êîìïîíåíòû [3], äèíàìè÷åñêîå ïðåîáðàçîâàíèå Õàôà [4], àäàïòèðîâàííûå àâòîðàìè
äëÿ èõ èñïîëüçîâàíèÿ ñ LSTM.
Ïðåäïîëàãàåòñÿ, ÷òî ïîñëåäîâàòåëüíîñòü èñòîðè÷åñêèõ ëîêàëüíûõ òåíäåíöèé

îïèñûâàåò äîëãîñðî÷íóþ âçàèìîñâÿçü âî âðåìåííîì ðÿäó è, òàêèì îáðàçîì, åñòå-
ñòâåííî âëèÿåò íà èçìåíåíèå ñëåäóþùåãî ëîêàëüíîãî òðåíäà.
Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ â ðàìêàõ íàó÷íîãî

ïðîåêòà � 17-01-00888 à.
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ïÿòè ñôåð ðàçíîðîäíûõ ïîêàçàòåëåé, òàêèõ êàê: ñîñòîÿíèå àòìîñôåðû â êðóï-
íûõ ãîðîäàõ, êà÷åñòâî âîäû, ïðèðîäîïîëüçîâàíèå â ðåãèîíå, âëèÿíèå ýêîëîãè÷å-
ñêîé ñðåäû íà çäîðîâüå íàñåëåíèÿ, äèíàìèêà êàòàñòðîô â ðåãèîíå. Â êà÷åñòâå
èñõîäíûõ äàííûõ èñïîëüçîâàíû âðåìåííûå ðÿäû ñîîòâåòñòâóþùèõ ïîêàçàòåëåé
ïî Ðîñòîâñêîé îáëàñòè. Ìåòîäèêà îñíîâàíà íà ïðèìåíåíèè ñòàíäàðòíûõ íå÷åòêèõ
ìíîãîóðîâíåâûõ [0,1]- êëàññèôèêàòîðîâ. Îíà ïîçâîëÿåò ïðîàíàëèçèðîâàòü êàæ-
äóþ èç ñôåð ïî êîìïëåêñó íàèáîëåå âàæíûõ ïîêàçàòåëåé, à òàêæå ñôîðìèðîâàòü
÷èñëîâóþ îöåíêó ñôåðû íà îñíîâå ó÷åòà êàê óðîâíåé ïîêàçàòåëåé, òàê è èõ äèíà-
ìèêè. Èñïîëüçóåìàÿ ñèñòåìà íå÷åòêî-ëîãè÷åñêèõ âûâîäîâ ïîçâîëÿåò àãðåãèðîâàòü
ñôîðìèðîâàííûå îöåíêè â èòîãîâóþ îöåíêó ðåãèîíà, óñòàíàâëèâàþùóþ óðîâåíü
åãî ýêîëîãè÷åñêîãî áëàãîïîëó÷èÿ è ïîçâîëÿþùóþ ðàíæèðîâàòü ðåãèîíû íà îñíîâå
ïîëó÷åííûõ îöåíîê.
Àëãîðèòì ôîðìèðîâàíèÿ êîìïëåêñíîé îöåíêè îáúåêòà íà îñíîâå ñîâîêóïíîñòè

ïîêàçàòåëåé âêëþ÷àåò â ñåáÿ ïÿòü ýòàïîâ. 1. Ââåäåíèå â ðàññìîòðåíèå ëèíãâèñòè-
÷åñêîé ïåðåìåííîé ¾êîìïëåêñíàÿ îöåíêà ñîñòîÿíèÿ îáúåêòà íà îñíîâå ñîâîêóï-
íîñòè ïîêàçàòåëåé¿, îïðåäåëåíèå åå óíèâåðñàëüíîãî ìíîæåñòâà, òåðì-ìíîæåñòâà,
ôóíêöèé ïðèíàäëåæíîñòè òåðìîâ. 2. Ôîðìèðîâàíèå ñïèñêà çíà÷èìûõ ïîêàçàòå-
ëåé, ðàñ÷åò íîðìèðîâàííûõ çíà÷åíèé ïîêàçàòåëåé. Â çàâèñèìîñòè îò ïîñòàíîâêè
çàäà÷è ïðèìåíÿþòñÿ äâå ðàçíîâèäíîñòè íå÷åòêèõ ìíîãîóðîâíåâûõ [0,1]- êëàññèôè-
êàòîðîâ: ñòàòè÷åñêèå è äèíàìè÷åñêèå. Ñòàòè÷åñêèå êëàññèôèêàòîðû èñïîëüçóþò-
ñÿ äëÿ îöåíêè óðîâíÿ îöåíèâàåìîãî êà÷åñòâà îáúåêòà ïðè óñëîâèè ñóùåñòâîâàíèÿ
ýòàëîíà îöåíèâàíèÿ. Äèíàìè÷åñêèå êëàññèôèêàòîðû ïðèìåíÿþòñÿ äëÿ àíàëèçà
èçìåíåíèÿ îöåíèâàåìîãî êà÷åñòâà âî âðåìåíè íà îñíîâå âðåìåííûõ ðÿäîâ ñòàòè-
ñòè÷åñêèõ äàííûõ â îòñóòñòâèè ýòàëîíà. 3. Îïðåäåëåíèå ëèíãâèñòè÷åñêèõ ïåðå-
ìåííûõ ¾óðîâíè ïîêàçàòåëåé¿. 4. Ðàíæèðîâàíèå ïîêàçàòåëåé íà îñíîâå ýêñïåðò-
íûõ îöåíîê, ðàñ÷åò èõ âåñîâûõ êîýôôèöèåíòîâ. 5. Àãðåãèðîâàíèå íîðìèðîâàííûõ
çíà÷åíèé ïîêàçàòåëåé â êîìïëåêñíóþ îöåíêó ñîñòîÿíèÿ îáúåêòà, ëèíãâèñòè÷åñêîå
ðàñïîçíàâàíèå ïîëó÷åííîé ÷èñëîâîé îöåíêè.
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