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A.V. Abanin (Rostov-na-Donu, Russia)
avabanin@sfedu.ru

MINIMALITY OF OVERFULL REPRESENTING SYSTEMS AND
RELATED PROBLEMS OF WEIGHTED FUNCTION SPACES

As is well known, representing systems of exponentials in function spaces are, as a
rule, overfull, that is, we can remove from such a system any finite number of elements
without loss of the property to be representing. It seems this implies that there is
not any reasonable way to define a concept of minimality for such systems. But it
i1s nevertheless possible for some model spaces such as the space of all holomorphic
functions in a bounded convex domain. On the other hand, there is no such a way for
the space of all entire functions.

The main problem we will discuss in the talk is the following. Given a function space,
how to determine if there is a reasonable way to define minimal representing systems of
exponentials or their analogs in this space? There will be presented a general approach
and given an answer to this problem stated in terms of multipliers classes of dual
weighted function spaces.

E. G. Bakhtigareeva (Moscow, Russia)
salykai@yandex.ru

AN OPTIMAL IDEAL SPACE FOR A CONE OF NONNEGATIVE
GENERALLY DECREASING FUNCTIONS

Let Ty € (0,00], Y = Y(0,7p) be an ideal space (shortly: IS), generated by an
ideal quasinorm (shortly: IQN) p, let M = M (0,T)) be the set of measurable almost
everywhere finite functions, M, = {f € M : f > 0}. Let M, be ordered with the
following order relation:

t ¢
fge [tar< [gin fgeM0T). te©.T) (1
0 0
Consider the operator (Bf)(t) =t fg fdr:Y =Y. (2)

Consider a cone of nonnegative generally decreasing functions

t
K = heY:hZO,t‘l/th¢ pi(h) = p(h), heK. (3)
0
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Consider the operator Ag : M(0,Ty) — M. (0,Tp)

(Aof)(t) = || 7! / flae e (0.Ty). (4)
0 Loo(t,Tp)

Theorem 1. Let Y = Y (0,Ty) be an IS, generated by an IQN p, which is coordinated
with order relation (1). Let K be a cone (3). Assume that restriction of operator (2)
to cone (3) is bounded with the norm ||-||y . For f € M.(0,T}) consider the functional
po(f) = p(Aof). Here Aof is an operator (4). Then, py is an IQN, coordinated with
order relation (1), and space

Xo = X0(0,To) = {f € M(0,To) - pol|f]) < oo}, generated by po,

is an IS, moreover Xy is an optimal IS among all ISs X such that K — X and |||
is coordinated with the operator Aqy in the following way:

1Fllx < collAofllx-

REFERENCES
1. E.G. Bakhtigareeva, M. L. Goldman. Construction of an Optimal Envelope for a Cone of Nonnegative Functions with
Monotonicity Properties. Proceedings of the Steklov Institute of Mathematics. 2016. Vol. 293, pp. 37-55.

Hichem Ben-El-Mechaiekh (Department of Mathematics and Statistics,
Brock University, Saint Catharines, Ontario, CANADA)
hmechaie@brocku.ca

GENERALIZED VARIATIONAL INEQUALITIES WITHOUT
CONVEXITY

The talk discusses a general umbrella set-up for the well-posedness of generalized
variational inequalities (GVIs) in the absence of convexity for both objectives and
feasibility domains. The solvability of such GVIs calls upon far-reaching extensions
of the Poincaré-Miranda theorem (an n—dimensional version of Bolzano intermediate
value theorem) for the existence of equilibria for nonlinear set-valued operators defined
on neighborhood retracts of arbitrary normed spaces and subject to non-smooth tangency

conditions. Possible applications to non-convex optimization are also discussed.

REFERENCES

1. Abdul Latif, Ben-El-Mechaiekh H. Topological fixed point theory and applications to variational inequalities. Fixed Point
Theory and Applications, Springer Open (2015) 1-26.

2. Ben-El-Mechaiekh H. Spaces and maps approximation and fixed points. J. Comp. Appl. Math 113 (2000) 283-308.

3. Ben-El-Mechaiekh H., Kryszewski W. Equilibria of set-valued maps on nonconvex domains. Trans. Amer. Math. Soc.349(1997)
4159-4179.

4. Bounkhel, Jofre M. and A. Subdifferential stability of the distance function and its applications to nonconvex economies
and equilibrium. J. Nonlinear Convex Anal. 5 (2004) 331-347.

5. Bothe D. Multivalued differential equations on graphs and applications, Ph.D. thesis, Universit?at Paderborn, 1992.

6. Cornet B. Euler characteristic and fixed point theorems. Positivity 6 (2002) 243-260. 7. Kryszewski W. Topological
structure of solution sets of differential inclusions: the constrained case. Abstract and Applied Analysis 6 (2003) 325-351
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8. Kryszewski W. Graph-approximation of set-valued maps on noncompact domains. Topology and its Application 83 (1998)
1-21.

9. Singer I. Duality for nonconvex programming. CMS Books in Math. Halifax 2006.

10. J. van M;ill Infinite dimensional topology. North Holland, Amsterdam 1989.

I. N. Braeutigam (Archangelsk, Russia), D. M. Polyakov (Vladikavkaz,
Russia)
irinadolgih@rambler.ru, DmitryPolyakow@mail.ru
SPECTRAL ANALYSIS OF A FOURTH ORDER DIFFERENTIAL
OPERATOR WITH MATRIX COEFFICIENTS !

Let L5[0,1] = L[0,1] x --- x Ls[0,1] (k times). The inner product in L5[0, 1] is
defined by

k

(Fg) =S fng), (fig) = / FOg@ dt, f.g € L0, 1]

=1

We consider the operator L : D(L) C L5[0,1] — L5[0,1] determined by the

differential expression
l(y) =y"" —At)y" — B(t)y
with the domain D(L) = {y € (W3)*[0,1] : y(0) = y(1) = 0, ¥"(0) = y"(1) = 0}.
Here A(t) = (ay;(t)), B(t) = (by;(t)) are k x k matrices and apj, byj € Lo [ 1], p
., k. By 0y we denote the matrix Ay = (aop;), cop = fo ap;(t)dt, p,j =1,. k,

and suppose that this matrix has the simple structure.

The aim of this talk is to discuss the spectral properties of the operator L. Below
we formulate the main result.
Definition 1. For every bounded matrix A acting in C* the weighted average of the
eigenvalues is defined by A= % Zle i, where \; are the eigenvalues of the matrix A.

Using the method of similar operators, we get
Theorem 1. There exists m € N such that the spectrum o(L) of the operator L has

the form o(L) = 0@y U (Unzm+10,), where oy is finite set and the set o, has not
more than k points. Then for \,, n > m + 1 we obtain

k
Z Ki =
j=1

where p;, g =1,...,k, are the eigenvalues of matriz Ay and asy, j;, n € N, are Fourier
coefficients of the function a;;, 7 =1,... k.

mn)? n)?

A = (mn)*

agn,jj + O(n),

M-

j=1

IThe first author is supported by MES of Russia and DAAD (Mikhail Lomonosov - 12791.2018/12.2). The second author is supported
by Grant MC-1056.2018.1 of the President of the Russian Federation.
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E. Burtseva (Luled, Sweden)
Evgeniya.Burtseva@ltu.se

GENERALIZED HARDY-TYPE AND FRACTIONAL OPERATORS IN
MORREY-TYPE SPACES

We study the following weighted generalized multidimensional Hardy-type operators,
defined by

Hifw) = ale) Tt [ L
ly|<|z|

a(lyl) f(y)
w(iyDlsl ¥

He (o) = wllel) [

ly[>]]

We provide conditions for H? and H? with radial quasi-monotone weights w (|z|),
to be bounded from the generalized Morrey space LP?(R™) into the Orlicz-Morrey
space L (R") with the Young function ®(r).

We also study the weighted boundedness of the generalized fractional operator

]af(l') _ / a(|$ B y‘)f(Q) dy
oo o=yl
as operator mapping from generalized Morrey spaces to Orlicz-Morrey spaces. We
find conditions on ¢(r), ®(r), the weight w(|x|) and the kernel of the fractional operator,
which insure such a boundedness. We prove a pointwise estimate for weighted fractional
operator wl®< with power weights w(|z|) = |z[*, which allows us to obtain weighted

boundedness of the fractional operator I* from the boundedness for Hardy-type operators
in the case of power weights. The general case of quasi-monotone weights is reduced to
the case of power weights by using the properties of such weights.

* The talk is based on the joint paper with N. Samko: Burtseva E. and Samko N. On
weighted generalized fractional and Hardy-type operators acting between Morrey-type
spaces. Fract. Calc. Appl. Anal. 2017. Vol. 20, No. 6, pp. 1545-1566.

V.I. Chilin (Tashkent, Uzbekistan)
vladimirchil@gmail.com

MEAN ERGODIC THEOREM IN SYMMETRIC IDEALS OF
COMPACT OPERATORS

Let ¢y be a Banach lattice of all converging to zero sequences {&,}°° ; of real numbers

with respect to the norm |[{&, }||cc = sup |&,|, where N is the set of natural numbers. By
neN
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r* = {£}1°22, we denote a non-increasing rearrangement of a sequence z = {£,}°2, €
Co.

The Hardy-Littlewood-Polya partial order x << y in the space ¢y is defined as
follows: & = {£,}50 <<y ={n}22) it >0 & <> p_;m; forall neN.

A non-zero linear subspace E C ¢y with a Banach norm || - ||z is called a fully
symmetric sequences space, if the conditions r << vy, © € ¢y, y € E, imply that
rzeE and |z)g < |lylle

Let ‘H be a complex separable infinite-dimensional Hilbert space and let K(H) be
the C*-algebra of all compact linear operators in H with respect to the uniform norm
- {loc-

If (E,|-]lg) C cois a fully symmetric sequence space, then the set Cp := {z €
K(H) : {sn(x)}2, € E} is a proper two-sided ideal in K(H), in addition, (Cg, || - |lc,)
is a Banach space with respect to the norm ||z||c, = [[{sn(z)}>2|| g, where {s,(z)}>2,
are the singular values of z (i.e. the eigenvalues of (z*z)'/? in decreasing order). In this
case we say that (Cg, | - |lc,) s @ Banach symmetric ideal.

Let T : K(H) — K(H) be a positive Dunford-Schwartz operator (writing " € DS™),
i.e. T is a positive linear operator such that ||T'(z)|; < ||z||; for all =z € C; and
|T(2)[|oo < |7l forall @ € K(H), where (Cy, || - [|1) = (Ci,, || - [l,,)- Tt is known that
T(Cg) C Cg and ||T||cy—c, < 1 for any fully symmetric sequences space (E, | - ||g)
and every T € DS™.

The following Theorem gives the necessary and sufficient conditions for the validity
of the mean ergodic theorem for a Banach symmetric ideal.

Theorem. Let (E,|| - ||g) be a fully symmetric sequence space. Then the following
conditions are equivalent:

(¢). For any T € DS" and x € Cp there is an T € Cg such that ||+ "o Th () —
Z|c, — 0 as n — oo;

(11). F is a separable space and E # [;.

V.I. Chilin (Tashkent, Uzbekistan), M. A. Muratov (Simferopol, Russia)
vladimirchil@gmail.com; mamuratov@gmail.com

DOMINATED ERGODIC THEOREM IN SYMMETRIC SEQUENCE
SPACES

Let N be the set of all natural numbers and let I, (respectively, /1) be a Banach
lattice of all bounded (respectively, summable) sequences © = {&, }en of real numbers
with respect to the norm ||z]|o = sup [&,] (respectively, ||z|li = D oo &) I © =

neN
{& }nen € oo and |z = {|&,| }nen, then a non-increasing rearrangement z* = {£*},en
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of x is defined by x* = {{!},en, where
& = inf  sup|¢,|, where F is a finite subset of N.
card(F)<n n¢F
A non-zero linear subspace E C [, with a Banach norm || - ||z is called symmetric
sequence space if the conditions y € FE, x € [y, " < y*, imply that z € F and
|z|le < |lylle. If (E,||-||g) is a symmetric sequence space then there are the following

continuous embeddings:
(I 111 S (B - le) € Uoos [ ll)-
Let 2 = {&}nen € loo and o™ = {1 3" &}en (the maximal Hardy-Littlewood
k=1

sequence). A symmetric sequence space (E, || - ||g) is called fully symmetric sequence
space, if the conditions 2™ < y**, x € I, y € E, imply that x € F and |||z < ||y||e-
Let T : loo — ls be a Dunford-Schwartz operator (writing 7' € DS), i.e. T is a
contraction in [, and in [; as well. In the case when E is a fully symmetric sequence
space we have that T(F) C F and ||T||p»g < 1 for any T' € DS.
For every T' € DS, x € lo, we set Br(z) = sup,>; ZZ;S) T*(|z]). It is known that
We say that a fully symmetric sequence space (E, || - ||g) satisfies the dominated
ergodic theorem (writing E € (DET)) it Bp(x) € E for every T € DS and x € E.
The following Theorem give the necessary and sufficient conditions for the validity
of the dominated ergodic theorem for a fully symmetric sequence spaces.

Theorem. Let (F, | - ||g) be a fully symmetric sequence space. Then the following
conditions are equivalent:

(i). E € (DET);

(it). HE)={r e E:a™ € E} = E.

V.M. Deundyak, D. A. Leonov (Rostov-on-Don, Russia)
vl.deundyak@gmail.com, tori_ 92@inbox.ru

ON THE EQUATION WITH DOUBLE CONVOLUTION ON THE
DESCRETE FINITE HEISENBERG GROUP

Fourier method has been used for a long time in many fields of mathematics, physics
and engineering sciences on commutative groups. The development of the tfast Fourier
transform that can significantly speed up the solution of important practical problems is
of particular interest. But in comparison with the commutative variant the construction
of the fast Fourier transforms for non-commutative groups is more difficult because of
the complexity of the dual objects group in terms of which this transformation is
constructed. The numerical methods of solution of double convolution equations are
constructed in this report.
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The obtained results demonstrate the advantage of constructed numerical solution
of double convolution equations on the discrete finite Heisenberg group H(F,) in
comparison with algorithm that uses Gauss elimination. Moreover the generation of
matrix of double convolution worse than Gauss elimination in terms of computational
complexity. The using of provided algorithm does not require construction of this
matrix. Hence this method has the advantage in case of multiple application for double
convolution equations with different kernels. Constructed algorithms are based on fast
Fourier transformation on Heisenberg group described in [1].

REFERENCES
1. Deundyak V.M., Leonov D.A. FFT and solving of convolution equations on Heisenberg group over prime Galua field.
Ecological bulletin of scientific centers of the Black Sea economic cooperation. 2016. Vol. 2, pp. 46-53.

Kirimli Elcim Elgun (Istanbul, Turkey)
elcimelgun@gmail.com

GABOR TRANSFORM ON CENTRAL GROUP EXTENSIONS

Given a locally compact group G, a locally compact Abelian group A, and a continuous
mapping w : G X G — A satisfying cocycle conditions, we construct a locally compact
group G, = G X, A which is equipped by a Heisenberg type multiplication and
contains A as an Abelian normal subgroup. Locally compact Abelian groups has been
studied as a natural setting for time frequency analysis since 80s. In this talk our
goal is to construct a continuous Gabor transform on non-Abelian locally compact
groups of the form G, extending the one on A. We will observe that orthogonality
and inversion properties also carry to G, suggesting that Heisenberg type non-Abelian
locally compact groups not only play an important role in time frequency analysis of
Abelian groups, but also provide a suitable setting on their own.

This is a joint work with Serap Oztop. The project is supported by TUBITAK
BIDEB-2232 Program in Istanbul University.

D. V. Fufaev (Moscow, Russia)
fufaevdv@rambler.ru

SOME EQUIVALENCES RELATED TO THE TWISTED
REPRESENTATION

Let G be a locally compact group with right Haar measure and d(x) its modular
function. To study the conjugation representation in L*(G), v(z) f(y) = 6(x)2f(z " yx),
it is reasonable to consider the representation (w1, x2)f(y) = 6(xo)Y2f (2] yxs) of
G x G in L*(G). So, similarly it is reasonable to consider the representation

B9(a1, ) f(y) == 0(w2) 2 f (9 (7 )yo)
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for the twisted conjugation representation
() f(y) = 6(z)2f(p(x~Vyx), where ¢ is an automorphism of G. In this way,
we state some results on the 3%:

Theorem 1. If v isn’t equivalent to v®, then B isn’t equivalent to 3°.

Denote by I'(¢) a subgroup of G x G which is the graph of ¢: I'(¢) = {(h, ¢(h)),h €
G}.

Theorem 2. v is  equivalent to  the induced  representation
indlg(Z)G (), where 1pyg) is the identity representation of I'(¢).

Let p, be the right regular representation of G and | F¥da(y) its canonical decomplo-

X

sition into factor representations.

Theorem 3. There exists for each y an irreducible representation KY of G X G such
that

1) KY restricted to G x e is equivalent to FV o ¢ and KY restricted to e x G is
equivalent to FY, where FY is adjoint of FY,

2) the canonical decomposition into factor representations of 3¢ is given by | K¥da(y).
X
Moreover, if the representation p, is of type I then each FY is of the form (LYo ¢) x LY

and the canonical decomposition into factor representations of 3% is given by

/ (LV 0 6) x Lldaly).

X

V. Guliyev (Institute of Mathematics and Mechanics, Baku, Azerbaijan;
Ahi Evran University, Kirsehir, Turkey), F. Deringoz (Ahi Evran
University, Kirsehir, Turkey), S. Hasanov (Ganja State University, Ganja,
Azerbaijan)
vagif@guliyev.com
CHARACTERIZATION OF LIPSCHITZ FUNCTIONS VIA THE
COMMUTATORS OF SINGULAR AND FRACTIONAL INTEGRAL
OPERATORS IN ORLICZ SPACES

In this talk, we shall give some new characterizations of the Lipschitz spaces via the
boundedness of commutators associated with the fractional maximal operator, Riesz
potential and Calderén-Zygmund operators on Orlicz spaces.

This work was supported by the Ahi Evran University Scientific Research Projects

Coordination Unit. Project Number: FEF.A4.18.012.

REFERENCES
1. Guliyev V. S., Deringoz F. and Hasanov S. G. Riesz potential and its commutators on Orlicz spaces. J. Inequal. Appl.
2017, Paper No. 75, 18 pp.
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2. Guliyev V. S., Deringoz F. and Hasanov S. G. Fractional maximal function and its commutators on Orlicz spaces, Anal.
Math. Phys. DOI 10.1007/s13324-017-0189-1.

3. Guliyev V. S., Deringoz F. and Hasanov S. G. Commutators of fractional maximal operator on Orlicz spaces, accepted in
Math. Notes 2018, 1-12.

A. G. Kamalyan (Yerevan State University and Institute of Mathematics
NAS, Armenia)
kamalyan armen@yahoo.com

ON PARTIAL INDICES OF TRIANGULAR MATRIX FUNCTIONS

We will discuss the problem of constructive description of set of possible tuples of
partial indices of triangular matrix functions, whose diagonal elements are factorizable
with indices equal to the components of the vector y € Z". Said set A(x) contained the
set F(x) of all vectors obtained from x by permuting its components and is contained

in the set M(z) of all vectors majorized by x. The conditions on x under which
A(x) = E(z) or A(x) = M (x) are also discussed.

A. Karapetyants (Rostov-on-Don, Russia), H. Rafeiro (Colombia),
S. Samko (Portugal)
karapetyants@gmail.com, silva-h@javeriana.edu.co, ssamko@ualg.pt

ON NEW SPACES OF ANALYTIC FUNCTIONS OF NONSTANDARD
GROWTH

We give a simple proof of the boundedness of Bergman projection in various Banach
spaces of functions on the unit disc in the complex plain. The approach of the paper
is based on the idea of V.P. Zaharyuta, V.I. Yudovich (1964) where the boundedness
of the Bergman projection in Lebesgue spaces was proved using Calderon-Zygmund
operators. We exploit this approach and treat the cases of variable exponent Lebesgue
space, Orlicz space, variable exponent generalized Morrey spaces and Grand Lebesgue
spaces. In the case of variable exponent Lebesgue space the boundedness result is
known, so in that case we provide a simpler proof, whereas the other cases are new.
The major idea of this study is to show that the approach can be applied to a wide range
of function spaces. We also study the rate of growth of functions near the boundary in
spaces under consideration and their approximation by mollified dilations.

Acknowledgement: RFBR 18-01-00094(a) and 18-51-05009 Apm(a).

REFERENCES
1. Karapetyants A., Samko S. On boundedness of Bergman projection operators in Banach spaces of holomorphic functions
in half plane and harmonic functions in half space. Journal of Mathematical Sciences. 2017. Vol. 226, No. 4, pp. 344-354.
https://doi.org/10.1007/s10958-017-3538-6
2. Karapetyants A., Rafeiro H., Samko S. Boundedness of the Bergman projection and some properties of Bergman type
space. Complex Anal. Oper. Theory (2018). https://doi.org/10.1007/s11785-018-0780-y
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3. Karapetyants A., Samko S. On grand and small Bergman spaces. Preprint 2018.

Z. A. Kusraeva (Vladikavkaz, Russia)
zalil3@mail.ru

ON REPRESENTATION OF A CLASS OF HOMOGENEOUS
POLYNOMIALS!

We use the standard notation and terminology of Aliprantis and Burkinshaw [1] for
the theory of vector lattices.

Definition 1. Let E and F be vector lattices. A mapping P : E — F s called an n-
homogeneous polynomial if there exists an n-linear operator  : E" — F', such that
P = oA, where A, : E — E" is the diagonal mapping A, : z — (z,...,z) € E".

The center Z(F) of F' is defined as the collection of linear operators 7" in F' such
that —clp < T < ¢l for some 0 < ¢ € R.

Definition 2. An n-linear operator T : E" — F is said to be disjointness
preserving if for any choice of 1 < 73 <n and x € E, j # k <n the linear operator
r = T(x1,...,0j-1,2,j11,...,%,) is disjointness preserving. It can be easily seen
that an order bounded n-linear operator T s disjointness preserving if and only if
T (x1,...,20)| = |T (1] ..., |xn|)| for all x; € E.

Theorem. Let E and F' be vector lattices with F' universally complete and assume
that an f-algebra multiplication x is fived in F'. Let P be an n-homogeneous polynomial
from E to F. Denote K(m) := {(k1,...,kn) € N : Y7 k; = n}. The following

conditions are equivalent:

(1) There exists an order bounded disjointness preserving n-linear operator T from

E" to F such that P(z) =T (x,...,x) for allz € E.

(2) There exist a band projection T € P(F), a collection of lattice homomorphisms
Ty, ..., T, from E to F, and a partition of unity o1,...,0n in P(F), such that for
every m < n there exists a disjoint family {my, . x. : (k1,..., kn) € K(m)} in Z(F)
such that for all x € E we have

Px)=(T-7)) om Y Frs,Di(@)" s ),
m=1 (k1yeeskm)EK (M)

REFERENCES
1. Aliprantis C.D., Burkinshaw O. Positive Operators. Acad. Press Inc. London etc. 1985.

! The study was supported by Russian Foundation for Basic Research (project Ne18-31-00205).
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I. Louhichi (American University of Sharjah, UAE)
ilouhichi@aus.edu

FINITE RANK COMMUTATORS AND SEMICOMMUTATORS OF
QUASIHOMOGENEOUS TOEPLITZ OPERATORS

In this talk, I shall survey our results about finite rank commutators and semicom-
mutators of quasihomogeneous Toeplitz operators on the unit disk of the complex plane
C. A discussion of the recent developments related to this problem, for two-monomial
type Toeplitz operators on the weighted Bergman space and weighted pluriharmonic
Bergman space of the unit ball (resp. of the unit polydisk), shall be made.

A.R. Mirotin (Gomel, Belarus)
amirotin@yandex.ru

THE LIVSCHITS-KREIN TRACE FORMULA IN SEVERAL
OPERATOR VARIABLES ON BANACH SPACES

The trace formula for a trace class perturbation of a self-adjoint operator on Hilbert
space was proved in a special case by .M. Livschits and in the general case by
M.G. Krein |1] (see also |2]). In the talk we introduce a spectral shift function and prove
a Livschits-Krein trace formula for a trace class perturbations of several generators of
holomorphic semigroups on Banach space with approximation property.

In the following 7, stands for the cone of negative Bernstein functions in n variables
[3]. The case n = 1 was studied in [4].

Theorem 1. [5| Let X be the Banach space with the approximation property. Let A
and B be n-tuples of generators of pairwise commuting bounded Co-semigroups T'a, and
T, respectively on X holomorphic in the right half plane C. and satisfying || T4, (C)]|,
|TB,()||< M|C|[™ for some m; € Z, (( € Cy,j = 1,...,n). If Vj A;j — B; are
nuclear there exists a unique distribution nap supported in R’ such that for every
Y € T, with 82’”“@&’8:_0 # 00 (m=(my,...,my,)) we have

() - 0(B) = [ Inasu)duu)
R\ {0}

where p stands for the representing measure of ¢ and Lnap denotes the Laplace
transform of na p.

REFERENCES
1. Krein M. G. On a trace formula in perturbation theory. Mat. Sbornik. 1953. Vol. 33, pp. 597—626 (Russian).
2. Peller V. V. The Lifshitz-Krein trace formula and operator Lipschitz functions. Proc. Amer. Math. Soc. 2016. Vol. 144(12),
No. 1, pp. 5207-5215.
3. Mirotin A. R. Properties of Bernstein functions of several complex variables. Mat. Zametki. 2013. Vol. 93, No. 2, pp. 257—
265; English transl.: Math. Notes. 2013. Vol. 93, No. 2.
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4. Mirotin A.R. Bernstein functions of several semigroup generators on Banach spaces under bounded perturbations.
Operators and Matrices. 2017. Vol. 11, pp. 199-217.

5. Mirotin A. R. Bernstein functions of several semigroup generators on Banach spaces under bounded perturbations, II.
Operators and Matrices. 2018. Vol. 12, No. 2, pp. 445 — 463.

M. N. Oreshina (Lipetsk, Russia)
m_oreshina@mail.ru

ON A RATIONAL APPROXIMATION OF THE FUNCTIONS OF
LINEAR SELF-ADJOINT OPERATOR PENCILS !

Let H be a Hilbert space. We consider a linear operator pencil
LAN)=MM-B, xeC.

Here A: H — H is a bounded positive definite operator, and B: D(B) C H — H is
an unbounded self-adjoint operator.
We construct a functional calculus

B(f) = / ),

where o (L) is the spectrum of the pencil £ and Eisa special spectral decomposition.
An important example of \T/( f) is the operator impulse response of the linear differential
equation Az'(t) — Bx(t) = f(t).

We suggest an approximate approach to the calculation of \T/( f). We approximate
the function f by a rational function r on the spectrum of the pencil, and then take
the operator \T/appmx(f, r) = WU(r) as an approximation of W(f). A similar approach to
the approximate solution of the equation z'(t) = Bx(t) + f(t) is used in [1].

We define a special norm ||T||o = |[V/ATVA|| and obtain the estimate of the

approximation.

Theorem 1. If the rational function r approximates the function f on o(L) with
an absolute error € > 0, i.e.

r€) =[Ol <e,  Eea(l),

then the approximate operator \Tfappmx(f, r) satisfies the estimate

H{I}approx(f, T) — EJ(f)H@ <e.

The suggested approach can be used in remodeling of the complicated systems.

REFERENCES
1. Oreshina M. N. Approximate solution of a parabolic equation with the use of a rational approximation to the operator
exponential. Differential Equations. 2017. Vol. 53, No. 3, pp. 398—408.

I The research was supported by the Russian Foundation for Basic Research and Lipetsk region (research project No. 17-47-480305-r_a).
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J.S. Pashkova (Simferopol, Russia), B. A. Rubshtein (Beer-Sheva, Izrael)
j.pashkova@gmail.com; benzion.rubshtein@gmail.com

ERGODIC THEOREMS IN REARRANGEMENT INVARIANT
SPACES

Let m be the usual measure on the set nonnegative real numbers R, = [0, co),
Lo = Lo(Ry,m) (respectively Ly, = Loo(R4,m), L1 = L (R4, m)) be the space of
all m-measurable (respectively, be the spaces of all bounded and integrable) functions
f: Ry — R.

A positive linear operator T' : L; + Lo — L; 4+ L is said to be an absolute
contraction (T € PC) if T is a contraction in Ly and in L., as well.

Let {T},}>°, C PC. We denote by

Byr,yf(s) = sup{T0[f|(s)}, [ € L1 + Lo, s > 0.

If the operator Byp,y is bounded, the sequence {T,}7%; C PC is called dominant.

Theorem 1. Let E be an rearrangement invariant space, the sequence {T,,}°2, C
PC is dominant and satisfies the inequality

1
m{Buyf >ty < [ Iflam
{B{r,y >t}
Then f € H(E) = {f € Ly + Ly: f* € E} implies By, f € E and

| Biry flle < || fllam)-

Theorem 2. Let E be an rearrangement invariant space, sequence {1,}>>; C PC

satisfies the inequality

1

% / ‘f| dm < m{B{Tn}f > t}, t>0
{lf1>t}

for all function f € Ly + L. If f*(00) = 0, then Byg,,f € E implies f € H(E).

A. Sandikci (Samsun, Turkey)
ayses@omu.edu.tr
TIME-FREQUENCY REPRESENTATIONS OF WIGNER TYPE
OPERATORS ON LORENTZ SPACES

The classical Wigner representation of a signal f is defined
t

W(f)(x,w) = mﬂx+§ﬂx—§a%mﬁ.



«Table of content»
Functional Analysis and Operator Theory 25

Its meaning is roughly speaking one of energy distribution of the signal in the time-
frequency plane.

We consider in this work continuity properties for the two window spectrogram
and the 7-Wigner representation W., a modification of the Wigner representation
depending on a parameter 7 € [0, 1], whenever they act from product space of approp-
riate Lebesgue spaces into Lorentz spaces. We can then state the sufficient conditions
for the boundedness of the integrals f[0,1] W.dr.

Some key references are given below.

REFERENCES

1.Boggiatto P., De Donno G., Oliaro A. A class of quadratic time-frequency representations based on the short-time Fourier
transform. Oper Theor. 2007. 172, pp. 235-249.

2.Boggiatto P., De Donno G., Oliaro A. Time-frequency representations of Wigner type and pseudo-differential operators.
Trans Amer Math Soc. 2010. 362, pp. 4955-4981.

3.Grochenig K. Foundations of Time-Frequency Analysis. Birkhauser. 2001.

4.0’Neil R. Integral transforms and tensor products on Orlicz spaces and L(p, ¢) spaces. J d’Analyse Math. 1968. 21, pp. 1-
276.

5.Sandikci A. On Lorentz mixed normed modulation spaces. J Pseudo- Differ Oper Appl. 2012. 3, pp. 263—281.

6.Sandikci A. Continuity of Wigner-type operators on Lorentz spaces and Lorentz mixed normed modulation spaces. Turk J
Math. 2014. 38, pp. 728-745.

I. A. Sheipak (Moscow, Russia)
iasheip@yandex.ru

ON CONTINUOUS SPECTRUM OF THE SPECTRAL PROBLEM
FOR DIFFERENTIAL OPERATOR WITH WEIGHT-MULTIPLIRE

We study spectral properties of boundary value problem
—y" = Apy,
y(0) = y(1) =0,

in the case where the weight p is a multiplier from the space W3[0, 1] into the dual space

o

W50, 1]. We have received the necessary and sufficient conditions under which a self-
similar function generates multiplier in these spaces. The class of compact self-similar
multipliers was described. For such weights-multipliers the spectrum of the problem
is discrete and eigenvalues have exponentially growth. Characteristics of growth are
determined by the parameters of self-similarity. We have constructed the class of non-
compact multipliers, for which the spectrum of the problem is continuous. The full
description of continuous spectrum is obtained for self-similar weights based on two
subintervals.
The work is supported by Russian Scientific Fund, project N. 17-11-01215.
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E. Shulman (Katowice, Poland)
ekaterina.shulman@us.edu.pl

ON POLYNOMIALS ON GROUPS AND NILPOTENCE OF NIL
SUBSETS

An algebra A is called a nil algebra of index n if
" =0, Vo € A. (1)

A classical result by Dubnov-Ivanov [1] and Nagata-Higman [2,3] states that a nil
algebra over a field of characteristic zero is nilpotent, that is there exists an N such
that x;---xnxy =0 for any zy,...,zy € A.

We consider a generalization of this statement to the case when the identity (1) holds
on some subset S only.

Theorem 1. Let S C A be a subset that, for any a,b € S, contains also the element
a+ b+ ab. If each x € S satisfies the relation (1) then there exists an M € N such
that x1---xyp =0 forany x1,...,xp € S.

The main tool of the proof is the remarkable Zel’'manov theorem on nilpotence of Engel
Lie algebras [4].

We apply Theorem 1 to the study of polynomial functions on groups.

In the space of all continuous functions on a topological group G we consider the
classes of polynomials and semipolynomials, which are defined, respectively, by the
conditions

(Eln < N) (v h17 ) hn+l € G) Ah T Athfn f =0 (2)

n+1

and

(AneN) (VheG) AP f=0, (3)

where Ay, is the difference operator: Apf(g) = f(gh) — f(9).

The problem of comparing this two families of functions has a long story. In particular,
it was proved that for any Abelian group G the relations (2) and (3) are equivalent.
We investigate the case of non-commutative G and prove
Theorem 2. For any group G, any semipolynomial is a polynomial.

REFERENCES
1. Dubnov J., Ivanov V. Sur ’abaissement du degré des polynomes en affineurs. Dokl. Akad. Nauk SSSR. 1943. Vol. 41,
pp. 96-98.
2. Nagata M. On the nilpotency of nil-algebras. J. Math. Soc. Japan. 1952. Vol. 4, pp. 296-301.
3. Higman G. On a conjecture of Nagata. Math. Proc. Cambridge Philos. Soc. 1956. Vol. 52, pp. 1-4.
4. Zelmanov E. I. Engel Lie algebras. Dokl. Akad. Nauk SSSR. 1987. Vol. 292, no. 2, pp. 265-268.
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S. M. Tabatabaie (Qom, Iran)
sm.tabatabaie@qom.ac.ir

FRAMES RELATED TO LOCALLY COMPACT HYPERGROUPS

A hypergroup is a locally compact Hausdorff space with an involution such that the
space of its complex Radon measures is a Banach algebra.

This structure was introduced in a series of papers by C.F. Dunkl, R.I. Jewett and
R. Spector. Locally compact groups, double coset spaces and polynomial hypergroups
are important classes of hypergroups. On the other hand, in several papers, frames
and wavelets have been studied in harmonic analysis via representations of locally
compact groups. In this talk among other things, by a version of Wiener’s theorem
on hypergroups, we give a characterization of admissible vectors related to the left
regular representation of hypergroups. Also, we give some applications of the existence
of relatively compact fundamental domains for hypergroups which are strong and
important tools in theory of frames.

REFERENCES

1. Bloom W. R. and Heyer H. Harmonic Analysis of Probability Measures on Hypergroups, De GruYter, Berlin, 1995.

2. Sadathoseyni B.H. and S.M. Tabatabaie S.M., Coorbit spaces related to locally compact hypergroups, Acta Math. Hungar.
2017. Vol. 153, pp. 177-196.

3. Tabatabaie S. M., The problem of density on L?*(G), Acta Math. Hungar. 2016. Vol. 150, pp. 339-345.

4. Tabatabaie S.-M. and Jokar S., A characterization of admissible vectors related to representations on hypergroups, Tbilisi
Mathematical Journal, 2017. Vol. 10, pp. 143-151.

5. Tabatabaie S.M., Kamyabi Gol R.A. and Jokar S., Existence of the relatively compact fundamental domain for hypergroups,
Submitted.

Ruya Uster (Istanbul, Turkey)
ruya.uster@istanbul.edu.tr

PROJECTIVITY AND INJECTIVITY OF ORLICZ SPACES

Let G be a locally compact group with left Haar measure p and ® be a Young
function. In this talk we will consider the Orlicz space L*(G) as an L'(G)- module. If
we take ®(z) = %, 1 < p < oo, L*(@G) becomes the classical Lebesgue space LP(G).
We show that L®(G) is projective L'(G)- module if and only if G is compact. Also we
show that the L'(G)- module L*(G) is injective whenever G is an amenable locally
compact group. These results generalize classical results on L” spaces.

This is a joint work with Serap Oztop.

B. G. Vakulov, Yu. E. Drobotov (Rostov-on-Don, Russia)
bvak1961@bk.ru, yu.e.drobotov@yandex.ru

TWO-POLE POTENTIAL TYPE OPERATORS IN WEIGHTED
GENERALIZED HOLDER SPACES

Operators to be considered are the two-pole potential type ones, defined as follows:
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(Keef) (@) = [ Sl in acw (1)
Q

lz+ o

where n > 2, Rea > 0 and ¢(+) is a characteristic. These operators are studied in
the generalized variable Holder spaces H*() (Q, w), which are defined through a local
continuity modulus M,.(-) of a function, i.e.

Ve CQuw) M (wf zt)<Aw(z,t), A>0,

where

M,(f,x,t) = sup [f(z) = fy), zeQ, >0

ye:|z—y|<t

In [1], the operators (1) with Q@ = S"! C R" and ¢(-) = 1 were studied in various
types of the weighted spaces H“ (S”_l, p), where w(+) assumed to be a function from
the Bary-Stechkin type class ®%, 3> >0, and p(-) was considered as an power
function. Theorems on boundedness and isomorphisms are presented in [1] and [2].

These studies are continued here for a wider class of weights. Results for €2 which
is not necessarily of finite measure are obtained. Theorems on boundedness of the
operators (1) in H*() (Q,w) are proven.

The study was carried out with the financial support of REBR within the framework
of the scientific project 17-301-50023 «mon_ nup».

REFERENCES
1. Vakulov B. G., Karapetyants N. K. Operatory tipa potenciala na sfere s osobennostyami na polyusah. Proceedings of the
Russian Academy of Sciences. 2003. Vol. 392, No. 2, pp. 151-154.
2. Vakulov B. G., Kostetskaya G. S., Drobotov Yu. E. Riesz Potential in Generalized Holder Spaces. In Nekrasova I., Karnauk-
hova O., Christiansen B. (Eds.) Fractal Approaches for Modeling Financial Assets and Predicting Crises. IGI Global. 2018.
Pp. 249-273.

M. Yakhshiboev (Tashkent, Uzbekistan)
yahshiboev@rambler.ru

UNILATERAL BALL POTENTIALS ON GENERALIZED LEBESGUE
SPACES °()

In this paper, we study unilateral ball potentials of variable order in variable exponent
Lebesgue spaces. We will show the boundedness of unilateral ball potentials in variable
exponent Lebesgue spaces [1].

Unilaterals ball potentials of an order a > 0 we will define equalities |2]:

B0 = e [ I s

(@) |z —y["
i<l
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Teopema, 1. Let Q C R be a bounded, open set and 0 < o < n. Let p € P9(R")
with 1 <p~ <pt <2 Ifk > max{%, 1}, then

@ oy _op(@)
IBSfI < Cla|ko™ M f()'™
for every f € LPO(Q) with || f||l,() < 1 and every x € @ C R". The constant depends
only on o, n, cioq(p), and diam(S2).
Teopema, 2. Let p € PI9(R"), 0 < a < nand 1 < p~ < pt < %, Then the
following estimate holds for operator B¢

2l =B, < Cln,p, @) fll

where the constant depends on p only via ¢joe(p), p~ and p™.

REFERENCES
1. S.Samko. Convolution type operators in PO, Integr. Trans. And Special Funct.1998. Vol. 7, No. (1-2), pp. 123-144.
2.5. G. Samko, A.A. Kilbas and O.I.Marichev. Fractional integrals and derivatives. Theory and applications. Gordon and
Breach Seience Publishers, London- New York. 1993.

Abdel Rahman Yousef (The University of Jordan, Jordan)
abd.yousef@ju.edu.jo

COMMUTING TOEPLITZ OPERATORS ON THE BERGMAN SPACE
WITH BOUNDED SYMBOLS

Various algebraic problems related to Toeplitz operators have been extensively studied
in the literature. One of the most interesting problems in the field is the commuting
problem of two Toeplitz operators on the Bergman space of the unit disk. This problem
was motivated by the same problem for Toeplitz operators on the Hardy space over the
unit circle, which was solved by Brown and Halmos in their seminal paper “ Algebraic
properties of Toeplitz operators”. In this talk, I will present the recent contributions
toward solving this problem, then I will show that if a Toeplitz operator on the Bergman
space of the unit disk, with right-terminating bounded symbol, commute with another
Toeplitz operator whose right-terminating bounded symbol is neither analytic nor
coanalytic, then a nontrivial linear combination of both symbols is constant on the
unit disk.
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O.T. Ascanakun (PocroB—ua—/lony, Poccust)
avsyanki@math.rsu.ru

OB OJJTHOW C*-AJITEBPE, IIOPOXKJEHHO MHOT'OMEPHLIMU
NMHTEI'PAJIBHBIMU OIIEPATOPAMUN C OJTHOPO/HBIMUA
AIPAMU 1 PAINAJIBHBIMUI KO®PUITMEHTAMMN!

[Iycrs B, = {x € R": |z| < 1}. B npocrpancrse Lo(B,,) paccmorpum orneparop

(K)(w) = [ Kwg)oly)dv. @ €B,,
B,

npejnoarast, aro gyukiws k(x,y) onpegenena na R" X R™ u yjposierBopsier cjey-
IOIUM YCJIOBHSIM:

1) k(az,ay) = a "k(z,y), YVa > 0;

2) k(w(z),w(y)) = k(z, 1), Yeo € SO(m);

3) k(er,y)|y|™? € Li(R"), rae e; = (1,0,...,0).

NssectHo, uro omeparop K orpanwden B mpocrpanctse Lo(B,).

[Tycrs /A — wawmvenbias C*-noganrebpa C*-anredpor L(L2(B,,)), cogepxaiast Bce
omeparopel Buga Al + K + T, e A € C, a T — komnaxrubiit 8 Lo(B,,) omeparop.
Hanee, onpesesnm B ipocrpanctse Lo(B,,) oneparop M, rie a € R, paBercTBoMm

(Map)(z) = |z]“p(z), = €B,.

O6o3nauum depes B C*-ajurebpy, HOPOKJACHHYIO BceMu oreparopamu A u3 aiaredpbl
2 u Bcemu omeparopamu M,. C moMommpio MeToa, U3JI0KEeHHOTO B KHure |1], s
aJreOphl 2B OCTPOEHO ONIEPATOPHOE CUMBOJIMYECKOE NCIUCIIEHNE, B TEPMUHAX KOTOPOTIO

MOJIyUeH KPpUTepHit HeTEePOBOCTU OTIEPATOPOB U3 ITOM aAJITredphI.

O6H_[I/Ie PE3YJIbTATHI IPDUMEHAIOTCA K U3YHYECHUIO BaKHOT'O 9aCTHOT'O CJIydasi, a UMEHHO

OIepaToOpOB BUJIA

B=1+K,+ MK,

Jl1st TaKuX OIepaTopoB MOJYydYeHbI 3(DMEKTUBHBIC CKAJSIPHbIE YCI0BUS HETEPOBOCTH U

dopmyJia Jijisi BBIYUCICHUST WHJIEKCA.
JUTEPATYPA

1. Aumonesuw A.B. Jluneiiubie dyHKUMOHAIbHBIE YPABHEHUs: Ol€PATOPHbL moaxon. Munck: V34-Bo «YHuBepcurerckoes,

1988.

1Pagora Brimonrena npu buHAHCOBOHM moxaepxkKe PODU, npoext Ne 18-01-00094-A
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X. Aamoxammaz (Mocksa, Poccust)
Khaleel.almahamad1985@gmail.com

NMHTETPAJIBHBIE CBOVMICTBA OBOBIIEHHBIX ITOTEHIINAJIOB
TUITA BECCEJIA 1 TUITA PUCCA

G — 7G (TN
IIpocrpancTBo morenrmasios. [Ipocrpancrso norennmanos Hg = HE (R™) onpe-
JieJisieM KakK MHOXKECTBO CBEPTOK sJIep IIOTEHIUAIOB ¢ (DYHKIUIME U3 6A30BOrO MPO-
CTPAHCTBA

HE(R") ={u=Gx*[: feER")},
lullgg = inf{[|fllz: f € ER"), G*f=u}.
rae F — nepectaHoBOYHO-MHBAPUAHTHOE IIPOCTPAHCTBO, a 4Jpo G — CIenuaJbHOro
BUJIA,
a®(r) < G(x) <ed(r), r=|z|eRy,
rie 0 < @ | na Ry
.

/@(p)p"_l dp < oo, VreR,

0
B ciytae, Korja 6asosoe npocrpanctso E(R") = A,(v) — Becooe mpocrpanctso Jlo-
peHIa ¢ HopMoit

P

1]l = / PPyt - 1<p< oo
0

[Tonyueno onmcanne onTUMAILHO-IIEPECTAHOBOTHOIO HHBAPUAHTHOI'O IIPOCTPAHCTBA,
n G(Ton ny. ny __ _
Xo(R™) mast snoxennss HZ(R™) € X(R"): Xo(R") = I')(w), tae I'y(w) — Becosoe
[-pocrpancrso Jlopeniia ¢ Becom w, 3aBucsAIuM OT v, D.

JUTEPATVYPA
1. Aumozammad X., Aavzasuav H.X. VIHTerpasbHbie CBOWCTBA O0OOIIEHHBIX TTOTEHIIMAJIOB Thma Beccenst m tumna Pucca.
Becraux PY/IH. Cepus «Maremaruka. uadopmarnka. Pusuxas. 2017. Tom. 25, Ne 4. cTp. 340-349.

H. X. Ansxananias (Mocksa, Poccus)
Nisreen.homadeh@gmail.com
JIN®PEPEHIIMAJIBHBIE CBOIICTBA OBOBIIIEHHBIX
IIOTEHIINAJIOB BECCEJIA
G _

IIpocTpancTBO noTeHmaJoB Tuna beccens. [Ipoctpancrso norennnaios Hy =
Hg(R”) olpe/jieJisieM KaK MHOXKECTBO CBEPTOK sijiep MOTEHIMAIOB ¢ (DYHKIMIMU U3 Oa-
30BOTO IIPOCTPAHCTBA

HERMY ={u=Gxf: feER")},
lullgg = inf{|[fl|p: f € ER"), Gx f=u}.
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e F — nepecraHOBOYHO-MHBApUAHTHOE IPOCTPAHCTBO, a sapo (G — CHenuajJbHOIo
BU/IA,

G = Gy + Gp;
GO :GXR7 G}%:G'XR”\BRa
a1®(r) < Gp(z) < ®(r), r=|z|€(0,R),

rie 0 < @(p) | na Ry;
R
/(I)(p)pn_l dp < 00, G e Ly(R" N E'(RY),
0

riae E'(R") — acconmuposantoe jisi E(R™).
IIpu E(R") = A,(v) — BecoBoe mpocrpancTso Jlopemna jamn KpuTepuii BIOKeHust

HE(R") C C(R"). Iomydeno onmcanue ONTHMAILHOTO TpocTpancTsa Kasbaepona
A¥(C; X)) ¢ nopwmoii

k 1
Jullasn = hulle ||t (wt2)]|,

1
JIJI MOJLyJIeli HEIPEPBIBHOCTH MMOTEHIUAJIOB wf (u; tn>.

JUTEPATVYPA
1. Asavzasusv H. X., Aamoxammad X. Inddepernmanbanie cBoiicTBa 0600MEHHBIX IIOTEHINAIOB THIA Deccensa m Tuma
Pucca. Bectunk PY/IH. Cepus «Matemaruka. Uundopmaruka. @Pusmkas. 2018. Tom. 26, Ne 1. crp. 3-12.

E. . Bepexwnoii (dpocaasasb, Poccus)
ber@uniyar.ac.ru

OIEHKUN PA/J10B PAIIEMAXEPA B ITIPOCTPAHCTBAX MOPPUA

[Iycrs I = [0,1] orpesok, y koroporo mbi Oyjem Touku 0 u 1 OTOXKJIECTBIAT.
BadukrcupyeM Iocae10BaTeIbHOCTD T3 = 274, 1 = 1,2, ....

[lycts | maeanbHOE MPOCTPAHCTBO TOCIEOBATENHLHOCTENH CO CTAaHAPTHBIM 0Aa3MCOM
{e'}5°, B koropom orpanuuen oneparop T(> i, e'x;) = > oo e (527, m;).

Huckpernbim upocrpancrsom Moppu M), Oyjem HasbBaTh MHOKECTBO LEPUOJLU-
wecknx qynkmuit f € LY°(T), nnsa Kax10it 13 KOTOPHIX KOHEYHa HOPMA

| 1M/l = sup | > Elf A+ x(BO, 7))L,

(x(D) - xapakrepucruueckas dyukius maoxkectsa D, B(0,7) — "map'"c mearpom B
HyJIe pajinyca r. )

[lycrs rp,(t) = signsin(2Fnt), k = 1,2, ... byuknun Pajemaxepa. 3abukcupyem uuc-
JIOBYIO MOCJIEI0BATEIILHOCTD { ¢ }5° u nocrpoum psiji Pagemaxepa R(t) = > r 1 cxri(t).
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Teopema 1. Badukcupyem cupur hy € (0,1). Ecin

DICERHY
=1 j

—142

+1

Y2y lerl il < oo,
k=1

10 [[R(o + )| M || < oo,
Jst Toro, 9TOOBI BBITOJIHSIOCH HEPABEHCTBO

00
| R (o + Ml < By() _ lewl)'?
k=1
JOCTAaTOYHO BLIIIOJIHEHNE HEPaBEHCTBA

00 I+1

1> e > ler il < by
k=1

=1 =
[Ipu jioKa3aTeIbCTBE TEOPEMbI CYIIIECTBEHHO UCTOIb3YIOTCS Y TBEPK ICHUsT 1 KOHCTPYK-
nuu u3 [1].

JUTEPATYPA
1. Bepeotcrnoti E. H. JTuCKpeTHBIN BapUAHT JIOKAJIbHBIX npocTpancTs Moppu. Ussectust PAH. 2017. Tom. 81, Ne. 1, cTp. 3-30.

E. . Bepexmnoii, B. B. Koueposa B. B. (fpocsasib, Poccus)
ber@uniyar.ac.ru

O BJIOXKEHUU W'*(Q) IJII MHOXKECTBA IIPOM3BOJILHOI
MEPBI

[Tycrs B Q2 C R", (n > 2) — orkpbiTOe MHOXKECTBO, S(f4; {)) — IPOCTPAHCTBO U3MEpH-
Mbix Ha ) dyukuuit © : ) — R, X — cummerpuunoe npocrpanctso B8 S(pu; Q). Hepes
WhP(Q, X), (1 < p < o) oboznaunm sambikanne Ci°(Q) no nopme Cobosesa

2| WP (Q, X)|| = [V LP|| + [|2] X]].
Onpejiesm byskimio Yr, : (0, p) = Ry pasBencrsom

_71/71/ —1/n'
o[ G, e 0,
bpn(t) = nC, {(%)—Un’, npu t € [pe ", p)

ITo dyukuusm 9, , nocrpoum npocrpancrsa Mapruukesuda M (1), ,), HOPMbI B KO-
TOPBIX OlIPEJIEJISAETCS PABEHCTBOM

Jelpro)] = swp 22 [ (syas

0<t<p

x*(+) — mepecranoBka (yHKIWH |x(+)| B HEBO3pACTAIONIEM MODSIJIKE.



«Table of content»
Functional Analysis and Operator Theory 34

Teopema 1. Sagurcupyem 2. Tozda drsa 2106020 & u3 eQuHUNHO20 WapPa NPOCMPAH-
cmea W™ (Q, X) enpasedauso mounoe nepasencmeo

sup  {2[|(«"(.) = 2(p))x(0, p)[M () [+
pe(0,1(42))

lz*(p)x(0, p) + 2" (Ix(p, ()X} < [l V(2 X)) (1)

Ecnu B xauectse mpocrpanctBa X B3ATh mpoctpancTBo L" ¢ mopmoii ||z|L"]],, =
1 n .
=||z|L"[], To B ciryuae p(£2) < 0o B (1) MOXKHO 1EpeiiTH K IPeJIEJLy U 0Ly YATh TOUHYIO
TeopeMy BJoxKeHust jyisa npocrpancrsa Cobosesa W1™(Q) B nopme dupuxie.

B ciyaae 2 = R" u3 Teopembr 1 cienyior pesyabrars [1-2].

JINTEPATVYPA
1. Adachi S., Tanaka K. Trudinger type inequality in R™ and their best exponent. // Pros. AMS., 1999, v. 128, p. 2051-2057.
2. Li X., Ruf B. A sharp Trudinger-Moser type inequality for unbounded domains in R™. // Indiana Univ. Math. J., 2008,
v. 57, p. 451-480.

B. C. Byapika (omenk)
budyka.vik@gmail.com
HEPEJATUBUCTCKUNM IIPEJIEJ JIJI4 2P x 2P OIIEPATOPOB
JINPAKA C TOYEYHLIMI B3AUMOJAENCTBUAMUI

Paccmorpum 2p X 2p oneparop Hupaka, acconuupoBanublii ¢ juddepeHiajibHbiM

2 - d
/2 —ict
D = dx L, 1
(—ic% —02/2> © (1)

8§ = L*(Z)®C*. 3uech ¢ > 0 oboznadaer ckopocts cgera, I, = Igy — ejuuuanbiii
oneparop B CP, Z = (a,b) ¢ —o0o < a < b < 400.

B pabore pacemarpusatorcs peasusannu Dy, Boipaxkenus Jupaxa (1) ¢ TouednbiMu

BbIpa2KeHunem

B3aUMOJICHCTBUAMU

dom(Dixa) = { £ € WEE(I\X) © C¥ : f; € ACuc(D). fur € ACuclT\X);

comp
100,
frr(a+) =0,  fr(vn+) — fri(zv,—) = _Tf](xn), n e N}

na juckperaom muoxkecrse X = {x,}°°, C R na nosayocu, vje o, = o € CP*P u
fr=Affo o fo} " fir ={fosr forz - S} f={f1 fur}'

O600MIATOTCs OIPEJIEICHHBIE PE3YIbTAThI PAOOTHI |2] Ha MaTpudHbIil ciaydaii. [loka-
3aHO, 9TO 3TU Peau3allni BCEria CaMOCOTIPsIKEeHHbBIE.

UccnenoBaln HEPEISITUBUCTCKUE MPEJIE/T PU CTPEMJICHUHM CKOPOCTH CBETa K OECKO-
HEIHOCTH

s— lim (Dg(,a—<z+c2/2>)‘1=<Hx,a—2>‘1®<£§ 8)
p p

c——+00
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e Hx o — marpuunbtit oneparop HIpéaunrepa ¢ TodednbiMm B3aumMoeiicTBusmu (CM.
31)-
Dra pabora ocHoBaHa Ha crarhe |1].

JUTEPATVYPA
1. Budyika V., Malamud M., Posilicano A. Nonrelativistic limit for 2p x 2p-Dirac operators with point interactions on a
discrete set. Russian J. Math. Phys. 2017. V. 24, Ne. 4, pp. 426-435.
2. Carlone R., Malamud M., Posilicano A. On the spectral theory of Gesztesy-Seba realizations of 1-D Dirac operators with
point interactions on a discrete set. J. Differential Equations. 2013. V. 254, Ne. 9, pp. 3835-3902.
3. Kostenko A.S., Malamud M.M., Natyagailo D.D. Matrix Schrodinger operator with d—interactions. Math. Notes. 2016,
V. 100, Ne. 1, pp. 48-64.

X.X. Bypuaes (I'pozusrii, P®), I'. }O. Pa6eix (Pocros-na-lony, P®)
bekhan.burchaev@gmail.com, ryabich@aaanet.ru

HACJIEAJOBAHUE I'NTAJIKOCTU S9KCTPEMAJIBHBIMUA
SJIEMEHTAMMN B ITIPOCTPAHCTBAX BEPITMAHA'

[Iycrs A(R) — dyukimu, anaguruyaeckue B Kpyre D(R) paguyca R > 1; 0 < p <
00, l, — ymuednblit ynknuonas Haj npocrpancrsamu Beprmana A, no D = D(1),
obpazosanmbiii g u3 A(1) [1-2]. Oyuknua f € A, sxcrpemansia ais Iy, Te. [,(f) ==
gl v || fllz,(py = 1. Homoxuwm, 1o

AA = A(1)(Lip(e, T =0D), 0<a<l.

Teopema 1. Emul<p<oo,%+%:1ugeAql,q<q1<oo, mo f = bh, 2de
b — npoussedenue Baswmre, h € Ay,_1yq, u ne umeem nyared.

Teopema 2. Feau 1 <p<oo, ug e AR), R>1, mo f uX: mhan—xHLp =
TCAp

g — X||z, 0baadarom maxoti sce 2nadrocmuoto.

Teopema 3. Ilycmv 1 < p <2 u g € AJA, mozda f = bh, 2de b — npoussedenue

Baswre, h € AyA u ne umeem wynred.

Teopema 4. IIycmv m > 2, m%q<p<% ug(m_Q)eAgA, 2066:%—m+v<

1, v > 0. Tozda sxcmpemanvuas dynryua dan l, cywecmsyem, no moorcem Ovmo
needuncmeennot. Ecau F oxcmpemanvna das ly, mo F = BH, 2de B — npouseedenue
Baawrke, H ne umeem nyaet u Hm=2 e AgA.

Teopemsr 1,2 u 3,4 sapisitorcs mpojoskeHneM [2-3].

JUTEPATVYPA
1. Bazaproma B.II., FOdosuw B. M. O6mnii Buz amueitnoro gynkimonana B H, // Ycnexn martem. nayk.— 1964.— T. XIX.—
2(116).—C. 139-142.
2. Bypuaes X. X., Pabwz B. I O6wpuii Buy muneiinoro Gynkuuonata B merpraeckoM npocrpancrse H,, 0 < p < 1 // Cubupc.
mareMm. k. Jlen 8 BUHUTU.— 1975.— 736-75.—C. 1-10.
3. Bypuaes X. X., Pabwzx B.I., Pabwz I. FO. Auamutuanocts B C skcrpeManbubix QyHKIMA QyHKIMOHAIA, 00Pa30BAHHOTO
nomHOMOM Haj npocrpancrsom Beprmana // Mar. dopym (Uroru mayku. FOr Poccun). VccienoBanus 1o MareMaTHIeCKOMY

anasmsy. FOMU BHIT PAH u PCO-A.— 2014.— T. 8§, 9. 1.— C. 204-214.

1PaBora BHIMONHEHA TpH bUHAHCOBOIH TIoAepxkKe PODPU (mpoexT 18-01-00017).
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B.E. Baagpikuna (Mocksa, Poccus)
vika-chan@mail.ru

PETVJIAPHBIE JN®PEPEHIIMAJBHBIE OITEPATOPHI C
MHBOJIIOIIEN"

[Tycts L nudpdepenimaababiii onieparop, 3ajaHHblii JuddepeHinnaibHbIM BhIparKe-
HUEeM _ ,
¢ obnacrpio onpegenenus D(L) = {y € Wi[a,b]|U;(y) =0, j = 1,..n}, e
n—1
Ui(y) = auy™ (a) + biy™ (b).
k=0
[lycrs ¢ : [a,b] — [a,b] — uuBomonusi orpeska |a,b], .e. p(a) = b, p(b) = a,
¢ (z) < 0u p(p(x)) = z. Mpeanonaraem, uro ¢ € W2 [a, b].
MpbI u3ydaem CreKTpajbHy0 3a/1ady

JLy =py,  Uily) =0, j=1..n  (Jf)(z)=f(e(z)) (1)

(31ech p1 — crekTpaibHblil napaMerp). 3amerum, uto omeparop 1T = (JL)? koppext-
HO OlepeJieieH U sBJisieTcs OObIKHOBEHHBIM JiudpepeHinalbHbIM OlepaTopoM 2n-1o
nopsinika. OCHOBHO# pe3yabTaT JOKJIA1a CJIETYIONINIA.

Teopema. Ilycmv onepamop T = (JL)? peeyasapen no Bupxeopy. Tozda cobemeen-
noe u npucoedunennoie Gynkyuu onepamopa JL (cnexmpasvnoti 3adavu (1)) 0bpasy-
tom beaycaoenuill basuc Pucca co ckobkamu npocmparncmea Lo(a,b).

Yacrapre ciaydan sroit Teopemnl g JL = —y"(—z), [a,b] = [—1, 1] pamee Obun

JoKa3aHbl B paborax |1,2].
JTUTEPATYPA

1. Capcenou A. M. BesycnoBubie 6a3uChl, CBA3aHHBIE C HEKJIACCUIECKUM ud hepeHnnajIbHbIM 0IIePATOPOM BTOPOI0 MOPIKA.
Hud depenmmansusre ypasuennst. 2010. Tom 46. Ne 4. cTp. 506-511

2. Caduberos M. A., Capcenbu A. M. Kpurepuii 6a3uCHOCTU CUCTEMBI COOCTBEHHBIX (DYHKIMIA OrepaTopa KpaTHoro mudde-
pennupoBanus ¢ waBoonueit. nddepennuanpubie ypasaenuns. 2012, Tom 48. Ne 8. crp. 1126-1132

A.B. T'uap (Pocros-na-/lony, Poccus)
gil-alexey@yandey.ru
OIIEHKHN /1J14d HEKOTOPBIX OIIEPATOPOB CBEPTKHU C
OCOBEHHOCTAMM AdJIEP HA CO®EPAX

PaceMOTPHEBACTCST OMepatop cBepTk MY o» = mP % ¢ ¢ sUIPOM. HMEIOIINM CTeIeHHbIE
0 0 )

0CODEHHOCTH Ha, KOHETHOM OObeuHeHnH chep:

my(y) = 01y (r] = yl* +i0)" 71 x . x G, (|y]) x
xrly = lyl* +i0)% 0,y (L — vy

1PaBora mogmep:xana rpanrom PH® Ne 17-11-01215.
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rie B = (B, ..., Bs), Bi>0,1<j<s0<r <rg<...<reg <rs=1 3necp
0;(r) - rnaakue dynxunn, §;(r;) #0,1 < j <s.

Yepes HP = HP(R"), 0 < p < 00, 0003Ha41uM MHOXKeCTBO Beex S’ - pacipe/ie/ieHuit
TAKHUX, YTO

fH(z) = sup [(f *¢c)(z)] € L7,

O<e<oo

e p € S U fp, p(x)dr # 0, -() = "p(£) u
(f @) (@) = (f, el = -)).
Homoxum || fllge = || f||» (eM. [1, cTp. 269)).

Ha %,é - IJIOCKOCTH PACCMOTPUM MHOXKECTBO:

1 _n <
ﬁ(ﬁ,n)={(P9> O<p=sg< O<Op q S5, ecm

_|_
B+ (n—1), ecmm =+

R s o
Q|
AV VAN

N

Yepes H(M, 5 ) 0003HAYMM MHOXKECTBO BCEX TTap (1 511) JUIst KOTOPBIX oriepatop M, 5

orpannden u3z H? B HY.
Teopema 1. IIycmo B; > 0, 1 < j <5, fy = min{f,...,Bs}. Toeda L(Py,n) =

H(My).
JUTEPATVYPA

1. Miyachi A. On some singular Fourier multipliers // J. Fac. Sci. Univ. Tokyo., Sec. TA., 1981 V.28 P. 267-315

. B. Juneuko (Boponex, Poccus)
dmixtry@gmail.com

CIHEKTPAJILHBIN AHAJIN3 OIIEPATOPHEIX ITOJIMHOMOB 1
ANOPEPEHIIMAJIBHBIX OIIEPATOPOB N-OI'O ITIOPA/TIKA

[Iycth X — KOMIIEKCHOE GAHAXOBO MPOCTPAHCTBO ¢ HOpMOIt || - ||, End X' — 6a-
HaxoBa aJjrebpa JMHEHHBIX OrpaHMYEHHBIX OIEepaTopos, JeicrByiomux B X. Ilycrob
A: D(A) C X - X — jumueiinplii oneparop ¢ HEMYCTHIM DPE30JHBEHTHBIM MHO-
wecrsom p(A) u By, By, ..., By — oueparopsi u3 aire6pbl End X', N € N

Omnpepesierne 1. [lycts B: D(B) C Y — Z — 3amkuyThiii oneparop. Paccmor-
PUM CJICYIONUE YCIOBUS:

1) Ker B = {0}, T.e. oneparop B unbexrusen;
2) 1 <n=dmKerB < oc;

3) Ker B — GeckorneanoMepHOE HMOIPOCTPAHCTBO U3 )/,

5) Im B = Im B;
6) Im B # Im B;

)
)
4) Ker B — nonosiHsieMoe TojiipocTpalcTBoO B Y,
)
)
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7) Im B — 3aMKHYyTOE JIOHNOJHSIEMOE 110/[IIPOCTPAHCTBO U3 Z KOHEUYH Oif KOpasmep-
noctr (codimIm B =m < 00);

8) ImB — 3am KHyTOE JIOTOJHSIEMOE TOAMPOCTPAHCTBO U3 Z GECKOHETHOI Kopas3-
MEPHOCTH;

9) ImB = Z, 1.e. B — CIOpBEKTUBHBIII OME€paTop;

10) Im B # Z;

11) oneparop B nenpepnisio obparum, T.e. B~ € Hom (Z,)).

Ecau jyst oneparopa B BbIIIOJHEHBI BCE YCJIOBUsI U3 COBOKYIIHOCTH HEITPOTHBOPE-
auBbx yeaosuit S C {1,2,...,11}, To Gysem roBopuTth, UTO onepaTop B HAXOAUTCS
B cocTostnnn obparnmoctu S. MuoxkecrBo cocrosinnit obparumocTn orneparopa B 060-
3HATMM CUMBOJIOM Sty (B).

Paccemorpum muneiinniii onepatop A = AN +BIAN 1. 4By D(AN) Cc X = X

¢ obactbio onpesenenus D(A) = D(AY), N € N.

Hapsiy ¢ omeparopom A omnpejiesninm onepatop A : D(A) € X X X - X x X ¢

\

A =1 0 ... 0 0
0 A -7 ... 0 0
0 0 A ... 0 0
IIOMOIIBIO MATPUIILI A ~ - ) ) ) ) .
0 0 0 . A —1
\ Bv Bv1 Bxa ... B, A+B )

Teopema 1. Muosicecmea cocmoanuti obpamumocmu onepamopos A : D(A?) C
X —=Xulh: DAY CX xX = X x X cosnadarom, m.e. Sty (A) = Stin (A).

I1. A. Usanos (Pocros-na-/lony, Poccust)
pavel_rsm@mail.ru

IMNKJIMYECKNE BEKTOPHBI MHOTI'OMEPHOI'O OITEPATOPA
ITIOMMBE

Hna obnacreit 2, 1 < j < N, B C, conepxkamnx 0, BBesieM TOJUIUINHIPAIECKYIO
N
B CV obnacts Q= [] (1;. Hacruble oneparopsl [lomMbe onpenenaoTcs cieayonmum
j=1
obpaszoM:

f(t)—f(tl,...,tj_l,O,tj+1,...,tN) t # 0
¥l )

Djo(f)(t) :== { b ’

0
Gt o1, 0.t ty), 1 =0,

1 <j <N, feAQ),t= (tj)j-\f:l € Q. Oneparopst Do, 1 < j < N, juneitno
¥ HelpepbiBHO JieiicTByioT B npoctpanctse Pperre A()) Bcex anaguTudeckux B )

dbyukmit, s o = (ozj)é\f:l € N, rne Ny := N U {0}, nonoxum D§ := Dib e D%’VO.
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B jiok/1a/ie nier pedb O MUKIMIECKIX BEKTOPaxX cucrembl oneparopos Dy := {Dj :
1 <j <N} AQ). Ilpu stom bynknus f € A()) Ha3piBaeTCs MUKITIECKAM BEKTO-
pom Dy B A(Q), ecin encrema {DY(f) : o € N} nomma s A(Q).

OCHOBHbIM pPE3YJIbTATOM ABJIACTCA

Teopema. [Tycmo €2, 1 < j < N, — odnoceasnvie obaacmu ¢ C, codeporcauwyue 0.
Qynruyua [ € A(Q) asasemcsa yuravueckum sexmopom Dy 6 A(2) mozda u moavko
moeda, xozda f omauuna om pauuorasvHot GyHKUUL.

Cnencreue. Ieras 6 CV dynsuyus f asisemes yurauveckum sexmopom Dy 6
A(CNY) mozda u moavko mozda, xozda f omauuna om mmozouiena.

Panee npuBejieHHbIE PE3YJIBTATHI ObLIN TIOJYYEHbI B OJiHOMEpHOM ciydae (cm. [1]).

B jiokazaTesibeTBe TeopeMbl CyIIECTBEHHO UCIOJIb3YI0TCs OnepaTophl ciapura 1, 2 €
CY, nna oneparopa ITommbe. OHE OmpefesIIOTCA TAKIM 00pa30M, YTO JJIS JIFOOBIX

muorousiena f n z € CV pumosmgercs pasencrso TL(f) = > 2*D§(f).
aeNY

JUTEPATVYPA
1. Jlunwyx H. E. IlpencraBierne komMyTaHTOB orepatopa I[lomvbe u nx mputoxenus. 1988. T. 44, Ne 6, crp. 794-802.

H. P. NzBapuna (Mocksa, Poccus)
izvarinanat@gmail.com

OB JIJIUIITNYHOCTU OITEPATOPOB, ACCOLHNUNPOBAHHBIX C
NP PEOMOPPU3MAMU

O0bekTOM M3ydeHust JaHHON pabOThI SIBJISIIOTCS OMEPATOPhI, ACCOIMUPOBAHHBIE C
jeiicrBuem juckperHoit rpynnbl G nddeomopdusMoB Ha IVIaJIKOM MHOTO0Opa3uu,
unn G-onepaTopahl.

Ha chepe S™ pacemorpum nnddeomopdusm

g: S™"—S", (1)

a TakxKe paccMoTpuM (G-omepaTopbl, KOTOPbIE IIPEACTABISIIOTCS B BUAJIe KOHEUHON CyM-
MBI

D=Y DT": H(S")— HS™), (2)
k

rne Tu(x) = u(g 'z) — oneparop cusura, a Dj — aro nicennoanddepenuambube
oneparopsl (ITJJO) nopsijka d na chepe S™, k € Z.

Kak u3BeCTHO, SJUTUIITHIHOCTH OMepaTopa (2) 3aBUCHT OT MOKA3aTess TIaJKOCTH S
npoctpanctsa CobosieBa. VIMEHHO TTOTOMY MHTEPECHO BBISICHUTD, JIJISI KAKUX § Olepa-
TOP JIIATITHIEH.

B sannoit pabore Obliia 1cce0Bata SJUIMITHIHOCTD Oreparopa Buja (2), accoruu-
posanuoro ¢ auddeomopdusmonm (1), rne g — muddeomopduzm tuna Mopca-Cwmeiina.
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Tak:ke OBLIO TMOJYYEHO, YTO B CIydae, KOrJa ¢ MpeJICTaBasgeT coboi CABUT BJOJb TPa-
ekTopuu mapabosinaeckoro juddeomopdrama, UNITHIHOCTL oreparopa (2) He 3a-

BUCHUT OT IIOKa3aTeJId I'JIaJIKOCTHU S.

JUTEPATVYPA
1. Antonevich A.B. Linear functional equations. Operator approach. Operator Theory: Advances and Applications. Vol. 83.
Basel: Birkh?user Verlag, 1996.
2. Savin A.Yu., Sternin B.Yu. Elliptic theory for operators associated with diffeomorphisms of smooth manifolds. Pseudo-
Differential Operators, Generalized Functions and Asymptotics, Operator Theory: Advances and Applications. 231, Basel:Springer,
2013. p. 1-26.

JI. FO. Ka6anmoBa (Boponex, Poccust)
dlju@yandex.ru

YCJIOBNA OBPATUMOCTU PASHOCTHDBIX OITEPATOPOB
BTOPOI'O IIOPA/ZIKA B BAHAXOBOM ITPOCTPAHCTBE

[Tycts X — kowmtiekcHoe HbanaxoBo npocrpancTBo u EndX — 6anaxosa ajredpa Jin-
HEMHbBIX OIPAHUYEHHbIX OIEPATOPOB, JEHCTBYIONIUX B X .

Pacemorpum pasuocTHbIii oneparop Broporo nopsiiaka L : (P(Z, X) — IP(Z, X)), neii-
CTBYIOIIUI 110 IIPABUJLY

(Lz)(n) = 2(n + 2) + Biz(n + 1) + Bex(n), z€l’, neZ, (1)

rie  Bi, By € EndX, wu pasnocrHbIil  omepaTrop  1EpBOrO  MOPSIIKA
L:IP(Z,X?) — IP(Z, X?), jeficreyiomuil 10 npasuy

' x S —1 x »
L (SCC)I—><BQ S+Bl><Sx)’x€l'

3nech  depe3 S o0003HAUEH oOIepaTop CABHUIa IocjejoBarejbHocTeil  u3  (P:
S € Endl?, (Sx)(n) = z(n+ 1), n € Z,x € [P. OguoBpeMenHas o6paTHMOCTb
oneparopos L u L ycranossiena B crarbe [1].

Vzydenne ycgoBuii oOpaTUMOCTH JIMHEHHOTO PA3HOCTHOIO OIEpaToOpa BTOPOTO ITO-
psiyika (1) TPOBOJUTCS B YCJIOBHSIX HAJTUUHS PA3JEJIEHHBIX KOPHEH COOTBETCTBYIONIETO
"anrebpandeckoro omepaTopHOrO ypaBHEHWS

X+ B X +B,=0, (2)

paccmaTpuBaeMoro B banaxonoit ajrebpe EndX.

HBa kopust Ay u Ay nazosém pasdeaérnvimu, ecan oneparop Ay — Ay obparum B
asirebpe EndX.

Teopema 1. ITycmwv Ay, Ay - pasdeaénnan napa xopretd ypasnenus (2). Tozda das
obpamumocmu onepamopos L : IP(Z, X) — P(Z,X) u L : IP(Z,X?) — I’(Z,X?)

HEOOT00UMO U AOCMATMOYHO BUINOAHEHUA YCAOBUA

(c(A1)Uo(A))NT = 2,
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ede o(Ny) — cnexmpor onepamopos A, k=1,2; T={A € C: |\ =1}.
Kpowme rtoro, mosyuerno npejcrasienue (GopMysibl) 0OpaTHBIX OMEpaTOPOB K pac-
cMaTpuBaeMbiM oneparopaM L u L.

JIUTEPATVYPA
1. Backaxos A.I., Jynauuwesa A. FO. PasnocTHble omeparopbl U OnepaToOpHbIE MaTPULIBI BTOPOro mnopsaka. 3sectus PAH.
Cep. marem., 2015. Tom. 79, Ne. 2. crp. 3—-20.

B. M. Kangunkwit (FO>xusbiit denepanpubiii yausepcuret, FOxHbrIit
matematudeckuii uuctutryr BHIT PAH, Poccus)
kaplitsky@donpac.ru

O HEKOTOPBIX HOBBIX PE3YJIBTATAX O MOJAEJIN N3NMHI'A

B pabore nosiyuena obiasi popmyiia, gaolias IpecraBieHue CTarucTuIecKol cyM-
MBI 0000IIIeHHON MOojiesin 3uHra Ha KOHEUYHO peleTke, B Buje (PYHKIMOHAJIA OT
CIEKTPaJIbHbIX HHBAPUAHTOB HEKOTOPOI TEILINIEeBOi MaTpullbl. IlojiydeHo acuMIToTy-
4eCKOE BBIPAXKEHHUE CTATUCTUICCKOH cyMMbl 11pu 6oJibiiiux N (N—quciio y3i10B perier-
KM ), KOTOPOE MOXKeT ObITh OCHOBOIi JIJIST TOUHOTO BBIUUCICHUST TPEJICTABJISIONX HHTE-
pec pU3NIECKUX BEJUYNH, HAIIPUMEp, yJIeJbHOM CBOOO(HOM sHepruu npu 60bimux V.
O0bcy ) 1a10TCsT HEKOTOPBIE MaTeMaTHIECKIe 3a/1a91, CBSI3aHHAE C TeOPHe TeTIUIeBhIX
MaTPHUI], PEIIeHNe KOTOPBIX IIPEJICTABJISIET UHTEPEC B CBA3M C MCCJIEOBAHUSIMU TOYHO
pelaeMbiX MOjiesiell CTaTUCTUIECKONH (DU3UKH.

JUTEPATVYPA
1. Baxcmep P. Touno pemaemble MOZeIN B CTATUCTHIeCKOM MexaHmke. M.: Mup, 1978.
2. Bepzeaec C. H. KanubpoBouHas cynepcuMMerpudHas Moesib V3unra Ha KyOudeckoil penierke BOIM3U KPUTUIECKON TOYKHI
B IpejcTaBjieHnu cBoboaubIx noseit // ITuchma B 2KIT®, 96:2(2012), 128-134.
3. Bepesun @. A. Ilnockast momens Wsunra // YMH, 24:3(147),1969, 3-22.

B. H. Koznos, Edpemon A. A. (Cankrt-Ilerep6ypr, Poccus)
salu@ftk.spbstu.ru

HET'JIAJIKUE ITPOEKTOPbBI MUHVMUN3AIINN HOPMbBI HA
KOMITAKTHBIX MHO?KECTBAX

OmnepaTopbl Ha OCHOBE OPTOTOHAJLHBIX TPOEKTOPOB Ha JIMHEHHBIE MHOTOOOPA3US U
HerIaIKUX IIPOEKTOPOB Ha lapaJulesielunlie/ibl JJisd SKCTPpeMaJabHON 3a/ia4 B KOHEYHO-
MEpPHOM MPOCTPAHCTBE: BBIYUCIUTD

Ty :argmin{QOZ |z — C| |z e D°ND#£0,
D = {z|Azxz = b,rang A = m} € R™", (1)
D'={z|z- <z <a"}#£0}eR"
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[Ipuaenbable TOUYKH UMEIOT CJAETYIONII BUT

x*(@*) :p2—|—a*p:P1 [Po[plu +
e (P[P0 - i) = P[P [P (P(C)]] ®
+a, (P[P [PH(PY(C))] ]| = PH(PY(C))),

ryie apPUHHBIN U HerJIa KUl IPOEKTOPHI U MapaMeTphl OlpejieieHbl paBEHCTBaAMU

PO(C)ZPOC—i—PAb, POZEH—PLZPAA,
PA:AT (AAT)_l, Oy = min [b_ <Ai7p0)]7

i€[l,...,m]
P (at) = 0,5 (0~ x| = [0 x|+ X x7)

Bamady (1) MOXKHO TaKyKe PENiTh PETaKCAIMOHHO-TIPOCKITMOHHBIM METOIOM

Xk:0+1 =P (X,g) < Do’ Xk:1+1 = P! (Xk9+1) = D1> (3)
k=0,1,2, .., XS:PO(C),

JIJIsT KOTOPOTO (2) OTpeiesisieT TpeJieJibHble TOUKH METOJ[A, TIOCKOJIBKY TOCTIEI0BATE h-

HOCTD (3) ACHMITOTUYIECKH CXOJUTCH Ty = lim x,, n — 00.

JUTEPATVYPA
1. Kossaoe B. H. Herslagkue cucreMbl, OnepaTropbl ontumusaimu u ycroitausocts. I3n-8o [lomurexn. yu-ra. CII6. 2012.

B. 1. Kpsaksus, I'.II. Omaposa (FO®Y, Poccust)
kryakvin@sfedu.ru, om.gulnara@yandex.ru

OBIIIA A KPAEBAS 3AJIAYA JIJIS
[ICEBIO/IN®P®EPEHIINAJIBHBIX OITEPATOPOB B
[IPOCTPAHCTBAX T'EJILJIEPA-3UTMYHJIA IEPEMEHHOTI'O
IIOPSIJIKA TJIAAKOCTH HA R”.

Pacemarpusatorest oneparopsl ['puna A u3z anrebper Byre ne Mounsens (cm. [1]) B
(bYHKIMOHAIBLHBIX IIPOCTPancTBaxX [enbaepa- SurMmymia AS(')(Ri) C IePEMEHHBIM OKa-
saresieM ruagkoctu s(-) (em. [2]), rae s(+) — HenpepbiBHasi OrpaHUYEHHAS BEIECTBEH-
HozHadHasi pyHKIiws Takas, 4ro |s(x + y) — s(x)| <
0< |yl <1

Jlokazano, uTto omneparop ['puna

_ 5 n
Toe, o] AV Jaobbix x,y € R”,

n mn

B P +G K . A*O(RY) AO=™(RY)
A= < T Q) S> — s> ;

. As(-/,0)7m+)\(Rn71) As(-/,O)f'y(Rnfl)
rie Py = rtPe™ — ncepnomuddepennnalbiblii onepaTop Nopsjika m Ha MOJYIPO-
CTPAHCTBE €O CBOMCTBOM TpaHcMmuccuu, (G — CHHTYJISIpHBII orepaTop ['puna mopsiaka,
m u kiacca r > 0, K — oneparop [lyaccona (korpannunbiit) nopsijka A, T — rpanud-
HBIII omepaTop MopsajiKa 7y U Kjaacca r, () — ncenogaud depeHnma bHblil onepaTop Ha,
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R" nopsaka —m + X + v, orpanuden B yKa3aHHbIX HPOCTPAHCTBAX, €CJIM BBIIOJIHS-
FOTCST yCJIOBYSI:

i)cymecrsyer € > 0 rakoe, uro s(z', x,) = s(2/,0) aus smoboro 2/ € R"! u |z,| < ¢
ii) s(2',0) > so > r — 1 npu obom ' € R"1,

JUTEPATVYPA
1. Boutet de Monvel Boundary problems for pseudo-differential operators. Acta Math. 1971. V. 126. P. 11-51.
2. Kpaxeun B. /[. O6 orpanndennoctn ncesaoand pepeHnmaabHbIX OepaTopoB B mpocTpancTBax Lenbaepa-3urmyHa mepe-
menHoro nopsaka. Cubupckuilt maremaruyeckuii xypuas. 2014. T. 55, Ne 6. C. 1315-1327.

. M. ITonsikos (Bnanukaska3s, Poccus)
DmitryPolyakow@mail.ru

OB OIIEPATOPAX C PA3AEJIEHHBIM CIIEKTPOM!

Pacemorpum camoconpsizkennbiit oneparop A @ D(A) C ‘H — H ¢ obsacrbio ornpe-
nenenust D(A) u3 KoMIiekcHOro rusibbeprosa npocrparcTsa H. B nacrostieit pabore
M3YUalOTCsl CIEKTPAIbHBIE CBOMCTBA BO3MYIeHHOTO oneparopa A — B : D(A) C H —
‘H, rie oneparop B npunajjiexxkut danaxopoii ajiredbpe End ‘H JimHelinbix orpanudeH-
HBIX OIEPATOPOB, JEHCTBYOMKX B H.

Huxe cumBosiom J oboznadaercs oguo u3 caepyomux muoxects {0,1,..., N}, Z,
Z, = N U{0}. Ilpeanosnoxum, uro ciekrp o(A) oneparopa A jioiyckaer npejcras-
JICHUE BUJIA,

o(A) =Jon, (1)

rJle MHOXKECTBA 0, N € J, ABIAIOTCS 3aMKHYTBIMHI, B3AUMHO HE [EePECEKAIOTCsI, IPUIeM
BhITIOJIHEHO yeaosue d = inf,cyd, > 0, roe d, = dist (an, a(A)\ an). Omneparop A ¢
TAKUM CBOMCTBOM CHEKTDPa Oy/leM Ha3bIBATL ONEPAMOPOM ¢ Pa30eNeHHbIM CTLEKTIPOM
OTHOCHTEBHO TpejcTasienus (1). OTMeTnM, 9T0 MHOXKECTBA 0, N € J, MOryT OBITH
HEOIPAHUICHHDBIMU.

Brenem ciejyioiee

Omnpenenenune. Muoowcecmso Ay us cnexmpa o(A) aunetinozo onepamopa A naswea-

eMeA CNEKMPAALHOIM, ECAU 2UNLOEPMOBO NPOCMPancmeo H A6AAEMCA NPAMOT CYM-

mot H = Hy ® Hi uneapuarnmuox ommocumesvno A 3aMEHYMBLE NOONPOCMPAHCEMS

Hi, k = 0,1. Ommemum, wmo npu smom cnexmpo, o(Ay), k = 0,1, cyocenui

A = AlHr - D(Ax) = D(A) NHy C Hi — Hy, kK = 0,1, onepamopa A na Hy,

ooaadarom caedyrowumu ceoticmsamu: o(Ag) = Ao, 0(A1) = Ay, dist (Ag, Ay) > 0.
OCHOBHBIM pPE3YJILTATOM SIBJISIETCSI

Teopema 1. ITycmo das sosmywenua B € End H swnoaneno yeaosue || B|| < d/(4r).

1PaBora BHIMONHEHA TpH bUHAHCOBOH TIoAepkKe Poccuiickoro dbonga byHIaMeHTaIBHEX HCcTeaoBarui (mpoekT Ne 18-31-00205)
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Tozda cnexmp o(A — B) onepamopa A — B npedcmasum 6 6ude 0(A — B) = Upejop,
20e MHosicecmea o, n € J, asaaromen cnexmpanrvno.mu. Kpome mozo, umerom mecmo

OUEHKU
dist(Gn, o) < dfm,  dist(Fn, (A — B)\ &) > d(1 — 2/7).

B. B. CeménoB (Kuen, Ykpanna)
semenov.volodya@gmail.com

KOHEUYHOE YNCJIO UTEPAIIUN B JIBYXSTAIITHLIX
AJITOPUTMAX IJIAd BAPUAIIMOHHBIX HEPABEHCTB

B noknaje miaanupyercs paccka3aTh O CXOAUMOCTH HEKOTOPBIX HEeJTABHO TPEIJTOXKEH-
HbIX MeTOJI0B [1, 2| perienust BApUAIMOHHBIX HEPABEHCTB TIPU YCJIOBUU OCTPOTHI.
PaccmarpuBaercst BaprallnOHHOE HEPABEHCTBO

naittn x € C': (Az,y —x) >0 Vy e C,
rie C' — HemycToe BLITYKJIOE 3aMKHYTOE IIOJIMHOXKECTBO I'MJILOEPTOBa NpOCTpancTsa H,

A H — H — nenuneilnblii MOHOTOHHBIN M JIMIIIUIEBLIA oneparop. IIpeanonaraercs

HEIlYCTOTa €10 MHOXKECTBa, PelieHuit S U BbIIOJIHEHUE YCJIOBUST OCTPOThI
da>0: (Az,z — Psx) > al|lz — Psx|| Vo € C,
rie Pg — ornepaTop MeTprdeckoro mpoeKTHPOBaHust Ha S.
AHasiuzupyeMbie METOJbl UMEIOT BH/I

Yn = 2xn — Tp—1,
Tp+1 = PC (xn - )‘Ayn)

T.={z€ H: (xy — Ayp_1— Yn, 2 —yn) < 0},
Tn+1 = PTn (xn - /\Ayn> )
Yn+1 = Po (Tnp1 — AAy,)

rje A € (0, @), L > 0 — nocrogunag Jlunmmura oneparopa A.

JlokazaHo, 9To MocIe0BaTeIbHOCTH (X, ), TEHEPUPYEMbIe AJTOPUTMAMHE, CXOJIATCS K
HEKOTOPOMY PeIIeHUI0 BapUAIMOHHOI'O HEPABEHCTBA 38 KOHEYHOE HUCJIO uTepaluii, To
ecTh cyIecTByeT HoMep n € N Takoii, 9to x, € S.

JUTEPATVYPA
1. Malitsky Yu. V., Semenov V. V. An extragradient algorithm for monotone variational inequalities. Cybernetics and Systems
Analysis. 2014. Vol. 50. P. 271-277.

2. Malitsky Yu. Projected reflected gradient methods for monotone variational inequalities. STAM Journal on Optimization.
2015. Vol. 25. P. 502-520.
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H.B. Yckosa (Boponex, Poccust)
nat-uskova@mail.ru

O IIPEOBPA3BOBAHUN I1O0IOBUY OIIEPATOPOB C
NHBOJIIOIINEN!

B rumsbeproBom mpocrpanctee H = Lo[0,w]| paccmarpusarorcs omepatopbl L,
1 = 1,2, 3, Koropble 3aJ1al0TCs caeayonmuMu JuddepeHnuajbHbIMI BbIPaXKEHUSIMU

(l1)(s) = Z—i —a1z(s) —vi(s)x(w — s),
()(5) = 5 — a0()a(5) — ()l ),
()o) = G|~ wo(s) — (o)t o),

¢ obsactsimu onpejiesienust D(L;), i = 1,2, 3, 3a/1aBaeMbIM# MEPUOJUIECKAMEI KPACBbI-
Mu yeiosuamu, T. e. D(L;) = {x € W3[0,w] : 2(0) = z(w)}, i = 1,2, 3. orenuuas
U1, G0 q1, 90, g1 npunajiexar H, a; € C. Cumposom £y : D(£y) = D(L;)) CH — H
obozraden oneparop anddepeniposanus (Lor)(s) = dr/ds, cekrpajbHbIe TPOEK-
ropst Py, | € 7Z, xoroporo sanaorcs opmyioi (Pix)(s) = (x(s), e2ms/w)ei2rls/w
/x\(l)eﬁ”ls/ “u mycts Py = Zli\ < Pi- OCHOBHOIt pe3y/bTaT COCPKUTCA B Clejlyrolei
TeopeMe.

Teopema 1. Cywecmsyem makoe wucao k € Z, = NU {0}, wmo xaorcdui us one-

pamopos L;, i = 1,2,3, nodoben onepamopy Lo — Vi, © = 1,2,3, 2de onepamopui
Vi, i =1,2,3, npunadaesrcam udeanry onepamopos lusvbepma-Imudma Sy Ly]0,w])

u umerom mecmo pasencmea L;U; = U (Lo — V), i@ = 1,2,3, nodnpocmpancmesa
Hiy = ImPyy v Hy = Im Py, |j| > k, asasomea unsapuanmmoimu, ommocument-
Ho onepamopos Ly, V;, i = 1,2,3. Boaee mozo, onepamopwv. L;, © = 1,2,3, ecmo

U;-opmozonanrvran npamas cymma 6uda

L =U(& — a;l — (Vigy ® EB ViU, i=1,2,3,

7>k

2de az = qp(0), az € C, omuocumenvno U;-0pmo2onasvrozo pasarosncenus npocmpat-
cmea Lo[0,w] 6uda Lo[0,w] = UiH ) © ®)j>1UiH;. Kaocduiti us onepamopos Vi,
umeem pane 2k + 1, a onepamopw Vij, |j| > k, i = 1,2,3, — pane 1. Obpamumsie
onepamopuv npeobpasosanus U;, i = 1,2,3, npunadaesrcam End Lo[0,w] v Uy — I €
GQ(LQ[O,M]).

1PaBora BHIMONHEHA TpH bUHAHCOBOH TIoaAepxkKe PODU (mpoexT 16-01-00197)
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Fedotov A.I. (Kazan, Russia)
fedotovkazan@mail.ru

SOLVED AND OPENED PROBLEMS OF TRIGINOMETRIC
INTERPOLATION

Let P,, be the trigonometrical polynomial Hermite-Fejer interpolation operator

(Pax)(r) = ) (a(te) +ia’ (t) (1 = ex(r — 1)) (T, 1),

|k|<n
w.r.t. the equally-spaced multiple collocation points on [—m, 7], and H® be Sobolev
space.

Theorem 1. The operator P, is bounded and the following estimation is valid

1
HPn||H1+s_>H1+s S 2 6(23), n = ]_,2, ey S > 5,

where ((t) = Z;’ilj—t— is the Riemann’s (-function bounded and decreasing for t > 1.
Let P, be the trigonometrical polynomial m-dimesional Hermite-Fejer interpolation
operator

(Pau)(1) = ) (ultic) + iw(ti) - (1 — ex (T — tic)))u(T, o),

kel,
w.r.t. the equally-spaced by each dimension multiple collocation points on [—m, 7]™,
and H® be m-dimesional Sobolev space.

Theorem 2. For allm € N, m > 2, s > m/2, and n € N™ the following
estimation s valid:

HPIIHHlJrs%leLs < 2mm1+8/2M1+8(2n + ]_)\/C(QS —m+ 1),

min(n)
However many problems of triginometric interpolation are still opened.

H. Hayrapetyan (Yerevan State University, Yerevan, Armenia)
hhayrapet@gmail.com

ON A BOUNDARY VALUE PROBLEM WITH INFINITE INDEX

In the work it is investigated Riemann boundary value problem in a unit circle
DT ={z;|z| < 1} with the following setting:
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Problem R
Determine analytic in DU D~ function ¢(z), p(o0) = 0 such that the following holds:

lim [|o*(rt) — a(t)e™ () — (1) ) = 0. (1)

r—1-0

where 1 < p < 00, p(t) = [Too; Itk — t%, 6 > 0,572, 61 < oo.

On a solution

In the case 1 < p < oo it is shown that problem (1) is normally solvable. In other words,
the homogeneous problem has a finite number of linearly independent solutions, and
the inhomogeneous problem is solvable for any function f € LP(p). lf p=1, a(t) =1
and

o0

Z&JTLH — tk‘ > —00

k=1
then the general solution of the homogeneous problem (1) can be represented in the
form:

A
#o(z) = Ztk —kz’

k=1

0
where Y Aj < 0o . In the work it is received the general solution of problem (1).
k=1

REFERENCES
1. Hayrapetyan H. M., Petrosyan V. G. Riemann Problem in the weighted spaces L' (p), Journal of Contemporary Mathematical
Analysis 51 (2016), 215-227

M. A. Karapetyants (Moscow, Russian Federation)
karapetyantsmk@gmail.com

SUBDIVISION SCHEMES ON A DYADIC HALF-LINE

We consider the subdivision operator on a dyadic half-line. Necessary and sufficient
convergence conditions, the connection between the subdivision scheme and the refine-
ment equation, existence criterion of a fractal curve and continuous solution of the
refinement equation and some combinatorial properties of a subdivision scheme are
studied. The conjecture on convergence of subdivision schemes with non-negative masks
is also formulated.

REFERENCES
1. Protasov V. Yu. Dyadic wavelets and refinable functions on a half-line. Sbornic: Mathematics. 2006. Vol. 197, No. 10,
pp- 129-160.
2. Golubov B. 1., Efimov A. V., Skvortsov V. A. Walsh series and transforms: theory and applications. Nauka.1987.
3. Daubechies I. Ten lectures on wavelets. STAM.1992.
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4. Golubov B. I. Binary analysis elements. LKI.2007.

5. Novikov I. A., Protasov V. Yu., Skopina M. A. Wavelet theory. PhysMatLit.2005.

6. Melkman A.A. Subdivision schemes with non-negative masks converge always - unless they obviously cannot. Baltzer
Journals. 1996.

A. A. Shkalikov (Moscow, Russia)
ashkaliko@yandex.ru

SPECTRAL PORTRAITS AND THE EIGENVALUE DYNAMICS OF
NON-SELF-ADJOINT STURM-LIOUVOLLE OPERATORS WITH
SMALL PARAMETER

The objective of the talk is a non-self-adjoint Sturm-Liouville problem of the form
ey’ +q(z, Ny =0

where ¢ — is an entire function on x and analytic on A in a domain G C C. Here X plays
the role of non-liinear spectral parameter (in particular, the case q(z, ) = ¢(z) — A
corresponds to the usual spectral problem), and ¢ is the physical parameter, which is
assumed to be small or large. Our goal is to learn the behavior of the spectrum of
this problem on a finite segment, on the semi-axis and on the whole axis as ¢ tends
to 0 (certainly, it is assumed that in the case of finite interval or semi-axis boundary
conditions are involved).

We will show that the spectrum of the problem in question is localized in an e-
neighborhood of a set, which we call the limit spectral graph. This set consists of three
types of curves and the equations for these curves will be written down. Moreover,
the dynamics of the eigenvalues along these curves will be explained (the so called
quantization formulae). We will pointed out the connection of the problem with the
celebrated Orr-Sommerfeld equation arising in hydrodynamics.

Special attention will be paid to the so-called PT-symmetric potential.

The talk is based on the joint works with S.N.Tumanov.

The work is supported by Russian Science Foundation, grant Ne 17-11-01215.

I. G. Tsar’kov (Russia, Moscow)
tsar@mech.math.msu.su

SMOOTHING OF UNIFORMLY CONTINUOUS FUNCTIONS ON [, !

Let X be a Banach space, and let A be a nonempty subset of X. We say that a
function f : A — R belongs to the class H*(M) (« € (1,2]) if it lies in D(A), and f’
belongs to the Holder class of order o« — 1 on A. Such functions will be called a-smooth
functions.

I This research was carried out with the financial support of the Russian Foundation for Basic Research (grant no. 16-01-00295)
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By (H®) we denote the class of all real Banach spaces X such that the norm on
X belongs to the class H*(X \ B,R), where B = {x € X | ||z|]| < 1} is the unit
ball in this space. Such spaces will be called a-smooth spaces. We note that L,-space
(1 < p < ) belongs to the class (H*), where @ = min{p, 2}.

In this work we investigate the problem on the uniform approximation of uniformly
continuous functions by functions having the maximum possible uniform smoothness.

For any function g : A — Y, where A C X and Y be a Banach space, by ||g|| and
w(g,e) (¢ = 0) we denote correspondingly

sup [[g(z)[ly and  sup{llg(z) —g(W)lly |2,y € A |l —yll <&}

reA

Theorem 1. Let X € (HY), a € (1,2]; A C X be a nonempty set. Then there
exists K > 0 such that for each € > 0, each uniformly continuous function f: A — R
there exists a a-smooth function ¢ : X — R for which

w(f,e)

ga

If = ol < 3w(f,e), w(¢'A) <K A
where A € [0,e/v/2]. In particularly, if X = L, (1 < p < oo) then above assertion
is fulfilled for a¢ = min{p,2}. We note that for X = L, (1 < p < oo) the order

a = min{p, 2} is the maximum possible order of smoothing.

M. B. Hesckuii, A. 0. Yxanos (dpocaasis, Poccus)
mnevskb55@yandex.ru, alex-uhalov@yandex.ru

OB OIITUMAJILHOW MHTEPIIOJIAIINN JJNHENHBIMUI
OYHKIINAMUN

[Iycrs @, = [0,1]", S C @, — n-MepHbIil HEBBIPOKICHHBII cuMILIeKe. PaceMorpum
MHTEPIOJNANMOHHBIN TpoekTop P, neitctyroriuit uz C' (Qn) Ha IPOCTPAHCTBO JIMHEHHDIX
hyHKIHUI 1 TepeMEeHHbBIX, y3Jbl KOTOPOro coBhajator ¢ BeprmHamu S. Uepes || P||
obosnaunm Hopmy P kax oneparopa uz C(Q,) B C(Q,). Ilycrs 0, ectb MunumMasibHOe
Bosmozknoe 3uadenne || Pl [lomoxnm takxke £(S) = min{oc > 1: Q, C 0S5}, &, =
min{&(S) : S C @Q,}. lon oS monumaercs 0bpa3 S mpu rOMOTETHH OTHOCHTEJIHHO
IEHTPA TIYKECTU CUMILIEKCa ¢ KO DUIIMEHTOM J.

[Ipm 11000M N BHITIOJTHSIOTCS HEPABEHCTBA,

1 1
nr (en_1)+1§€n§n+
2n

(6, — 1) + 1.

1/2

CupaejiuBbl cootHomenus 6, < n'/2, n < &, < n + 1. Ilo noBoay 3Toit TemaTu-

KN ¥ pasaundHbix oneHok oM. [1]. Tounbie 3navenns 6, cerojiHsi W3BECTHBI JIMIIb JIJist
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n =1,2,3,7. Benmuunns! &, Mbl 3HaeM Ui n = 2, n = 5, n = 9 u 6ECKOHEIHOI COBO-
KYITHOCTU TeX M, JJIS KaxkJ0r0 M3 KOTOPbLIX CyIIecTByeT Marpuia Ajamapa mopsijika
n + 1. 3a uckiodeHneM n = 2, Bce U3BECTHBIC 3HAYCHUST &, PABHBI N.

B joksaie npeanosaraeTes IpuBeCTH HOBBIE PE3YJILTATHI, YTOUHSIOINE TeOPeTHIe-
ckue BepxHue rpaHurpbl ducest 6, (mis n < 26) u ancen &, (g n < 118). Muorue
OLEHKHM YJIaJIOCh MOJYUYUTh, OCTPOUB CUMILIEKCHI ¢ MAKCUMaJIbHBIM 00béMOoM B (). B
KadecTse puMepoB npuBejiéM Hepasencrsa ([2], [3])

9 103 474
OBoa < — By < — . Oor < Bor < ——
23S 5, P S oo 25 < O, T
1162 1985 1538 8641
< < — < —— < —.
Es0 < 55 E60 < T Eoo < A E11s < =

Pabora BbllOJIHEHA B paMKax IOCYIapCTBEHHOrO 3ajanus MunucrepcrBa obpasoBa-
uust u Hayku PO, npoekr Ne 1.10160.2017/5.1.

JUTEPATVYPA
1. Hescxuti M. B. TeomeTpudeckune OIEHKH B MOJNHOMHUAIBLHON mHTEpHoAamuu. pocaasas: Apl'y. 2012.
2. Hescxuti M. B., Yzanos A. FO. O muamvanbaoM K03ddUnuenTe noriomenus Ay N-MEPHOr0 CUMILIEKCA (CTaThs IPUHATA
K [eYaTH).
3. Hescxuti M.B., Yrasos A.F). O6 onTuMmanbHOW MHTEPIONANNN JUHEHHbIME (DYHKIMAMEA Ha N-MEPHOM KyOe (cTaThs
IPHUHATA K LIe9aTH).

. A. TTonsikoBa (Pocros-na-/lony, Bianukaskas, Poccust)
forsitesl1@mail.ru

YACTHOE PEINTEHUVE /INOPEPEHIIMAJIBHOI'O YPABHEHUNA
BECKOHEYHOTI'O IIOPA/JIKA C IIOCTOAHHBIMUN
KOO PUIINEHTAMUN

B pabote paccmarpuBaeTcs YacTHBIN ciydail MpOCTPAHCTB yJabTpaauddepeHnupy-
eMbIx (PyHKIUI BepiimHra HOpMaJbHOIO THIIA Ha YUCIOBOM NpsMOil, a MMEHHO, IPO-
CTPAHCTBA Sgw)(R), nopox raembie Becamu w(t) = P e p(t) — p € (0,1) — Hexo-
TOPbIIl YTOYHEHHBIN TOPSIJIOK.

JlaHHbBIE TIPOCTPAHCTBA B OIPEICJEHHOM CMbICJIE TIPEJICTABIIAIOT CODOI 0000ITIEHHBIE
IIPOCKTHBHBIC aHAJIOI'M U3BECTHBLIX KJiaccoB 2Kespe.

B npocrpancrse 5(1@(1[%) uccenyercs auddepenimanbHoe ypaBHeHne 0eCKOHEIHOI'O
MOPSIIKA C TIOCTOSTHHBIME KO3 pUITHeHTaMK

o0

S =g, (1)

k=0
pas3penMoe B E(1w> (R) tpu 060t npaBoii yactu g € 5(1w)(R)-

Cumbosiom ypasuenus (1) cayskur nenas dyukuus p(z) = >0 ar(—i) 2%, yio-
BJICTBOPAIONIAs ONPEJICTCHHBIM YCJIOBASIM POCTA.
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OcHoBHO#I pe3y/ibraT paboThl 3aKi0daeTcs B ciaeyomem. [lo cuMBony o ypasie-
nust (1) B ABHOM BHJIe CTPOMTCA BO3pACTAIONIAA TOCIEI0BATETLHOCTL (V)32 moso-

o
JKUTEJIbHBIX YUCes TaKasgd, YTO CACTEMa JKCIIOHEHT {e]””fx}j_ SIBJISIETCS abCOJIIOTHO

=1

IPEJICTABISIONEH B 5(1w)(R), M Takas, 970 s |p(Fvj)| BLIIOMHSETCS HOAXOsIIAS
OIlCHKA CHU3Y.

DTO MO3BOJIET JIOKA3aTh, UTO €CJIM MpaBas dacTh ¢ ypaBHeHus (1) pasioxkena B

A0COJTIOTHO CXOJSIIINIACS PsiJl 110 YKa3aHHOW crcTeme

0 00
g — § :gj—e—wjx + E :gj—ewjx’
j=1 j=1

TO (DYHKIIMA

siBJIsieTCs perienneM ypasrenusi (1).

JlokazaTeanbcTBO OCHOBAHO HA AHAJOTMYHBIX pe3yjbrarax u3 [1|, mosydeHHBbIX jijis
npocTpalcTB (PYHKIUA Ha KOHEYHOM WMHTEpBaJje, a TakKyKe Ha H3BECTHOM CBOHCTBE
YCTORIMBOCTH €J1AO0 JOCTATOUYHBIX MHOMKECTB U aDCOJIIOTHO MPEICTABISIONINX CHCTEM.

JUTEPATVYPA
1. IHoasxosa /J[. A. O peuenusix ypaBHEHUN CBEPTKU B LIpOCTpaHCTBaX yJibrpaguddepennupyembix Gynkimii. Asrebpa u
amasm3. 2014. T. 26, Ne 6, crp. 121-142.

B. B. IIlycroB (MockBa, Poccus)
vshustov@gosniias.ru

O IIPEJACTABJIEHUN ®YHKIIIT COCTABHBIMNI
ABYXTOYEYHBIMU MHOT'OYJIEHAMU SPMUTA

Kak npoposmkenne pabot [1-2| paccmorpuBaercs 3aada o MpeicTaBieHun DyHKIHN
COCTABHBIM MHOTOUYJICHOM, SIBJISIONINMCH KYCOYHO-3a/IaHHOi (DYHKIMEH, ONPEIeIeHHOM
Ha OObEIMHEHUN OTPE3KOB, Ha KAXKJIOM M3 KOTOPLIX (DYHKIMS LPEJCTABJICHA, JIBYXTO-
GEUHBIM UHTEPIOJIAMOHHBIM MHOTOUICHOM DpMuTa [1].

[lycrs dynkms f(z) onpemenena na orpeske |zg,z,| W WMeeT 10CTATOUHOE THCIIO
IPOM3BOJIHBIX Ha dTOM orpeske. Ilycrb Takke B Toukax x; — xg + th, 1=0,1,...,n
3TOr0 OTpe3Ka, e h=(x,—x¢)/n, 3a1anbl 3HaYeHust GyHKIUU f (1) U ee TPOU3BOTHBIX
JI0 TIOPSLJIKA 171 BKJIIOYUTEILHO:
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Heobxoumo nocrpours cocrapuoit muorousnen H(z)—Hi(z), © € [z;,xi41), i
0,1,...,n— 1, yaorerBopstormuii yciosuto (1), u ONEHUTH OCTATOUHBI UIeH T, VMmeer
MECTO CJICJIYIONIAst TeOpeMa.

Teopema. [Tycmo dynryua f(z) ydosaemsopaem ycaosuwio (1). Tozda ona moorcem
ovimo npedcmasaena 6 eude: f(x)=Hp(x)+rp(x), e

m+1 — ;7 ymi] ko ek emil S fi(i)lhj ymi] k k
Hy () = (1=€)" 1y Sy ek gF ety st (c—1)0 Y~ ek (1-9)F,
=/ k=0 j=0 k=0
r — Xy T — X9
52 77’_ Y
h h
f(2m+2) (772) h2m+2

me(f - 1>m+1a77i € (i, xit1).

OTMmeruM, 9TO COCTaBHbIE MHOIOUJICHBI COXPAaHSIOT IVIaIKOCTh UCXO/IHOM (DYHKIUU 10
IOPSAJIKA M BKJIIOYUTEJILHO U B OTJIMUKE OT CILIAKHOB [3] 1pejicTaBisiiorcst B KOHETHOM

BIJIE, HE TPeOysl pelleHust ypaBHEeHU.

JUTEPATYPA
1. IIIycmos B.B. O npubmuskennu (HyHKIMH ABYXTOUEUHBIMYI HHTEPIOISINOHHBIME MHOrO4IeHaMu Dpumuta // 2KBMMO.
2015. T. 55, Ne 7, C. 1091.
2. Ilycmos B.B. Aunpoxkcumanust GyHKIUA HECUMMETPUYHBIME JBYXTOYEYHBIMI MHOIOY/IEHAME DPMUTA U €€ OLITUMU3ALN
// ZKBMM®. 2015. T. 55, Ne 12, C. 1999.
3. Ans6epr k., Hunbcon 9., Yomm Ix. Teopus cinaiinos u ee npuinoxkenus. M.: Mup, 1972.
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A.H. Babayan (Yerevan, Armenia)
barmenak@gmail.com

ON A DIRICHLET PROBLEM FOR ONE IMPROPERLY ELLIPTIC
EQUATION

Let D = {z : |z| < 1} be a unit disk and I"' = 9D its boundary. We consider the
improperly elliptic sixth order differential equation

0 0%u
- k@xk8y6_k (xuy) 07 (-T,y) S ) ( )

where Ay, are such complex constants (Ag # 0), that the numbers \; (j =1,...,6)

— the roots of characteristic equation Z ANSF = 0, satisfy the condition: \; = =

A47£Z \9)\ > 0, j_l 4)\5 )\67é—2 \S)\6<0
The solution of the equatlon (1) belongs to the class C%(D) () C?*) (D), and on the
boundary I' (2 = ) satisfy Dirichlet conditions:

82
Uu _

FErE=IN 5(6), u(1,0) = co, uy(1,0) = 1, uy(1,0) = co. (2)

Here j = 0,1,2; F; are given functions, ¢; are given constants. Let B(®)(r) be the
space of the functions g, analytic in the ring {r < |z| < 1} and Holder continuous with
second order derivatives up to the boundary; and p = %
be formulated as follows.

Theorem 1. Let z = % Then, if the boundary functions I belong to

the class B\ (|u|) then the problem (1), (2) has a unique solution if and only if the

conditions "
det (Z(j + 1)zJWj> 20, l=4,... (3)

J=0

. Then obtained result may

hold. Here

W~:( [—7—1 J+2)(l—75-2) >
NG+ G20+ -5-2)

If the conditions (3) failed, then the homogeneous problem (1), (2) (if F; =0, ¢; =
0) has finite number linearly independent solutions and the same number of linearly

independent conditions necessary and sufficient for the solvability of inhomogeneous
problem (1), (2). These defect numbers are determined in explicit form.
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V. Barrera-Figueroa (Instituto Politécnico Nacional, México)
vbarreraf@ipn.mx

NUMERICAL METHODS IN THE SPECTRAL THEORY OF
QUANTUM GRAPHS

Let us consider periodic metric graphs I' equipped by Schrédinger operators

2

d
Sq:—@%—q(a:), rel\V

with bounded potentials ¢, and certain conditions at their vertices V.

Graphs are periodic with respect to a group G isomorphic to Z™. Schrédinger
operators on periodic metric graphs have been widely studied on an analytical basis
(see, e.g., [3]) but the investigation at the numerical level is rather restricted.

In this talk we consider the application of the limit operators method [5] and the
spectral parameter power series method [4] for the numerical analysis of the spectra of
G-periodic quantum graphs. The effectiveness of the joint application of both methods
has been shown in the works [1] and [2] for quantum graphs having Kirchhoff-Neumann
and Dirac delta vertex conditions, respectively.

REFERENCES

1. Barrera-Figueroa V., Rabinovich V.S. Effective numerical method of spectral analysis of quantum graphs. J. Phys. A:
Math. Theor. 2017. Vol. 50, No. 21, 215207 (33 pp.).

2. Barrera-Figueroa V., Rabinovich, V.S, Maldonado Rosas M. Numerical estimates of the essential spectra of quantum
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3. Berkolaiko G., Carlson R., Fulling S. A., and Kuchment P. (eds) Quantum Graphs and Their Applications (Contemporary
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4. Kravchenko V. V. Porter M. R. Spectral parameter power series for Sturm-Liouville problems. Math. Meth. Appl. Sci.
2010. Vol. 33, pp. 459-468.

5. Rabinovich V.S., Roch S., Silbermann B. Limit Operators and Their Applications in Operator Theory. Birkhauser. 2004.

S. A. Buterin (Saratov, Russia)
buterinsa@info.sgu.ru

ON RECOVERING A DISCONTINUOUS INTEGRO-DIFFERENTIAL
OPERATOR!

Consider the boundary value problem L = L(q, M, o, aq, ) :

2

o50) =owG-0), 1 (G+) = G0)+ 5 -0)
y(0) = y(m) =0,

I This work was supported by RSF (Project no. 17-11-01193).

—y" + q(z)y + 093 Mz —t)yy(t)dt =Ny, x € (0, g) U (E,TF),
T
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where ¢(x) and (7 — x) M (x) are complex-valued functions in Ly(0,7), ag, a1, 8 € C
and oy + ag # 0. The following theorem holds.

Theorem 1. The spectrum {A\,}nen of the problem L has the form

o w1 — (—1)”0}2 M 2
A, = (n + - + ?> , {%n}neN € lg, (1)
where 3 L
— — d 2
o= tts [y )

Wy = b p0— o <% /7r q(z)dx — %/Oﬁm q(x) dsc). (3)

ap +a1 Qg+ aq /2

Consider the inverse problem: find the function M (x) from the spectrum {\, },en,
provided that the potential ¢(x) along with the numbers «ag, ay, 8 are known a priori. In
the case ap + a1 ¢ (—o0, 0], the uniqueness of its solution is proven and necessary and
sufficient conditions for the solvability are obtained, i.e. the following theorem holds.

Theorem 2. Let an arbitrary function q(x) € Lo(0,7) along with the numbers
ag, a1, B € C, aptas ¢ (—o0,0], be given. Then for any sequence of complex: numbers
{\n}nen of the form (1)-(3) there exists a unique (up to values on a set of measure
zero) function M(x), such that (m — x)M(x) € Lao(0,7) and {\;}nen is the spectrum
of the corresponding boundary value problem L(q, M, g, a1, ).

The proof is constructive. References to some latest works on inverse spectral problems

for integro-differential operators can be found in [1].

REFERENCES
1. Buterin S. A. On an inverse spectral problem for first-order integro-differential operators with discontinuities. Appl. Math.
Lett. 2018. V. 78. P. 65-71.

M. A. Dorodnyi (St. Petersburg, Russia)
mdorodni@yandex.ru

HOMOGENIZATION OF A NONSTATIONARY MODEL EQUATION
OF ELECTRODYNAMICS

In Ly(R3;C?), we consider a self-adjoint operator L. , € > 0, generated by the
differential expression

curl n(x/e) ! curl =V (x/e) div.

Here the matrix function n(x) with real entries and the real function v(x) are periodic
with respect to some lattice, are positive definite, and are bounded. We study the
behavior of the operators COS(T,C;/Z) and L2/ Sin(TE;/z) for 7 € R and small . It
is shown that these operators converge to cos(7(£%)Y?) and (L£°)~'/2sin(7(L£)"/?),
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respectively, in the norm of the operators acting from the Sobolev space H® (with a
suitable s) to Ly. Here £° is an effective operator with constant coefficients. In [1], the
following sharp order error estimates were obtained:

[ cos(rLL?) — cos(T(L) )| 2(s) - 1(s) < Crll+ [7])e, (1)
1L 2 sin(rL2/?) — (L)1 sin(7 (L)) | ms) s yms) < Co(L+|r])e. (2)

We confirm that (1), (2) are sharp (with respect to the operator norm) and distinguish
conditions on the operator under which the result can be improved:

lcos(m.LL) — cos( (L)) go/2(ms) s L) < C3(L+ |7))e,

1LY sin(rL£Y%) = (£%) 72 sin(T (L)) | i@y o) < Ca(l+ |7])e.
The results are used for homogenizing the Cauchy problem for the model hyperbolic
equation 9*v. = —L.v., divv. = 0, appearing in electrodynamics. We study the
application to a nonstationary Maxwell system for the case in which the magnetic
permeability is equal to 1 and the dielectric permittivity is given by the matrix n(x/¢).

The talk is based on the joint work with Tatiana Suslina.

REFERENCES
1. Dorodnyi M. A., Suslina T. A. Homogenization of a nonstationary model equation of electrodynamics. Mathematical
Notes. 2017. Vol. 102, No. 5-6, pp.645—663.

R. Duduchava (The University of Georgia & A.Razmadze Mathematical
Institute, Georgia)
r.duduchava@ug.edu.ge
HELMHOLTZ EQUATION IN DOMAINS WITH LIPSCHITZ
BOUNDARY

Let C be a smooth hypersurface in R with the Lipschitz boundary I' = 9C. We
assume a bit more: the boundary I' is piecewise-smooth, i.e., the tangent vector to I'
has jumps only at the finite number of knots Mr := {¢y,...,¢,} C I'. The inner angle
a; between arcs at the knot ¢; satisfies the inequality 0 < a; < 27. The boundary I
is decomposed

v(t]
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in two parts 9C = I' = I'1 U Ty and we study the mixed boundary value problems of
the following type

A(D)u(t) = (1), teC,
[B1(D)u]™ = g(s), on T,
[B2(D)u]t = h(s), on Iy,

where A(D), B1(D), Bo(D) are differential operators of order 2, rq, ro, compiled of
Giinter’s tangential derivatives on the surface D; = 0; — v;0,, Jj = 1,2,3. The
problem we consider in the non-classical setting (which includes the classical setting

s=1,p=2):
we H(C), f e HS2C), g € Hy ™ V(Ty), ho e Hy "2 VP(Ty),

l<p<oo, s>0.

The first step is to write the quasi-local representative of the formulated BVP at
each angular point of the surface C and prove that the initial mized boundary value
problem in the non-classical setting is Fredholm if and only if all local representatives
on the model domains are Fredholm for each angular point of the surface C.

Some model mixed boundary value problems for the Helmholtz equation in a planar
angular domain Q, C R? of magnitude o is investigated in details. The BVP is
considered in a non-classical setting when a solution is sought in the Bessel potential
spaces H3(€2,), s > 1/p, 1 < p < oo. The problems are investigated using the
potential method by reducing them to an equivalent boundary integral equation (BIE)

in the Sobolev-Slobodeckii space on a semi-infinite axes Wffl/ P(R™), which is of Mellin
convolution type. By applying the recent results on Mellin convolution equations in
the Bessel potential spaces obtained by V. Didenko & R. Duduchava in [1], explicit
conditions of the unique solvability of this BIE in the Sobolev-Slobodeckii W (R™)
and Bessel potential H;(R“L) spaces for arbitrary r are found and used to write explicit
conditions for the Fredholm property and unique solvability of the initial model BVPs

for the Helmholtz equation in the above mentioned non-classical setting.

REFERENCES
1. Didenko V. , Duduchava R. Mellin convolution operators in the Bessel potential spaces. Journal of Analysis and Applications
443 (2016) 707-731.

A. El-shenawy (Kazan, Russia), P. N. Ivanshin (Kazan, Russia)
Atallahtm@yahoo.com, pivanshi@yandex.ru
LINEAR SPLINE INTERPOLATION SOLUTION FOR 3D DIRICHLET
PROBLEM IN A SIMPLY CONNECTED SOLID WITH SMOOTH
BOUNDARY

The linear spline interpolation solution of 3D Dirichlet problem for Laplace equation
is based on the division of the solid into N layers. The method reduces the 3D problem
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to a solution of a 2D Dirichlet problem at each layer. The final solution is continuous
in the whole domain up to the boundary.

Let M be a bounded three-dimensional simply connected solid, 9M be the boundary
smooth surface of M. Then the corresponding Dirichlet problem for the Laplace equation
is as follows: find the doubly differentiable in M function u(x,y, h), which is continuous
in M U OM and satisfies the three dimensional Laplace equation

Vu(z,y,h) =0, (x,y,h) € M, (1)

according to the Dirichlet boundary conditions u|gy = f(z,y, h).
Assume that the solid is divided into N layers. The spline solution at each layer is a
polynomial function in A as follows [1]:

p
k=0

By taking p = 1 we get the linear spline u(z,y, h) = uo(z,y) + hui(x,y). If we put
this solution into equation (1), we get Asug(z,y) =0, k = 0,1, where Ay = 92 + 85.

The coeflicients ug(z,y),k = 0,1 are 2D harmonic functions of x and y. These
harmonic functions are restored via their boundary values using the Cauchy integral
method which was discussed in details in our previous work [2]. The spline interpolation
method with the Cauchy integral scheme, applied to several examples, gave highly
accurate results for 3D simply connected solids.

REFERENCES
1. Ivanshin P. N., Shirokova E. A. Spline-interpolation solution of 3d dirichlet problem for a certain class of solids. IMA
Journal of Applied Mathematics. 2013. Vol. 78, pp. 1109-1129.
2. Elshenawy A., Shirokova E. A. Dirichlet problem solution for simply and doubly connected domains with smooth boundaries.
Tp. Marem. nearpa um. Jlobagesckoro Kazans. 2017. Vol. 54, pp. 12-15.

A.V. Faminskii (Moscow, Russia)
afaminskii@sci.pfu.edu.ru

ON CONTROLLABILITY OF KORTEWEG-DE VRIES EQUATION

In a rectangle @ = (0,7) x (0, R) consider an initial-boundary value problem for
Korteweg-de Vries equation

Up + buy + Upyy + Uuy, = f(ta ZC) (1)

with initial and boundary conditions

u|t:O = ugy(x), u|$20 = u(t), u|x:R = v(t), ux|$:R = h(t). (2)
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Solutions are understood in a weak sense and are considered in a space

Then it is known that under appropriate assumptions on input data the problem is
well-posed.
Introduce an additional condition of integral overdetermination

R
/0 u(t, v)w(z)de = p(t), te0,T], (3)

where the functions w and ¢ are given. In this connection certain input function is
considered as a control, is not given and must be found to fulfill this condition. Such
a problem is regarded as a controllability problem. For example, consider the function
h as the control. Then it is shown that the corresponding controllability problem is
uniquely solvable in the cases of small input data or small time interval.

Theorem. Let uy € Ly(0,R), f € Ly(Q), p,v € HY30,T), ¢ € H'(0,T), w €
H*(0,R), w(0) = w/'(0) = w(R) = 0, w'(R) #0,

©(0) :/o up(z)w(x) d.

Let
r = [luollLo0.8) + 11l gsory + 1V mvsor) + 1 f 2@ + 19 L0,
Then there exists v > 0, such that if < 1o there erists a unique pair {h €

Ly(0,7),u € X(Q)}, satisfying (1)-(3). Moreover, for an arbitrary value of v there
exists Ty > 0 such that if T' < Ty the same result holds.

T.N. Harutyunyan (Yerevan, Armenia)
hartigr@yahoo.co.uk

ON A NEW APPROACH IN THE SPECTRAL THEORY OF THE
FAMILY OF STURM-LIOUVILLE OPERATORS

We study the direct and inverse problems for the family of Sturm-Liouville operators,
generated by a fixed potential ¢ and the family of separated boundary conditions. We
prove that the union of the spectra of all these operators can be represented as a smooth
surface (as real analytic function of two variables), which has specific properties. From
these properties we select those, which are sufficient for a function of two variables to
be the union of the spectra of a family of Sturm-Liouville operators.
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Katica R. (Stevanovic) Hedrih (Department of Mechanics, Mathematical
Institute of Serbian Academy of Science and Arts, Belgrade, Serbia;
Faculty of Mechanical Engineering, University of Nis, Nis, Serbia)
katicah@mi.sanu.ac.rs; khedrih@eunet.rs; khedrih@sbb.rs

ANALYTICAL DYNAMICS OF FRACTIONAL TYPE DISCRETE
SYSTEM

First, a fractional order type, standard light visco-elastic element is described by
constitutive relation containing a fractional order differential operator. For like that
element a generalized function of fractional order dissipation of mechanical energy is
defined. A number of fractional order type, standard light visco-elastic elements are
used for coupling between a number of mass particles for modeling a fractional order
discrete system with finite number of degrees of freedom of motion. Second, a model of
fractional order oscillator with one degree of freedom is presented and analyzed kinetic
parameters in free and forced regimes. Third, for a class of the discrete system dynamic
with finite number of degrees of freedom, and fractional order dissipation of energy of
the system in matrix form are presented. For like that system independent eigen main
coordinates, and as well as corresponding independent eigen main modes in free and
also in forced oscillatory regimes, are defined. Fourth, starting from matrix fractional
order differential equation of defined class of the system dynamic with finite number
of degrees of freedom, and fractional order energy dissipation, relation between total
mechanical energy (sum of kinetic and potential energies) and generalized function of
fractional order energy dissipation is derived. Also, using formulas of transformation of a
system of independent generalized coordinates and eigen main coordinates of considered
class of fractional order system dynamics relation between total mechanical energy
(sum of kinetic and potential energies) and generalized function of fractional order
energy dissipation on one eigen main fractional order mode is derived. On the basis
of these relations, two theorems of energy fractional order dissipation of this class
of the fractional order system with finite number of degrees of system are defined
and proofed. Nect, a constitutive relation and generalized function of fractional order
dissipation of energy of a standard fractional order electrical element are presented
with corresponding analysis

Key words: Generalized function of fractional order dissipation of energy, theorem of
mechanical energy change, analogies, eigen main fractional order mode energy dissipation.
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G. A. Karapetyan (Yerevan, Armenia)
garnik karapetyan@yahoo.com

BOUNDARY EMBEDDING THEOREMS FOR MULTTANISOTROPIC
SPACES

Introduction. In the proof of all embedding theorems (in particular, see [1]), two
cases are distinguished. The first case, when the embedding index is less than one; the
second case when the exponent is one, that is the boundary case holds. In previous
papers, when embedding theorem proving for functions from multianisotropic spaces
(see 2] - [3]), we studied the case when the embedding index is less than unity. In
this paper we prove embedding theorems for multianisotropic function spaces in the
boundary case.

For any parameter v > 0 and a natural number %k denote

1\ 2k n il 2k
Pr) = (vg"') " o (ve) " 4 (ve™)
Go(v;€) = e "9,
GV, §) =2k (’/faj)%lep(y’g), (J=1,....,n+1).

For any function f consider the regularization with the kernel Gy(t, v):

21 / FOColt — z,v)dt.
2t )

fulx) =

w[3

The following integral representation holds:

Theorem 1. Let the function f have the Sobolev weak derivatives Daif, (1 =
1,...,n+ 1), where ' are the vertices of the completely regular polyhedron N and
Do‘ifELp(R”), 1<p<oo, (i=1,...,n+1). Then for almost all xt€R" it has the
representation

h

n+1 1 . A
f(z) = fu(z) + lim dv [ D* f(t)Gy(t — x,v)dt.
/ R[

=0 <= (27T)% /

Let 0N be a completely regular polyhedron, then
WIR") ={f: feL, R"),D" feL,(R"),i=1,...,M}.
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The main result of this paper is the following boundary embedding theorem for
functions from a multianisotropic space W (R") (p > 1):

Theorem 2. Let the numbers p and q satisfy the relations 1 < p < g < oo and a
multi-index 5= (P1, ..., Pn) such that

i g1 1 _
= (G (5-5)) =1

Then DPW(R") < Ly(R™), i.e. any function f € W(R") has weak derivatives
DPf, belonging to the class L,(R"™), and for some constants Cy,Cy > 0 inequality
holds

M
HDﬁfHLq(R") <G ; HDalfHLp(R”) * CQHf||Lp<R">'
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1975 (in Russian), p. 480.
2. Karapetyan G. A. Integral representation of functions and embedding theorems for multianisotropic spaces on a plane //
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S. A. Khoury (Sharjah, UAE)
skhoury@aus.edu

BIORTHOGONALITY CONDITIONS FOR A CLASS OF BVPS AND
ITS APPLICATIONS TO FLOW PROBLEMS

We derive a biorthogonality property that is satisfied by the eigenfunctions and
adjoint eigenfunctions of the fourth-order BVP

"

(R’ ™) + (P a)y' () + Palrsa)y(r) =0, 1)
where 7 € [r1,79] and the boundary conditions are given by

y(r) = y(rs) =y (1) = y (r2) = 0. (2)
Theorem 1. (Biorthogonality Condition) Consider the BVP (1)-(2), where Py(r),
P/ (r;a), Py(r;a) are continuous and Py(r) # Oonr < 7 < 7. Piin (1) is a
polynomial of degree at most i in the parameter «, in particular, let Pi(r;a) =
p11(r)a + p1a(r), and we require

Pi(r; o) — 4Py(r)Pa(r; ) = psi(r)a+ psa(r);  pii(r) 4 p3(r) # 0.
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Then, we have the following biorthogonality condition:

o 3" (r)
| 8760 By dr = P,
" 05" (r)
where d,,, 1s the Kronecker’s delta,
1 p1i(r)
_§ Po(T) O
B(r) = :
P00+ iR RS

with
My — o (1) 6™ () = "+ L p e
or () =yulr); 0y (r) = Bo(r)y,(r) + 5 P1(rs cn)yn(r).
Here y; is an eigenfunction of equation (1) corresponding to the eigenvalue a;. Assume
the eigenvalues «; are simple.

This biorthogonality condition will be manipulated for the solution of the biharmonic
equation that models creeping viscous incompressible flow problems.

A. A. Kovalevsky (Yekaterinburg, Russia)
alexkvl71@mail.ru

VARIATIONAL PROBLEMS WITH IMPLICIT CONSTRAINTS IN
VARIABLE DOMAINS

We give some results on the convergence of minimizers and minimum values of
integral and more general functionals J, : WhP(Q,) — R on the sets U(hy) = {v €
WP(Qy) : hs(v) < 0 a.e. in Q}, where p > 1, {2} is a sequence of domains contained
in a bounded domain €2 of R" (n > 2), and {h,} is a sequence of functions on R. We
assume that the functionals Jg have the following structure: J; = Fs 4+ G, where {Fs}
is a sequence of integral functionals whose integrands satisfy certain convexity, growth,
and coercivity conditions and {G,} is a sequence of weakly continuous functionals.

To justify our convergence results, we require the compactness of the embedding
of WLP(Q) into LP(Q), the strong connectedness of the sequence of spaces W1?(€,)
with the space W1P(Q), the I'-convergence of the sequence {F} to a functional F :
Wr(Q) — R, and a certain convergence of the sequence {G,} to a functional G :
W1P(Q) — R. Moreover, we assume certain conditions on the relation of functions hy
to a function h : R — R. Actually, these conditions relate the sets ®(hy) = {t € R :
hs(t) < 0} to the set ®(h) = {t € R : h(t) < 0}. The convexity of these sets is not
required.
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Under the mentioned conditions, we establish that the minimizers and minimum
values of the functionals Jg on the sets Ug(hs) converge to a minimizer and the minimum
value of the functional F' + G on the set U(h) = {v € W(Q) : h(v) < 0 a.e. in Q}.

A more detailed description of the results is given in [1]. Concerning the notions of
strong connectedness of the spaces W1?(€),) and I'-conver-gence of functionals defined
on these spaces, see, for instance, [2].

REFERENCES
1. Kovalevsky A. A. On the convergence of solutions of variational problems with implicit pointwise constraints in variable
domains. Funct. Anal. Appl. (accepted).
2. Kowvalevsky A.A. On the convergence of solutions to bilateral problems with the zero lower constraint and an arbitrary
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Vladislav V. Kravchenko (Queretaro, Mexico)
vkravchenko@math.cinvestav.edu.mx

ON A METHOD FOR SOLVING INVERSE STURM-LIOUVILLE AND
SCATTERING PROBLEMS

A new method for solving the classical inverse Sturm-Liouville problem on a finite
interval and the inverse scattering problem on the line is proposed. It is based on the
Gel’fand-Levitan-Marchenko integral equations and recent results on the functional
series representations for the transmutation operator kernels [1,2]. Solution of the
inverse problem reduces directly to a system of linear algebraic equations.

REFERENCES
1. V. V. Kravchenko, L. J. Navarro and S. M. Torba, Representation of solutions to the one-dimensional Schrédinger equation
in terms of Neumann series of Bessel functions. Applied Mathematics and Computation, v. 314 (2017) 173-192.
2. V. V. Kravchenko, Construction of a transmutation for the one-dimensional Schrodinger operator and a representation
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M. V. Kukushkin (Geleznovodsk, Russia)
kukushkinmv@rambler.ru

ASYMPTOTIC OF EIGENVALUES FOR THE DIFFERENTIAL
OPERATORS OF FRACTIONAL ORDER

In this paper we will deal with operators of fractional differentiation such as Marchaud,
Riemann-Liouville, Caputo, Weil. To investigate these operators in the case of compact
domain, we will use some technique applied to the Kipriyanov operator [1], which can be
reduced to the previous operators. The cases corresponding to the operators Riemann-
Liouville and Weil on the axis considered separately. As a main results the asymptotic
formula for the eigenvalues of operator second order with fractional derivative in lower
terms was obtained and the completeness property of root vectors of its resolvent was
established. Finally we conduct a classification of considering operators by belonging
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resolvent to the Shetten class [2|. Consider an uniformly elliptic operator with real-
valued, sufficient smooth coefficients and fractional derivative in the sense of Kipriyanov
in the lower terms (see [1])

Lu:= —Dj(a”Dju) + pD§ u, i,7=1,2,....,n;
D(L) = H*(Q) N Hy(Q), Q C E",

where () is convex domain with sufficient smooth boundary. The following theorem
establishes the completeness property of root vectors of resolvent ;. Moreover, remar-
kable that the obtained sufficient conditions give us the opportunity to approve that in
the dimensions: 1,2 the set of root vectors is complete in the absence of any additional
assumptions relatively the coefficients of operator.

Theorem 1. The condition 0 < 7/n is sufficient for completeness root vectors of
operator Rj, where 0 is half angle of sector containing the numerical range of value of
operator Rj.

Theorem 2. The condition p > n is a sufficient for inclusion

R; € 6,,1<p< o0

REFERENCES
1. Kukushkin M. V. Spectral properties of fractional differentiation operators. Electronic Journal of Differential Equations.
2018. Vol. 2018, No. 29, pp. 1-24.
2.Aleroev T. S. Spectral analysis of one class of non-selfadjoint operators. Differential Equations. 2018. Vol. 20, No. 1, pp. 171-
172.

L.N. Lyakhov (Voronezh, Russia), S. A. Roshchupkin (Yelets, Russia),
K. C. Yeletskikh (Yelets, Russia)
levnlya@mail.ru, roshupkinsa@mail.ru, kostan.yeletsky@gmail.com

APPLICATION OF THE BESSEL-KIPRIANOV-KATRAKHOV
INTEGRAL TRANSFORM FOR THE RESEARCH OF Dgp
-HYPERBOLIC EQUATIONS

We consider the model equation
Bﬁ,tE(l', t) - L(DB)E(I', t) = 5@@) 57($),

in which the following notations are adopted:
z €R,, t € Rf ={t: t >0}, dz(t) and 0, (x) — weighted & -functions.
L(Dp)= > a, D%, where a=(ay,..., o), DE=0g" , ..., 05",
ang 71 n
a —i o B%i/Q, Q; = Qk,
fon TP 9, B =2k 4 1
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B, =0%+2 0x; = x; "0, x]' 0, — the Bessel operators, which are applied to
variables t € R{, x € R,,. The operator L(Dp) is assumed to be B-elliptic. The kernel
of the Bessel-Kipriyanov-Katrakhov transform (Fp-transform) [1| has the form

A €)= T [ (o) F 455 (26
A mized direct and inverse complete Bessel—Kipriyanov—Katrakhov transform (Fp-
tmnsform) [1] of the function u is called

Fplu)(§ f A (!, &) e ' u() (2f) da, Fip' [u) (2)=CFplul(—z).
The fundamental solution of the singular differential operator Ug, is the function
E(xz,t) = fgl[N%%](a:,t), where N, (t) = COS(M)SJJI'I”IEQ_J”@), v = (’7157 . fyn;) Gy —

Bessel-Clifford function, J, () — Bessel-Clifford function of negative order. The inverse

transform of the radial Bessel function was considered in [2]

REFERENCES
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HbIX onepaTopoB. Tuddepen:. ypasuen. 2014. Tom. 57, Ne. 8, cTp. 31-97.
2. Lyakhov L. N., Yeletskikh K. S. The Mixed Fourier—Bessel Transform of a Radial Bessel j-Function, Jor. Of Math. Sciences.
2017 226, P. 388-401.

Helmuth R. Malonek (Aveiro, Portugal)
hrmalon@ua.pt

HARMONIC ANALYSIS AND COMBINATORICS -
A HYPERCOMPLEX FUNCTION THEORETIC APPROACH

Hypercomplex Function Theory (HFT) started in the beginning of the 1930s, mainly
initiated by R. Fueter, as generalization of the classical Function Theory of one Complex
Variable (FTCV) to the case of one quaternionic variable. However, research in multi-
variate analysis by using general Clifford algebras (CA) (suggesting the name Clifford
Analysis in analogy to Complexr Analysis) only started to grow significantly in the
1970s. Since then it has been treated by many authors almost exclusively as some
type of refinement of Harmonic Analysis exploiting its deep relation to Representation
Theory.

In the talk we use our alternative and less standard approach to HFT as a function
theory in co-dimension 1. Considering hypercomplex holomorphic functions as functions
of several hypercomplex variables we stress the function theoretic origins of Clifford
Analysis and at the same time a dual relation to functions of several complex variables.
Besides other advantages, this approach allows to represent homogeneous polynomials
by symmetric ones in several hypercomplex variables. This is obtained by embedding
the binary non-commutative CA-multiplication into a k — nary symmetric operation.
Thereby it is possible to exploit a generalized polynomial formula and resolve an old
open problem in HFT, namely the construction of hypercomplex Appell polynomial



«Table of content»
Differential Equations and Mathematical Physics 69

sequences as adequate generalization of the ordinary complex power functions. Moreover,
it was recently noticed that positivity of trigonometric sums (cf.[3]), subordination of
analytic functions (cf.[2]), and the construction of hypercomplex Appell polynomials
are subjects connected by one and the same sequence of rational numbers (cf.[1]). The
talk shows that a non-standard application of CA-tools is able to reveal new insights

into objects of combinatorial nature obtained by methods of HFT.
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A.B. Morgulis (Vladikavkaz — Rostov-na-Donu, Russia)
morgulisandrey@gmail.com

HOMOGENIZATION OF PDES AND DESORIENTATION OF
SPECIES DUE TO INHOMOGENEITY OF THE ENVIRONMENT

We study a system of PDE’s which is written as follows
pr+ (pv)e = 01Ap; ¢ = q(1 — ¢ — p) + 62Aq; wp = Kqe + fo — vu + d3Au, (1)

where (z,t) € RxR. Egs. (1) describes a living community consisting of active predator
and non-active prey; p, u stands for the predator density and velocity, ¢ stands for the
prey density, and f stands for the additional variable, say, describing the state of the
environment (like the salinity, temperature e.t.c). Herewith f and ¢ are considered
as the stimuli which the active species pursues (or avoids) and therefore it spreads
itself not only via diffusion but via macroscopic directional moving as well. The latter
is described by the eulerian velocity for which third equation in (1) is written. Note
that a weighted sum of the stimuli gradients is considered as a driver for the local
accelerations of the active species. Such way of the describing of active migrations
has been proposed in articles [1-2] which also deliver a detailed study of the case of
f = const. It turns out that the increase of the total number of predators makes the
uniform distribution of the species unstable, and this instability is accompanied with
excitation of nonlinear wave due to which the community survives. Moreover, both the
total number of preys and the consumption of them by predators on average are greater
than in the uniform case.

In the proposed talk, we make focus upon the case of f = f(azx,wt), a,w >> 1.
We derive the short wavelength-high frequency limit with the use of a technique of
homogenization. It turns out that the increasing of the amplitude of the environment



«Table of content»
Differential Equations and Mathematical Physics 70

fluctuations induces exponential damping of the effective velocity of the predators.
This, in turn, crucially stabilizes the uniform distribution. Such effect can be treated

as a kind of desorientation of active species due to the fluctuating environment.
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1.Govorukhin V. N., Morgulis A. B., Tyutyunov Yu. V. Slow Taxis in a Predator-Prey Model. Doklady Mathematics. 2000.
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E. Yu. Panov (Veliky Novgorod, Russia)
Eugeny.Panov@novsu.ru

ON DECAY OF PERIODIC ENTROPY SOLUTIONS TO A
DEGENERATE NONLINEAR PARABOLIC EQUATION

In the half-plane IT = R, xR we consider a nonlinear second order parabolic equation

ur+ p(u)r = g(U)ee, w=u(t,x), (t,x) €Il (1)

where the functions p(u),g(u) € C(R), and g(u) is non-strictly increasing. We
study the long time behavior of z-periodic entropy solutions of (1) (in the sense of
Kruzhkov-Carrillo) ( x) € L¥(II), u(t,z + 1) = u(t,z). Let T = R/Z be a circle,
I = [Lu(t,z)de = fo (t,z)dz (this value does not depend on t). The main our result
is the following property of asymptotic convergence to a traveling wave.

Theorem 1. There is a periodic function v(y) € L>(T) (a profile), an a constant
c € R (a speed) such that

esslim(u(t,z) —v(x —ct)) =0 in L*(T).

t——400

Moreover, /v(y)dy = I and the functions p(u) — cu, g(u) are constant on the
T
segment [essinf v(y), esssup v(y)].
Corollary. If for every ¢ € R the functions o(u) — cu,g(u) are not constant
simultaneously in any vicinity of I, then

esslimu(t,z) = I in L*(T)

t—+o00

(decay property).
For the proof of Theorem 1 we use a variant of compensated compactness developed

in [1] and comparison principles. In the case of conservation laws g(u) = 0 Theorem 1
was established in [2].



«Table of content»
Differential Equations and Mathematical Physics 71

The research was carried out under support of the Russian Foundation for Basic
Research (grant no. 18-01-00258-a) and the Ministry of Education and Science of the
Russian Federation (project no. 1.445.2016/1.4).

REFERENCES
1. Panov E. Yu. Ultra-parabolic H-measures and compensated compactness. Ann. I. H. Poincare — AN. 2011. Vol. 28, pp. 47—
62.
2. Panov E. Yu. Long time asymptotics of periodic generalized entropy solutions of scalar conservation laws. Mathematical
Notes. 2016. Vol. 100, No. 1, pp. 113-122.

D. K. Plotnikov (Rostov-on-Don, Russia)
dplotnikov@sfedu.ru

ON THE INTEGRAL EQUATION IN THE CONTACT PROBLEM FOR

AN INHOMOGENEOUS STRIP
Nowadays, indentation methods are one of the most frequently used methods for

determining the near-surface properties of functional gradient structures, various com-
ponents of coals, biological tissues.

This study presents an approximate model of the deformation of an inhomogeneous
elastic strip rigidly coupled to an undeformable base. The contact problem of the
equilibrium of a strip under the action of a parabolic indentor is considered. It is
believed that the stamp is pressed into the upper boundary of the strip without
friction. An auxiliary problem on the loading of a strip by a normal load localized on a
certain segment of the upper face of the strip is solved. The expression for the potential
energy is simplified by introducing hypotheses about the nature of the displacement
fields. On the basis of the Lagrange variational principle, a system of two second-order
differential equations with variable coefficients is constructed for the components of
the displacement vector of the upper bound of the strip. Using the Fourier transform,
the transfer functions connecting the Fourier transforms of displacements and loads are
constructed. Transfer functions are fractional-rational functions of the transformation
parameter. The integral equation of the contact problem for the strip is constructed.
The properties of the kernel of the integral equation are investigated. The solution
of the integral equation is reduced to the investigation of the fourth-order operator
equation. The solution of the contact problem is obtained, the displacement of the free
surface of the strip is found, the contact stress distribution is constructed, the force-
introduction correlation is determined. The influence of the heterogeneity of the elastic
moduli along a thickness coordinate on these relations is analyzed.

This approach allows to construct approximate solutions and basic dependencies for
arbitrary laws of strip inhomogeneity.
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V. Rabinovich (Instituto Politécnico Nacional, ESIME Zacatenco, México)
vladimir.rabinovich@gmail.com

ESSENTIAL SPECTRA OF QUANTUM GRAPHS WITH GENERAL
VERTEX CONDITIONS

Let T" be a graph periodic with respect to a group G isomorphic to Z". We give
a description of the essential spectra of unbounded operators H, in L*(T") generated
by Schrodinger operators —dd—;g +q,q € L>*(I") on the edges of T' and general vertex
conditions. We introduce a set of limit operators of H, such that the essential spectrum
of H, is the union of spectra of the limit operators. We give an application of this
result to the description of essential spectra of operators H, with periodic potentials ¢
perturbed by slowly oscillating at infinity terms.

As example we consider the essential spectra of periodic quantum graphs with delta-

interactions at the vertices.
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M. Reissig (Freiberg, Germany)
reissig@math.tu-freiberg.de

FUJITA VERSUS STRAUSS - A NEVER ENDING STORY

A lot of papers are devoted to the critical exponent p..+(n) in Cauchy problems
for the semilinear wave model with power-nonlinearity. The model we have in mind is

((t,x) € [0,00) x R")
uy — Au A+ buy +mPu = [ulf, u(0,2) = ¢(x), u/(0,2) =p(z).

Here b and m? are nonnegative constants. Critical exponent means, that for some range
of p > perit(n) we have the global (in time) existence of small data Sobolev solutions.
On the contrary, for 1 < p < peit(n) we have blow-up for Sobolev solutions under
special assumptions for the data.

If b = m? = 0, then peu(n) = po(n) is the well-known Strauss exponent. If b = 1
and m? = 0, then peit(n) = pry;(n) is the well-known Fugita ezponent. In the talk we
discuss a special semilinear wave model with scale-invariant time-dependent mass and
dissipation and power-nonlinearity. We show how a competition between the Fujita
exponent and Strauss exponent comes into play. For a family of models we propose a

new critical exponent.
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J.E. Restrepo (Medellin, Colombia)
cocojoel89@yahoo.es

OMEGA-WEIGHTED GENERALIZATIONS OF THE FRACTIONAL
FORCED OSCILLATOR AND THE FRACTIONAL LOGISTIC
EQUATIONS

We introduce the following w-weighted fractional integro-differentiation operators for
m—1<pu<mandz >0, see [1]:

1 X
D'l f(2) = —— — t)mrd — 1) £ (¢)dt
) = e | =0 = 07 0
1 T
Iy f(x) = m/{) (z —t)" " ws 5 (x — 1) f(t)dt, even pu=m,
while for m = p, DI't" f(z) = f0)(z), where m € N, B, ..., 3, are real or complex

parameters and w is an integrable function. Now, a weighted fractional forced oscillator
is presented:

ma(t) = yo + vyot + VI (2(t)) — kL™ (() + 13" (£(1)): (1)

from the equilibrium position, subject to Hooke’s Law, —kz(t), a damping force —vz'(t)
and to an external force f(¢), where v and k are nonnegative constants, 0 < p < 1,
1< A<2 1<v<2 20) =1y (yo € R) and 2/(0) = 0. An approximation of the
solution of equation (1) is given and some explicit solutions are established in particular
cases.

Besides, it was recently presented and solved a fractional version of the logistic equation
(see [2]). Here, we present a weighted fractional logistic equation as follows:

Digto(t) = k(1 —o(t), m—-1<p<m, (2)

where v(t) = 1/N(t), N(t) is the number of individuals in time ¢, k is the intrinsic
growth rate. Of course, in a very particular case becomes to the classical logistic
equation. To solve equation (2), we apply the Laplace transform and solve the transformed
equation.
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I. G. Stratis (Athens, Greece)
istratis@math.uoa.gr

THE EXTERIOR CALDERON OPERATOR FOR NON-SPHERICAL
OBJECTS

The exterior Calderén operator (or, Poincaré-Steklov operator) maps the tangential
scattered electric surface field to the corresponding magnetic surface field. It is analogous
to the Dirichlet - to- Neumann map for the scalar Helmholtz equation. The norm of the
exterior Calderén operator quantifies the largest amplification factor of the surface
fields. Explicit values of the norm of the exterior Calderén operator have only been
obtained so far for the sphere case and the planar case.

We present a new, constructive, approach of finding the norm of the exterior Calderén
operator for Lipschitz surfaces in R3; more precisely, of computing its norm in the space
H=12(div,T).

The key ingredient in the analysis is the set of eigenfunctions to the Laplace-Beltrami
operator of the surface. These eigenfunctions and the corresponding eigenvalues are
intrinsic to the surface and constitute an excellent tool for further analysis.

We introduce the generalized harmonics (both scalar valued and vector valued); the
spherical surface case yields the well known vector spherical harmonics. These functions
constitute the natural orthonormal set for a matrix representation of the operator. They
are well suited for expansion of the traces of solutions to the Maxwell equations. The
norm of the operator is explicitly given as the largest eigenvalue of a quadratic form
that contains the matrix representation of the exterior Calderén operator. A new way
for the calculation of the Calderén matrix is also presented.

Finally, the connection between the exterior Calderén operator and the transition
matrix of the corresponding perfectly conducting obstacle is also analyzed.

My talk is based on joint work with Gerhard Kristensson (Lund University, Sweden), Niklas Wellander (FOI, Swedish Defense
Research Agency, Linkdping) and Athanasios Yannacopoulos (Athens University of Economics and Business, Greece), that has

been submitted for publication.

N. Tokmagambetov (Almaty, Kazakhstan)
tokmagambetov@math.kz

NONHARMONIC ANALYSIS OF BOUNDARY VALUE PROBLEMS

(Joint work with Professor Michael Ruzhansky)
We consider the development of pseudo—differential operators generated by boundary
value problems. In particular, we derive an explicit formula for the quantization of
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pseudo—differential operators induced by the derivative operator on a segment. Starts
an interesting direction of discrete analysis based on elliptic boundary value problems,
continuing, in a sense, the analysis on the torus started by M. Ruzhansky and V.
Turunen, in which case one may think of a problem having periodic boundary conditions.

K. S. Yeletskikh (Yelets, Russia)
kostan.yeletsky@gmail.com

ON A PARTICULAR CLASS OF SINGULAR EQUATIONS

where v; > 0. Let us consider the Cauchy

Assume (DB)ij = 32‘ v 0 .
of Ty 1T

problem:

Ut = Ugg + Y010y @ j(x — 1) (Dp)iju.

uli=o = 0, urle=o = f(x,y).

The coefficients a;; = aj; are infinitely differentiable. If all 7; = 0, then this is the
[braimov-Mamontov equation [1].

The function f(x,y) is assumed to be even for each coordinate of the vector
y=(y1....,Yn—1), finite and infinitely differentiable. We seek a solution in the class
of y-even functions. The Fourier-Bessel-Kipriyanov-Katrakhov integral transform [2] is
used, its action is denoted by Fplu] = w. It is known that Fp[Dpu] = (i§)“u. We
apply Fp to the original problem, a transform with respect to variables y. We obtain
the following Cauchy problem

n—1
U = Tge + > aij(@ — ) NN, Tlimg = 0, Uylimo = f (2, N), (1)
ij=1
which does not differ from the Cauchy problem in [1], obtained by applying the Fourier
transform to the Ibragimov-Mamontov equation. Using the Riemann function, we define
the following solution of the obtained problem (1).

ate ) =5 [ o (KVQO) Falf1(6 N e &)

We apply the inverse Fourier-Bessel transform to the equality (2). Within the framework

of weighted generalized functions, we have
T+t

u(t,x,y) - % f (FB[]O(k‘Ml)](n)a Tgf(gan))7d€

r—t
Using the formulas of Fp-transform of the radial Bessel function j,(k |z|), for the index
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p = 0 in case of even and odd numbers n + ||, the solution of the original problem is
obtained.
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HbIX omepaTopoB. Juddepemnn. Ypasmen. 2011. Tom. 47. Ne. 5. crp. 681-695.

A.B. Boaraies (Mocksa, Poccust)
boltachevandrew@gmail.com

KPAEBASY 3AJTAYA C JAHHBIMU HA BCEU TPAHUIIE JJId
VPABHEHUY KOJIEBAHUI

Uccnenyercs kpaeBas 3ajiada JiJisl ypaBHEeHUsT KOJeOaHWi

Pu  0Pu  O*u
= + ) (1)
o2 0x?  Oy?
C YCJIOBUEM HEPUOJMIHOCTH 110 & U Y
u(z,y,t) =u(z + 1,y,t) = u(z,y + 1,1) (2)
M YCIOBUSIMU
u‘t:o = gl(x7 y)? (3)
ou ou ou
ou RV C | R 4
al(x’y)&chaZ(x’y)@y + (xmy) (‘% . gQ(xay)a ( )

rae ai, as, b, g1, go — 3ajaHHble HepuoaniecKue PYHKIMK ¢ IEepuogoM 1 mo &, y, a 7 —
sajianHoe ducsio (cp.]1] u [2]).

B pabore uccnenyercs paspemunmocts 3agaau (1)-(4). Hatorest ycaoBus ofHO3HATHOI
1 GpeiroaIbMOBON PA3PEIIMMOCTH.

Bosee Touno, 3aja4a CBOANTCA K HEKOTOPOMY yPaBHEHUIO Ha rpanune obsgacru. Ilo-
JIyUeHHOE YpaBHEHME Ha I'PAHUIE OKA3LIBACTCS aCCOIMMPOBAHHLIM ¢ KBAHTOBAHHBIMU
KaHOHMYECKUMHU 1TpeobpasoBatusivi (cM. [3]). Mbl mpuMeHsieM pe3yJibrarhl IIUTHPOBAH-
HO#1 paboThI, YTOOBI JIATH YCAOBUS PA3PEIIUMOCTH YPABHEHKs Ha TPAHUIE 1, CJIeI0Ba-
TeJHHO, YCJIOBKs pa3perumocty 3aaaau (1)-(4).

JUTEPATVYPA
1. Anmonesun A. B. ,JIuneiinbie dyHKumoHagbHble ypasHeHus. Oneparopusiii monxon“— MuHck: YHuBepcurerckoe, 1988.
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2. Coboses C. JI. ,IIpumep KOPPEKTHON KPAEBOH 33191 /I yPABHEHHs KOJIE0AHMI CTPYHBI ¢ JAHHBIMA Ha BCeil Tpanume” / /
Hokn. AH CCCP. — 1956. — T. 109, Ne 4. — C. 707-709.
3. A. Savin, E. Schrohe, B. Sternin Elliptic operators associated with groups of quantized canonical transformations.
arXiv:1612.02981. 2016.
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H.TI. Boumapenko (Camapa, Caparos, Poccus)
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HEIIO/IHA A OBPATHAA 3AJTAYA J1JIAd OIIEPATOPA
IHITYPMA-JINYBUJIJIA HA TPA®E C IITUKJIOM '

Paccmorpum rpad-tacco G, cocTosIImil U3 BEPIIUH V1 U Vs, TPAHKIHOIO pedpa e =
(v1,v2) TETOYUCITIEHHON JUIMHBL [ U netyin ey = (U9, Vo) juiuHbl l5 = 1. Bemem Ha
Kax oM pebpe e; napamerp x; € [0,/;]. Snadenne x1 = 0 cooTBETCTBYET IDAHUIHOM
BepINHE V1, T1 = [; — BHyYTpPeHHell BepIuHe vy. s pebpa es 00a 3HadeHus ro = 0 u
T9 = 1 COOTBETCTBYIOT BEpIIUHE V3.

Paccmorpum Ha rpade G kpaeByio 3aja4y L st ypapaenns [rypma-JInyBsuiiis

_y;/ + QJ(:B])y] = )\y]7 X, € (Oal])a ] = 1727

CO CTaHJIAPTHBIMU YCJOBUAMU CKJICAKM BO BHYTPEHHEH! BeprinHe

— _ [1] (1] [1] —
yi(l) = 12(0) = wa(la), w1 () = w2 (0) + 95" (l2) =0,
n ycaosuem Hupuxie yi(0) = 0 B rpannunoil Beprmune. 371eCh ¢ — BEIECTBEHHBIC
—1 _ N o .
bynxiun us Wy =(0,15), re. q; = o, 05 € L2(0,1;), y; := yj — 0jy; — KBazunpons-
BOJTHBIE.

[Tosyuaensr acummnrorornaeckue GOPMYJIIbI JJis COOCTBEHHBIX 3HAYCHUN KPACBOil 3a-
naan L. VcenenoBata nenoanas obpamnas 3adasa, KOTopasi COCTOUT B BOCCTAHOBJIEHUH
NOTEHIMAIA 0y HA [UKJIE 110 YaCTH CIEKTPa M MOCJAEJ0BATEIbHOCTH 3HAKOB, CBSI3aH-
HBIX C TEPUOIMIECKOf 3ajadeil Ha mukmae (cM. mogpobrocTn B [1]), mpu m3BecTHOM
MoTeHIKaNe 07 Ha PpaHnIHOM pebpe. JlokaszaHa Teopema ¢UMHCTBEHHOCTH U HOJIYICH

KOHCTPYKTHUBHBII aJI'OPUTM PeIeHus JlaHHOM 0OpaTHON 3a/iauu.

JUTEPATVYPA
1. Yang C.-F., Bondarenko N.P. A partial inverse problem for the Sturm-Liouville operator on the graph with a loop.
Preprint: Cornell University Library, 2017. URL: https://arxiv.org/abs/1711.05660.

A. O. Baryabsau, C. A. Hecrepos(Biaaunkaska3s, Poccus)
1079@list.ru

ITPUMEHEHUE METOJA AJITEBPAUSALINAN 11PN PEINIEHUN
OBPATHBIX 3A/TAY TEILJIOITPOBO/IHOCTHA

KoaunuecTBeHHbIE PACUEThI IPOIECCOB PACIpEIEeHNsT Telia OCHOBBIBAIOTCS Ha 3HAa-
HUU TEIJIOMU3NIECKIX XapaKTepUCTUK MaTepuaaos. OJHAKO B clIydae HeOTHOPOTHBIX
TeJl UJIeHTU(UKAIUS MOXKET OIMUPAThCs TOJBKO Ha anmapaTr KodpMUIMEHTHBIX 00paT-
Hbix 3aa4 Teronpooguoctu (KO3T). B mamuoit pabore mpejioxken HOBbI €ocob
pereanss KO3T, KoTopblii IOCTyIIEH UCCIEI0BATEISIM ¢ NHXKEHEPHBIM 00pa30BaHUEM.

1Paora BBIMONMHEHA TPH TIOAIEPIKKe TpanTa [Ipesumenta P® (mpoekt MK-686.2017.1), Munobprayku P® (npoext 1.1660.2017/4.6) u
PODU (npoekTs 16-01-00015, 17-51-53180).
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Tpebyercst oupejesintb Teiiohu3nIecKue XapakTepucTuku crepxkus (Koaghduiiu-
eHT TEIJIONPOBOJIHOCTH, YJIEJIBHYIO TEMIOEMKOCTE) MO JIOMOJHATETHHON HH(pOpMAIIHI
O TeMmIepaType, U3MEePEeHHON Ha TOpIle CTEepPXKHsI Ha HEKOTOPOM BPEMEHHOM HHTEepBa-
qe. Jlst pelienust moCTaBJIEHHON oOpaTHOH 3ajaumM cHavaJa ObLIa MOJIydeHa Caabdas
IIOCTAHOBKA IPSMO# 3aJ1a4i TEILJIOIPOBOJHOCTU JIJIsI CTEP:KHA B TpaHC(hOpMaHTaX II0
Jlamnacy. TpancdhopmanTa TeMieparypbl U (PYHKIUH, XapaKTePHU3YOIIHe TerIogpu-
3UUECKNEe XapaKTePUCTUKHU, MIPEJICTABICHbI B BUJE PA3JIOXKEHUS 110 CUCTeMe 0a3MCHBIX
dyuknuit. B pabore orpannuminch TpeMms dieHaMu pasJsioxKenus. [lojicraBuB 3T pa3-
JIO’KEHUSI B BbIpaXKeHune JJist ¢jaaboit mocranoBku, ObLia moaydena CJIAY misa maxox-
JleHnsi KO3 PHUITUEHTOB pas3J/ioxKeHnsl TpaHcOpMaHThl TeMmiepaTyphbl. Jlajee Haxoum
BbIparkKeHue i TpaHchOpMaHThl TeMIIepaTypbl Ha TOPIE cTep:KH:A. [l HaXoXK IeHus
Ko DUIMEHTOB pas/ioxKeHus (DYyHKIN, XapaKTepu3yoliue TeIopu3nIecKre XapaK-
TEPUCTUKHU, IIPUPABHUBAEM K HYJIIO IIOJIyYEHHOE BbIpaKeHHUE, a B KadecTBe 3HAUCHMUI
JUIsl IapaMeTpa 1peobpasoBanus Jlarnaca ucnoyb3dyeMm 3HaYCHUs TIEPBBIX TPEX MOJIO-
COB TpaHCGOPMaHThI JIONOJHUTEIHLHON nHpOopMalun. B pe3yiibrare mojiydaemM cucremy
Tpex ajredpanvdecknx ypaBHEHUI TPEThEro MopsiJiKa, YUCJIEHHOE PelieHre KOTopoit jia-
er 9 wabopos uucesn. Ilojaxojsiias Tpoitka KoI(MMOUIIMEHTOB HAXOJUTCS W3 YCJOBUS
MUHUMYMa (DYHKIMOHAJIA HEBA3KU. J[Jisi HAXO0XKIeHUsT TIOJIFOCOB TOPIEBast TeMIepary-
pa armpoKCUMUPOBAJIACh B BU/JIE JIMHEHHON KOMOMHAIINN SKCIIOHEHIIMAJIbHBIX (DYHKITHUIA.
[Tokazaresn KCIOHEHT HaXOAUIUCh 110 MeToy [Iponu.

B xojie BBIYHUCINTEIHHBIX 9KCIIEPUMEHTOB BBISICHEHO, UTO MTPOEKIIMOHHBI METOJ, pe-
HeHust 0OpaTHON 3a/[a4u TEIJIONPOBOJIHOCTH JIOKa3aJl CBOIO 3P (PEKTUBHOCTD.

A. O. Baryabsau, B. O. FOpos (Pocros-na-/lony, Poccust)
vatulyan@math.rsu.ru

AHAJIN3 BBIHYKJEHHLIX BOJTHOBLIX KOJIEBAHUN B
BOJIHOBOJAX C IIEPEMEHHLIMI CBOMCTBAMMN

PaccmoTpena 3aj1a9a 0 paclipoCTpaHeHNN BOJIH B HEOJHOPOHOM T10 PaJIMaIbHON KO-
OpJIMHATE YIPYIOM IUJIMHIPUIECKOM BOJIHOBOE. Kojiebanust BOJHOBO/A BbI3bIBAIOTCS
pacCIpPeIeIeHHOR B KOJIBIEBO 00JIACTH IIEPUOJUIECKO BO BpeMeHU Harpys3koi. Pe-
[IEHUEe CTPOUTCS B PaMKax IIPHUHIMIIE IPeeabHOro noromeHus. K kpaeBoit 3ajaqde
npuMeHsieTcst 00001IeHHoe nHTerpasibHoe 1mpeobpasoBanue Pypbe 110 0CEBON KOOP,IU-
HATE, KOTOPOE MO3BOJISIET B PAMKAX OCECUMMETPUYHON HMOCTAHOBKKM CBECTH 3aJlady K
KpaeBoii 3ajaue JJjisi BeKTOPHOro JuddepeHnuajbHOr0 YpaBHEHHSI IePBOTO TOPSIIKA
¢ nepemennbiMu Koadduimentamu. Kpaesas 3a1a4ya B TpanchopManTax, 3aBUCSIA
OT JIByX IIapaMeTPOB, PEHIAeTCsI YUCJICHHO ¢ IIOMOIIBIO METO/Ia IIPUCTPEJIKH, IIPH ITOM
chopMyIIPOBaHHBIE IIPU PeaJM3alliid MeTojla IPUCTPEJIKHU 3ajad9u KoIu perraoTcs
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MetosioM Pyrare-KyTTol 4-r0 mopsaka.

Obparenre TpancOpMaHT PeIIeHKs TPOU3BOIUTCS C IOMOIILIO KOHTYPHOI'O UHTE-
I'PUPOBAHUS U TEOPUU BBIYETOB. YCTAHOBJIEHO, UTO JIJId JIFOOOH 4acTOThI KoJiebaHuii y
TpaHC(OPMAHT UMEETCsl KOHEUHOE UHCJIO0 BEIIECTBEHHBIX U CUETHOE YHCIO0 KOMILIEKC-
HBIX II0JIFOCOB IIepBoro nopsjka. ChopmyaupoBaHa BClioMoraTejbHas KpaeBas 3ajiada,
[I03BOJISIIOIIAs HAXOJAUTh BbIUeT 0e3 BhIUMCJIEHHsI IPon3BoaHOoM. Haiieno! npogoibabe
1 pajuajbHble TepeMellennst Ha, BHENTHed TpaHuIe BOJIHOBOJA B 3aBUCUMOCTH OT ITPO-
JIOJILHOW KOOPJMHATHI B OJIM>KHEH 1 JajibHel 30He. Perenne Ob110 HajiieHo Ha pas3/ind-
HBIX JacToTax. [IpoaHajn3npoBaHbl mepemMenienns st Pa3IndHbIX 3aKOHOB PaIualb-
HOI HEOJIHOPOJHOCTH (HeNpephIBHbIE MOHOTOHHBIE U KYyCOYHO- MOCTOSTHHBIE), TIPOU3Be-
JIeHa, OIIEHKA BJIMSTHUST KOMILJIEKCHBIX M BEIECTBEHHBIX ITOJIFOCOB Ha PeIleHne, Olpejie-
JIEHBI I'PAHUIIbl 00J1ACTH JlaJbHeil 30HbI, JIJIsi KOTOPO#l perierne (popMUPYETCs: TOJIBKO
OerymmuMy BOJIHAMU, OIIPEJIE/IsieMbIMIA BEIeCTBEHHBIMU TTOJIOCAMUT.

Pabora Bbinosnena npu nojjaepkke K)»KHOro MaTreMaTnieckKoro HHCTUTYTA.

T. ®. Joarux (Pocros-ua-lony, Poctos)
dolgikh@sfedu.ru

ITPOCTPAHCTBEHHO-ITEPNO/INYECKUE PEIITEHN A
QJIJININTUNYECKIX YPABHEHUI 30HAJIBHOTO
QJIEKTPO®OPE3A

IIporecc 3oHAIBHOIO 3JeKTPOdOpe3a, KaK IPABUJIO, OIMMCHIBACTCA CHUCTEMON KBa-
BUJIMHENHBIX runepbosndeckux ypapHenuit. OJIHaKO B CJydasx, KOI'Ja IPOBOIUMOCTD
CMECH YMEHDBIIAeTCd MPU YBEJINYCHUN KOHIEHTPAIUil KOMIIOHEHTOB, TUI ypPaBHEHUA
CTAHOBUTCA SJIJIAIITUICCKUM.

B pabote mpejcrapiieH IpocTeiiinmil ciyJail pa3jieseHus Ha OTJieIbHbIE COCTABJISIO-
e JIBYXKOMIIOHEHTHO! cMecH. PaccmaTpuBaeTcs cucreMa IBYX SJIHITHIECKAX yPaB-
HEHU, JIJisi KOTOPBIX ObLJIM IIOCTaBJICHbI IPOCTPAHCTBEHHO-IIEPHO/IMIECKHE HauaIbHbIC
JIaHHBIE, COOTBETCTBYIOINE BO3MYIIEHUIO TIOCTOSTHHOTO periennsi. Pe3yibrarhl BhIUMC-
JIEHW# TTOKa3aJin, YTO C TeYeHUeM BpeMeHU HavyaJbHOe TIPOCTPAaHCTBEHHO-TIEPUOIUYECKOe
BO3MYIIEHUE HMCYE3aeT U BO3ZHUKACT CTPYKTYpa, COCTOAIAd U3 KHOWUJIAJBHBIX HEIO-
JIBUZKHBIX BOJIH C PacTyIleil BO BpeMeHn aMILIUTYI0M.

JUTEPATVYPA
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B.B. Aynxapes, P. M. Muyxus, (Pocros-ua-/lony, Poccus)
romamnuhin@yandex.ru

NCCJIEJOBAHUE KOJEBAHUII HEOJHOPOJIHOTI'O
IMNJINHN/IPA

B nacrosiiee BpeMst KOHCTPYKTUBHBIE 9JIEMEHTHI, BBIIIOJHEHHBIE U3 HEOIHOPOIHBIX
MAaTEpPUAJIOB, IITUPOKO PACIPOCTPAHEHbl BO MHOTHX ODJIACTSIX TEXHUKH, TAKUX KAK aB-
TOMOOMJIECTPOEHKE, adPOKOCMUUIECKas OTpacb 1 Meaunnaa. Co3jaHne MaTepraJioB ¢
3aJIAHHBIMH [IEPEMEHHBIMU MEXaHMIECKHMMU CBOUCTBAMU SABJISIETCS CJIOXKHON TEXHOJIO-
TUYECKON TIPOIEYPOil, COCTOAINECH U3 psAa ITANOB, TAKUX KaK CIIeKaHue, IJiaBJeHue,
IIOCJIOiHOE IIpeccoBaHue, HalblieHne u T. . OObeKTbl, U3rOTOBJEHHbIE U3 TaKUX Ma-
TepHUaJIoB, 00JIaal0T BBICOKOH IIPOYHOCTBHIO M MMEIOT IIeJIbIi psiJi MPEUMYIIECTB II0
CpPaBHEHHUIO ¢ OObEKTaMH, M3TOTOBJIEHHLIMU U3 OJHOPOJIHBIX MATEPUAJIOB. DJIEMEHTbI
IUJIAHIPUIECKONR (POPMBI SIBJISIOTCS COCTaBHBIMU YACTAMHU PA3JIMIHBIX KOHCTPYKIIM
(maTauku, mpeobpasoBaTeNn, COCUHUTEIbHBIC JETAIH, MOANOPKU U T. J1.). Mcnonbsys
COBPEMEHHbIE MOJIE/IM MEXaHUKU Je(hOpPMUPYEMOIo TBEPJIOIO TeJia, MOXKHO (DOPMYJIH-
POBATb M UCCJIE0BATh pa3udHbIe 3a/a4u )il 00bEKTOB C HEOHOPO/HOM CTPYKTYPOIA.
OpnnM w3 Hanbosiee SKOHOMUYIHBIX W MPOCTHIX B PEAJN3AINY TTOAXOI0B JIJIsT aHAJIN3a
CBOWCTB TeJIa SIBJISIETCS aKyCTHIECKUH MEeTO/I.

Ha ocroge ob1ux coorHotenunit inHeitHoit Teopun ynpyroctu ¢chopMyInpoBaHa oce-
CUMMeTpUYIHAS 33/1a9a 00 YCTAaHOBUBITUXCS KOJEOAHUSTX HEOJHOPOIHOTO YIIPYTOro -
mungpa. [apamerper Jlame A(r), pu(r) cauraiorcst nepemeHubiME 1O pajuycy. lepuo-
JIIecKast HarpysKa PUJIOYKeHa K BHEITHEH 9acT rpaHuIlbl uInHapa. HenspecTHbIME
DYHKIMSIMU SIBJISIFOTCS pajiuasibaast U, (T, 2) U 1poJioJibHast U, (T, 2) KOMIOHEHTbI HOJis]
nepemernennii. Perenne 3a1auu mocTpoeHo ¢ TTOMOIIBIO METO/1a OJJHOPOIHBIX PEIeHuit
B BHUJIE PsJIOB W CBEJEHO K UMCIEHHOMY WCCJIEJOBAHUIO N CHCTEM deThipex judde-
peHIMAJIbHBIX ypaBHeHUH ¢ 1epeMenHbiMu Kod(pdunmenramu. OneHka TOYHOCTH CO-
CTABJICHHBIX YUCJCHHBIX CXEM IPOBEJIEHA JIJIsi YACTHBIX CJIyYaeB IyTeM CPaBHEHHUs C
U3BECTHBIMU perneHnsiMu. Ha oCHOBE 1OJIy9eHHOIO perieHunsi MOCTPOEHbI TOJIsl IIepeMe-
IEHUS, aMILIATY/IHO-9aCTOTHBIE XaPaKTEePUCTUKHU U 1Oy YE€Hbl 3HAYEHUST PE3OHAHCHbBIX
HACTOT JIUIs PA3JIMIHBIX 3aKOHOB U3MEHeHUst napamerpoB A(1), u(r).

AsTopn! biarogapst npodeccopa A. O. Barynbsma 3a mpeijioKennyio 3a,1a1y 1 M0/I-
XOJIbI K €€ PeIIeHuo.

Pabota BoInmosHeHa npu nojjep:xkke rpanta IIpesupenta Poccuiickoit @enepariun
(mpoexT Ne MK-3179.2017.1).
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A.B. Emndanos, B.T. IIubynun (Pocros-na-/lony, Poccus)
epifanov-av@yandex.ru, vgcibulin@sfedu.ru

MYJIBTUCTABUJIBHOCTDH PEXKVMMOB B TOTIYJIATTMOHHBIX
MOJIEJISIX

JTokma , MOCBAIIEH Pa3BUTUIO METONA UCCICIOBAHUSA HEJIMHEHHBIX MPOCTPAHCTBEH-
HBIX MOJICJICH SKOJIOIMH Ha OCHOBE BBIJICJICHAA KOCUMMETPHIT paCcCMAaTPUBAEMbIX CHCTEM
(FOnoua B. 1., Mar. samerku, 1991). C mOMOIIBIO 9TOTO 10/1X0/1a AHAJTM3UPYIOTCS Clie-
HAPUKM COCYIIECTBOBAHUS HOIYJISIMI JIJIsi CUCTEMbL U3 110 XKePTB U 1 — 1 XUIIHUKOB:

n
i = [kiu; — wig)) +uifi, @i = aiR(p) + Z Bijuy,
j=1

j=m+1
m m
fi: E ,ul'juj—li,z':mqtl,...,n, u = E Uyj.
J=1 j=1

3nech u; (x,t) — mwioTHOCTD 4-if nomyssAnuy, k; — koaddunnenrst guddysun, o4, B —
KO3 DUIUEHTHI HAITPABJIEHHON MUTPAINK, BHI3BAHHON HEOIHOPOIHOCTHIO paciipe/ielie-
HUS pecypca u BHJOB 110 apearty (o =0, i =m+1,...,n), i, pi; — KoabbunnenTs
pocra, l;, l;; — koaddurumentsr cmepriocTu. Pesynbrars! uccieposanus mogenu (1)
npu R (p) = p npexacrasiennl B (Enmndanos A. B., Hnbyaun B.T., Buodusuka, 2016;
KuM, 2017).

[Ipu ycioBuAX MepuogmIHOCTH

k. . ‘ L
J:%:&:&:E:yzw 1§2<j§m, m—|—1§5§n,
kiooaj Bpeoopy s
L. . . i’
—Z:&:&:—Z:%j, m+1<i<ji<n, 1<s<m, 1<r<n.
ki B mys
cucrema (1) nmeer kocummerpuio L = (€1,&s, ..., &my CGnrty Gnras - -+ Cn),s
m n
& = e ¥ilki Z sign (i — j) kju;, ¢ = e~ ¥/ Z sign (i — j) kju,;.
j=1 j=m+1
B cayaae m = n, R(p) = lnp, oy = k;, Bij = 0, 1,7 = 1,...,m kocummerpus

JIEIiCTBYeT Ha MOJAIPOCTPAHCTBE U; = C;P, IPUA 3TOM CYIIECTBYET CEMeCTBO UIeaJbHbIX
cBODOJTHBIX pacIpeJie/IeHNii, B KOTOPBIX ILJIOTHOCTU BCEX IOIYJISIUI POIOPIIHOHAIbHBI

dyHKIIMU pecypca.
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K. H. 2KyiikoB (Mocksa, Poccust)
zhuykovcon@gmail.com

OB JIJIUIITNYHOCTUN HEKOMMYTATUBHBLIX OIIEPATOPOB,
ACCOIINMNMPOBAHHEIX C JENCTBUEM METAIIJIEKTUYECKON
I'PVYIIIIBI

PaCCManI/IBaeTCH KJIaCC HEKOMMYTAaTUBHBIX OIIE€EPATOPOB BUA
X

D = %:Dk (x —zdd ) T H(R™) — HTFR™), (1)

rae Dy (:U, —i%) — nuddepeHIuantbHbIi oneparop nopsijaka k, H® — mpocTpaHCTBO
CobosieBa (M., Hanp.,[2]), T — kBagparudroe npeobpasosanue Dyphe

Tf(x) _ Z-m—n/Q /| det B‘ /€2Wiw(x’x/)f($/)d$/,

argdet B=mm mod 2,

(2)

aCCOIMUPOBAHHOE C CUMIIJICKTUYICCKON MaTpuIleit

A B
SW_(CD)’ det B # 0,

rie W(z,2') = DB~ '2?* — B a2’ + B Az~

Onepatopbr (2) nopoxgaoT MetariekTuaeckyto rpyminy Mp(n) [1], ssiastortyocs
MOJTPYIITOf IPYIIIB YHETAPHLIX onepTopos na L2(R™).

Hannas reopust sBJsieTcst 0600IMIEHUEM JIIMITUYECKOH TeOpUM Ha HEKOMMYTaTHB-
HoMm Tope [2,3].

Tpaekropubiii cumBost onieparopa (1) ectb oneparop-dyHKIus, JeficTByOMast B Be-
COBBIX IIPOCTPAHCTBAX IIOCIEI0BATEIHLHOCTEI:

U(D) (.’L‘, g) : l2(Za M%f,s) — lz(Za /lx,§7s—m)~ (3)

B pabore mpebsaBiIsiioTcs YCJ0BUsI SJITUITHIHOCTE HEKOMMYTATHBHOTO OLIEpaToOpa,
(1) B TepMuUHAX TPAEKTOPHOIO CUMBOJIA (3) B 3aBUCMMOCTH OT 110KA3aTEJIsl 1A KOCTH

s coorBeTcTRyOMMX mpocTpancts Cobosiena.

JUTEPATVYPA
1. de Gosson M. Symplectic geometry and quantum mechanics. Birkhauser Basel, 2006.
2. Casun A.FO., Cmeprnun B. ). HekommyraruBHas sjaunrtuydeckas teopusi. I[Ipumepst. Tp. MITAH. 2010. Tom. 271.
Crp. 204-223
3. Connes A. Noncommutative geometry. Academic Press, Inc., San Diego, CA. 1994.
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AHAJIOI'NA ME2KJ1Y YPABHEHNAMN B HYACTHDBIX
IMTPOMN3BO/JHBIX 1 KOHEYHBIMU PASHOCTAMM JIJIAd 3AJAYN
QJIIEKTPO®OPE3A

CucreMa KBa3UJINHERHBIX I'UIEPOOJINICCKAX YPABHEHU, OIUCHIBAIOIIA 9JIEKTPOO-
pe3 — MeTOoJ, pas3jieJIeHss MHOTOKOMIIOHEHTHOM CMeCH Ha MHJIUBHIY/IbHbIE KOMIIOHEHTI
IPU OMOIIH JIEKTPUUIECKOro 1moJis 1], uccsepyercs: o60OIEHHBIM METOJOM TOJI0IPa-
¢a, KOTOPBIii 1103BOJISIET 3alucaTh pelieHne 3a1a9u Koy B HesiBHOM aHAJIMTHIECKOM
dbopme B Bujie cucrembl ajrebpandeckux ypasrenuii [2|. [lpu npumenennn o6ob1eH-
HOT'O MeTojia rojorpada Jijisd BbIYUCICHUST KOMMYTUPYIONIUX IIOTOKOB, TpeOyerTcs pe-
marTh CUCTEMY JIMHEHHBbIX JiuddepeHImaibHbIX YPaBHEHUN B YaCTHBIX MPOU3BOJIHBIX
¢ nepeMeHHbiMu Kodpdunmrenramu. st perennst yKazaHHOR CUCTEMbI UCIOJIb3YEeTCs
allrnapaT KOHEYHBIX PA3HOCTEH — CHCTEMY Y/IaeTCs 3alUcaTh B BUJIE Pa3/eJIeHHbIX Pa3-
HOCTEil, TOCTPOUTH 1MOJMHOM HbIOTOHA 1 MOJIyYuTh PEelieHue, onpe/jieisieMoe NHBapuaH-
TaMU 110JIMHOMa, KOTOPbIE B CBOIO OY€PE/ib [TOJHOCTHIO UJIEHTU(DUIUPYETCS HadaIbHbI-
MU JaHHBIMEU 3ajaun Komu. OOHapy»KeHHasl aHAJOTHA MEXKJIy CHUCTEeMON ypaBHEHUi
B YACTHBIX IPOU3BOJHBLIX U KOHEUHBIMKM PA3HOCTSIMM II03BOJISET KCIIOJb30BATh YKa-
BaHHBIN aJICOPUTM PEIIeHUsT W JIJIst APYTIUX CUCTEM KBa3WJIMHEHHBIX I'UIIEepOOJIMIeCKX
ypaBHEHUI, K KOTOPbIM LpUMEHKU 0000I1IeHHbI MeToj1 rojorpada. Ilpemioxken rakxke
AJICOPUTM IIOCTPOCHUS ABHOM (POPMBI peIlleHUs IPU IIOMOIIM BBEJICHUS JIarPaHKEBbIX
MEPEMEHHBIX, MMO3BOJISIONINX CBECTHU 3aJlady K WHTErPUPOBAHUIO CUCTEMbl OOBIKHOBEH-
HbIX Jindpdepeninaibabix ypaBuenuii. [Ipusejiensl npuMepsbt perienust 3ajadn Korm
JUUTST PA3JIMIHBIX HAYAJbHBIX JAHHBIX, B YaCTHOCTH, KYCOUHO-IIOCTOSHHBIX U TayCCOBBIX
pacipejiesieHiil KOHIEHTPallu KOMIIOHEHT CMECH.

Pabora BbimojiHeHO T1pU pUHAHCOBOI 110/JIepyKKe 6a30BOI YaCTH IOCYapCTBEHHOIO

sajanust Nt 1.5169.2017/BY Munucrepcrsa obpasoBanusi u nayku PO, KOOV,

JUTEPATVYPA
1. 2Kyxos M. FO. Macconepenoc siekrpudeckum moseMm. Pocros-na-/lony: 1sn-so Poct- yu-Ta. 2005.
2. XKyxoe M. FO., Illupsaesa E. B., oazux T. @. Meroxn romorpada Ay pemnreHns rumepOboJInIecKuX U SJUINITHIeCKIX KBa-
3unHeHbIX ypaBHeHnil. Pocros-ua-lony: 3n-80 FO®Y. 2015.

I1. H. UBanpmmu (Kazans, Poccus)
pivanshi@Qyandex.ru

IPUBJVYKEHHOE PEIIEHUE CMEIITAHHOUN KPAEBOI
3AIAYM JIJISI HEOJJHOCBA3HOM OBJIACTU

B pabore npusejien MeToj| NMpUOJIMXKEHHOIO PEIeHust CMelaHHOW KpaeBoil 3a/ia-
9) IS HEOJHOCBSI3HBIX IIJIOCKUX obJiacreit. Meroj; ocHOBaH Ha 1PUOJIMXKEHHOM peliie-
HUW UHTErPAJTbHBIX ypaBHeHuii [1|. Pemenue cBoguTest K PEIIEHUIO CUCTEMbI JIMHEHHBIX
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ypaBHeHuit ornocurebHo Koadduinmentos Pypbe rpaHUUIHbIX 3HAYCHUNR COMPIKEH-
HBIX (PYHKIWIT. PesynpraThl MOTYT OBITH HCIOAL30BAHDBI, HAIPUMED, JJIA PEIeHnd TPO-
CTPAHCTBEHHbBIX 3a/1a4 [2].

JUTEPATVYPA
1. Ivanshin P.N., Shirokova E. A. Approximate Conformal Mappings and Elasticity Theory. J. of Complex Analysis. 2016

ID 4367205
2. Ivanshin P.N., Shirokova E.A. Spline-interpolation solution of 3D Dirichlet problem for a certain class of solids. IMA

Journal of Applied Mathematics. 2013. V. 78, No 6, pp. 1109-1129.

B. B. Kazak (FO®YVY, Poccus), H. H. Conoxuu (AI'TY, Poccus)
vkazak136@gmail.com, nik2007.72@mail.ru

BECKOHEYHO MAJIBIE N3I'MBAHNA ITAPABOJION/IA
BPAIITEHN A C KPAEBBIM YCJIOBUEM CMEINTAHHOT'O TUITA

st moBepxuocTeit Busia 2 = f(x,y) B pabore [1| 6blia perena KpaeBas 3ajada,

wz + qw, + guwz =0, z €D,
Re {@wt + z—:@w} =0, t€dD,

[Ipu 5TOM MCTOMB30BAHBI PE3YIbTATHI pAbOTHI [2].

B nacrosimeit pabore peasuzaiiusi 00IIEro pes3ysbTrara pacCMaTPUBACTCS [ 9acT-
HOT'O BHJIa TAKUX MOBEPXHOCTEH - mapabosionia BpalleHus. B aroM ciydae npuxomm
K CJEAVIONel KpaeBoi 3a1aue:

Wz = 07 z € D,
Re {t*w, — aet_(”+1)w} =0, tedD,

Jlokazana ciemyrorias

Teopema. Jlra napaborouda epaujerui, noduunénnozo na Kpaw Kpaeeomy yeio6u0
a(U,0.) +b(V,7) = 0, 2de a u b - deticmeumenvrvie xoncmanmol, 0annoe Kpaecoe
YCAOBUE ABNACTMCA KBAZUKOPPEKMHVIM € 2n+3 cmenenamu c60000vi 0a4 A100020 € # (.

I1pu 3TOM paccMOTpennl ¢aydan Kak HyJIeBOro, TaK U HEHYJIEBOIO 3HAUCHUS NHIEKCA,

KpaeBOI'o yCJIOBH:I.

JUTEPATVYPA
1. Kasax B. B., Coaozun H. H. O KBa3WKOPPEKTHOCTH CMENTAHHOTO KPAEBOTO YC-JIOBHA /I OHOTO KJIACCA TIOBEPXHOCTEMH/ /
CoBpemennble 11pobseMbl MaTe-MaTUKU U Mexanuku, ToM VI, Boiryck 2. 3pmarenscrso Mockosckoro ynu-sepcurera, 2011, — C.

212 - 216.
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2. @omenko B.T. O KBa3MKOPPEKTHOCTH BHEIIHUX CB#A3€l B Teopumu Geckonewno masibix mirmbammit // CM2K. — 1974, —

T.XV, Ne 1. — C.152-161.

Kosmosa M.T., Beno3y6 B. A. (Cumdeponosin, PD)
art-inf@mail.ru

JINCKPETHBIE MOJIEJIN BEIBOPA PEIITEHUI
B 3AZTAYAX KOCBEHHBIX N3MEPEHUI

Pazpaborka yCcTORUNBBLIX, PETryISPU3UPYIONIUX aJITOPUTMOB CBsI3aHAa C aJIeKBATHBIM
UCIIOJIL30BAHUEM AITPUOPHOI U JIpYyToit mH(OPMaIUK O PEIIeHU], MOJIEJIN, CIIOCO0ax IMo-
JIydeHHUsl JIAHHBIX KOCBEHHbIX u3Mepenuii. B pabore paccMarpuBaloTcsi MOJIEU B BUJIE
PA3HOCTHBIX AHAJOIOB HEJIMHEHHBIX MHTErPaJbHBIX YPaBHEHUI THUIIA CBEPTKHU IEPBOIO
pojsia. PasznooOpasue peryispusupyoniux ajJropuTMOB OIPEesIeTcs JOCTYIIHON MH-
dopmarlueit u ee ucrosib3oBanneM. Tem cambiM, (POPMUPYETCST UHTEJJIEKTYAIbHAs CH-
creMa, 6A30BbIMU DJIEMEHTAMHU KOTOPOH SIBJISIIOTCS YJIBTPACHCTEMbI (110 T€PMUHOJIOIMH
A.B. Heukuna), mpeobpa3oBaresin CeMaHTUICCKO HHMOPMAIMA U YIBTPAOTIEPATOPDI.
Ha niepBom 3Tarie peraercs 3a/4a49a BOCCTAHOBJICHUST SKCTPEMaJIbHBIX TOYEK TOBEPXHO-
CTH.

CucreMbl ypaBHEHUI MOJEJUPYIOT MPOIECC CKAHUPOBAHUS MOBEPXHOCTH AHTEHHDI-
MU YCTPORCTBAMU, XapaKTep CUI'HaJIa U ero OTparKeHre 0T CKAHMPYEeMOil IIOBEPXHOCTH.
Takue HeJIMHEHHBIE CUCTEMbI aJreOpaniecKux YPaBHEHUH sIBJISIOTCS aHAJOraMU HEJIH-
HefiHbIX ypasHeHuil Tuia Ypbicona 1 poja [1].

CuHTe3 JUCKPETHBIX MOJIeeil — aHaJOrOB HEIPEPBLIBHBIX — BBIABUJI PsIJ IPOOJIEM.
[Iporece muckperusanuu (M KBaAHTOBaHUs) CYIIECTBEHHO 3aBUCHT OT 30HUPYIONIETO
CHUTHAJIA, €r0 JIeJIbTa-00PA3HOCTH ¥ UCKOMOI'O perlieHnst ([IOBEPXHOCTH M XapaKTepa OT-
pasKeHust OT MOBEPXHOCTH). Pelenne cocTOMT B MPUMEHEHUH ACHMITOTHIECKUX (DOp-
MyJl JIJIsI MHTerpaJia ¢ OOJIbIIMMHU IapaMeTpaMyd U ydeTa M3BECTHOH mHpOpMalUH O
periernn (APUOPHOIA, TiperiesieHTHOH 1 p.). Taknm 06pa3om, 310 MOKeET ObITh KOM-
HO3UIMS JIMCKPETHBIX aJIAllTUBHBIX MOJIEJIEH, JIOIYCKAIOIIUX PEOITUMU3AIUIO 110 TIPe-
nejeHTaM. JIucKkpeTHass MoJeNb JOKHA 00eCIeunBaATh IPOBEICHIE BHIUNCIUTEIbHBIX
9KCIIEPUMEHTOB 110 PEIICHUIO IPSMOi 3a/iauu, a Tak:Ke 0OpaTHON, KOTOpasl sIBJISeTCs
HekoppekTHO#. [Ipu BhibOpe JIMCKPETHBIX MOjesell MpejnouTeHrne OTAaeTcs TPOoCcTeii-
IIUM U Y2Ke PeryJisipu30BaHHbIM H1apaM, COOTBETCTBYIOIIMM IPSMOM 1 00paTHON 3a/1a-
JaM.

JIUTEPATYPA
1. Lukyanenko V. A. Some Tasks for Integral Equations of Urison’s Type / V. A. Lukianenko, M. G. Kozlova, U. A. Hazova //
Proceedings of the Internati-onal Conference «Integral Equations — 2010», 25-27 August 2010. — Lviv, Ukraine: PAIS, 2010. —
P. 80-84.
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YCTOMYNBOCTDH PA3SBETBJIAIOIIINXCYA PEIITEHNIN 3AJTAUN
O BUOYPKAIINN ITYAHKAPE-AH/IPOHOBA-XOII®A

B pabore [1| B 6anaxoBeix mpoctpancTBax Fy u Ey paccmorpena 3ajada o 6udyp-
karuu [lyankape—Anngponosa—Xomnda:

F(p,ZC,E) - 07 p= %7 F(O,ZC(),S) = 07 Fé(oyx()ao) — AJJO = AO)
FL(0,20,0) = =By, = —Bo, F1(0,20,) = Ag + Ay () = Ale), (1)
F;(O,ZL'(),E) = —By+ on(é), DBO = F1, DBO C D(A(é))

[Iycts Ag-ciertp o4,(By) dpenrosbmosa oneparopa By pacmanaercs Ha JBe TaCTH:
0, (Bg) Jexkut crporo B JeBoil nosyiockoctd u 09 (Bg) cocToMT U3 cobCTBEHHbIX
AO AO

3Havenuit £ KpaTHOCTH N € Uj = Uy, &£ tUg;, Vj = V1 & 1V COOCTBEHHBIMU dJIEMeH-

TaMU COIPsZKEHHOI'0 oleparopa ¢ 000DIICHHBIMI »KOPJIAHOBBIMU LEHOYKaMK JJIMH P;.

Hoxkaszana Teopema 0 HEesIBHLIX ONEPATOPax B YCJOBHUSIX T'PYIIIOBOI CUMMETPUN
Teopema. B sadaue (1) 6 moure budpyprayuu xo Ag-orcopdanos nabop onepamop-

pynryuu By, (x — xg) — By, (€)(x — x0) 6ce2da mooictio 6uibpams mpu-kaHoHUeCKUM.

n
ITyemo dim ker(By,) = n,v = > &p; € ker(By,) U npu HEKOMOPUT YCAOBUAT 2400-
i=1

kocmu nenpepuieroti epynno, JIu Gi(a) co ecmayuonaprnot nodzpynnot Gs(a),s < I
MOUKU Ty BUNOAHAEMCH pasencmeo k = | — s = n, a Gg(a) Asasemes Hopmans-
noim deaumenem Gi(a) ¢ coomeememesyrousum udeanrom Ty undunumesumanvmon

onepamopos. Tozda cyuecmeyem nenpepuishad dynxuyus v(xg, &, e) = v(wg, &, €) +
u(xo, v(wo, &, &), 1, €) : ng(Z) X (—e,8) = &1, UHBAPUAHMHAA OMHOCUMEALHO HaKMOD-
epynnove Gor = Gop, = G, /Gy na T;(Z): makaa, wmo F(zg+v(x, &, €, €),¢)) = 0 npu
v(xo,§,8) € Tyh), It <e

Ha ocHose 310it Teopembl 1 pe3yJibTaToB 2] moJydensbl Kpurepuu yeToORInBOCTH Ce-

MEHCTB Pa3BeTBJAIONINXCA PElIeHU:d B YCJAOBUAX I'PYIIIOBOA CUMMETPUM.

JUTEPATVYPA
1./Iozunos B. B., Kononaesa HU.B., Pycax F).B. TeopeMbl 0 HESBHBIX OIEPATOPAX B YCIOBUSIX IPYIIIOBOI CHUMMETDHH.
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2.Tpenozun B. A. Teopema JlsmynoBa 06 ycTOMYMBOCTH 110 JIMHEHHOMY HIPUOJIMIKEHUIO KAK CJIEJCTBHE TEOPEMbI O HEsBHBIX
oneparopax. JTokmaast PAH. Maremaruka. 2006. Tom. 407, Ne. 6, cTp. 742-746.
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YCTONMYNBOCTD 1 HEYCTOMYNBOCTDH ITPABNJIBHBIX
KOHOUTYPAIINIM TOUYEYHBIX BUXPEN B JIBYXCJIOITHON
BPAITTAIOIIIENCH YKNJIKOCTU

[Iposesen anans yCTOMUIMBOCTH CTAIIMOHAPHOTO BPAIIECHUS CUCTEMbl N TOYEUHBIX
BUXpel OAMHAKOBOH MHTEHCUBHOCTH, PACIIOJOKEHHBIX B BEPIIMHAX NPABUILHOIO IN-
YTOJTbHUKA Ha OKPYXKHOCTH pajimyca R B OITHOM cJIoe JIBYXCJIOWHON Bpallaloneics
YKHJIKOCTH.

[Tpocrpancrso mapamerpos (N, R, ), rjie @ pasHOCTb MEXKJly TOJIIUHAMHU CJIOEB,
nesmrest Ha (A) 06J1acTh yCTORIMBOCTH B TOYHOM HeMHeiHO# nocTanoske, (B) obiactsb
JINHEHON yCTOMYIUBOCTH, B KOTOPOil TpebyeTcs JTOIMOJHUTEIbHBIN HeJIMHEeRHbIN aHAJIN3,
u (C) obsactb IKCIOHEHIINAIBLHON HEYCTOHIHBOCTH.

Coyuait (A) umeer mecro npu N = 2,3, 4 st Beex 3navennii R u o. [Ipu N =5
BeTpedaioTcs Muokectsa (A) u (B), a mpu N = 6 — muoxecrsa (A) u (C). B cayuae
N = 7 Bo3amoxunnl Bee curyaruu (A), (B) u (C). B cayuae qernsix N = 2n > 8 Beerya
MMEET MECTO IKCIOHEHIHAJIbHAsT HEYCTONINBOCTD, & B pu HedeTHhIx N =204+ 1 > 9
BO3MOKHBI JiBa caydast: (B) u (C).

UccnenoBanme uenosb3yeT pesyabrarel paboTsl [1] 06 yeroiiunBoctu KoHGUTYparuii
becceneBbIx Buxpeit. Pesynbrarsl 00 yCTORIMBOCTH BUXPEBOTO TPUIIOJS U KBAJIPYOJIS
(N = 3, 4) onybimkoBanbl [2].

Pabora BbinosiHeHa B paMKax 6a30B0Oii YacTH roCyIapCTBEHHOro 3aganns Munncrep-

crBa obpazoBanus u Hayku PO (Ne 1.5169.2017/8.9).

JUTEPATVYPA
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2. Kurakin L. G., Ostrovskaya 1. V., Sokolovskiy M. A. On the Stability of Discrete Tripole, Quadrupole, Thomson’ Vortex
Triangle and Square in a Two-layer/Homogeneous Rotating Fluid. Regul. Chaotic Dyn. 2016. Vol. 21, No. 3, pp. 291-334.
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BBICIIINE ITPON3BOJHLIE ®YHKIINI JIAIITYHOBA U
PABHOMEPHA I OTPAHMTYEHHOCTD PEIIIEHUI I10
ITYACCOHYVY !

IIycTh 3ajana jobast cucreMa gud pepeHIuaabHbIX ypaBHeHU

d
d—::F(t,x), :r:(xl,...,xn)T, (1)

npaBas 9acTh KOoTopoii 3agana B RT X R" u menpepoisuo auddepennupyema 10 mo-
psizika (I — 1) BrutounTesnbho, rje | > 1 — hukcnpoBaHHOe IUCIIO.

1PaBoTa BBIIOJNHEHA IPU MOAAepAKKe rpanTa [Ipesugenta Poccuiickoit ®enmepanuu, opoekt Ne MK-139.2017.1
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JII00y10 HEOTPHUIATETHLHYIO BO3PACTAIONLYIO YMCJIOBYIO TOCIE0BATEHHOCTD
T = {7 }i>1, lim 7, = 400, 6yjiem HazbIBaTH P-10cse0BaTebHOCTHIO. JlJist Kaxk 10ii P-
1— 00

o0

nocegoBarebocT T = {7;};>1 depes M (1) obosnauaercs MuoxkectBo | J[1;-1; T2;].
i=1

O pemtenusix cucteMbl (1) rOBOPST, 9TO OHM PABHOMEPHO OrpaHuueHsl 1o Ilyaccomy,

ecim iyt cucreMbl (1) Hadigercs takas P-IOCIEIOBATEIBHOCTD T = {T;}i>1, U JJid
Kaxioro a > 0 cymecrsyer Takoe uncio [ > 0, aro s jioboro pemenus x(t, to, xq)
cucremer (1), rme tg € M(7) u ||xo|| < «, Bumosmeno yenosue ||z (t, to, xo)|| < B npm
Beex t € R (to) () M (7). B ciyuae, Korjia TpebyeTcsi TOUHO YKA3aTh COOTBETCTBYIOTITY O
P-nioceoBareibHOCTh T = {7, };>1, TOBOPST, 94TO perierust cucreMbl (1) paBHOMEPHO
orpanuuenbl 1o [Tyaccony ornocuresbao P-nocseoBarebHoctu T = {T; }i>1.

[TIycts a(r) > 0 — Bospacraomnias dbynknus, b(r) > 0 — meyoObBatomast GyHKIM 1
b(r) — oo mpu r — 0.

Teopema 1. IIycmv dasa cucmemv, (1) cywecmesyrom marue P-nociedosament-
nocmo T = {7 }is1 u Pynryua Jdanynosa V(t, x), sadannas na RT x R"™, ¢ npouseoo-
nowmu l-20 nopadsa 6 cuay cucmemus (1), wmo swnoanens ciedyroujue Ycao6ua:

1) V(i)(t,x) > 0 daa xaorcdozo 0 <1 <1 —1;
l B
2) b(||z]]) < Zlv(”)(fafﬂ) < a((l=z|])

dnsa ecex (t,x) € M(7T) x R". Kpome mozo, nycms pewenua ypasHenus cpasrenua
[-20 nopadka das cucmemuv, (1) pasromepro ozpanuvenv no Ilyaccony ommocumens-
no P-nocaedosamenviocmu T = {7;}i>1. Toeda pewenus cucmemv (1) pasromepro
oepanuyens, no Iyaccony.

B. A. Jlykbsineako (Cumdepormons, P®)
art-inf@yandex.ru

HEKOTOPBIE OBOBIIEHN A 3A/TAY TUITA KAPJIEMAHA J1JIA
ITOJIOCHI

Teopust 3ajaun Kapiemana Jijisi 110J10CbI, €€ 00OOIIEHUsT ¥ HPUIOXKEHUT N3JI02KEHbI
B Mororpadusax @. JI. I'axosa u FO. . Yepckoro [1], . C. JlurBuruyka. O6o0meHHasT
MHOTOdJIeMenTHas 3aaada Kapiemana paccmarpubaercss B paborax B. A. JIykbsnen-
Ko [2]. O6061eHust Ha MHTErpaJibHbIE YPABHEHUsI U KPaeBble 3aJlauu st QyHKIUE oT
JIBYX TIEPEMEHHBIX TIPUBOJIATCs B pabore [3]. B pabore paceMorpersl 06001eHnsT 381891
Kapiemana Jijisi 1I0JIOCHI, COJiep2Kalliie HHTEerPaJbHbIi OIepaTop BUJIA

8
(AD)(x) = / B(z +iy)dy = Ula) € Lo(R) 1)
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¢ dyukuueit ®(z) € {{a, B8}} [1, crp. 221]. Tak kak obpartoe npeobpasosanue Pypobe
ot nogunTerpaabnoil dbyukmun (1) pasno e ¥p(t), g (1) nomyaaem

tu(t)

e Ytu(t)
p(t) = P ——

—ut .
e y@(t)—m,

a<y<p. (2)
Orkyna naxoqum ®(2), ®(z + ia) u ¢(x +if).
Paccmorpennt Dosiee obIue ypaBHEHUSsE
B
K(z)®(x + i) + / O(x 4 1y)dy = G(z), x € R
«

1 9KCTpeMaJIbHbIE 33J1a4n, cofepzkartue ornepatop A mis byuknuit u3 {{a, 8}} ¢ dynk-
IIMOHAJILHBIMI OTPAHUYEHUSIMY, KOTOPLIE CBOJATCSA K CUCTeMaM JByX 3ajad tnna Kap-
JIeMaHa.

JUTEPATVYPA
1. I'nzos @. /., Yepcxudl FO. M. Ypasuenns tuna cBeprku. — M.: Hayka. — 1978. — 296 c.
2. Jyxvanenxo B. A. O6o0mennast kpaesas 3anada Kapriemana // Iunamudeckue cucremsr, Boir. 19, 2005. — C. 129-144.
3. Jyxvanenro B. A. Vlnrerpanpaple ypaBHEHUA U Kpaesble 3aia4qu mig GyHKnmil oT nByx nepevensbix // Junammaeckue

cucremsr, 2014, Tom 4(32), Ne 1-2, C. 143-152.

. A. JIvicenko (Pocros-na-/lony, Poccus)
irlys@sfedu.ru

OB YCTONYNBOCTU BUXPEBOI'O N-YI'OJIbHUKA B
AJIbBBEHOBCKOW MOJIEJIN JIBYX>KNJIKOCTHOW IIJIA3MBI

PaccmarpuBaerca ngpurkenne cucreMbl N BUXpeil OJMHAKOBOI MHTEHCUBHOCTH I' B
AJIbBEHOBCKON MOJIEJI B JIBYX KMJIKOCTHOM I1a3Me, 3a/laHHOe raMUuIbroHrnanom [1]

M= D 3 Wl -al)., WE=hE+Kl)

1<j<k<N

31ech zx = qr + Pk, (Qk, Pk) — JEKAPTOBBI KOOPUHATHI k-10 BUXpst, Ko — Mopuduim-
poBanHas pynkius Beccess, napamerp ¢ > 0.

Uccnenyercs yeTORIUBOCTD CTAIIMOHAPHOTO BPAIlEHNs cucTeMbl [N 3aBUXPEHHOCTEN,
PACTIONIOXKEHHBIX B BEPIIMHAX MPABUJIBHOTO N-YTOJbHUKA, BIMCAHHOTO B OKPYKHOCTD
pajiuyca R. YcToitunBOCTh MOHUMAETCs KaK opOuTajibHasi YCTONINBOCTh, & HEYCTOWIH-
BOCTbH — KaK HEYCTOWYMBOCTH PABHOBECHUs pejlylupoBaHHOil cucrembl. [Iposejién ana-
JIUTUYECKNI aHaJN3 COOCTBEHHDBIX 3HAYCHUI MATPUIILI TUHEAPUBAIUY W KBAJIPATUIHOM
(opMbI raMIIbTOHTAHA.

B pesysbrare npocrpancrso napamerpos (N, R, ¢) pasjensiercs Ha 3 obactu: 00-
JIACTH YCTOMYMBOCTU B TOYHOM HEJIMHEHHON 1OCTaHOBKE; 00JIacTh JIMHEWHON yCcTO4Yu-
BOCTH, B KOTOPOil TpebyeTcst JOMOJHUTEbHbII HeJMHeHHbIH aHaJ n3 ¢ NpUBJIeICHIEM
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meto10B KAM-Teopun u obsactsb sKcnoHeHHa bHON HeycToiunBocTH. [loyaensr pe-
3yJsibTaThl s Bcex B > 0,¢>0u N =2,...,11. Jlyis Bcex ucciieloBaHHbIX 3HAUEHUI
N = 2,...,11 Bcrpeqatorcst 06a ciiydasi yCTOWIUBOCTH. JKCIOHEHIIMAbHAST HEYCTOMN-
YUBOCTEL uMeeT Mecto npu N =4, ..., 11.

UccnenoBanme UCHONb3yeT pesysbraTel pabor [2,3].

Pabota BhwitiojiHeHa B paMKax 0a30BOil YacTu rocyapcTBeHHOro 3aauns Munucrep-

crBa obpaszoBanus n Hayku PO (Ne 1.5169.2017/8.9).

JUTEPATVYPA
1. Bergmans J., Kuvshinov B. N., Lakhin V. P. Spectral stability of Alfven filament configurations. Physics of plasmas. 2000.
Vol. 7, No. 6, pp. 2388-2403.
2. Kurakin L. G., Ostrovskaya I. V. On Stability of Thomson’s Vortex N-gon in the Geostrophic Model of the Point Bessel
Vortices. Regul. Chaotic Dyn. 2017. Vol. 22, No. 7, pp. 865-879.
3. Kurakin L. G., Yudovich V.I. The stability of stationary rotation of a regular vortex polygon. Chaos. 2002. Vol. 12, No.
3, pp. 574-595.

. B. MopmiueBa (Pocros-na-/lony, Poccust)
ivmorshneva@sfedu.ru

BU®YPKAIINUN KOPABSMEPHOCTH 2 B JIMTHAMUWYECKUX
CUCTEMAX C JIBOMHON KPYTIOBOI1 CUMMETPUEN

Nzyvatorcst 6Gudypkalnn KOpasMepHOCTH 2 B JIMHAMUYECKUX CHCTEMAaX, MHBAPUAHT-
Hbix orHocuresibHO rpynibl O(2) x O(2). Bajaun ¢ Takoii cuMMerpueil BO3HUKAIOT,
HAIIPUMED, [IPU UCCIETOBAHIN KOHBEKIMN B TOPU30HTATLHOM I BEPTUKAJILHOM CJIOE
KUgKoCTH. [Jisi viccieJoBatus HCIOJMb3YeTCsi METOJL CBEJICHUsT Ha [EHTPAIbHOE MHO-
roobpasue. ITocTpoeHbl aMIIUTY IHBIE CHCTEMbI B OKDECTHOCTH 3HAUYEHHUI TApAMeTPOB,
TIPY KOTOPBIX HEHTPATBHBI CIIEKTD JTHHEHHOTO OMEPATOpa COCTOUT U3 JIBYX MAD THUCTO
MHUMBIX COOCTBEHHBIX 3HATCHUIA

[IpoBejieHO WccIe0BaHie AMIITYIHBIX CHCTEM Ha WHBAPUAHTHBIX MOJIIPOCTPAH-
crBax. [lokazaHo, 4To B yCJI0BUSX OBIIErO MOJIOXKEHHUsT BO3MOXKHO BO3HUKHOBEHUE 116
PUOIMYIECKAX PEeHnii Tuma Oerymux BOJIH, KOCBIX OETYIUX BOJIH W WX HEJMHEHHBIX
cMmeceil, a TakyKe BOBHUKHOBEHHE MHOTOYACTOTHBIX perenuii. Ilosydenn sBible Bbl-
PayKeHUs1 JJisi ACUMIITOTHK BO3HMKAIOIIUX PEIEHUH U JIJIs BEJIMUUH, OMPEJIeJIsIONux
XapaKkTep MX BETBJCHUS W YCTOHTHBOCTD.

. O. Henpaxuu, M. 0. 2Kykos, E. B. IIlupsiea (Poctos-na-/lony,
Poccus)
nervoidaz@yandex.ru
METO/I KOHEYHbBIX 9JIEMEHTOB AJIAd 3A/TAYNA O
CEIMMEHTAIIA B IIOTOKE 2KNJIKOCTHA

CeuMmenTalisi IPUMECH B IIOTOKE YKUJIKOCTU MCCJIEYeTCsl JIJIst YIIPOIIEHHON acuMII-
TOTHYIECKON Mojiesin 1] Tpu mOMOIH MeTo/[a KOHEUHBIX SJIEMEHTOB C HUCTOJIh30BAH-
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em Oezjuccunaruoit cxembl Kpanka—Hukosibcona [2]. Bajaua cBojurest K peiieHuo
ypaBHEeHUsA TepeHoca ¢ auddysueii it TPUMECH B MOTOKE XKWJIKOCTU C M3BECTHBIM
npodusem ckopocru (npoduis [yaseitssi, BapuanTsl TypOyaeHTHOrO npoduss) [3].
[Tokazano, 4T0 JIJisi HEKOTOPBIX NPOd el CKOPOCTU CYIIECTBYET 3aMeHa 1EPEMEHHbIX,
TIO3BOJISIONTAS UCKTIOUUTH CKOPOCTH TIepeHoCca U3 ypaBHeHus TudHy3un, 9To MO3BOJIs-
eT CyIeCTBEHHO MOBBICUTH TOYHOCTH pelienus. lIpeacTaBiennl pe3yabTaTbl pacieToB
npoduiisi pacupejiesieHusi KOHIEHTPAIKU [TPUMECH.

Pabora BbitiojineHo 1pu gpuHaHCcoOBOM 110jJiepKKe 6a30BON YaCTU I'OCYapCTBEHHOIO
sajganust Ne 1.5169.2017/BY Munucrepcrsa obpasoBanust u nayku PO, KOOV,

JUTEPATVYPA
1. Boues M. A., Hadoaun K. A., Huxosaes H. A. MopenupoBanve pacupoCTPaHEHUs BENIECTBA B ABYMEPHOM CTAIUOHAPHOM
OTKPBITOM Pyc0BOM 1otoke // Marem. momenmmposanme. 1996. T. 8, Ne 1. C.11-24.
2. 2Kyxoe M. FO., Illupsaesa E.B. Pemenne 3amad MaTeMaTH<IeCKO# (DU3UKY IPU MOMOIIM TAKETA KOHEYHBIX JIEMEHTOB
FreeFem-++. Pocros-na-/Tony: Iza-so FODY. 2014.
3. XKyxoe M. FO., Ilupsesa E. B. Maremarndeckoe MOAEIMPOBAHKE IIPOLECCA CEAMMEHTAIMU IPUMECU B IIOTOKE YKUJIKOCTH.
Pocros-na-lony: 13a-s8o FODY. 2016.

B.T. Hukomnaes (Benukuii HoBropox, Poccus)
vgl4@inbox.ru

O PEIHIEHNAX 3AJTAYU ITIBAPIIA B O/THOM CJIVHAE

[Tycrs marpumna J € C™", detJ # 0 mMmeeT TOJTHKO KOMILIEKCHBIE COOCTBEHHDIE
uncia. Hazsosem n-pexrop-dynxuumio ¢ = ¢(z) € C1(D), oupesenennyio B obiactu

o¢

D C R?, ananuruyeckoii o dyriucy B D [1], ec/in BLIIOJIHEHO PABEHCTBO — —J - ——

Oy or
0,zeD.

Obo3nauum depes I’ rpanuiy ojHOCBs3HOE obsactu D. Paccmorpum ciieyioniyio
rparndnyio 3adawy [eapya [1].

[Iycrs () € C(I), t € I' — BemecrBennasi n-sekrop-gyHkiws. Tpedyercst HaifiTn
anajuruiaeckyto no Jdyrimcy B obsactu D dyHkimio ¢(z), yJA0BIETBOPSIONLYIO I'Pa-
mraHOMy yenosmio Re ¢(2) |, = 9 (t).

Beeniem citentytorue obo3natdenus: BEKTOpbl X, Vi € C, npudem depes Xj, 0003Ha-
YUM KOMILIEKCHOE CONPsDKEeHre BeKTopa Xj. Omupegeaum n X n-marpuiisl (Q, J; n J 10
CJIeJIYIONIEMY TTPABUILY:

Q:(Xln"'7Xm7§1+llxl7"'nim+lmXM7YI7"'7Ym1)7
l,eC, k=1,....m, 2m+mp=n, detQ #0,
J = diag(Al,...,Am,ul,...,um, 77,...,77), J=QJiQ L.

mi

(1)

ITpu stom Im A # 0, Impu # 0, kK = 1,...,m; Imn # 0. [Ipeamosoxum, 910
[' = 0D — xouryp JIsinynosa. CupaBeInBO CJIe/LyIOlee yTBePK JIeHUe.
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Teopema 1. Ilycmov mampuya J = QJ1Q7 1, 2de Q, Jy umerom eud (1). IIpu smom
ecau N\ # g, mo aubo ly = 0, aubo || = 1. Ecau N\ = pg, mo wucao l, € C —
npouseoavnoe. Tozda:

1) ecau (ImAg) - (Impg) > 0, k= 1,...,m, mo daa o060t epanuunot Gynryuu
Y(t) € H(I'), 0 <o <1 sadava lsapua umeem eduncmeennoe (¢ mounocmvio do
sexmop-nocmosannoti) pewenue ¢(z) € H7(D);

2) ecau gynxyua Y(t) € CH(T), a maxoce |lt| = 1 npu Ny # px, mo sadana
[sapua umeem eduncmeennoe pewenue ¢(z) € CH7(D);

3) ecau I' = OD — owcopdanosa kpusas u |lx| = 1 npu Ay # px, mo odnopodnas
(v = 0) s3adaua Ilsapya umeem moavbko MPuUGUAALHBIE DEWEHUA 6 KAACCE PYNKUUT
(=) € C(D).

JTUTEPATYPA

1. Bacuaves B.B., Huxonaese B.I. O 3amade [IBapma mjis 3JIUNTHYECKUX CUCTEM TEPBOTO MOPSIKA Ha TIOCKOCTH. [Ind-
depenrmapabie ypasaernus. 2017. Tom. 53, Ne. 10, cTp. 1351-1361.

JI. B. HoBukoBa (Pocros-na-/lony, Poccus)
lvnovikova@sfedu.ru

BETBJIEHIE MHBAPMAHTHEIX MHOT'OOBPA31I1 OIIEPATOPOB

Paccmorpum B banaxosom npocrpancrse U k pas (k > 3) HenpepbiBHO juddepen-
mupyemarit mo @pemre oneparop Ny: U — U, 3aBucAIIuit OT BEIECTBEHHOIO TTapaMeTpa,
0, cunrast orobparkenne 0 — Nsx HenpepblBHO nuddepeHIupyeMbIM 10 0 J1Jis JIF000ro
rxeU.

IIycrs K — ruajikoe kiacca C7 mHEBapuanTHOE MHOrooOpasue oneparopa Ng. Kaca-
TeJLHOE MPOCTPAHCTBO 1, MHOTOOOpas3ust K MepexoauT Mo AeficTBIeM IIPOU3BOIHOI
Opemte N§(x) oneparopa N5 B TOUKe & B KacaTebHOe IPOCTPAHCTBO 1, MHOr0OOpa-
sust K B Touke Nsx.

[Ipejionozkum, 4ro cymecTByer Tpancsepcasibhoe caoetne Rsr (z € K) K Kaca-
reapaomy crioernio 1, (x € K), (T, ® Rsx = U), nHBaApHAHTHOE OTHOCUTETHHO JIeHi-
creust mponssoanoit Ppernte Ny(z) oneparopa Ns: U — U (rax aro Nj(x)Rsz < Ryys).

WsBecrHo, 4TO €ciin

|

(m)‘R(;x%RNJI < 1 (1)

i

<]

Ns

<1, (2)

TO, B CJIyd4ae KOMIAKTHOCTH MHBAPUAHTHOIO MHOrooopasusi I oneparopa Ny, oHO 00-

(x) ‘Tx—>TN§£ (l’) |R6$_>RN51¢

JIaJIAeT CBOMCTBOM aCUMIITOTHUYECKON YCTONYNBOCTU.

YT1BepkaeHue. Fciu evinoarenss ycrosus

A(0)=1, M, (0)>0, a,(0)<0, ==
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sz,ONg <1, zek,

z)|
( ) Ry 0x— R oNga
mo npu masvz 0 > 0 unsapuanmmoe muozoobpazue K neycmotivuso u om nezo om-

BEMBAACTNCA UHBAPUAHIMHOE, ACUMNMOMUYECKY YcmoTuusoe mHozoobpasue Ky, 20-
meomopproe K.

M. B. Hopkun (Pocros-na-/lony, Poccus)
norkinmi@mail.ru

AHAJIMTUYECKOE PENIEHUE 3AJAY O CBOBOJTHOM
KABUTAIIMOHHOM TOPMOYKEHNUU ITNJINHIPA B YKIJIKOCTH
TIOCJIE YIAPA

PaccmarpuBaercst 3a1a1a 0 6€30TPHIBHOM yjiape U MOCJIEIYIONEeM ¢CBOOOIHOM KaBUTa-
IMOHHOM TOPMOXKEHWUW KPYTOBOT'O IUJINHJIPA, TIJIaBAIOIIEr0 Ha TTOBEPXHOCTH YKUJIKOCTH.
OcobeHHOCTBIO ATOM 3aJ1aUK SIBJIAETCA TO, UTO IIPU OIPEJIEICHHBIX YCIOBHUSIX, BOSHUKA-
10T 00JIACTU HU3KOT'O JIaBJIeHUs BOJIM3H TeJia U 00pa3yroTCs PUCOSMHEHHbIE KABEPHBI.
30HBI OTPHIBA ¥ 3aKOH JIBUXKEHUSI [[MJINHJIPA 3apaHee HeM3BECTHRI U MOJIJIEXKAT OIpe Ie-
JIGHUIO B X0Jie pelienus 3aja4u. [locrapiennas 3aja4da, pu MaJibiX BpEeMEHaX, CBOJUT-
cd K CBA3aHHON HeJIMHEHHOI 3ajiaue, BKJIOYaloleil B cebsl ypaBHEHUE, OIPEIeIArolnee
3aKOH JIBVYKEHWs IWJIWHJPaA, W CMENTaHHyio KPaeBYIO 3aJlady TeOPHUHW TOTEeHINaJa C
OJITHOCTOPOHHUMU OIPAHUYEHUSIMU Ha, MOBEPXHOCTH TeJa!

AP, =0, Re( O = —f(dy), ReS,

0P
8_nlzwny, po— @1 — f(P) — Fr2y>0, ReSy
0P
a—nl>wnya pO—CIDI—f((I)O)—FT_2y:O, R e 51
0Py 1 9
Qy) = —+ - (VD
f(®o) 0y+2(v 0)

3J1ech W — HEM3BECTHOE YCKODEHME IUJIMHpa (Ha MaJbiX BDEMeHaX, B PACCMATPH-
BaEMOM aCUMIITOTHYECKOM MTPUOJIMKEHIH, CKOPOCTH TeJ1a YMEHBITAETCS 110 JIMHEHHOMY
3aKkoHy); S11 ¥ S12 — HEM3BECTHBIE HAYAJBHBIE 30HBI KOHTAKTA M OTPHIBA; S9 — HEBO3-
MyIlleHHas BHEIIHsAs CBOOO/HAs I'PAHUIA, 2KUJKOCTH; Py — IMOTEHIMAJ CKOPOCTE, IIpHU-
O0OpEeTEeHHBIX YaCTUIAMK >KUJIKOCTH B Pe3yJsbTare yjaapa; po — Oe3pasMepHoe JlaBieHue
Ha BHeIIHe# cBoOojHO# moBepxuocTu; F'r — uncio Opyna.

B uactHoM ciaydae pyg = 0 cTpouTcs aHaJuTHYECKoe pelleHue 3ajadu. st onpe-
JIEJICHUST TOUYKN OTPHIBA U YCKOPEHUST MUJIMHJIPA TTOJyIeHa CHCTeMa TPAHCIEHIEeHTHRIX
ypaBHEHU, cojlepxKalliux dJjieMeHTapubie gpyukinuu. Jlannas padbora siBjsieTcst pa3Bu-
THEM pPe3yJabTaToB cTaThu [1].
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JUTEPATVYPA
1. Hopxun M. B. KaBuTanmoHHOE TOPMOXKE€HWE KPYrOBOTO NUJIMHAPA B KUAKOCTH mocse yrmapa. IIMT®. 2017. Tom. 58,
Ne. 1(341), cTp. 102-107.

. B. Octposckas (Pocros-ua-/lony, Poccus)
ivostrovskaya@sfedu.ru

OB YCTONYMBOCTU TOMCOHOBCKOI'O BUXPEBOT'O
MHOTOVYT'OJIbHMKA BHE KPYTA B CJIVUAE HEHYJIEBOI
IMNPKYJIAIINN OBTEKAHNYA I'PAHUIIBI

PaccmarpuBaeTcs cucrtema n TOUEUHBIX BUXPEl OMMHAKOBOW WHTEHCUBHOCTHU ¢, PAC-
MOJIOXKEHHBIX PABHOMEPHO Ha OKPYKHOCTHU pajinyca Ry BHE KPYTroBoil 00J1aCTH pajinyca,
R. Tlpennonaraercst obrekanue Kpyropoii IpaHuIlbl ¢ HeHyJieBoi rupkyJisnuei ['. JIsu-
JKEHUe TaKoM BUXPEBON KOH(DUI'YPALMKU OIUCHIBACTCS IaMUJIbTOHUAHOM:

n

2 2 n
H:—Z—W Z ln}zj—zk‘znt;{—WZZln’RQ—szk 2

1<j<k<n j=1 k=1
n n
7*n 9 [’ 2
- — E ln‘zk‘ - — g ln’zk’ )
47 4

: ~ R?
3Jech 2 = T + Yk, Tk, Yp — KOOPJAMHATHI k-0 BUXDs, 2, = — — OTpaxenue k-ro
2k
BUXPsT TPaHUIE Kpyra.

Baﬂaqa nMeeT permieHue, ABJIAIONICECA CTallnOHaPHBIM BPAalllCHUEM

2 = e“luy,  uy = Roezm(k_l)/”, k=1,...,n,
> 5 ] 2n n »I R? <1
W= w, = n—»~,1L—-—-—-: D2’ ~— 2 :
47 R3 1—qn 2m R? ¢ R?

[TpoBejien ana/M3 ycTONYMBOCTU 3TOIO PEXKKMMa B paMKax I10j(x0ja, passuroro B. .
FOoBudem jiist 3a/1aum yCTOWYUBOCTH CTAIIMOHAPHBIX JBUKCHUH JUHAMUYECKUX CHU-
cTeM, 00J1a/IaloNIUX IPYIIIOH CUMMETPUM. YCTORINBOCTD 3/1€Ch IIOHMMAETCSA KaK yCTO-
anBocTh 1o Paycy (opburasibiast yeToHUMBOCTE CTAIMOHAPHOTO JIBUKEHHS ).

B pabore ucciejoBana KBajipaTuiHas 4acThb HPUBEJIECHHOIO IM'AMUJILTOHUAHA U COD-
CTBEHHBIE 3HAUYEHNsT MATPUITLI JinHeapu3anuu. [lokazano, 9To Bce TPOCTPAHCTBO TMapa-
MeTpoB 3ajiadn (¢, [') pasbuBaercst Ha Tpu wactu: obsacTh ycroiansoctu o Paycy B
TOYHOM HeJIMHEHHOW 1ocTaHOBKe, 00JIacTh IKCIIOHEHIUAJbLHON HEeYCTOWYMBOCTU U 00-
JIACTb B KOTOPOIi TpeOyeTcs HeJMHelHbli anaau3. s ciaydaeB n = 3, 5 HaiieHbI Bce

PE30HAHCHI JIO 9€TBEPTOI'O ITOPAIAKa BKJIIOYIUTEJILHO.
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Pabora Boinosinena B paMkax 6a30BOil 4acTy rocyjapcTBEHHOrO 3a1anns Munucrep-
crBa obpaszosanus u Haykn P® (3amanne Ne 1.5169.2017/BY).

C.II. Ilneimesckas (Cumdeponons, Poccust)
splyshevskaya@mail.ru

METAYCTONYNBELIE CTPYKTYPhI YPABHEHU A
KAHA-XUJIJIAPITA

Paccmarpusaercst ypasuenne Kana-Xwusiapsa

wt:(—gQum—u—l—u?’)m7 O<z<m t>0,

1
ua:(oa t) =0, u:ﬂ(ﬂ_a t) =0, ux:cx(oy t) =0, umxm(ﬂ_a t) =0, ( )

rie €2 > 0 - HOCTOsIHHASL.

Ypasuennio Kana-Xuiap/a MocBsIeHO 3HAUUTEIbHOe Yucao pabot. B qacTHOCTH,
corntacto |1] ypasnenue (1) npu Majibix €2 uMeeT MeJJICHHO MEHSIOIIUECs CO BDEMEHEeM
pereHnsi — MeTayCTONINBhIE CTPYKTYPHI.

PaceMoTpuM rajiépKUHCKYIO alpoOKCUMAInio ypasuenus (1) B Buje

N
U= 2+ Z 2i, cos k. (2)
k=1
[Mogcrasistst (2) B (1) u npupashuBas 3aveM KoadduimenTo nipu coskr, k =
0,..., N, mpuxoauM K T'PaJUueHTHON cHCTeMe YpaBHEHMIA:

_8GN(Z, 8)
8zk ’

rie 2z = (29, .., 2N ), a Gn (2, €) — norennuaibaast GyHKIUS, TPEJICTABICHIE KOTOPOIl

Y0=0, % = k=1,.... N, (3)

OITyCTHM.

B rpajmenTroit cucreme (3) cejio-ysionbie oudypkaium mopoxK AT 1pUOJIMKEH-
HBIe PEIICHUs KPaeBoil 3a/1a9y TUIIA BHYTPEHHErO MePEexoJHOro ¢JIosd. B ¢Boro ouepep,
NpUOIMKEHHBIC PEIICHNsT THIIa BHYTPEHHEro MePexo[HOTO CJIOS ¢ JIByMsl TOUKAMMU TIe-
pexo/ia IPUBOJAT K METAyCTOMYMBLIM CTPYKTYPaM. DKCIEPUMEHTAILHO [OKA3AH OJIUH
13 CIICHAPUEB BO3HUKHOBEHUS METayCTONIMBLIX CTPYKTYP. I 5TOr0 CTpONJICS U Mpo-
BOJIMJICST aHAJIN3 HePAPXUU YIPOIIEHHBIX Mojieseil ypaBHerus (1) — raJépKUHCKUX arl-
npokcumaliuii (1) cpejiHux pasMepHoCTeil.

JUTEPATVYPA
1. Alikakos N., Bates P., Fusco G. Slow motion for the Cahn-Hilliard equation in one space dimension. Journal of Differential
Equations. 1991. V. 90, p. 81-135.
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H. M. IToaskosa (Pocros-na-/lony, Poccus)
zhuk nata@mail.ru

MATEMATUYECKA S MOJIEJIb CEAUMEHTAIINU [TPUMECH
B UCIIAPSIIOMIENCS KAILJIE )KIJIKOCTU

[TocTpoena n rcciietoBaHa MaTeMATHIECKasT MOJIED JIJIsS UCITAPSIIONIEcsT Karim Ono-
JIOPUYECKOM >KMJIKOCTHU, COJIeprKalileil B3BEIIeHHYIO IIpuMech. B KadecTBe 0a30BOi MO-
JIeJTM BbIOpaHa MOJIENIb CeIMMEHTAITMN PUMECH B JIBYXCJIOWHOM crutormHoil cpese [1].
PaccMoTpenbl acCUMITOTHYECKUE MOJIEIN Pa3JInYHOIO yPOBHs cjioxkHOcTU. [TokazaHo,
YTO MUCIOJIB30BAHUE OE3/IMCCUTTATHBHOIO MPUOJIMIKEHNs TO3BOJISIET OMNCATH 00Pa30Ba-
HUE CTPYKTYD B uclapsitoiieiics kaiie [2].

Pabota BbinosiHeHa mpu GpUHAHCOBOH 1o//IepyKKe 6a30BOI YaCTU rOCyAapCTBEHHOIO
sajanus Nt 1.5169.2017/BY Munucrepcrsa obpasoBatus u Hayku PO, KOOV,

JUTEPATVYPA
1. 2Kyxos M. IQ., IIlupsesa E. B. Maremarudeckoe MOAEJIMPOBAHUE IIPOLECCA CEAUMEHTAIIMNA IIPUMECH B IIOTOKE YKHUIKOCTH.
Pocros-na-lony: 1za-s8o FODY. 2016.
2. XKyxoe M. IO., Hlupaesa E.B., IHoasxoea H.M. MonmenmupoBanue ucnapsionieiics Kammm Xkuakoctu. Pocros-ua-/lony:
Uza-Bo FODY. 2015.

C. C. IToctuoB (Mocksa, Poccus)
postnov.sergey@inbox.ru
OIITUMAJIBHOE YIIPABJIEHUE CUCTEMAMWM /IPOBHOI'O
IMOPI/IKA C PACIIPEJIEJIEHHBIMUI ITAPAMETPAMM:
NCCJIEAJOBAHWE 3AJAYN HA OCHOBE METOJA MOMEHTOB

B pabore paccmarpuBaeTcs CHCTEMa, CJIEIYIONIEero BU/IA:
ox?

3nech Q(z,t) — cocroaune, u(x,t) € L,y(€2) — pactupenenénnoe ynpasienne, 1 < p < 0o,
¢ D¢ — oneparop apobroro mudddepeniupopanus B embicte Kamyro [1], a € (0,2], K

“DeQ(x,t) +u(z,t), (x,t) € Q=10,00) x [0, L].

— ko3 punment. HauajbHoe u rpaHuyHbIE YCJIOBUS 3a/1al0TCsI B BUJIE:

Q($,0—|—) - QO(x)vx < [07L]7

t
leMJramQ(%t) = h12(t) +u12(t),t > 0,
) ax ’ (E:O’L ’ ’

rie a; u b, i = 1,2 — koapdbunuentst, by < 0, by > 0; uyo(t) € L,[0,T] — rpaundmsie
yupasjenust. Koneunoe cocTosinue olpeesisieTcs yCJOBUeM:

Q(z, T)=Q"(x), T >0,2z€]0,L]
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B pabore uccienoBanbl J{Be MOCTAHOBKY 3aa41 ONTUMAJLHOIO YIIPABJICHUS: TOUCK
YIIPaBJICHUS ¢ MUHUMAJILHON HOPMOIl NIpM 3aJaHHOM BPEMEHU YIPABJICHUS U TOUCK
YIPABJIEHHUsT, ONTUMAJIBHOIO [0 OBICTPOEHCTBUIO, DY 3aJJAHHOM OIDaHUYeHU] (B BUJIE
HEpaBEeHCTBA) Ha HOpMY yrpabienus [2-4]. Bagaua cBemena K GeCKOHEUHOMEpHO# [-
pobJieMe MOMEHTOB, JIjisi KOTOPOil CTPOUTCS KOHEYHOMEPHAsT aIllllPOKCUMAILMSL.

JUTEPATVYPA

1. Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and applications of fractional differential equations. Elsevier, 2006.

2. Kybvwrun B. A., [Tocmnos C. C. 3asada OUTUMAJIBHOIO YIPABIEHUs JJis JIMHEHHBIX PACIIPEeJIEHHBIX CUCTEM JPOOHOI0
nopsiaka. Bectauk PY/IH, Cep. Martemaruxka, ¢usnka, uadopmaruka. 2014. Ne. 2, crp. 381-385.

3. Kubyshkin V. A., Postnov S.S. The optimal control problem for linear systems of non-integer order with lumped and
distributed parameters. Discontinuity, Nonlinearity and Complexity. 2015. Vol. 4, Ne 4, p. 429-443.

4. Kybvwrun B. A., ITocmnos C. C. OnruMasibHOE 10 GBICTPOIEHCTBUIO I'PAHUYHOE YIIPABJIEHUE JJIs CUCTEM, OIUCHIBAEMBIX
ypasrermem quddysun apodHOro mopsaaka. ApromaTuka n TeneMexanuka. 2018 (B mewaTm).

E. A. IToctaoBa (Mocksa, Poccus)
postnova@ipu.ru

O HOBBIX PE3VJIBTATAX B 3AJJAYE OIITUMAJIBLHOTO
VIIPABJIEHU A IBOVHBIM MHTETPATOPOM JTPOBHOTO
TOPAIKA

B paboTe mpoBeIeHO UCC/IeIOBaHNE MTOBEJIEHUS JTBOMHOIO HHTErpaTopa JIpOOHOTO TO-
psAJiKa, Korja HadaJbHble U KOHEYHBbIE YCJIOBUA UMEIOT MapaMeTpUuIecKuil BU/I, T.e. 3a-
JIAIOTCST HEKOTOPHIMU (DYHKIUSIMU, 3aBUCAIIIMMEI OT BpeMeHHOro napamverpa 1. Puzu-
4ecku 110/100HbIe 3a/1aud, €CJIM [POBOJUThH aHAJOIMIO C CUCTEMaMU IEJIOr0 [OPsijiKa,
COOTBETCTBYIOT 3aJladaM 00 YIpAaBJICHUU JIBUKEHWUS CUCTEMbl WM CMEHe THUIIOB JIBU-
erns. [Ipu arom dpopmynmpyercst 3aga9a ONTUMATIBLHOTO YITPABICHNST KAK OTHICKAHMUST
dyHKIMU ylipaB/eHUs ¢ MUHUMaJIbHON HOpMO#. JlonosHuTe/ iIbHO UCJLIe/I0BAJICH 3a-
BUCHMOCTHU HOPMBI YIIPaBJEHUs OT 3HAUCHUH TOKazaTesei apobHoro anddepeHupo-
BaHWS U BPEMEHU YIPaBJICHUs.

B pabore paccmarpuBajach CUCTeMa CJIEAYIONIEro BUia.

g Fai(t) = q2(t)

rie q1(t) u qo(t) — dasoBbie KOOPAMHATHI CHCTEMbI, 3aBUCSAIINE OT Bpemenu t € [t, T';
u(t) — uckomasi pyHKIMs yipaB/ieHus, 3ajiantast B ipocrpancrse Ly lto, T; v u 5 — 10-
KazaTesan 1pobHoro aud bepeHnupoBanus, MpuHUMAaOT 3Hadenus Ha warepsase (0, 1];
onepaTop japobHoro nuddepennupopanua Dy’ u Df MOHUMaeTCcA B cMblciie KamyTo.
Cayuait, koryia u(t) € Ls[tg, T] 6611 paccmorpen B 6osiee paHHUX pabOTax.

[Ipu pemennn noCTaBICHHOM 3318491 Ha 3Talle OTHICKAHUA MUHUMAJILHOIO 3HAUCHMS]
dbyuximn, Korga u(t) € Lo [tg, T], BOSHEKAET TPAHCIEHIEHTHOE yPaBHEHHE, KODHU KO-
TOPOT'O HaXOASATCs rpaduieckum crocoboMm. B pesyiibrare uccieopanust B pabore ObI-
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JIA TTOJTyYeHbI aHAJUTUIECKUE PEeIIeHs II0CTaBJIeHHON 3a1aU1 OITHUMAJILHOTO yIIpaBJ/ie-
HUsT ¥ TPOAHAJIN3UPOBAHO TIOBEJIEHNE HOPMbBI YIIPABICHNS B 3aBUCHMOCTH OT 3HAUEHMIA
nokasareJieit apobuoro auddepeHipoBanmsi 1 Bpemenu yipanienusi. [lokazaHno, 1ro

B pdae CjIydaeB 3THU 3aBUCUMOCTH NUMEIOT HEMOHOTOHHBIN XapaKTep.

JIUTEPATVYPA
1. Kilbas A. A., Srivastava H. M., Trujillo J. J. Theory and applications of fractional differential equations. Elsevier, 2006.
2. Kybwwxun B. A., ITocrmnos C. C. 3agaga ONTUMAJILHOTO yIPABJICHUs JIUHEHHON CTAIlMOHAPHON CUCTEMOil IpOOHOrO TI0-
pAaKa: MOCTaHOBKA U MCCaefoBanue. ABromaruka u rejnemexannka. 2014. Ne 5. p. 3-17.

A.P. PycranoB (Mocksa, Poccusi), C. B. Xapuronosa (Opeunbypr, Poccust)
aligadzhi@yandex.ru, hcb@yandex.ru

KOH®OPMHO-IIJIOCKUE C;--MHOI'OOBPA31

Omnpenesieane 1 [1]. Toumu xowmaxmuas mempuseckas cmpykmypa, Taparme-
pusyeman moscdecmeom V x (P)Y = EVy (n)PX +n(Y)Vexé; X, Y € X(M). nasor-
saemea Cho-cmpyxmypot. Ilowmu kowmakxmnoe mempuueckoe muozoobpasue, cHab-

otcennoe Cro-cmpyrmypot nasvisaemces Cho-MH02000pasuem.

Teopema 1. Henyaesvie cyuecmseenmvie Komnonenmos, meusopa Betiag xondopm-
ot kKpusudnv, Cro-MHo2000pasus na npocmpancmee npucoedunennot G-cmpyrxmypol
umem 6ud:

1)%03 — —F, P — L (Al — F, P — 26V F, F) +

T (2n 1) (A dFCd)db 2)Cfabcd = Rabcd = _Fachd;
S)Cabﬁgz 2n71 (A o Fahth)éc + (ACh - thic)éd - (ACh -

F Fhe)5d — (Agh Fhth)(SC} o (AN — F Fo)se

4)C5a=—Ab 4 L 1((A ahth)ch

abed
(A — F Pl — Al — [y P 6D,

ab?

n(2n— 1)(

Teopema 2. Kongopmmo-naockoe Cio-M102000pa3ue ABAACMCA NAOCKUM KOCUM-
NAEKMUYECKUM MHO2000DA3UEM.

Teopema 3. Kongopmno-naockoe Cro-mHo02000pasue A0KGADHO IKEUBAAECHMHO NPO-
U3BEIEHUIO NAOCKOZ20 KEAEPOBA MHO2000PA3UA HA BEULELCTNEEHHYN NPAMYIO.

Teopema 4. Kongopmro-naockoe Cio-MmH02000pazue A0KaALHO IKEUBANEHIHO NPO-
uzsedenuro Komnaercrozo eskaudosa npocmpancmea C", cuaborcenmnozo cmandapmmot
apmumosoti mempuxoti ({-,-)) = ds?, 6 wamonuueckom amaace sadacaemoti coommo-

2 _ymn a J=a
wenuem ds® = X dz*dz", na seuwecmeennyro npamYm.
TUTEPATYPA

1. Pycmanos A. P. ToxpecrBa KpUBU3HBI 1I049TH KOHTAKTHBIX MeTPpUYECKUX MHOroobpasuii kinacca Cio. [Ipenopasaresns XXI

Bek. 2010. Ne. 4, ctp. 199-207.
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2. Kupuuenxo B. @. duddepenmmanpuo-reomerpudeckne CTPYKTYyPbl HA MHOrooOpa3msax. VI3mamme BTOpOE IOMOJIHEHHOE.
Opecca: «Ileuarmbrit mom», 2013.

A.10. Casun (PYIH, Mocksa, P®)
antonsavin@mail.ru

O TOMOTOIINYECKOM KJIACCU®UNKAIINN HEJIOKAJIbHBIX
QJIJINIITUNYECKNX KPAEBBIX 3ATAY

Baxkuyto posib B periennu mpodJieMbl HHJEKCa SJIIMITHIeckuX onepatopos (V.M.
Tesibdbant) urpaer nosydeHue roMoTonuIecKoil Kiaaccuukali, T.e. BbIYUCJICHUE IPYII-
bl CTAOMJILHBIX MOMOTOINMYECKHX KJIACCOB JUIMITUUYECKUX OlepaToOpoB. ['oMoTOmMYe-
cKasl KJlaccuduKals Obla BIEPBbIE TIOJIyUeHa, Ha TUIaJIKOM 3aMKHYTOM MHOIOOOpa3uu
M.Arbéit u .3urrepoM B TepMUHAX TOIOJOIMIECKON K -TPYIIIbl KOKACATEIbHOIO PAC-
CJIOGHUS MHOrooOpasusi. 3aTeM IOMOTOIHMYecKas KjaaccuduKalidsg OblIa I0JydeHa BO
MHOTUX JIPYTUX UHTEPECHBIX CATYalusx (Ha MHOT0OOpasusx ¢ Kpaem, Ha cTparudu-
IIMPOBAHHBIX MHOTOOOPA3MsiX, HA MHOIOOOPA3UsIX C YIJIAMHU U T.JI.) MHOI'MME aBTOPaMU
(em., manp., paborer M. Ateu u P. Borra; JI. Byre ne Monsessi; P. Meabpoysa; B.E.
Hazaiikunckoro, A.}O. Casuna u B.}O. Crepauna).

Paccmorpum Kjiace 3JUITMITUYECKUX 3a/1a4, aCCOIMUPOBAHHBIX C JEHCTBUSAMU T'PYIII
Ha MHoroobpasusix (cm. paborbl A.Kouna, A.B. Auronesuua, A.B. Jlebeuena u jap.).
B noknaje Oyier pacckasaHo, KaK IOJYIUTh MOMOTONMYECKYIO KJIAaCCU(MUKAIMAIO JI-
JIMTITUIECKNX KPAEBBIX 3aJ1a4, aCCOIMUPOBAHHBIX C JIEHCTBAEM JUCKPETHON TPYIIIHI HA
MHOroobpasuu ¢ Kpaem. Mbl 1OKa3bIBaeM, 4TO MMEET MeCTO U30MOpPQu3M abeseBbix
I'PYIII

EH(M, G) ~ K()(Co(T*MO) X G),

IJIe B JIEBO YacTu CTOUT IPYIIIA CTAOUJIbHBIX TOMOTOITMYECKUX KJIaCCOB PacCCMaTPUBac-
MbIX JUIMIITUICCKUX KPAEBbIX 3a/1a4, a B IpaBoil yactu — K-rpymma C*-CKpeneHHoro
IIPOM3BEJICHUs aJIredphbl HEIIPEPBIBHBIX (DYHKIINI HA KOKACATEJIHLHOM PaCCIOCHUN BHYT-
perroctn M° muOroobpasusi ¢ kKpaem u rpymnmbl (G, JeficTByIomei Ha 3Toi aaredpe
apromopdusmamu. OrMeruMm, 910 nOCHe Hsiss K -rpyina MOXKeT ObITh BBIYUC/ICHA B
TOIOJIOTNYECKNX TepMHUHAX JJisi MHOruX rpymni G.

Pesynbrarbl, KoTopble OyJlyT IIpeJICTaBJIeHbl B JIOKJIAJE, MOJYyYeHbl B COBMECTHOM

pabore ¢ npod. B.FO. Crepaunbim. Pabora nosep:xkana Hemenkum nayano-nccieno-
BaTeabcknm obmectBom (DFG) u POOU, mpoexter Ne16-01-00373, 15-01-08392.

JUTEPATYPA
1. Casun A.FO., Cmeprun B.FO. TomoTonnueckas Kaaccudukaims /TMITAYECKAX 33129, ACCOIMUPOBAHHBIX C AEHCTBUAMU
JIMCKPETHBIX TPy Ha MHOT000pa3usax ¢ Kpaem, ¥ duMck. maTeMm. xKypH., 8:3 (2016), 126-134.
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JI./. Cepbuna (Crapomnoss, Pocccus)
Iserbina@mail.com

SAJTAYA KO CO CMEHNIEHHBIM HOCUTEJIEM J1JIA
HATPY2KEHHOI'O YPABHEHUNA BYCCUNHECKA

Barknblii Kjgacc KpaeBbIX 3ajad, K KOTOPBIM IIPHUBOJAAT NpodJeMbl Haubosee IoJI-
HOT'O OIIMCAHUsI OOIUX 3aKOHOMEPHOCTEH 1 0COOEHHOCTE HeJIMHEHHbIX TUHAMIIECKAX
IIPOIIECCOB, COCTABIAIOT KAYECTBEHHO HOBbIC, TaK Ha3bIBaeMble HEKJIACCUYCCKUE 3a,/1a4U
mMareMaTnieckoit gpusuku. Ocobblii MHTEPEC Cpejin 3a/a4d TAaKOINO TUIIA, HPEICTaABIAIOT
JIOKAJIbHbBIE U HEeJIOKAJbHDBIE 3a/1a4U JIJ1d HArPYKEHHBIX Y PABHEHU,KOTOPbIE TTO3BOJISIOT
OTTUCHIBATH SBJIEHWST U TIPOIIECCHI B DOJIee IMUPOKOM JUATTA30HE N3MEHEHNsT (DU3TIECKUX
1apaMeTpoB U MOTOMY 00J1aJ1al0T 3HAUUTEJILHO DOJIBINON eMKOCTHIO HH(MOPMAIK 00 X
HeJIMHEHHBIX 0COOEHHOCTSIX. B 1anHo#t paboTe nccielyioTcsa BOIPOCHI CYIIeCTBOBAHMS 1
eJIMHCTBEHHOCTHU pelIeHUsI HEeJIOKAJIbHOM KpaeBoil 3a4a4u i 0000IIEHHOI0 HarpyKeH-
HOT'O ypaBHeHUsI Byccunecka,MOAeINPYIOIIEro HeJIMHEHHBII 11POIIecC PacipOCTPaHeHN T
OJIHOPOJIHOM »KMJIKOCTH B HOPUCTBIX Cpejlax. YCTAHOBJIEH KPUTEPUI €IMHCTBEHHOCTU
ee pemennd. /JokazaHo, YTO IPU BBIMOJHEHUH STOrO KPUTEPUA HCCIETOBAHNAE BOIPOCA,
OJIHO3HAYHOI pa3pelImMOCTy HCCJIelyeMOi KpaeBoii 3a/1auu JIJisi HarpyKEHHOro Jiud-
depeHnnaabHOTO ypaBHEHUs 1apabOJIMIeCKOr0 TUIIA SKBUBAJEHTHO CBOJUTCS K BOIIPO-
Cy HMCCJIeIOBaHUs pas3pernuMocTu 3aja4un Ko aiis gnneiHoro gud epeHimaabHOro
ypaBHEeHUs MIepBOro MOPsIKa.

JUTEPATVYPA
1. Cepbuna JI. H. . Joknagpet Ansirckoii (epkecckoii) mexmynapoauoii akamemun Hayk. 2014. Tom. 16, Ne. 1, cTp. 77-83.
2. Hazywes A. M. Harpyxenubie quddepenuuanbabie ypapuenus u ux upumenenue.M: Hayka. 2012.

IT. A. Cunaiino (Mocksa, Poccust)
sipaylo@gmail.com

O CJIEAAX MHTEI'PAJIBHBIX OITEPATOPOB ®YPHLE HA
IIOAMHOI'OOBPA3UMAX

B nannoit pabore n3yvaiorcs cjielibl Ha OJAMHOT000Pa3usIX HHTErPaIbHBIX OIepPaTO-
poB @ypoe (MOD). Ilycrs i: X < M — ryajikoe BIOXKEHHE MHOTOOOPA3Wid, U IyCTh
® — oneparop na M. Caedom i'(®) oneparopa ® na X (cum. [1,2]) maspisaercs onepa-
TOp, ONpeJeHEH B KaK KoMuozuius i (®) = i* ®i,, rue i* u i, — oueparopbl orpa-
HUYEHUs ¥ KOOTPAHMUEHMS, OTBEUAIOIUEe BJIOXKEHUIO ¢, cooTBeTcTBeHHO. Oneparop ¢*
dyuknuu Ha M comocTapjseT eé cyxkKeHue Ha X, a oleparop iy PYHKIHU Ha X COIO-
crapJisieT pacupejesnenue Ha M, cocpeorouennoe Ha X.

MBI B3y9aeM yCIoBHs, IPH KOTOPHIX onepaTopsl ® i 4 (®) oba aBAgIOTCa HHTErpah-
HbIMHU onepaTropamu Pypbe.
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Teopema 1. IIycmo HODP & = &(A): H* (M) — H* 4 (M), s—v/2 <0, s —d >
v/2, v = codim X, accoyuuposan ¢ aazpanosicesuim nodmmozoobpasuem N C T*(M X
M)\ {0}, u nyemov svinoanenv ycaosus

1) nepecewenue A|xxx = A N T(M x M)|xxx Asaaemca wucmoim.

2) evnoanerno AN N*(X x X) =10, 2de N*(X x X) — xonopmarvroe paccroenue x
nodmmozoobpasuro X X X C M x M.

Tozdai'(®) — HOD, accoyuuposarmnmiii c nodmmozoobpasuem (A xx), 2dem: T(M x
M)|xxx — T(X x X) — npoexuua, undyyuposannan eroocenuem i X i: X X X <
M x M.

Tpebosanne A N N*(X x X) = () moxxuo onycrurh B ciaydae, eciu A umeer Buj
KOHOPMAJILHOTO PACCJIOeHHsT K HEKOTOPOMY ToMHoroobpasuio S < M x M.

Teopema 2. IIycmo HOD® & = &(A): HS (M) — H* 4 (M), s—v/2 <0, s —d >
v/2, v = codim X, nopadka ord ® < —v accoyuuposan ¢ paccaoenuem N*S\{0}, S C
M x M, u nycmo nepecenenue S|xxx =S N X x X aeasemes wucmom. Tozda i'(P)
ecmo HO®, accoyuuposannwid ¢ paccaoernuem N*(S|xxx) \ {0}, S|xxx € X x X.

Pabora Boimosnena npu nojjep:kke rpanta POOU Ne 16-01-00373 A.

JUTEPATVYPA
1. Hosukoe C. II., Cmepnun B. FO. Clenpl 3JUIMNITUYECKUX OIEPATOPOB Ha MOAMHOT000pasuax u K-reopua. Joka. AH CCCP.
1966. Tom 170, N 6, crp. 1265-1268.
2. Hosuxos C. II., Cmeprun B. FO. Dymntudeckue ornepatopsl u moaMmuoroodpasust. JTokia. AH CCCP. 1966. Tom 171, Ne 3,

cTp. 525-528.

C.M. Curnuk (Benaropon, Poccust)
sitnik@bsu.edu.ru

IMPNJIOZKEHN A METOJA OIIEPATOPOB IIPEOBPASOBAHUA K
NHTETPAJILHBIM ITIPEJICTABJIEHAM PEINIEHUN
INO®OEPEHIINMAJIBHBIX YPABHEHIN C OCOBEHHOCTSIMNU B
KOOPUIINMEHTAX

B nokjajie m3jmaraeTcss MeTOJ ONEepaTopoB MPeoOPa30BaHUs U MPUJIOKEHUS STOTO
MeTOJ1a K WHTErPAJbHBIM MPEJICTABICHUAM pertennii 1uddepeHajbabIX ypaBHEHWH
¢ ocoberHHOCTsIMI B KOad duimenTax. Tak»Ke paccMaTpUBaOTCd MHOTOYHUCIEHHbBIE TTPHU-
JIOXKEHHUs OllepaTopoB 1peodbpazoBanus K juddepeHinaibHbiM yPaBHEHUSIM, T€OPUU
byHKIMit 1 QYHKITMOHATEHOM aHAJN3e, JPOOHOM MCUUCTCHWH, B 33/1a9aX, CBI3aHHBIX
CO CIeNUaJbHBIMI (DYHKIUAME U HHTErPAJTHHBIMU TTPEOOPA30BAHUSIMUI, TPUTOKEHUSIMU
K TEOPHH paccestHusi 1 00paTHbIM 3aJiadaM, Tomorpadun u npeodbpazoBannio Pajiona,

a TakKKe psJly JPYI'UuX 1PUJIOKEHUN.

JUTEPATVYPA
1. Sitnik S. M. Buschman-Erdélyi transmutations, classification and applications. Analytic Methods Of Analysis And Diffe-
rential Equations: AMADE 2012 ( Edited by M.V.Dubatovskaya, S.V.Rogosin). 2013. Cambridge Scientific Publishers, Cottenham,
p. 171-201. (arXiv version http://arxiv.org/abs/1304.2114v1).
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2. Sitnik S. M. Transmutations and Applications: a Survey. 2012. arXiv:1012.3741, 141 P.
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M. A. Cymbarsan, B. B. A6pamos
(FO®Y, Pocros-na-/lony, Poccus)
sumbat@math.sfedu.ru

NHTEI'PAJIBHOE YPABHEHUE, CBA3BIBAIOIIIEE ®YHKIINIO
TOKA I ®YHKIINIO 3ABUXPEHHOCTH B TEYEHIU BA3KON
KNJIKOCTU B KAHAJIE

JIByMepHOe TeueHne BA3KOM »KUJKOCTH B OECKOHEUHOM KaHajle —o0 < T < 00, 0 <
y < b cBOJMTCS K HEJIMHEWHON cucreMe

85—8—‘”%—8—‘”%@& (= A (1)

orHOCUTEbHO (GyHKIMK ToKa P (T, y,t) n hyukiun 3apuxpennocru (x,y,t). [lpu t =
0 3aJaI0TCs HAYAJIbHBIE YCIOBHUS, a MPAHUYIHBIC YCIOBUST

oY oY
Vo =0 vl =0 S =28 o, )
Yly=0 Yly=b
rie Q = ¥(x,b,t) — Y(x,0,t) = const — 3ajanublii PAcxo/l.

Bamada (1) comepxkut nuddepeHnuaibHbie OMepaTopbl BTOPOTO MOPSIKA JJist 1) u (),
OJIHAKO BCE YeThIPE IPAHUYIHBIX yCa0Bus (2) 3amanbl s dbyaknuu ¥. s mpeomgodie-
HUST 9TOTO MPENsATCTBUS IPUMEHSINCH PA3InIHbIe TIPUEMbI, KOTOPbIE CJIOXKHO HA3BaTh
YIOBJIETBOPUTEIHHBIMH.

B nannoii pabore k ypaBuenusm (1) mpuMeHsiroTcs urepanuu 1mo BpeMenn. Ha kax-
JIOM ITTare HTepalnii Moy daloTcst HEKOTOPhIe JIMHEHHbIE HEOHOPOIHBIE LTI THIECK e
sajiaun B npsimoyrosibhuike (0, L) x (0,b), (L/b > 1), ¢ nepuopnveckumu ycjaoBusiMu
npu x = 0u x = L ana GyHkIiwmii 1) u ¢, KOTOpble PEIaioTcst B SBHOM BH/JIE € CIIOJIH30-
BanueM dyaknuii ['puna. [Ipu sToM rpanudnbie 3nadenust st GyHKIUT ( HAXOIATCS
W3 Mapbl HHTErpaJbHbix ypasuenuii, (x € (0, L)):

2m 2m

2m+1
bA5

/ b i (2= T) 16 (7 0) (D) dr = £ () )

0 m=1
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rie by, = Tm/b, Ay = /b2, + 1/(v0), 6 — mar no Bpemenu, BepxXnue UHJEKCHI OTHOCST-
Cs1 K HEYeTHBIM KOMIIOHEHTaM, HUXKHUE - K 9eTHBIM, J,, — U3BeCTHBIE KOI(DDUIUEHTBI
C JIOCTATOUYHBIM JIJIsi CXOJIUMOCTH PsiJIOB YObIBAHUEM.

Pabora Bbinosnena B pamkax [oczajanust Munobpuayku PO, npoexr 9.5794.2017/BY.

FO. A. Xa3zoBa (Cumdepomnons, Poccus)
hazova.yuliya@hotmail.com

ITAPABOJINMYECKA{ 3AJAYA C IIPEOBPASOBAHUVEM
IIPOCTPAHCTBEHHOI1I IEPEMEHHO HA KPYTE

Ha kpyre paccmarpuBaeTcs cMelllaHHAas KpaeBas 3a/a4a Jijisd HeJIMHEHHOro mnapado-
JINYECKOT'0 YpaBHEHU

ur+u=DAu+ K(1+~vcosQu),0 <r<ry,0<p<2mt>0,

¢ IIpeodpa3oBaHUEM OTPakKeHue MPOCTPAHCTBEHHON IepeMeHHO’

QU(T, ¥, t) - U(T, T, t)

¢ ycyoBusimu Heiimana
OU(T‘l, 2 t)

)
or ’

IEPUOJINIHOCTH
u(r, o + 2m,t) = u(r, o, t),

OTPAHWYEHHOCTH TIO I B HYJIE
[u(0,¢,t)] < ¢ < oo,

1 HAaYAJIbHBIM YCJIOBUEM
U(T’, ¥, O) = QO(T7 90)7
e Au = %% (r%) + %% — orneparop Jlammaca B MOJISIpHO# cUCTEME KOOP/MHAT.
@

Jannas 3agada Mojeupyer IuHAMUKY (ba3oBoit mogynsuu u(r, ¢,t), 0 < r < ry,
¢ € (0,2m), t > 0 cBeTOBOil BOJIHBI, TPOIIE/IIeH TOHKUN CJI0# HEeJUHEHHON Ccpe/ibl
KEPPOBCKOTO THTIA € TTPe0OPa30BaHUEM OTPAXKEeHNsT KOOPMHAT B 00PATHON CBS3H. 3/€Ch
D — xoadbduruent nudhy3un HeIUHERHON Cpeibl, MOJ0KUTEIbHBIN Koad dhunment K
IPOMOPITMOHAJICH WHTEHCUBHOCTH CBETOBOTO MOTOKA, Y — BUIHOCTH (KOHTPACTHOCTH )
nHTepdepeHnnonHoit kKaprunbl, 0 < v < 1.

Ucnosbayst meros Pypbe Obliia cchbopMyinpoBaHa, U J0Ka3aHa JeMMa, 0 COOCTBEHHBIX
3HAUCHUAX U COOCTBEHHBIX (DYHKITUSX IIOCTABJICHHOMN 3aa4u. [Ipu moMomny nHTerpaJib-
HBIX METOJIOB HaiiJIEHO aCUMIITOTHYECKOE IIpPEJ/ICTaBJICHUE PEIICHU 1apabomIecCKOro
ypaBHEHNUS.
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A.II. Yeronuu (Pocros-ua-/lomy)
apchegolin@mail.ru

OBb OJIHOM KJIACCE TUITEPBOJIMYECKUX AHAJIOTI'OB
BECCEJIEBBIX IIOTEHIINAJIOB

B pabote paccMOTpeH KJiacC MHOIOMEPHBIX MHTEIPAJbHBIX OIIEpaTOPOB, 3aBUCAIINX
OT TapaMerpa, C JIOPEHIIEBOIH MEeTPHUKON B siipax. DTH sijipa B CJydae IOJOKHUTEIb-
HOI'O IIapaMeTpa, He HPEBOCXOJSAIIEI0 €JMHUIIbI, JIOKAJbHO BeJyT cedsi Tak »Ke, Kak
siJipa. TUIEepOOJIMIECKOTO IMOTeHInaa Pucca, a Ha OECKOHEYHOCTH SKCIOHEHITUAJILHO
ybobiBatoT. [lokazaHo, 9T0 paccMaTpuBaeMble OLEPATOPDI SABJIAITCA THIIEPOOTUICCKUMU
aHaJioramu becceseBbix noTeHnragoB. B HEKOTOPHIX CUTyalKsX ITOCTPOEHO OOpAaIeHne
pPaccMaTPUBAEMbIX MHTEI'PAJbHBIX OIEPATOPOB KAK B KJIACCE «JOCTATOYHO XOPOIIUX»
dyuknmit u3 Kjaacca JInzopkuHa, TaK 1 B IPOCTPAHCTBE P-CyMMHUPYEMbIX (DYHKIIUIA.
PaccMoTrpenbl pasjimaHbie Mpejie/ibHbIe CJIydau B KJIacCe PacCMaTPUBAEMbIX OlEPaTO-
pOB.

E. B. IITupsieBa, M. FO. 2Kykos (Pocros-ua-/lony, Poccust)
evshiryaeva@mail.ru, myuzhukov@gmail.com

KNHEMATNYECKUE YIAPHBIE BOJIHBI B MOJIEJIN
CEAVMMEHTAIINN B IIOTOKE 2KN/IKOCTU

Ha ocnoBe mpubInKeHus KHHEMATHIECKUX BOJTH JIJIsT TPOCTPAHCTBEHHO OJTHOMEPHbBIX
YPaBHEHU, OMUCKLIBAIOIINX CEJIMMEHTAIIMIO TTPUMECH B MOTOKE >KWIKOCTH, MOCTPOEHA
poCTeias MOJE/h, O3BOJISIONIAsT UCCIe0BaTh MOPGOJIOrnio jiHa Bojgoema. OCHOB-
Has uJes KWHeMaTHIeCKOro MpUOIMKEHNs 3aKII0UaeTCa B TPeHeOPEKeHUN B YpaBHe-
HUSX JBUXKEHNS WHEPIMOHHBIMEU YJeHaMH, 9TO TO3BOJISIET OMPEJETUTh CKOPOCTh Te-
YeHUsi TIPU TIOMOIIM aJiredpandeckux COOTHOIeHui. B pesybrare acuMITOTHIECKIX
YUPOIIEeHUH, TUKaxX KaK TOHKUI CJION 0CaI0YHbII IPUMECH, IPEHEOPEKUMO MaJiast CKO-
POCTH CETUMEHTAINN U T.JI., YIAeTCsA MMOCTPOUTD ITPOCTEHIITYIO MOJIENb, TTPEICTABIISIIO-
Iyro coboii runepbosimdyecKuili 3akoH coxpaHenus. OKas3ajgochb, 4TO JaxKe TakKoe I'Dy-
boe 1pubJinzKeHne 1M03BOJISIeT ONKUCHIBATH TOHKHE 3(D@EKThI MOBEJICHNS JIHA BOJI0EMa,
B YaCTHOCTH, BOBHUKHOBEHUE B PE3yJIbTaTe CEJIMMEHTAIMN yIapHBIX BOJIH Ha yKa3aH-
HOW TpaHuIle, MOMEHT UX BO3HUKHOBEHUsI U MPOCTPAHCTBEHHO BPEMEHHYIO IBOJIIOIHIIO
BOJTH. AHAIN3 MCXOMHBIX yPABHEHWI, TPEICTABISIONINX COOO JIBYXCIOWHYIO MOJIEIb
JKUJIKOCTH, TI0Ka3aJ1, YTO B 3aBUCUMOCTH OT IIPEJIIIOJIOKEHU I O TIOBEJICHUU IPAHUIL CJIO-
€B BO3MOXKHO MOCTPOEHHE PA3JIMIHBIX aCHMIITOTHIeCKUX Mojesneii [1]. Tlpusesens pe-
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3YJAbTATHI O TOBEJCHUH YIAPHBIX BOJH W PE3YIBTATHI CPABHUTEILHOIO aHAJIN3a ACUMII-
TOTUYCCKUX MOJICJICH.

Pabora BbitiojiHeHO 11pu pUHAHCOBOI 110jJIepKKe 6a30BOI YaCTHU IOCYapPCTBEHHOIO
sajanust Ne 1.5169.2017/BY Munucrepcrsa obpasoBanust u nayku PO, KOOV,

JUTEPATVYPA
1. 2Kyxos M. FO., Illupaesa E. B. MaTemarudeckoe MOJEJINPOBAHNE IIPOIECCA CEINMEHTAINY IIPIMECH B IIOTOKE YKHUIKOCTH.
Pocros-na-lony: sn-so ODY. 2016.
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R. A. Bandaliyev (Baku, Azerbaijan)
bandalievr@rambler.ru

HAUSDORFF OPERATOR IN VARIABLE LEBESGUE SPACES

In this talk, we will discuss the boundedness of the Hausdorff operator in variable
Lebesgue spaces. In particular, we found some criteria on the kernel of Hausdorft
operator for the boundedness of the Hausdorft operator in variable Lebesgue spaces.

This is joint work with Przemystaw Gorka.

The research of R. A. Bandaliyev was supported by the Ministry of Education and
Science of the Russian Federation (Agreement number: 02.a03.21.0008).

E. Liflyand (Ramat-Gan, Israel)
lilyand@gmail.com

HAUSDORFF OPERATORS IN H? SPACES, 0<p<1

For the theory of Hardy spaces H?, 0 < p < 1, the Hausdorff operators turn out to
be a very effective testing area, in dimension one and especially in several dimensions.
After publication of [4|, Hausdorff operators have attracted much attention. A general
idea can be had of the subject from the surveys [3| and [1]. In contrast to the study of
the Hausdorff operators in L?, 1 < p < oo, and in the Hardy space H', the study of
these operators in the Hardy spaces HP with p < 1 holds a specific place and there are
very few results on this topic. For the case of one dimension, after |2] and [7], more or
less final results were given in [5|. The results differ from those for LF, 1 < p < oo, and
H', since they involve smoothness conditions on the averaging function, which seem
unusual but unavoidable. To explain them will be the main purpose of the talk. This
leads to better understanding even more specific difficulties in our multidimensional

joint work with Akihiko Miyachi [6].
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pp. 279-292.

6. Liflyand E. and Miyachi A. Boundedness of the multidimensional Hausdorff operators in H? spaces, 0 < p < 1. To appear
in Trans. Amer. Math. Soc.
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C. C. Bouocusern (Caparos, Poccus)
VolosivetsSS@mail.ru

BECOBBIE OITEPATOPHI XAP/IN 1 YE3APO B HEKOTOPBIX
ITPOCTPAHCTBAX

I[Tycrs ¢ : [0,1) — [0, 00) u3mepuma u Ky(p fo t=YPp(t)dt, p € [1,00]. dns us-
MEPUMO¥ KOMILJIEKCHO3HATHOM cbyHKLmH f na R onpe;peﬂHM BECOBbIE onepaTopbl onepa—
Topbl Xapau u Tezapo Ho,( fo Lt ) () dit, By( fo t) dt,
x # 0.

Ecmu f € L}OC(R), re. f € L(I) ana moboro I = [a,b] C R, To mo ompesnese-

nmio fr = |I|71 [, f(t)dt u || f|l«s = sup |f — fi|r. Pacemorpum asa nognpocrpancrsa
HE)
BMO(R): VMO(R) = {f € BMO(R) : lims_o | f|l«<s = 0} u bmo(R) = {f €

Lipe(R) = [ fllomo = ‘Sl‘lp |f — frlr + ‘81|1p | flr < oo}. dua npocrpancrs X (R), rue
11<1 I1>1

X =171<p< oo, VMO, MOxXHO BBeCTH MOJyJiIb DJaJKOCTU Hopsijaka k € N:
k 3 w
we(f,0)x = sgpaH Z(—l)k’l(f)f(- + ih)||x. Tlo ompenenenuto, HX’k(]R) = {f €
0<h<é =0

X(R) : wip(f,0)x < Cw(6),0 € [0,1]}, w T, w(0) = 0, w € C[0,1]. Ilyctp Taxxke
H'(R) — upocrpancrso Xapyu (em. [1, . 2]. Tam xe B miase 6 MOXKHO y3HATH PO
BMO(R) u VMO(R).

Teopema 1. 1) ITycmov koo(p) < 00. Toeda By, ozpanuven ¢ VMO(R).

2) Hycmo k1(p) < 00. Tozda By, oepanuven 6 bmo(R).

Teopema 2. 1) IIyemo X(R) = LP(R), 1 < p < 00, u Ky(p) < 00. Ecau f €
HYY(R) ww € By, mo By(f) € HY"(R).

2) Hycmo X(R) = VMO(R) u fins(p) < 00. Ecau f € HY"(R) u w € By, mo
B.(f) € HE*(R).

3necy B, — knace Bapu-Creukuna (cu. |1]). Hamee mycts X (R) — mogmpocrpan-
crBo ueTHbIX yukuuii u3 X (R).

Teopema 3. 1) ITycmw k1(p) < 0o. Tozda B, oepanuuen us HX(R) 6 LL(R).

2) Hycmo k(@) < 00. Tozda onepamop H, is oepanunen uz BMO.(R) ¢ LX(R).

JUTEPATVYPA
1. I'mpremm /lorc. Orpannentsie anagnrudeckue dbynknnu. "Mup". 1984.
2. Bapu H. K., Cmeuxun C.B. Hannyuamue npubimkenus u auddepeHnuanbabie CBORCTBA ABYX CONPAXKEHHBIX (OYHKITUH.
Tp. Mock. mat. 06-Ba. 1956. Tom. 5, cTp. 483-522.
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A.®. YyBeHKOB
(PocroB-na-lony, Poccus)
chuvenkovaf@mail.ru
O HOBOM I'PAHI-TIPOCTPAHCTBE OPJINYA, TTOPO2KJIEHHOM
CTEIIEHHBIMUA ®YHKIINAMMN

BroumMbie MrpaHI-mpocTpaHcTBa (B 4aCTHOCTH, L?W)’S(Q, w)) CTPOSATCs HA OCHOBE Be-
coBbix mpoctpancts Opsmda Ly (€, w), nopoxaenabix N-dbyuxiusvu M (u), nmero-
IUX PA3JIndHble CKOPOCTH yObIBaHUs B Hyse (p1) U POCTa B OECKOHEUHOCTH (o).

[IpennonaraemM, 4TO BBINOJIHAIOTCS orpaHmdeHnd 1 < p; < 00, 1 < py < 00,
p = min{py, po}. Juist sir060ro nosioxkuresibuoro seca a(x) us npocrpancrsa Ly (€2, w)
OIIpe/IeJIsIeM HOBDLII (,ZLOHOJIHI/ITGJIBHbIﬁ) Bec (popMmyioit

ws(x) = ws(a, M) = (pé)%M‘s(a(x)) ~w(x), 0<d<1—1/p.

Hepes L, ,(Q,w) oboznavaem rpanj-npocrpancrso Opimda ¢ BecoM ws(T) :

Jo = ;
£i malfrtw) = | [ | [ a5 s@hesta dds| - d5 | <o,
0o Lo
rie f € Ly(Quw), s € [1,00], 09 € (0,1 — 1/p). B cayuae, korma M(u) = %,
1 < p <00, s =00, UMeeM Trpani-mpocTpancTso Jlebera Ly (1) bynknmii, 3a1anubx
Ha orpanuienbix Muoxecrsax € ([2[), n na neorpannuennnix — Ly (Q2) ([3]).

Teopema. ITycmv pynruua f npunadaestcum npocmpancmsy Opauva Ly (Q, w),
1 < p=min{py, pc } < 00, a — noaoorcumervuvili eec. Jaa 6epnoti oyenku

Pas(f, M,w) < Cpap(f, M, w),

¢ mounoti Koncmanmot Cp 4, neobrodumo u docmamowno, wmobo, a € Lyr(2, w).

Coob1atorest mepBoHavdabHbIE OCHOBHbIE CBOMCTBA, BBEJIEHHOIO I'PAHI-ITPOCTPAHCTBA.

JUTEPATVYPA
1. Iwaniec T., Sbordone C. On the integrability of the Jacobian under minimal hypotheses. // Arch. Rational Mech. Anal.,
1992. Ne 119. C. 129-143.

2. Ymapzadoicues C. M. Obobuenue mousitus rpaHa—npocrpaHcTsa Jlebera. I13sectust By3oB. Maremarnka, 2014,Ne 4, c.
42-51.



«Table of content»
Probability-Analytical Models and Methods 110

Session V

Probability-Analytical Models and
Methods
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Ya.I. Belopolskaya (St.Petersburg, Country)
yana@yb1569.spb.edu

STOCHASTIC MODELS FOR SYSTEMS OF NONLINEAR
PARABOLIC EQUATIONS

We consider two types of the Cauchy problem for systems of nonlinear second
order parabolic equations which admit probabilistic interpretation, namely, the forward
Cauchy problem and the backward Cauchy problem. We are interested in generalized
solutions of the forward Cauchy problem for systems with fully nondiagonal second
order terms (systems with cross-diffusion) as well as classical, generalized and viscosity
solutions of the backward Cauchy problem for systems with diagonal second order
terms with different coefficients and nondiagonal first and/or zero order terms. We
construct stochastic representations for generalised solutions of the forward Cauchy
problem solutions in terms of diffusion processes and their multiplicative functionals
1121

On the other hand we consider backward Cauchy problem for systems with diagonal
principal part with equal coefficients of the second order terms and nondiagonal first
and zero order terms. We reduce the construction of a generalised solution of the
backward Cauchy problem for a PDE system of this type to the correspondent stochastic
problem. Namely, without appealing to the correspondent nonlinear PDE solution we
derive a closed stochastic problem solve it and finally state conditions on the stochastic
problem data that allow to verify that solving the stochastic problem we construct a
required generalised solution to the original PDE problem |[3].

Financial support of the RNF Grant 17-11-01136 is greatfully acknowledged.

REFERENCES
1. Belopolskaya Ya.I. Probabilistic models of the dynamics of the growth of cells under contact inhibition. Mathematical
Notes. 2017. Vol. 101, No. 3, pp. 346-358.
2. Belopolskaaya Ya.I. Probabilistic representation of the Cauchy problem solutions for systems of nonlinear parabolic
equations Global and Stochastic Analysis. 2016. Vol. 3, No. 1, pp. 25-32.
3. Belopolskaaya Ya., Woyczynski W. Generalized solution of the Cauchy problem for systems of nonlinear parabolic equations
and diffusion processes. Stochastics and dynamics. 2012. Vol. 11, No. 1 pp. 1-31.

A.D. Bendikov (Poland, Russia)
Alexander.Bendikov@math.uni.wroc.pl

HEAT KERNELS ON ULTRAMETRIC SPACES

Let (X, d) be alocally compact separable ultrametric space. Given a measure m and
a symmetric measurable function J(z,y) we study the heat kernel (the fundamental
solution of the heat equation) associated with the operator

L f@) = [ (F0) = $) I p)imv)



«Table of content»
Probability-Analytical Models and Methods 112

We provide a number of examples illustrating our exposition.
The research was supported by the National Center of Sciences, POLAND, 2015/17/ST
1/00062

O. E. Kudryavtsev (Rostov-on-Don, Russia)
koer@donrta.ru
NUMERICAL METHODS FOR PRICING OPTIONS UNDER REGIME
SWITCHING LEVY MODELS

In recent years, increasing attention has been given to stochastic models of financial
markets which depart from the traditional Black-Scholes model. Regime switching Lévy
models have already enjoyed much success in interpreting the behavior of financial
series. A Lévy process is used as the instrument that models the financial market,
where the parameters of the Lévy process are allowed to depend on a continuous time
Markov chain. The state space may represent general financial market trends and/or
other economic factors which are usually called as “regimes”.

The papers [1,2] generalized the framework of numerical Wiener-Hopf factorization
(WHF) method [3] and extended it to pricing barrier and American options under
regime switching Lévy models. In the present paper, we introduce an enhanced WHEF-
method for pricing lookback options in regime switching Lévy models. The method
developed is based on the numerical Laplace transform inversion and enhanced appro-
ximate Wiener-Hopf factorization formulas derived in [4].

The idea behind our approach is to transform the problem to a space where the
solution can be obtained by using the Fast Wiener-Hopf factorization method at real
positive values of the transform parameter specified by the Gaver-Stehfest algorithm.
Then the lookback option prices are recovered via the numerical inversion formula. The
reported study was funded by RFBR according to the project No. 18-01-00910 A.
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4. Kudryavtsev O. Advantages of the Laplace transform approach in pricing first touch digital options in Lévy-driven models.
Boletin de la Sociedad Matema-tica Mexicana. 2016. Vol. 22, No. 2, pp. 711-731.
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V. Rodochenko, O. Kudryavtsev (Rostov-on-Don, Russia)
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ON MODEL CALIBRATION TECHNIQUES FOR
CRYPTOCURRENCY MARKETS

The analysis of cryptocurrencies was one of the most attractive topics for researchers
in finance for the past year. Although the capitalization of this market has a tendency to
grow, the market still experiences a shortage in methods of evaluating risks. Existence
and development of such methods will likely lead to wider and more reliable options
and futures trading, therefore stabilizing the price and offering better investment
opportunities.

Using the market data we obtained from a number of most popular stock platforms
and informational resources, and following the methods in [1, 2|, we analyzed the most
widely used cryptocurrencies, namely bitcoin and etherium. We’ve also included ripple
as an example of a “low friction” currency with relatively fast transactions and relatively
low price.

We calibrate gaussian, Merton [3]|, Heston [4] and Bates [5] model parameters to
choose the one that adequately reflects assets behaviour and demonstrate that jumps
models |3] are likely to be the most natural approximation for this class of assets.

The research was supported by REBR grant (project 18-01-00910).
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REINFORCEMENT LEARNING IN DISCOUNTED STOCHASTIC
STACKELBERG GAME

We consider a game between a leader and a follower, whose actions affect the
stochastic state dynamics. Let X be a finite state space. Denote by A and B the sets
of admissible actions of the leader and the follower. Assume that the system evolution
is described by the transition kernel p(y|z, a, b):

Zp(y|:r:,a,b) =1, p(y‘xaaa b) > 0.
yeX
At each stage of the game
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(i) observing the state X; € X, the leader selects an action a; € A,

(ii) observing the state X; € X and the leader action a; € A, the follower selects an
action by € A,

(iii) the system moves to the state X1 with probability
P(Xi1]| X, ar, by),
(iv) the leader and the follower get the rewards
(X, ae, b, Xeg1),  m2(Xe, ar, b, Xega)
respectively.

Each player tries to maximize his discounted gain, and applies the Q)-learning algorithm,
where the actions are chosen according to the Boltzmann distribution. So, at each stage
of the game the leader selects an action a’ with probability

exp(Qi(x, d')/m)

., d €A,
2_aren €Xp(Qu(z,a”) /1)
and the follower selects an action b’ with probability
/
eXp(QZ(xaaab)/TQ) Ve B.

Zb”eB eXp(QQ (3?, a, b”)/7—2) ’
For t — oo we describe the limiting distributions of the Q-functions ()1, @2 and
actions of the players in terms of fully observed Markov processes.

V.N. Rusev, A.V. Skorikov (Gubkin University, Moscow, Russia)
rusev.v@gubkin.ru, skorikov.a@gubkin.ru

ANALYTICAL AND DISCRETE APPROACHES TO RENEWAL
FUNCTION ESTIMATIONS

Dynkius Boccranosienusi H (1) onpejiesisiercs Kak CpejiHee KOJMIECTBO OTKA30B CH-
creMbl (uu sjeMenTa) Ha wHTepBaje Bpemenu (0, t). DTOT mapamerp UCHIOIb3yeT-
sl JIst MOCTPOCHUST CUCTEMBI MEHEJIPKMEHTa, HAJIeXKHOCTH, ONPECJICHNAsST ONTUMAILHOTO
I1aHa TpoQUIAKTHIECKOro 00CIyKMBAaHUs WM 3aMeH. B KauecTse Mojean pacemar-
PUBAETCA PEKYPPEHTHDI IOTOK OTKA30B, JJIs1 KOTOPOro YKa3aHHAasl CBSI3b BLIPAYKAETCS
MHTErpaJbHLIM YpPaBHEHUEM BOCCTAHOBJICHUSI, CBAZLIBAIOIIAM (DYHKIIAIO BOCCTAHOBJIC-
wust H(t) u dynknuio pacnpesenenus F(t) BpeMeHn MeXly OTKa3aMu:

H(t) :F(t)—l—/H(T)f(t—T)dT.
0
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Pemnienne B 3aMKHYTOI (pOpME 5TOTO ypaBHEHUsT HEBO3MOXKHO, KPOME HEKOTOPBIX CJIy-
9aeB, KOIjia MOTOK BOCCTAHOBJIEHWI YIIPABJISIETCS SKCITOHEHITMAIBHBIM W SPJIAHTOB-
ckuM pacupejiesieausiMu. Vcnosib3ysi merojbl paborsl |1, Hailjienbl anajuTudeckue u
YUCJIEHHBIE AMTPOKCUMAIINN (DYHKIINNA BOCCTAHOBJICHUSI.

st anauTHYecKOl ampokcuManuu (bYHKIMA BOCCTAHOBJICHUST MCIIOJIB3YeTCs Ha-
XOKJIeHUst OpUruHasia npeobpasosanust Jlamaca H ($) ¢ moOMOIIIBIO TPOU3BOIsIIEH (DYHK-
IIMM MOMEHTOB IJIOTHOCTH paclipejiejienus BeitOysiia-I'HejieHko.

Jlist HaxoX ieHus1 aucyienHoro perternus H(t), t > 0 paccMaTpuBatoTCst TPU CIIO-
coba TMCKPEeTU3aIMN YPaBHEHNsT BOCCTAHOBJICHMSI.

1. Pemmtenne niercst B BUJE CyMMbI KYCOTHO-TIOCTOSIHHBIX (DYHKIINH PABHBIX HA KarK-
JIOM OTpe3Ke pas3bueHs 3HAYEHIIO NCKOMOTO PEIIeHNs B TPaBoii ToUKe pasOuenus (Me-
TOJT IPABBIX Y3JI0B).

2. Tonaraercst 3HaveHre peIIeHNsT HA KAXKJIOM OTPE3Ke pa30UeHusi pABHOE CPEJIHEMY
3HAYEHUIO (METOJL CPeJIHUX).

3. Ha kaxx/iom oTpeske pazOneHust pacCMaTpUBACTCs IPUOJIMAKEHIE TOTHOIO pelire-
HUS JIMHERHOM (pyHKIHEN.

JUTEPATYPA
1.Rusev V., Skorikov A. On solution of renewal equation in the Weibull model. Reliability: Theory & Applications. - 2017.-
Vol. 12, No. 4(47), p.60-67.

E. L. Shishkina (Voronezh, Russia)
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SOLUTION OF THE CAUCHY PROBLEM FOR GENERALIZED
EULER-POISSON-DARBOUX EQUATION

We apply Hankel transform method to solve the initial value problem

"Ly B 2 ko )
Z(axﬂz@xi)‘(w*;a) u=ch, 1)

1=1

(e, 05 k) = f(x), )

u(z,0;k) =0, w=u(x,t;k), >0, z; >0, i=1,...n, t >0.
We will call (1) the generalized Euler—Poisson—-Darboux equation. We obtain
the distributional solution of (1)—(2) in convenient space. Besides, we give formulas

for regular solution of (1)—(2) in particular case of k and of Cauchy the the singular
Klein—Gordon equation.

Theorem 1. The solution u € S.,(R?) x C*(0,00) of the (1)-(2) for k > 0 is
unique and defined by the formula

u(z,t; k) = C(n,v, k)X
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ken—yl-1 3
(P =) T i (= ) ) )
7

where -
C(n,v, k) = 2T () :
P () I (250

1=1

Definitions of the S, (R), ju, (- * -), can be found in [1].

REFERENCES
1. Shishkina E. L. Generalized Euler-Poisson—-Darboux equation and singular Klein—Gordon equation. Journal of Physics:
Conference Series. 2018. Vol. 973, pp. 1-21.
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O TEOPEMAX CPABHEHNA /JIJId CTOXACTUYECKHNX
INOOEPEHIINAJILHBIX YPABHEHUN OTHOCUTEJILHO
MHOT'OMEPHOI'O BUHEPOBCKOTI'O ITPOITECCA

Paccmorpum JiBa croxactudeckux juddepenimaibabix ypasuenus (jganee — CIY)
¢ narerpajaMu CTpaTOHOBUYA OTHOCUTEIBHO N-MEPHOTO BUHEPOBCKOTO MPOTIECCA:

de™ () = zn: ol (t, §§”)(t)> « W 4 b)) (t, §§”)(t)> dt, (1)
j=1

(n)

C HAYAJILHBIMU YCJIOBUSMN fz(n) () ]t=0 = &;
05;)(@ v), bgn)(t, v)npuscext >0, v € R, j=1,...,n,i= 1,2, nojararoTcst BLIMOJIHE-
HBIMU JIOCTATOUHBIC YCJIOBUs CYIIECTBOBAHUS U €JUMHCTBEHHOCTH PELICHUI ypaBHEHMI
(1).

Llesib JaHHOTO MCCJIEI0BAHUS 3aKII0OUAETCs B PACIPOCTPAHEHUHU MIOJX0/Ia K J0Ka3a-
TEJILCTBY TEOPEeM CpaBHeHUsl, pejioxkentoro B padore [1], na CIIY suya (1). Ipume-

(0), i = 1,2. lynst HENIPEPBIBHBIX (DY HKITHIA

HsieMblIil B pabore MeTo/| OCHOBaH Ha TOM, 4TO ecju Jisi Bcext > 0, v e R, 7 =1,...,n,
. n

1 = 1,2, bynknun Jgj)(t,v) SIBJITFOTCSI JIOKAJIbHO CYMMUPYEMBIMH 110 ¥, TO PEIICHUsI
ypasHenuii (1) MOXKHO TIPEICTABATH B BUJIE

&) =D (W + D Ve W),

) )

rae PyHKINN Bgn)(t,v) SIBJISTIOTCSL  JIETEPMUHUPOBAHHBIMU, a (DyHKIH éi(n_l)(t) =
1), ==(n—1
DE” 1)(15, Win )) ectb pemrennss CIY ¢ unrerpanamu CrpaToHOBHYA OTHOCUTEIHLHO

(n — 1)-MepHOrO BHHEPOBCKOIO MPOIEcca, KOO MDUIUEHTBI KOTOPBIX BBIPAXKAIOTCS de-

pe3 koapdunmentor CIY (1).
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Teopema 1. IIycmo das scext >0, j = 1,...,n cnpasediuso, nepasencmea
(a) O'QJ)(t v) > 0 npu ecex v € R,

(b) D2 ( LU) = ng)( t,u) daa ecex u € R,

(c) Déo) (t) > Dio)(t) C 6ePOAMHOCTIDIO 1.

Tozda ﬁén) > én) das ecext =0 n.n.

JUTEPATVYPA
1. Acwineapees A. C., Hacvipos @. C. O TeopemMax CpaBHEHUS U yCTONYUBOCTH C BEPOSTHOCTHIO 1 OTHOMEDPHBIX CTOXACTUIECKUAX
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HAXOXKJIEHUE 9 KCTPEMYMOB CIIEIINAJIBHBIX NEJIEBBIX
®YHKIIUN C 3ABUCUMBIMU IIPUOPUTETAMMN. YACTH 1!

Jauubiil JI0K/Ia)1 siBJIsieTcsi TpojioJKeHneM pabor [1-2], B KOTOPbIX ObLIK UCCIIe/10-
BaHbI PA3JIMUHbIE MOJEJIM SKOHOMUYECKON CUCTEMbI ¢ KOHEUYHDIM YUCJIOM HIPUOPUTETOB
B TOM CJiydae, KOrja IeseBas (DYHKIUS BOCIPOU3BOIUT Pa3HOHAIPABJIECHHBIE TPeOO-
panust. OcHoBHbIe 0003HAYEHUST, UCTIOIL3YEMbIE B JO0KJIaJ/e, COOTBETCTBYIOT 0003HAUE-
Husim, tipesgokenubiM [lapioeiv N.B, n Yramaem C.U. B Te3ncax JaHHON KOHDE-
peniuu. B macrosimeit pabore paccMaTpUBAeTCs ONTUMHU3AIMOHHAsS 3aa9a, C eJIeBOi
byukuueit F' = E[F{"Fy?|, rae «; — 3aBUCHMbBIE C.B., Ha3bIBAEMble PUOPUTETAMHU:
P0<a; <1)=1,rae j =1,2. Oyuem cuurarh, 4T0 BCEIJIA Fjo(x) = 1. TpuBnann-
Hast curyaust, koraa a;(w) = 0,Vw € Q, namu ne paccmarpusaercst. Beegem ciefyio-
e oboznavenus:A;; = {a; =i} N{ae =j}, A, ={0 <y <1} N{az=j},Ain=
{an =1}N{0 < e < 1}, 111e i, j = 0, 1; P(A;5) = pij, V1,5 = 0,1, 2. B cuiy Teopemsr 1
eCTECTBEHHO PACCMATPUBATH TOJILKO T€ MOJIE/IU, B KOTOPHIX MHOYKECTBO CTALMOHAPHBLIX
TOUYEK HEIyCTO.

Teopema 1. Jlaa mozo, wmobv yeaesasn dynryus F(z), umera cmayuonaproie
MouKU 6 00AGCTMU CBOET NONOAHCUMENLHOCTIU, HeOOTOOUMO GuinoAHeHUe Ycrosut: 1)
Eloy FyV R

=q.
ElasF{1F2 7
st mesteBoit hyHKIUE, TPECTaBICHHON (B cOOTBETCTBUE ¢ 0003HAUCHUAME PaboO-

az __ . .
o = —C1, ede c1 > 0; 2) cywecmsyem mouka :

ol [2]) B Bugte F'(uy) = E[ul'(—ciuy + ¢2)®?], nosydenbl Kpurepun CyiecTBOBAHUsT
¥ JIMHCTBEHHOCTH JIOKAJTHHOTO (TI00ATBLHOTO) MAKCHMYMAa B PA3IHIHBIX CIYIAIK Pac-
CTAHOBKY IPHOPHUTETOB ;. [1oipobHOe N3I0KeHNe Oy IeHHBIX KPUTEPUEB PUBEICHO
aBTOPaM¥ BO BTOPOI YaCTU TE3UCOB JIAHHOW KOH(MEPEHINH.

TUTEPATYPA

1.Boaocamosa T. A., Janexany A. . OnruvMusanusi KBa3suJIMHERHBIX CIOXKHBIX CHCTEM: CIy4ail TPeX JeTepPMUHUPOBAHHBIX
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! Mamnaa pabora noagepxana POOU (rpant 16-01-00184).
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2. Hasnos U. B., Yeauu C. M. Ourumusanus CI0XKHBIX CUCTEM KBAa3WJIMHEHHOIO TUIA ¢ HECKOJIbKUMU HE3aBUCUMBIMU [IPUO-
pureramu. Becramk PI'VIIC. 2017. N 3(67), cTp. 140-145.
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HAXO2KJAEHUE SKCTPEMYMOB CIIEITNAJIBHBIX ITEJIEBBIX
®YHKIIUN C 3ABUCUMBIMU IPUOPUTETAMMN. YACTD II !

Hacrostmuit oK/a/1 ABIseTcs TPOIoKEHIEM HCCIE0BANNN CIIENUAIbHBIX 1eJeBbIX
bYHKIHUI 1 UX TOYEK SKCTPEMYMOB, [PEJICTABICHHBIX ABTOPAMH B TIEPBOIl 4aCTH Te3M1-
coB nauHoil KoHdepenmu. [IycTh BBIMOMHEHBI HEOOXOMUMBIE YCIOBUS CYIIECTBOBAHMUS
cranunoHapHbIx Touek resesoit dynknun F(x) (T 1,gacrs ). B mmkenpusegennoit Tab-
JIMTIE PACCMOTPEHBI Pa3IMIHbIE CJyYan PACCTAHOBKY 3aBUCHMbIX IPHOPUTETOB B TIeJie-
Boii dynkiuu F(u) u chopmympoBanbl KpUuTepuu CyIeCTBOBAHUS U €JIMHCTBEHHOCTH
makcumyma F(u).

Q
p22 >0 p22 =0
CymecTsyer | p2o +p21 >0m p20 +p21 =0um p20 +p21 =0m
€ TMHCTBEHHBI I po2 + p12 > 0. po2 + p12 = 0. po2 + p12 > 0.
JIOKAJIbHBII CymecrByer F(Uy) nmeer F(U1) mmeer
(rsobanbHbIi) | eIMHCTBEHHBIH €JIUHCTB. JIOK. €/IUHCTB. JIOK.
MaKCAMYM JIOKATBHBIA (rm06.) MakcuMyM (rm06.) MakcuMyMm
byaKIIIH (rnobasbubLii) ui € (0; Z—f) & uy € (0; %) &
F(Uy) MaKCAMYM p11>0m P10 + p11c2 — C1Po1—
P10 _ ., POL — az—1
byHKTIHT ‘Pn c B | < c2 aE |azc IAoz} +
F(Uy) +E[c5?1a,,] >0

OTrmeTuM, 9TO B cjydae, KOrjia IPUOPUTETHI HE3aBUCUMBI, YCJIOBHUS KPUTEPHUEB COB-
naJatoT ¢ yeiosusimu, noydenusivu Kpacuit H.IT. B pabore [2]. Ecin ag + ap = 1, 10
PE3YIBbTATHI UCCIETOBAHUN TTOJIHOCTBIO COBIAJIAIOT C Pe3YyJIbTaTaMu, OITyOJTMKOBAHHBIMU
B padore |3].
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ITOJIHOTA CTOXACTUYECKUX ITOTOKOB, ITOPOZ2K/TEHHBIX
YPABHEHUWUEM C ITPOU3BO/IHHBIMU B CPE/THEM CIIPABA

Ucnosb3yenbie 0003HAYEHNST U ONPEJICTCHNs] OCHOBHBIX 0ObEKTOB BBeJeHbl B [1,2].
MBI BCrofty HCIONTB3YEM COTUIAIIEHIE DUHINTEHHA O CYMMUPOBAHU IO TTOBTOPSIOMIEMCS
BEPXHEMY ¥ HIDKHEMY HHJICKCY.

! Nanmas pabota moamgepxana PODU (rpant 16-01-00184).
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I/ICCJIQ,ILYIOTCH CTOXaCTHU4Y€eCKHE YypaBHEHUA C IIPOU3BOJHBLIMHA B Cpe€IHEM CIIpaBa BHJlad

Dg(t) - a(t, f(t)) (1)

Dy¢(t) = a(t,&(t))
rje D — npousBojnas B cpejneM cupasa, Dol — KBaJpaTndHast IPOU3BOIHAS B CPEIHEM,
a(t, z) — Bekrophoe nosie Ha R™, a(t, ) — cuMMeTpUIECKOe OJIOXKUTEIBHO OLPEJIEJICH-
Hoe (2, 0)-rerzopuoe mosie Ha R”. O6OBH8HI/IM KOOpJAMHATHI B R” cHMBoOMaMu ', TOTTA
(t r) = ai% uat,z) = cﬂax,aﬂ Huddepenrmanbubiii oneparop A = a(t,z) =

8331 + a¥ ax?; - SIBJISIETCSI TEHepaTOpOM IOTOKa, 3ajaHHoro ypasaenuwem (1). O6o-
snaanM ero £(s), a vepes & ,(S) — ero opbuTy, KOTOpasi MMeeT HAYAIbHOE YCJIOBHE
gt,m(t) =T.

Omnpepesierne 1. [osopam, wmo nomok £(S) nenpepuisen na beckoneuHocmu, ecau
na arobom ompesre [0,T] € R svinoansemes coommowerue

h_>m P(ft,a:(T) € K) =0,

2de K -npouseorvmvit xomnaxm ¢ R™.

Paccmorpum na R muddepennnanbustit oneparop A" = %—FA, ryie t CINTaeTCs
Koop/iuHaToil ¢ HomepoM 0.

Teopema 1. ITycmv nomox £(s) nenpepvisen na beckoneunocmu. On noaon mozda
U moavko mozda, kozda na R" ™ umeemca cobemeennoe omobpasicenue o : R — R,
NPUHUMAIOULEE NOAOHCUMEALHBLE 3HAYEHUA U MAKOE, YMO NPU 6Cex T U T GHINOAMA-
emca nepasencmeo | A" | < C, 2de C > 0 — wonwcmanma, ne sasucawas om t u
x.

Uccnenopanue nomjeprkano rpanrom PODOU 18-01-00048.
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AHAJIN3 NTHAEKCA CKAYKOB B IEHAX KPUIITOBAJIFOTHI
BITCOIN

B nocsejnue rojibl OYpHO pa3sBUBAETCs PHIHOK KPHUIITOBAJIIOT, KAIIMTAJU3aIUsd KO-
TOpOro y»ke npesbicuiia 398 muapj. josnapon. Hambosiee m3BecTHast KPUIITOBAJIIOTA,
Bitcoin mokazana B 2017 Togy CymecTBEHHDBIN pPOCT, YBEJIWUIUBIINCH B IEeHE MOYTH B
20 pa3z, a B 2018 rojy morepsiyia 6oJjiee MOJOBUHBI CBoeil croumocTH. IToxoxkee rmose-
JIEHUE JIEMOHCTPUPYIOT U JIPYyTHUe KPUIITOBAJIIOTHI. BhicoKast BOJIATUILHOCTH KPUIITOBA~
JIIOT BBI3BIBAET aKTUBHBIM MHTEPEC WHBECTOPOB, MOCKOJILKY €T BO3MOXKHOCTH ITPOBO-
JINTH BBICOKOJIOXOHBIE CIIEKYIANNH. Ha BeIymuX TOProBuIX MJIOMAIKaX OTKPBIBAIOTCS
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CEKIMM TOPTOBJM (pbrodepcamu Ha Bitcoin. B Onumkaiiiieil nmepcrneKTuBe MOXKHO TTPO-
'HO3UPOBAThH AKTUBHYIO TOPTOBJIIO OMIMOHAMKM HA KPHUIITOBAJIOTHL. TakuM o0Opasom,
aKTyaJIbHOM 3a/1a4eil siBJIsieTCst IOCTPOeHKE aJIeKBaTHBIX MojieJiel 1eHbl Ha Bitcoin jiist
BBIYUCJIEHUS 11€H COOTBETCTBYIONIUX ONITUOHOB.

[ToBenenue 1ennr Bitcoin ToBOpUT 0 HEOOXOAMMOCTH UCIOJB30BATDH MOJIEJIA CO CKad-
KaMu. JJisi mojITBepK IeHIst JJaHHOT'O BhIBOJIA OBLIO MTPOBEJIEHO UCC/Ie0BaHue Jlorapud-
MOB II€HbI YKa3aHHOW KpulroBajtorhl 3a 455 jueit (01.01.2017-21.03.2018) na akrus-
HOCTH CKAYKOB [0 METOJMKE, paccMoTperHoil B [1|. Huke npuBesiensl cpejitee 3natemHme
TOUYETHOW OIEHKW WHJIEKCAa aKTUBHOCTHU U JIOBEPUTEHLHBIN WHTEPBAJ:

Mean = 1.31094162801, (1.27244,1.34944).

PesyabraThl MOATBEPAMIN IPEIIOJIOKEHIEe O HAJUINN CKAUKOB B JIMHAMUKE aKTHUBA U
1oKazaJii orcyTcrBue nuddy3noHHO# cocTapisronieil. TakuMm obpa3oM, Jijis MOJIEIH-
poBanus 1eHbl Bitcoin npu pacuere 6e3apOUTPakHBIX [EH OMIIMOHOB BMeCTO UM Dy-
3UOHHBIX MOJIEJIEH CliejlyeT UCIIOJIb30BaTh YMCTO HErayccoBble MoJjiesn JIeBu ¢ Heorpa-
HUYEHHON Bapualueil, Hapumep u3sectuyio mojgear CGMY [2].

UccnepoBanue BbIIoJIHEHO 1pu puHaHcoBoi mojyiepkke PODU, npoekT Ne 18-01-
00910 A.
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MAPTUHTAJIBI C OJTHUM CKAYKOM U BJIOYKEHUE
CKOPOXO/IA

B npuioXKeHusIX ¢TOXacTUUeCKOro aHaJi3a, 0COOEHHO B (PMHAHCOBON MaTeMaTHKe,
JacTO PacCMaTPHUBAIOT 3aJadM CJIeIyIonero Bujia. Jlannl Ba pacupenenenns fiy U fi
na R?. Bajan Takke Kjace CJyYailHbIX MIPOIECCOB CO 3HAYCHUAMU B R? (HaHpHMep,
KJIACC BCex MapruHrajios). Tpebyercs Haifitu yCJoBUsi, IPU KOTOPBIX B 9TOM KJIACCE
Haii1eTcsd IpoLecc, NMEIOIINNI paclIpeeseHus (g U (41 B HAYaJbHbIM U TepMUHAJIbHBIN
MOMEHTBI COOTBETCTBEHHO, & €CJU ITU YCJIIOBUA BBINIOJHEHbBI, TO MPEJbABATH ABHYIO
KOHCTPYKIIMIO TAKOI'O 1IPOIECCa Wi HAWTH KOHCTPYKIMIO, 00J1a/1aI0lLy0 HEKOTOPhIMU
CBOMCTBAMM ONTHUMaJIbHOCTH. Hampmmep, K Takoro pojia 3ajiadaM OTHOCUTCA 3a]1a4a,
ByioKeHusT CKOPOXOo/1a.

B jokiajie paccMaTpuBaeTCs KJacC JIOKAJIbHBIX MapTUHIAJI0B, UMEIOIIUX TPAEKTO-
puM OIpaHUYCHHONR BapualiMu Ha KOHCYHbIX MHTEpBaJiax ¢ €AUHCTBEHHbIM CKQYKOM BO
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BITOJTHE HEJIOCTHKUMBIIl MOMEHT OCTAHOBKHU. DTOT KJIACC AKTUBHO MCCJEOBAH B JIUTE-
parype, OJIHAKO B TOCJIEJIHEE BPEMsl MOSIBUJIMCH HOBbIE PE3yJbTaThl: B [2] Obliu yKa-
3aHbl ABHbIC KOHCTPYKIMM JJIA TPOIECCOB M3 3TOrO KJacca BMECTe C KPUTEPUAMHU,
OysieT JIM JTaHHBII MPOIECC MAPTUHTAJIOM UJIU TOJBKO JIOKAJBHBIM MAapTUHTAJIOM U T.]I.
HnTepec K paccMaTpuBaeMOMY KJacCy MPOIECCOB C OJIHUM CKAYKOM BBI3BAH TaKXKe
TeM 0DCTOSITEJILCTBOM, YTO OHM BO3HUKAIOT KaK HKCTPEMaJsibHbIe B HEKOTOPHIX 3a/1a-
yax M3 YMC/ia OIMCAHHBIX B HIpeJiblylieM ad3alie. Hanpumep, uzsecruasi KOHCTPYKILUSs
Hybunca—I'mnara MapTHHraIa, HMEIONIETO MAKCUMAJBHBIN (B CMBICIE CTOXACTHIECKO-
TO TOPSIJIKA) MAKCHMYM CDEJIM BCEX PABHOMEPHO WHTEIPUPYEMbIX MapTHHTAJOB C 3a-
JIAHHBIM TEPMUHAJILHBIM PaCIpeJie/IeHUeM, MpejIcTaBsger co0oit MapTUHIAJ C OJHUM
CKauYKOM. [IpyruM mpuMmepoM sBJsSeTcda 3ajada IMOCTPOCHUS HEOTPUIATETLHOTO CyO-
MapTUHTAJa ¢ 33JJaHHBIM TePMUHAJbHBIM paclpejieJIeHueM CaMoro cyOMapTHHTaJ a 1
ero komiencaropa [1], rjie nmporeccsbl ¢ OJHUM CKaIKOM COCTABJISIIOT OCHOBY MOCTPOE-
Husi. Mjien 3aMenbl BpeMeHu 103BOJISIOT YCTAaHOBUTH CBsI3b HEKOTOPbLIX KOHCTPYKIIUI B

3aJlade BJIO2KEHU A CKOpOXO,ILa C MapTuHI'aJlaM C OJHUM CKa49KOM.
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O BBIYMCJIEHVN KPUBU3HbBI IIOBEPXHOCTU YEPE3
XAPAKTEPUCTUKN BUHEPOBCKOI'O ITPOIIECCA B
ITPOM3BOJIbHOM CUCTEME KOOPJIMMHAT

[Iycrb S - peryisipaas nosepxuocts kiaacca C° B £ ¢ nepBoii 1 Bropoit KBaJiparuy-
abivu bopmamvu [ = g;idx'dx? u [T = bijdx'dx’ . O6osnaunm muddysnonnsrii mporece,
HOPOXKJIEHHBII IIepBOi KBajipaTuaHoi gpopmoit Xy, Bropoii ¢popmoii - Y;. [lepexojnyio
bynxmmio nponecca Xy 6ynem obosnadars Pl(x,y), nponecca Y; - P?1(x,y), rue z,y
- TOUKH IIOBEPXHOCTH S.

Hmeer MecTo cremytomas

Teopema. Ilepexodnvie pynruyuu npoueccos Xy u Yy ydoeaemeopaom ypasHeruto
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OCOBBIE CJIYYAN ONTUMUBAIINUN KBA3UJIMHETHBIX
MOJIEJIEN1 C HEBABUCUMBIMMU ITPUOPUTETAMMN !

B jlaHHOM JIOKJIaJIe UCII0JIBb3YIOTCs 0003HAaYeH s, IpUBejieHHbIe B pabore [1]| u jokiia-
ne Ilapnosa U.B. n Yrauua C.U. na macrosineit kondepenun. s cynecTBOBAHUS
eJIMHCTBEHHOI TOUKHU IJ100aJBLHOr0 MakKCuMyMa, 1esieBoil (gpyuknuu F mogenn 1, omnu-
caHHoit B pabotre [2], Tpebyercst, 4T0OBI cpeju HPHOPUTETOB v, j = 1,2,3 me ObLIO
nyJesbix (cMm. Teopemy 1 u3 [1]). Pacemorpum curyanmu, Korja 9mo ycjaoBue Hapyliia-
eTcsl.

Cayuait 1. ITycts pj = P(oj =1) >0, q; = P(o; =0) > 0u pj +¢j = 1 st Beex
aj,7 =1,2,3. Torja neiesas dynxius

F = (u1p1 + q1) (u2p2 + q2) ((—c1ur — coug + ¢3) p3 + q3) -

EjpnHcrBennasi Touka raobajabHOrO MakcuMmMyMma, F' cylecTByeT 1pu OJIHOBPEMEHHOM
BBIIIOJIHEHUN YCJIOBUI

! Nanmas pabota moamgepxana PODU (rpant 16-01-00184).
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p1p2 (c3ps + q3) + cap1gaps > 2¢1q1p2ps,
p1p2 (C3ps + q3) + c1qip2ps > 2¢ap1Gops.

B nporusnom ciayuae MmakcumyM F' Ha 00J1aCTH ONpeIEeIeHUsT HE JIOCTUTACTCA.
Cayuait 2. ITycrs opun u3 npuopureros oy @ P (0 < a; < 1) > 0,
pj =Plaj=1)>0,¢; = P(o;=0) >0mup; +¢; =1,j = 1,2. Torna nesnenas
bynxuua F = (uipr + g1 + E (u" Ijp<a,<1y) ) (uope + ¢2)
((—crug — cous + ¢3) p3 + q3). Uccrenosanmsi, mpoBONMbIE HA KOHKPETHBIX TIPUMEPAX,
OKa3aJ11, UYTO U 3/1€Ch BO3MOXKHBI KAK HAJMYME €JMHCTBEHHON TOUYKM Iy100aIbHOIO
MakcuMyMa, F', Tak U ee HeJIOCTUKUMOCTD.
Ciayuait 3. Ilycrs gsa npuopurera o @ P(0<a; <1) > 0,5 = 1,2, a p3 =
P(Oégz 1) > 0, (]3:P(Oé3:0) > 0,p3 + g3 = 1. Torua

F = (upr + ¢ + B (u Ijocay<1y)) (uopz + @2 + E (u5*I10<ar<1}))

((—cruy — cous + ¢3) p3 + q3). YeaoBue cyliecrBoBatus MakcumyMa F') Kak u B pe/ibl-
JYIIEM CIydae, aHAJUTHYECKH MOJYYUTh He yIAJI0Ch, HO Pe3yJbTATLI M3YYeHUs KOH-
KPETHBIX HPHUMEPOB JIEMOHCTPUPYIOT CYIIECTBOBAHUE U €JIUHCTBEHHOCTH TOYKU IJIO-

b6ajbHOrO Makcumyma, F'.
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CTOXACTUYECKUE JJNOPEPEHIINAJIBHBIE BKJIFOYEHUSA C
TEKYIIINIMUI CKOPOCTAMM C IITPABBIMU YACTAMUN
CIIEIIMAJIBHOT'O BUJIA >

[TorsiTrst MTPOM3BOAHBIX CJIEBA, MPOU3BOJHBLIX CIIPpaBa, CUMMETPHUECKUX TTPOU3BO/I-
HBIX ¥ aHTHCHUMMETPUICCKUX IIPOU3BOJHBIX ObLINM BBEJEHBI BO BTOPOi mojoBuHe XX
Beka . Hesmbconom cm.[1]. B paborax FHO.E. Imuknnxa, OGbuta mocTpoeHa JIOMOJHE-
TeJIbHO KBaJIpaTUdHas IIPOU3BOJIHAS B cpejiHeM. Takrke ObLIO II0Ka3aHO, YTO €CJIN 3a-
JIAHBI TEKYIIAs CKOPOCTh U KBaAPaTUIHAs TPOU3BO/IHAS B CPEJIHEM, TO TIPA HEKOTOPHIX
YCJIOBUSIX MOXKHO ITOCTPOUTH IPOIECC, UMEOIIHH 38 JaHHYI0 TEKYIILYI0 CKOPOCTH U KBa,/I-
PATUUHYIO IPOU3BOHYIO. DTO MO3BOJIIIO KOPPEKTHO IIOCTABUTD 33,121y O HAXOXK ICHUN
IIpoIiecca 1o ero Mpou3BOJIHLIM B cpejiHeM. ey 3aanbl MHOTO3HAUHAS TEKYIasi CKO-
POCTb M KBaJIpaTUYHAas IPOU3BO/IHASI, TO YPaBHEHNE IPEBPAIIAETCS BO BKIIIOUCHHE.

2Pa6oTa BEITIOTHEHA TP GUHAHCOBOH MoaaepxkKe PODU (rpant 18-01-00048 A).
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[Ipu nccnenoBanum audhepeHnraabHbIX BKIIOUYEHUH ¢ TEKYINUMU CKOPOCTSIMU, B
OTJIMYNE OT BKJIIOUEHWH C MPOU3BOJHBIMU B CPEJHEM CIIPaBa, HE YJIaeTCs HAIPIMYIO
UCIIOJIb30BATh CTOXACTUIECKUE UHTEI'PAJIbI, TO €CTh JIJIs UX HUCCJIEI0BaHUS 1TOHAJI001-
JINCH HOBBIE METOJIbI.

B noknajsie mpejicTaBienbl OCHOBHBIE PE3YJIbTATHI, MOJYyUIeHHbIE ITPU WCCJIEeIOBAHUN
JnddepeHnmralibHbIX BKJIIOUYEHUH ¢ TeKYIIUMU cKopocTsMu. JlokazaHa pa3pernimmMocThb
CTOXaCTUYECKUX JinPdepeHiinaibHbIX BKJIIOUEHUI ¢ TEeKYIIUMU CKOPOCTSMU B CJIEJLY-
IOIUX CTYIasIx:

- IPU HAJIMYWH TJIAJKUX CEJIEKTOPOB;

- B cJlydae CyIIeCTBOBaHUS £—allllPOKCUMAIUMl ¢ PABHOMEPHO OIPaHUYEHHBIMU TIEP-
BBIMU YACTHBIMH MTPOU3BOIHBIMU;

- B ¢cJIydae MOJyHeTPEPBIBHBIX CBEPXY MPABLIX YacTel ¢ pABHOMEPHO OTPAHUIEHHBIMA
BBIMYKJIBIMU 3aMKHYTHIMUA 00pa3aMu;

- B CJiydae KOorjia IpaBasi 4acThb COOTHOIIEHUSI ¢ KBaJPATUIHON 1POU3BOJHON 1IPU-
HUMAET 3HAUYEHUSA B CUMMETPUIECKIX MATPUIAX C MMOCTOSHHBIM ONPEIeTUTETEM;

- B CJIydae TOJIYHENPEePBIBHBIX CHU3Y MPABbIX YacTeil ¢ pAaBHOMEPHO OTPAHUIEHHBIMA
BBINYKJIBIMU 3aMKHYThIMU 00pa3aMHu.
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IPOIIE/IYPA MCS JIJIS OTBOPA MOJIEJIEN BPEMEHHBIX
PSATOB!

M3 mmOX)ecTBa TMOAXOMOB K TTPOTHO3MPOBAHWIO HAWOOJIBITIEe PaCIpocTpaHeHne Ha,
MPAKTUKE MTOJIY IHJITH METOJIbl 9KCIIEPTHBIX OIEHOK, METO/ (bl 00PabOTKM MPOCTPAHCTBEH-
HBIX U BPEMEHHBIX COBOKYIIHOCTEH, METOJbI CHUTYAI[MOHHOIO AHAJIN3a U MPOTHO3UPO-
BaHus. VX CyIecTBEHHO BApbUPYIOT IO CJAOYKHOCTH HCIOJB3YEMbIX aJropuTMoB. Ha-
JINYINEe HECKOJbKWX aJbTePHATUBHBIX CreNnUKaIi Mojesieil, CrrocoOHBIX aJIeKBATHO
OIMCHIBATH MPOIECC YKCTPAIOJSINE JAHHBIX, OTKPbIBAET BOIIPOC O BbiOOpe "Hamryd-
I1eil MOJIeJIM IPOTHO3UPOBAHUs'" B COOTBETCTBUY C 33 JaHHBIM KPUTEPUEM OINTHMAJILHO-
cru. Jlokmas nocssiien nporegaype MCS (model confidence set), koropast mossosister
13 MHOXKeCTBa Mojesieil oropocnth "moxue'n coctouT u3 1mocseoBaTe/bHOCTH CTa-
TUCTHIECKUX TECTOB, MO3BOJISIONINX MOCTPOUTH Habop mofesneit (SSM "Superior Set
Model"), mist KOTOpBIX HyJIeBasi TUIOTE3a O UX PABHOI MPOrHOCTUIECKOI CIIOCOOHO-
CTU He OTKJIOHSIeTCsl ¢ OonpejiesieHHbiM yposaeM joBepust [1]. Crarucrudeckue tectbl

I Nccnenopanue Bermosreno mpu dbwaancoBo# noagepxke PODU B pamkax maywmoro mpoexta Ne 17-01-00888 A.
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PaCCUUTBIBAIOTCs JIJIsi IPOU3BOJILHON (DYHKIUU 110TEPDH L (yi, y}) , oDJ1aJlatolel cTaH-
JTAPTHBIME CBOHCTBaMU (DYHKIUU MOTEPH ( ¥ - TPOTHO3 MOJICIH ).

Hwuke npuBesem yKpymHEHHBIH aaropunT™ oTbopa Mojeneii cornacuo nporeaype MCS:
1) st kazk10it Mojiesin paccauThiBaercs eé "'crernenb HecopepiieHersa | HapuMep or-
CTaBaHME MOJIEJN MO0 KAUeCTBY MPOTHO30B OT CAMOI'0 CHJIBHOTO KOHKYPEHTA MJIN YCPEeI-
HEHHOE OTCTABAHUE MOJIENIH OT OocTajbhblX; 2) [IpoBepsiercs rumoresa o TOM, 9TO Bee
MOJIEJIH UMEIOT PaBHYIO TPOTHOCTHIECKYIO criocobHocThb; 3) Ecsn runoresa He orsepra-
eTCst, TO NMPOIE/ypa 3aKaHIMBaeTCsI. Kem OCHOBHAsT TMIIOTE3a OTBEPIraeTcs, TO caMast
ioxast Mojiesib oropacbiBaercs; 4) [lepexomum K mary 1 ¢ MEHBIITIM THCIIOM MOJIEJIEH.

[Tponeypa MCS peannzoBana B 0JIHOMMEHHOM IAKETe IPOIPAMMHOI Cpejibl CTaTh-
cruveckux Bbrunciaenuit R [2]. AkryaibHocTh nakera nokazaHa Ha IPUMEPE, KOTOPbI
HAIIPaBJIeH Ha TOAPOOHOE ONMMCAHNWE MUCIOAb30BaHUe (DYHKINMA, MPEIOCTABIAEMbIX TTa-

KETOM.
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KJIACCUPUKAIINS JAHHLIX HA OCHOBE ®YHKIINN
PACIIPEJEJIEHN A

B npejiaraemoii pabore paccMarpuBaeTCs HOBBIN MeTOJ KJacCu(pUKAIUKA JTaHHbIX,
OCHOBaHHBII Ha HCIOJIH30BAHUHU TI'PYIIIOBLIX CBOKCTB KJIACCU(MUIUPYEMBIX O00HEKTOB.
Knaccndukarust mpon3BoAUTCs Ha OCHOBE CPABHEHMUsT 9KCIIEPUMEHTAIbHBIX (DYHKIIHI
pacipejiesieHusI TeCTOBOI 1 00ydatorreil BbIoopoK. OleHKa creneHu 6J1M30CTH (DyHKITH
pacrpejiesieHust TTO3BOJISIET CJIe/IaTh BbIBOJL O MPUHAIEXKHOCTH 00HEKTOB TECTOBO BbI-
OOPKHU MCKOMOMY KJIACCy.

B npocreiiniem ciiydae MOXKHO TTPOBEPUTH TECTOBYIO W 00YUaOILyI0 BHIOOPKHU Ha O/I-
HOPOJIHOCTD. Eciu rumnoresa 00 0HOPOHOCTH IPUHUMAETCs, TO OObEKTHI IIPOBEPSIEMOii
BBIOOPKM IIPUHAJJIEXKAT TOMY 2Ke KJIaccy, 4To U 00'beKThl 00yualoiieit Bbibopku. Takoii
IPAMOJIMHENHBIA IOIX0/ UMeeT CYIIEeCTBEHHbII HeIOCTaTOK: €CJIN OTHOCUTEILHBIA pa3-
mep kiacca C nesesink No /N < 1| 10 BEPOSITHOCTD TOTO, 4TO BCE OObEKThI CJLy YaiiHOi
TeCTORO# BBIOOPKY MpuHaiekar kiaaccy C' mana ~ (Ng/N)™ (N - obrmee ancsio 06b-
ekToB, No - 9ncjio 00BEKTOB MCKOMOTO KJIAcca, 1M - pa3Mep TeCTOBOH BBIOODKH) W
HEOOXOAMMO TTPOBEPUTH MHOTO BHIOOPOK JIJIsT HAXOXKIEHUST O0HEKTOB MPUHAIJIEIKAINX
kaaccy C.

B panHOM ciydae mpejiaraeTcst WCIoJIh30BaTh CJIEAYIONINI MOIX0/: BO3BMEM JIBE
cITyUaiiHbIe TeCTOBbIE BEIGOPKH, 0603HadnM tepe3 F(H) 1y, koropast 1aéT nyduryio onen-
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Ky Ha OJHOPOJAHOCTH ¢ 00y uatomeil BbiGopkoit u depes F () apyryio. Boiosnenue kpu-
Tepusi coryiacus He Tpedyercs, JIOCTATOYHO U3 JIBYX TECTOBLIX BBIOOPOK BBIOPATH TY,
KOTOpasi «OOJIbIIe MOXOXKay Ha 00yJaroIyo. ACCOIMUPYEM ¢ KaxKJIbIM 0OBEKTOM JIBa,

=+ - .
Z( ) u kl( ), IIPU KarkIOM UCIBITAHUN OyJIeM yYBEJININBATH 3HATCHIE CUETIH-
(+) (=)
i i

11st 06bekToB BoiGoprr F(7). MoxHo mokasarn, 4to st 00bekToB Kiacca C yepest-

cuérunka k

KoB k; ) ma 1 juist o6bekros Boibopku FH) u yBesmmuusars snauenus cuéraukos k

HEHHBIE T10 BbI60pKaM 3HAYEHHUSI CUETUNKOB YAOBJIIETBOPAIOT YCJIOBHIO!

B ET LR s 05—

) ) 1
HapaMeTp o Z 0 XapaKTepu3yeT CTEIIEHb IIepeCeYeHnd MHOXKECTBa TOYEK KJjlacCa Cu
MHO2>KECTBa OCTaJIBHBIX TOYEK:. (¥ = O B CJIy4da€ HeEIIECpECEKAIOIMMNXCA MHO2KECTB.
DTO yCJIOBHE CJIy2KAT KPUTEPUEM B IIPEJJIAIaeMOM METO/Ie KJIACCUPUKAIMN JTAHHbIX.

H. B. Heymepxkunkasi (Pocros-na-lony, Poccusi), O.Il. CumenpHukoBa
(Boarorpan, Poccust)
neunata@yandex.ru

KOHIEIIIMNA MHOT'O®PAKTOPHOI'O SKCIIEPUMEHTA IIPU
OIIPEJAEJIEHUN CTEIIEHN ITPOCKOKA IIBIJI1 B BUXPEBOM
NMHEPIIMOHHOM AIIITAPATE CO BCTPEYHbLIMUA
SAKPYYEHHBIMMN IIOTOKAMMN

B macrosimeit paboTe MCIOIb30BaIACH OJHA U3 CAMBIX BaXKHBIX HJIell TEOPUU ILIa-
HUPOBAHMUsT IKCIEPUMEHTA: KOHIETINS MHOTO(aKTOPHOro 3KcrnepumenTa. CMbIca ee
cocTouT B cieayormieM. OJHOBpEMEHHO BapbUpPysl (paKTOPbI, BHI3bIBAIOIINE U3MEHEHNEe
COCTOsTHUsT 0ObEKTA, MBI ONpejiesisieM obIee cocTosiHie 00beKTa (ITO KacaeTcst KaxK-
70T KcrepuMenTa). ONTUMATBHO UCTOJIB3YsT GAKTOPHOE TTPOCTPAHCTBO, Mbl JTI0OUBA-
eMcsl CHUKeHUsl Jiacriepcun koadduimenros maremarudeckoit mojesin [1]. B pabore
UCII0JIL30BAHbI IIJIAHBI 9KCTPEeMaJIbHOIro 3KciepuMenTa. OHu pazpaboTaHbl s OlIpeie-
JIEHUST ONTUMAJIbHBIX YCJIOBUI PA3BUTHS MPOIECCOB B 00beKTax mccaesoBanus. Onru-
MYM OIIPEJIEJIAJICS 110 MaTeMaTUIeCKONl MOJIe/In OObEKTa MCCIIeI0BaHNA, IIPEJICTABISIO-
et coboit HeKOTOpoe 1MOJIMHOMUAJLHOE YPaBHEHUE.

Meto1 mytaHupOBaHUs SKCIIEPUMEHTa ObLI IPUMEHEH JIJIsI OlpeJIeJIeHUs CTeIIeHH IIPO-
CKOKa IbILJIM € B BUXPEBOM HHEPIMOHHOM AllllapaTe CO BCTPEYHBIMHU 3aKPyUICHHBIMU
norokaMu. Bapbupyemble GaKTOpbl: OTHOCHTEIbHA: CKOPOCTb V IOTOKA B IOLEped-
HOM CeUYeHHUH allllapaTa, KOTOpas paBHA OTHOIIEHHUIO PACX0Ja ra3a, MOCTYIAIIIero Ha
OYNCTKY, K TLJIOMIAJN TIOMEePEeTHOr0 CeueHusl anrapara; JI0Js pacxojga rasa k, moma-
BAEMOI'O B allllapaT depe3 HIDKHUH BBOJ; OTHOCHTEJbHAs KOHIeHTparms C LI B
OUYMIIAEMOM TIOTOKE BO3/yXa, paBHasi KOHIEHTPAIMK MBI Ha BXOje B ammapar. B mgo-
KJ1aJe OyJieT mpejicrapjeHa Tab/IuIa ypoBHE 1 HHTEPBAJIOB BapbUPOBaHUs (DAKTOPOB 1
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MaTpHUIla SKCIEPUMEHTAJbHBIX UCCIETOBAHUN IO ONPEJE/ICHUIO CTEIIEeHN MTPOCKOKA TIbI-
qn. O6paboTKa pe3yabTaTOB SKCIIEPUMEHTAIbHBIX NCCIE0OBAHUI TO3BOJINIIA TIOJIYIUTh
clielytolniee ypaBHEHUE PerpecCumu:

e=0,25— 21,03k +42,43k*> — 5,4V +0,33V? — 0, 2C.

B pabore mokasana mpUrogHOCTb ypaBHeHusi (1) /I pelieHuns 3a/iavu MOUcKa, Ofi-
TUMYMA.

JUTEPATVYPA
1. Adaep FO.II, Mapxosa E.B, I'panoscxut FO. B. IlianupoBanue SKCIEPUMEHTA IPU MTOUCKE ONTUMAJIBHBIX yCJIOBHiA. M.:
Hayxa. 1976.

1. B. IlasnoB (Pocros-na-/lony, Poccus)
pavloviv2005@mail.ru

K KOHIEIITINN JE®OPMNPOBAHHBIX MAPTUHI'AJIOB C
HEIIPEPBIBHBEIM BPEMEHEM!

[Iycrs (2, F = (F1)i2,) — npounsBosbHasi GUIBTPAIs ¢ HEPEPHIBHBIM BPEMEHEM,
F = Vi>oF:. Ecim G ecth o-nionanrebpa o-anaredpsl F, a P — BeposaTHOCTHAS Mepa Ha
F, 10 0603HAYMM Eng = ET[f|G]. Paccmorpum cemeiictso Q = (9, Q% Ft)p<sctene
BEPOATHOCTHLIX Mep Q) Ha F; 1 ceMeilcTBO onepaTopoB YCIOBHOTO MATEMATHICCKOTO
oxunanus (E)o<s<icoo: ELf = Ej('_gtf, rie f — JF-u3MepuMasi HeOTPUIATeIbHAS CIIy-
daiinas sesauunna (c.8.). Tpurier (Q, F, Q) Oyyem HasbiBarh j1ehOPMUPOBAHHBIM CTO-
xacTuaeckuM Gazucom 2-ro poja (DSB-2), ecn 1) VO < s <r <t < 00 Q" < QL|x;
2) VO < s <71 <t<oonVA € F pumomnserca pasenctso: QL(A) = E%E(1y).
Eciu ycnosue 2)Boinosneno, a smecto 1) Bemosnsiercs yeaosue 17) Q1 ~ Q)

F., TO
rpurier (€, F, Q) HasbiBaercst ciabo J1eOpMUPOBAHHBIM CTOXACTHUECKUM 0Oa3UCOM
(WDSB).

Jloka3biBaeTCs, 9TO JAHHBIE OIIPEIe/IeHIsI PABHOCHILHBI COOTBETCTBYIOIITUM OIIpe/Ie-
senusiv B [1]. B jioksajie Gy/yT yeraHoBjieHbl ¢Bsi3u JIehOPMUPOBAHHBIX CTOXACTHYE-
CKUX 0a31COB ¢ HEIPEPLIBHBIM U JINCKPETHLIM BPEMEHEM.

ITpumep. Ilycrs P — BepositHocts Ha F. Ilyers VE > 0 By € Fy, By 1, P(B;) > 0
u PBt — yenouas BepositHOCTh oTHOCHTEsbHO By, Tiisi Beex 0 < s <t <oou A € F
nomaraem: Q' (A) = PP(A). Torna (Q,F, Q) ects DSB -2.

OcHoBHBIM 00BEKTOM 0DCY2KJICHKSI B JIOKJIaJe OyayT onpejensiemble Ha DSB-2 jie-
¢dopMuUpoOBaHHbIE MAapTUHIAJbI 2-T'O POJIa C HEIPEPLIBHLIM BPEMEHEM M UX YaCTHbIM
caydait — onpejeisieMbie Ha WDSB citabo jiedpopMupoBaHHble MAPTUHIAILL ¢ HEIIPe-
PBIBHBIM BPEMEHEM.

! Mamnas pabora noagepxana PODN (rpant 16-01-00184).
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OIINCAHUE TOYEK MAKCUMVYMA IIEJIEBOI ®YHKIIUUN
KBA3SNJINHENHOM CJIOXKHON CUCTEMBbBbI C HE3ABUCUMbIMN
IMPNOPUTETAMMN

B nacrosiem Jloksajie npejcTaBienbl OCHOBHBIE pe3ysbraThl paboThl |1| u HEKOTO-
pble jonosiHenust K HuM. [annast pabora noepxkana POOU (rpant 16-01-00184).
n
Pacemorpum dbynkimn Fj(x) = | Y ajjzi +b; ) I » .7 =1,2,... k, rae
i—1 {Z:laijl‘i+bj>0}
I4 ects nugukarop muoxkecrsa A. [lycrs o = oj(w) — npomsBoJbHBIE C.B., ONpe/Ie-
JIEHHBIE Ha HEKOTOPOM BEpOSITHOCTHOM TipocTpancTse (2, F, P) u npuHuMaroiime 3ua-
aerust Ha orpeske [0;1]. Mbr OymeM uccesieoBaTh Ha SKCTPEMYMbI TETIEBYIO (DYHKITHIO
o
F=F (H?Zl F.;7), tie B — CUMBOJI MATEMATHIECKOIO OXKUIAHUS 110 BEPOATHOCTH P

OrmeTuM, 9T0 HECMOTPST Ha BHEIITHIOI POCTOTY GpyHKIMK [, 91a 3a/1a9a HE CTOh TTPO-

CTa U UMeeT pasjuvHble oTBeTBieHusd. Mbl npejionaraem, 4ro ¢.B. aj, j = 1,2,... k,
He3aBUCUMbL. BBesiem B paccmorpenue cucremy Bekropos (1) a; = (aij, ayj, .. ., Gnj),
73 =1,2,..., k. Herpyano jokaswiBaercst, 9To eciin pyHKIUs ' nmeer cranroHapHyio

TOUKY B 0OJIACTH CBOEIH TIOJIOKUTETHLHOCTH, TO CUCTeMa, BeKTOPOB (1) JinHelHO 3aBucuMa,
¥ TIPU 9TOM KaKJIblii BEKTOP crcTeMbl (1) MOXKeT ObITh MpEJCTaBIeH B BUJE JMHEHHOI
KOMOMHAIIMU C OTPUIATEIbHBIMU KO3 dUImeHTaMI depe3 ocTajbHble. Byaem mpej-
10JIaraTh, UTO 9TU YCJIOBHUsl BBINOJHEHbI. [IpenmosokuM JOmOJIHUTEIbHO, 9TO CPen
BeKTOPOB cucrembl (1) cymecrByer k — 1 JMHEHHO HE3aBUCUMBIX BEKTOPOB. MOXKHO
CYUTATH, YTO ITUMU BEKTOPAMU SIBJSIIOTCS ap, g, ..., dx_1. SAIKUIIEM PEJCTaBIeHAEe
aj = — Zf:ll ca;, e ¢, 1 = 1,2,...,k — 1, — 0JlHO3HAYHO OIIpeJIeJIEHHbIE CTPOTO

k—1
nostoxkuTesbible dnucia. [lycrs ¢ := > 7| ¢;b; + by.

Teopema. [Iycmv P(aj > 0) = 1 das ecex j = 1,2,...,k u ¢ > 0. Tozda

k (e7] (%
dymyua F(uy,... ur) = [[2 Elu;’] 6 obaacmu, onpedeasemoti nepasencmeamu
k—1
w >0, 1=12.... k=1 u > cu < ¢ umeem eUHCMBEHHYIO CMAYUOHAPHYIO

i=1
MOUKY, ABAAOUYIOCA AOKAALHOT (4 makoce 2400a40HO0T) MOUKOT MAKCUMYMA.

JUTEPATVYPA
1. Haeaos U. B., Yeaun C. d. OnrnMmsanus CI0KHBIX CUCTEM KBA3WIMHEHHOTO THMA, C HECKOJLKUMI HE3ABUCUMBIMHA TTPHO-
pureramu. Becramk PI'VIIC. 2017. N 3(67), cTp. 140-145.
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BEPOSTHOCTHBIN TTOIXOJI K PEIIIEHUIO 3AJIAYUA
PACIIPEJAEJIEHNA PECYPCOB

B pabore paccmTpuBaercss Mojieib, aHajgorndtas pacemorpentoit B [1]. Ilycrs jana
caejyiomas nesiesas yukuus: F = i+ fo, tae f1 = £1M12, fo = a9 Yo pac-
cmarpuBaloTcs Ha MHOKecTBe B = {(21,y1,22,92) : 0 < x; < 1,0 <y; < 1,1 =1,2}.
IIpu satom 0 < a3 < 1u 0 < ay < 1. [IBa ciaraeMbIX ONKUCHIBAIOT JBa SKOHOMUIECKUX

1—0[1 1—0&2

00bEKTA, MEXKJLy KOTOPBIME [TPOUCXOJIUT pacipejiesenue pecypea | tuna (nepementbie
x1 U x2) u pecypca Il tuna (mepemennbie y; u yo). Cumraem, aro z1+x2 = 1, y1+y2 = 1.
Torma monmydaeMm cienyiomniyto nenesyio dbyakmuio F = fi + fo, tne f1 = x™y*2,
fo=00—2)" 1 —-y)"D={(z,9) : 0 <z <1,0 <y < 1,0 = 1,2} Cayuaii
HAXOXKJICHUS! OIITUMAJIBHOIO PACHPEJIEJICHUsI PECYPCOB B 9TOM CJlyuae pacCMOTpeH B [2].

HaJjiee 6yieM cuuTaTh, 4TO MOKA3ATEIN (1] U (o O3HAUATOT, YTO 3TU OOLEKTHI CBA3AHbBI
TEXHOJOTMUCCKH, TPUIEM BBIOOD TEXHOJOTMH SIBJISAETCH PE3YJLTATOM PA3JINIHBIX IKC-
IEPTHBLIX PEKOMEHJIAIUiT, 9TO MOOYKIaeT CUUTATL (v U (g CAYUYANHBIMU BEJIMINHAMM.
PacecmoTpuM ciiyuail, Koraa 9TH JiBe C.B. 3aBUCUMBI, a TOUHee ap = 1 — 1. O60o3HaunM
a1 = Q.

[Tycrs a(w) - npousBoJIbHAsL C.B., ONpPEJIEJIEHHAsI HA, HEKOTOPOM BEPOSITHOCTHOM 1P~
crpancrse (€, F, P) u upunumaroiiast 3uadenus va [0; 1]. Torga B kauecrse nesesoit
dbyukimn apbutpa 6yem pacmarpusarh F(F'), rie F - MareMaTrdeckoe 0XKuIaHUe M0
BEPOATHOCTHOI Mepe P.

B pabore paccmarpuBaercst ciaydail Koria « - €.B., UMEIOIIasi pABHOMEPHOE pacipe-
nenenne Ha [0; 1]. IIpw 9Tom ycmoBun mpoBoguTest nccanenopanne nosenenus F(F') ma
MHOXKecTBe D).
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TEOPEMA O CXOANMOCTU MATEMATNYECKNX OXKNJIAHUN
®YHKIIMIOHAJIOB OT CYMM HE3ABUCUMBIX CJIYYAMHBIX
BEJINYMH K PEITEHUIO 3AJTAYN KOIIIN JIJ11 YPABHEHU A

IITPEJIMHTEPA!

itH d*
dx?"

DO+

O6oznaunm uepes P! rpynny yuurapnbix oneparopos P! = e e H = —

1PaBoTa BHIIONHEHA TTPH TOAepKKe Poccniickoro mayaroro donza (mpoext Ne 17-11-01136).
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I'pynma P! nepesogut navaabyio dbynkmuio ¢ B pemenne u(t, -) ypasnenns [Ipémnn-
repa —1 % = %%.

ITycrs {¢; 721 - HOCJIEIOBATEIBHOCTD H.0.P. HEOTPHUIATEJIBHBIX CITyIaiiHbIX BEJINIHH.
Mpbl peAnosoXKuM, 9To caydaiiHasd BeJuduHa £ MMeeT KOHEYHBIH TpeTwil MOMEHT |
E¢ = 1.

Hagiee, nycrs n(t), t > 0 — cranjapTHbIi 1yaCCOHOBCKUIT 1IPOLECC, HE 3aBUCHIIUI

or {&}. O6oznaunm my = E& > 0, my = E& > 0.
Hast n € N onpegiesium niporiece (,(t), t € [0, T], nonarasi

n(nt)
G0 = = 3 —m)

Onpesennm nostyrpynmy onepatopos P, nonarast jiast ¢ € Lo(R)

Plo(z) =E ((w « B) (2 4+ eTG(t) + (oo * R (2 — eTCn(t))),

re dynxuus R samaercs ceoum npeobpazosannem Oyphe, MMEHHO
i*a’t|p|’

Toyn )

Ri(p) = exp (-

a (QYHKIUU @, ©_ ONpEJIENIoTcd Kak

o) =5 [ PR, o) =5 / " e (p)dp.

:% . :§

OyHKIMS Q. aHAJIUTUIECKU MPOJIOJIXKACTCS B BEPXHIOI MOJIYILJIOCKOCTh, & Y, CO-
OTBETCTBEHHO, B HUXKHIOIO.

Teopema 1. Cywecmeyem C > 0 maxoe, wmo daa aoboti dynryuu @ € Wy (R) u
scex t > 0 cnpasediuso

C't
|Plo — Plollr, < — llellw;-

. B. lIserkoBa (Pocros-na-/lony)
pilipenkolV@mail.ru

NHTEPIIOJIATITMOHHBIE MAPTUHI'AJIBHBIE MEPBHI HA
®MHAHCOBBIX PEIHKAX CO CUETHBIM YMCJIOM NCXOJI0B I
KOHEYHBIM I'OPU30OHTOM !

Pacemarpusaercs (1, Z)-pbiHoK, 3ajanublii Ha dbuabrpoBanaoM mpoctpancrse (2, F),
N . .
F = (Fi)p—g, 2 — cuérnoe mpocTpaHCcTBO 3j1eMeHTapHbIX coObrTnii. losaraem, 1ro B

! Nanmas pabota moamgepxana PODU (rpant 16-01-00184).
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HaYaJIbHbIH MOMEHT BPEMEHU BCsi CUTyallust Ha phiHke ussecrha ( Fo = {2, D}). Ilpu
nepexojie K MOMeHTY BpeMenu k = 1 Ha pbIHKe BO3HUKAET DsiJ[ HOBBIX (HETPUBUAJIb-

HBIX ) COOBITHI: Agl), Ag), o AZ(-D N Ag.l) = 0, U;’ilAZ(.l) = (). Ilonyuum o-anredpy
F1 = U{Agl) , Agl) , ... . st Toro, aTobbl onpeieuTh o-airebpy JFo BbiOepeM cirydaii-
HBIM 00pPa30M HATypaJbHOE YKCJI0, 0003HATUM €I'0: 551). PaccMoTpuM COOTBETCTBYIOIIEE

eMy coObITHE: A((;)l). IIpu nepexose or momenta k = 1 Kk k = 2 Oyjem cuuTarhb, UTO
1 2) 4@

TOJILKO 9TOT aTOM JIPOOUTCs Ha CIETHOE YUCIIO aTOMOB Ay 5 5., a OCTAJbHBIE ATO-
Mbl g-aJiredpbl F1 ocralorcs 0e3 u3MeHeHnus, Torja Jo = a{Aﬁz), AgQ), ..., F1}. TIpo-
JIOJIZKast 9Ty Tporeaypy aajee, nonyanm duisrpanuio F. [lycrs Z = (Zy, fk)fcvzo — F-
AJIAIITUPOBAHHBINA  CJTy9ailHbIii  TpOTece (MUCKOHTHPOBAHHASL CTOUMOCTb — aKIWN ),
P(Z,F) — MHOXKECTBO BEPOSITHOCTHBIX Mep P, Jijisi KOTOPBIX CJIydailHbIil Mporece
(Zk,Fk,P)JkV:O SIBJIIETC MapTruHrajom. IIpejmoaraemM, 9To0 MCXOJHbBIA PBHIHOK SIBJISI-
eTcs Oe3apOUTPaKHBIM M HENOJHbIM. B JoKjae OyneT IoKa3aHO KaK C IIOMOIIbIO
MapTHHTAJIBHBIX Mep, yraosiersopsiomux OCYXE [1], u cuenuanbhoit dunbrpanun H
XaapPOBCKOI'0 THUIIA, MHTEPIOJUPYIOMEH NCXOAHYI0 Guabrpalinio F, MOKHO TOCTPOUTH
nporiecc Y = (Y, Hy,, P)0°y, KOTODBIl HHTEPIIOIUPYET UCKXOAHBIH Tpomece Z. DToT
METO/I, IO3BOJISIET IIePEHTH OT UCXOJIHOI'O HEIIOJHOI'O0 PhIHKA K PACIIMPEHHOMY IIOJHOMY
1 Ha HEM BBIYKMC/IMUTH KOMIIOHEHTHI COBEPIIEHHOTO XeJ[XKa, PEIJINIUPYIOIIEro 3a,1aHH0e

punancoBoe 06s13aTEJHLCTBO.
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1. ITasnos U. B., I[eemxosa U. B., IIlampaesa B. B. O cymecTrBOBaHUM MapPTUHIAJIbHBIX MED, yJIOBJIETBOPAIOUIUX OCIa0/IeH-
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CTOXACTNYECKAA MO/IEJIb CUCTEMBI BBICOKOTOYHOI'O
ITOBNIIMOHNUPOBAHNAA ITYTENSMEPUTEJ/IBHOI'O BAI'OHA

Paspaborana MapKoBCKasi MOJEJb JIBUXKEHUSI CUCTEMbI BBICOKOTOYHOI'O IIO3UITHMOHM-
poBanus B yriax Jditsiepa-Kpbuiosa B hopme «obbekr-nabiroaressbs [1]. Ee npumene-
HUE JTaeT BO3MOXKHOCTDH ONPEJCTUTD OIEHKY BEKTOPa COCTOSIHUS CUCTEMBI BHICOKOTOU-
HOTO MTO3UIMOHUPOBAHUS IyTEU3MEPUTETLHOIO BaroHaB MHEPIUAJIHLHOM ITPOCTPAHCTBE
Ha JJINTEJILHOM WHTEPBaJe BPEMEHHM B YCJIOBUSIX JIeACTBHUs ITOMeX 0e3 NpPHUBJIeYeHMUsT
HAa3eMHbBIX CUCTEM OpueHTHpoBaHusi. [IpeuMyinecrBaMu 1101y Y€HHON MOJIEJIN siBJISIETCS
MaJasg MO0 CPaBHEHHWIO C APYTUMH MapaMeTpaMy pa3MepHOCTH U TO, UTO IIPHU ee TI0-
CTPOEHHNH HKCIIOJH30BAJINCH TOJHKO IMOKA3aHUA aKCEeJIepOMETPOB, PACIOJOXKEHHBIX Ha

rupocrabuisarope, u npubOpHbIN cocras He paciupsiics [2,3].
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OBOCHOBAHUNE BBIBOPA OIITUMAJIBHBIX CTPATEIUN
MHBECTOPOB HA ®MTHAHCOBBIX PHIHKAX CO CUETHBIM
YUCJIOM COCTOIHUMI !

Paccmorpum Gesapburparkubiii v HenoJabiil (B, S)-peiHok, 3aganbii Ha {2, F},
e Q = {w;}2,, F = (Fo, F1) — oanomarosas guibrpanust, Z = (Z;, F;)l_, — F-
aJIAITUPOBAHHDIN CJIyYaHBIId TIPOIecc (c.n.). C.n. Z — IMCKOHTUPOBaHHAS CTOUMOCTH
akiu. [lycrs Zy = a, Z1(w;) = b;,b; > 0,4 = 1,2,.... Byaem rosoputs, aro P €

o0
NBC' (yunoBnerBopsier yCJIOBUIO HECOBITQI€HUsI DAPUIIEHTPOB), eciu psijl » | b;p;

=1
> bipi > bip;
abcomorno cxomurea u VI, J € N (INJ = @,|I| < |J]) 55 # <=5 Unrepec
I J

IPEICTABIAIOT HEBBIPOXK/IEHHBIE MapTHHTAJIbHbIE Mephl P, KOTOpbIE YIOBJIETBOPAIOT
yeaosuio Heconagenust 6apuiieatpos (NBC). D1o yenoBue 1mo3Boisier 0THOCHTETbHO
IIPOU3BOJILHON ClIeNUaJIbHON UHTEPIOJUPYIONIEH XaapOBCKON (DUJIbTPAIIUU C TOMOIIHIO
MapTUHTaJ bHON Mepbl P € N BC' wHTepnoJupoBaTh HEMOJHBIA PBIHOK JIO MTOJHOTO.
B nmannoii pabore OyyT yTOUHEHBI JJOCTATOUHDLIE YCJOBHUS JIJIsI MapaMeTpOB DPBIHKA,
KOTOPbIE ObLIU 1I0JIyYeHbl paHee u oiybukoBanbl B [1]-[2] u obecrieuar cymecrsoBanue
TaKO MapTUHTAJIHLHON Mephl.

[IporpaMMHBIil KOMILJIEKC, OCHOBAHHBIN HA 9TUX PE3yJbTaTaX, MO3BOJUT MPUMEHSIThH
METOJI, CIEIUAIbHBIX XaaPOBCKUX MHTEPTOJIANNH K pacieram Ha 6e3apOuTparkHbix (u-
HAHCOBbBIX PbIHKAX, YTO CYIIECTBEHHO 00JierduT BbIOOP ONTUMAJILHBIX CTPaTernil nHBe-

CTOPOB Ha CbI/IHaHCOBbIX PbIHKaX.
JUTEPATVYPA
1. Ilasaos H.B., Illampaesa B.B. // HoBble pe3ysbTaTsl O CyLECTBOBAHUU MHTEPIIOJISIIHOHHBIX MapTUHIAIBHBIX Mep. //
VYenexu mMaremarndeckux Hayk, 72:4 (2017), 193-194.
2. Illampaesa B.B. // O cylmecTBOBaHWN CHENWUATHHBIX WHTEPIOJSIMOHHBIX MAPTHHTAIBHBIX Mep, JOMYCKAIIUX Ipeobpa-
30BAHUE HETIOJHBIX (DPUHAHCOBBIX PHIHKOB B MOJIHBIE. Teopus BepoATH. m ee mpuMen., 62:4 (2017), 798-839.

! Nanmas pabota moamgepxana PODU (rpant 16-01-00184).
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Abdulrahman H., Skorokhodov V. A. (Rostov-on-Don, Russia)
abdulrahm.haidar@gmail.com, pdvaskor@yandex.ru

ON DYNAMIC RESOURCES NETWORKS. THE CASE OF LOW
RESOURCE

We consider ergodic dynamic resource network G(X, U, f, D) [1,2]. Each arc u of
such network has an throughput capacity r(u), wich is periodic depended on discrete
time with period D. Every node of the network stores some amount of «resource». This
resource disseminates through networks according to the specified rules.

Set of values {q;(t)} i € [1;n]z are called network G state in the moment ¢ and each
of these values ¢;(t) is called the quantity of resource in vertex ¢ in the moment t.

We define rules of functioning of the dynamic resourse network: for each i € [1;n]z

a4 =al)— S Fo+ 3 Flu),

vE[z;]t(t) vE[z;]~(t)

where F'(v,t) is a the resource flow value, which passes through the arc v in the moment
t.

We consider only such networks, wich are K-cyclic ergodic graphs and if K = 1,
such graph is called regular.

Methods of finding threshold value of resource and limit state on the dynamic
resources networks, wich based on construction of auxiliary graph G’ similar to nonstandard
reachability, are developed in case of low resource.

Proposition. Let G — be an ergodic dynamic resource networks with period D.
se(G)
> T(H;)

1. The threshold value of G i1s T' = “=5——, where H; is a connectivity component
of auxiliary graph G' and sc(G") is the number of such components. Values T(H;) can
be found such as it was described in [2];

2. In case W =T the limit state Q* of G exists and is unique.

REFERENCES
1. Kuznetsov O. P., Zhilyakova L. Yu. Nonsymmetric resource networks. The study of limit states. Management and Production
Engineering Review. 2011. Vol. 2, No. 3. pp. 33-39
2.
2. Skorokhodov V.A., Chebotareva A.S. The Maximum Flow Problem in a Network with Special Conditions of Flow
Distribution. Journal of Applied and Industrial Mathematics. 2015. Vol. 9, No. 3. pp. 435-446.

A.M.S. Al-Temimi, V.S. Pilidi (Rostov-on-Don, Russia)
ammar.comsec.it@gmail.com, pilidi@sfedu.ru

ON THE THRESHOLD VALUES FOR CANNY EDGE DETECTOR IN
THE CASE OF MEDICAL X-RAY IMAGES

Canny edge detector [1] is an effective algorithm for finding boundaries in the digital
image. Analysis of intensity gradients of the image is the main step of this algorithm.
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Here there are used two different thresholds (to detect so called strong and weak
edges) for the values. The algorithm includes weak edges in the output only if they
are connected with the strong ones. These values are chosen by the user, and the result
depends on them significantly.

This edge detector was used in the algorithms [2] which permit to analyze medical
X-ray images of the human joints and find the so called reference lines and angles [3]. As
a result of the experiments, the optimal values of the parameters of the intermediate
algorithms (including values if thresholds mentioned above) were determined, which
allowed automatic processing without additional program setting in the case of an
average quality image. The obtained after Canny detector image required extensive
additional processing to find the details that were important for medical analysis.

In the programs created on the basis of the developed algorithms, a manual correction
of the thresholds was provided, which, of course, significantly slows down the work with
the image.

Our experiments showed that it is possible to automatically find these thresholds,
using only the statistical characteristics of the image. This significantly improves the
quality of the definition of boundaries and, as a result, the need for further processing

of the image disappears or substantially decreases.

REFERENCES
1. Canny J. A. Computational Approach to Edge Detection. IEEE Transactions. 1986. Vol. PAMI-8, No. 6, pp. 659-663.
2. Al Temimi A. M. S., Pilidi V. S. Automating the process of determining the reference lines on the X-ray medical images.
2017. Engineering Journal of Don. No. 1 ivdon.ru/ru/magazine/archive/n1y2017/4007

3. Solomin L. N., Shchepkina E.A. Opredelenie referentnyh linij i uglov dlinnyh trubchatyh kostej: posobie dlja vrachej
[Determining reference lines and angles of the long bones: a manual for physicians]. SPb.: RNIITO im. R.R. Vredena, 2010. 46

pp.

M. A. Stepovich®, A.N. Amrastanov’, E. V. Seregina” (Kaluga, Russia),
M. N. Filippov’ (Moscow, Russia)
“m.stepovich@rambler.ru, ﬂan_amr@mail.ru, Tevfs@yandex.ru,
‘mn@filippov.org.ru

ON ONE PECULIARITY OF THE MATHEMATICAL MODEL
DESCRIBING THE INTERACTION OF THE ELECTRON BEAM
WITH THE SEMICONDUCTOR MATERIAL

The problem of heat distribution in semiconductor materials irradiated with sharply
focused electron beam in the absence of heat exchange between the target and the
external medium has been considered by mathematical modeling methods. The three-
dimentional differential equation of heat transfer is solved in a cylindrical coordinate
system. In the quantitative description of energy losses by probe electrons, a model
based on a separate description of the contributions to the energy of absorbed and
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backscattered electrons is used [1]. Using the features of this approach, the nonmonotonic
dependence of the temperature of the maximum heating of the target AT on the energy

of the primary electrons Fj is explained. The results of the calculations show that the

contribution of electrons absorbed in the target to the total energy losses of the probe

electrons in the target is decisive for the probe energy of less than about 2...3 keV.

We note that for heavy semiconductors (for example for CdTe), the energy loss of
the absorbed electrons becomes practically zero at an energy of about 8 keV. For light

samples (for example for Si) and samples with average ordinal numbers (for example for

GaAs), the energy losses absorbed by the target absorbed and back scattered (reflected)

electrons become commensurate with the electron energy of the probe about 8 keV,

and at higher energies the contribution of backscattered electrons predominates. This

can be explained by the deeper penetration and large scattering in the target of the

probe electrons and, as a consequence, the lower probability of the exit from the target

of electrons experiencing small-angle scattering in the volume of the semiconductor.

This work was supported in part by the Russian Foundation for Basic Research,
project no. 16-03-00515.

JUTEPATYPA
1. Mikheev N. N., Stepovich M. A. Distribution of Energy Losses in Interaction of an Electron Probe with Material. Industrial
Laboratory. 1996. Vol. 62, no. 4, pp. 221-226.

M. A. A6aenxadus, B.I'. ubyaun (FOxkubiit denepaabHblii yHUBEPCUTET,
Pocros-na-/lony, Poccust)
mostafa.abdallah@yahoo.com

KOCUMMETPUS 1 MOJIEJINPOBAHNE AHN30OTPOITHON
KOHBEKIINU HAHOYKMIKOCTUN B TIOPUCTOM CPE/IE

Jitst MoeTMpoBaHUsT KOHBEKIINN YKUJKOCTH B TIOPUCTOM CPeJie NCIOIB3YETCs MOJIEIh
Hapcu-Byccnnecka. B 1110cKoit 1ocTaHOBKE paccMaTpuBaeTcs 3ajiada O 10JA0IpeBe Ha-
HOXKUIKOCTU B 1psiMoyrosibauke ) = [0, a] X [0, b] upu suneitnom 110 BbICOTE PAcIpe-
JIeJIEHUU TeMIiepaTypbl U KOHIeHTpalun Hanovyacruil. Qs dynkinuu roka ¥ (x,y,t),
OTKJIOHEHWI TeMmmeparypbl 0(z,y,t) u KoHieHTpaiuu c(x,y,t) CTABUTCS HAYAIbHO—

KpaeBagd 3aJada ¢ y9eTOM OPTOTPOINU CBONCTB KUJKOCTU U CPEJIbI

0= Mllwyy + MZmeL‘ + 0, + Cxs

0= dﬂexx + d%;eyy T /\T% T J(¢; 0)7 J(% 9) - Qx% o Qy%,
¢ = d)Cox + dSycyy — Ny + dS 0, + dS5 0, — J (1, C).
[¢767C]6Q - 07 e(xayao) = QO(xay)7 C(l’,y,O) = CO(xay)'
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Binecs AT — temmeparyproe uauncio Pasesi, AC — kommnentpanumonnoe qucio Pasest
T C cT
i, di,  di,  d

o di (1 = 1,2) — koaddurperTsl 0OPATHON TPOHUIIAEMOCTH, Tell-

JIOITPOBOJIHOCTH, MOJIeKyJIsipHOil udpdysuu u repmouddysnu (scbdexr Cope).
YcTaHOBJIEHBI YCJIOBUSE

pndSy = poadSy, [—poodyy + pnd$y' | diy = [—dS, + d55' | paady;,
LIPU KOTOPbIX KOCUMMETPUEH CUCTEMBI OYJIeT BEKTOP-(DYyHKIMSI

_ _ CcT _ C
= (9 + ¢, 519, S2¢)a S1 = p [d22 } /d 22? Sy = —Mll/dzz-
HpI/I yCJIOBI/IEIX KOCUMMETPpHUN N OJId cnyqaﬂ MOHOTOHHON HGYCTOIL/'IT{I/IBOCTI/I BBIBOJUTCA
COOTHOIIICHNE, CBA3BIBAIOIIEE KPUTUUECCKHIE ducaa Pajes A a2\

Moo [d5 = dST] 4+ d0G, = amtdlid (B2 + 1)

crit — b2

IIpu A\¢ = 0 nosyuaercs KpuTudeckoe 3HaueHus uducia Pajes (Uss. PAH. M2KT.
2017). st Borauc/ieHus KOHBEKTUBHBIX PEKUMOB mpuMensiercs meton ( 2KBMuM®,
2017), coxpaHSOMUl KOCHMMETDHIO 381t H.

H.B. Boes (Pocros-ua-/lony, Poccust)
boyev@math.rsu.ru

PACCE4HUE YJIBTPA3BYKOBBIX BOJIH HA CKOIIJIEHUAX
TBEPJIBIX BKJIIOUEHUI B IBYMEPHOI YIIPYTION CPEJE C
YUYETOM UX JIFOBBIX OTPAYKEHUN I TPAHC®OPMAITUN

Hasnnaue TBepbIx BKIIOYEHNIT B OJTHOPOHOM YIIPYTOM MaTepHaJie CyIeCTBEHHO Me-
HSIET €r0 CBOMCTBA B PEXKUMe JUHAMUUIECKOIO BO3JIEHCTBUA HA, HEr0. JTO 0OCTOSTE b
CTBO 1I03BOJIIeT OTHECTU ero K MeramarepuaJjaM, CBONCTBa KOTOPbIX MHTEHCUBHO U3Y-
JaroTcd B HacTosdIee BpeMs. McemenoBana 3a/1aua NpoxXoXK IeHU YIbTPa3ByKOBBIX BOJH
4yepes3 CKOILJICHUS TBEP/IbIX MPenATCTBUN (B TOM YUCJE U TIePUOJINYCCKON CprKTypbl),
HAXOJIANINXCA B OECKOHEUHO JIBYMEpPHOI YIIPYToil cpejie.

B ckorienue npensiTtcTBuit BBOJUTCS UMITYJILC C TOHAJIBHBIM 3aII0JHEHUEM HECKOJIb-
KUMU IIEPUOJaMU IIJIOCKOU BBHICOKOYACTOTHON, MOHOXPOMATUYECKON IIPOJIOJHLHON NIA
1OIIEPEYHON yIPYIoil BOJIHBI, & B HEKOTOPON 00JIaCTU YHPYIO# Cpejibl HPUHUMAET-
Csl TIPOIIE/IIIAasl BOJHA C JIIOOBIME BO3MOXKHBIME OTPAXKEHUSAME (IIPOJOJILHOIN BOJIHBI
B MPOJIOJIbHYIO, TIOMEPEYHOl BOJHBI B MOMEPEUHY0) U TpaHchOpMaIusiMu (poI0b-
HOW BOJIHBI B TIOTIEPEYHYIO, TTOTIEPEYHON BOJIHBI B HpO;Loanyfo). BricokouacToTHBIH
peXKuM KojiebaHuii MMO3BOJISIET CTPOUTL PeIleHHre 3aJ1adi Ha OCHOBE I'eOMETPUUECKOi
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reopuu judpakuuu (['TI). Bagaua uccsepyercs B 10kajabHOM 110cTanoBke. CrposiTes
TPAEKTOPUHN JIydeil pacipocTpaHeHtsT YIIPYTUX BOJH C YUETOM UX OTParKEHUil U TpaHC-
dopMmaruit B ToUKax 3epKaJbHOI0 OTParKeHHsI Ha IPAHUYIHBIX KOHTYPaX MPEIsTCTBUIA.
TpaekTopuu Jiyueil NpejcTaBjiIsioT coDOi 1JIockue joManblie JuHun. [Ipu nmpoxoxe-
HUM KaXKJI0T'O JIyua U3 UCTOUYHHMKA BOJIHBI Yepe3 CKOILJICHKE IPeIsTCTBUi 00pa3yeTcs, B
o0I1IeM cjiydae, KOHETHOe YKCJIO JIydeil ¢ PasjiIndHHbIMUA TUIIAMU OTPAXKEHUM 1 TPaHC-
dopmaruit ynpyrux Boyis. B 0b0acTh mpuemMa MOI'yT IOIACTh KaK Bce 00Pa30BaABIINECS
JIy9d, TaK U 4acTh UX.

WuTerpanbuble mpejcTaBiIeHns MepeMenennii B IepeoTpaKeHHbIX BOJIHAX BBIIKACA-
HbI Ha, OCHOBE (pusmaeckoit Teopun jgudpakimn Kupxroda. AcuMIToTuIecKoi OneHKoit
KpPaTHBIX JUQPaAKIMOHHBIX UHTEIPAJOB METOJIOM MHOI'OMEpPHOM CTalMoHapHO# (a3l
BbIIKUCAH SIBHBIM BUJ[ F€OMETPOOITUYECKOIO ITPUDJIMKEHMST [IepeMEeleHUIT B MHOIOKPaT-
HO OTpPaXXeHHBIX BoJiHAX. [locjie 3TOr0, B 00JIACTU MpUEMa UMITYJIHCA aHAJU3UPYIOTCS
¢a3bl U BeJIUUUHDI IIepEMeIeHi B IPOMIENINX TPOAOJbHBIX U MOINEPEUHbIX YJIbTPa-
3BYKOBBIX BOJIHAX.

VccnemoBanus mpoBeieHbl Ipu prHaHCOBOI noaaepxke Pocecniickoro Hayunoro @omn-
na, rpaaT Ne 15-19-10008.

. B. Boraues, A. O. Barynaban (FOx#Hblit dbeepaibHbIll YHUBEPCUTET,
Pocros-na-/lony, Poccust)
bogachev89@yandex.ru

O PEKOHCTPYKIINN XAPAKTEPNCTUK
OYHKIIMOHAJIBHO-I'PA/IMEHTHOI'O /INCKA C YYETOM
PEOJIOI'TNN

AKTHUBHOE HCIOJIB30BAHUE MbE309JICKTPUICCKUX IIpeodpasoBareseil B COBPEMEHHBIX
TeXHUYECKUX YCTPOMCTBAX B HACTOMdAINEe BpeMsi BjedeT 3a co0O0il pasBuUTHe MojeJieit
dbyHKIMOHATBHO-IPaIHeHTHBIX Thesonosmmepos (PI'TIII), coiicTBa KOTOpBIX HEmpe-
PBIBHO M3MEHSIIOTCS OTHOCUTEIbHO KOOPAMHAT. TaK»Ke OTJIMINTEIbHBIMI OCOOEHHOCTSI-
mu OI'III gpasiiorcss 3HadYUTENbHBIE KOY(MDMUIMEHTHI 3aTyXaHusl, HU3KASA TEeIIOIPO-
BOJIHOCTb, HAJIC2KHOCTH M JIOJIIOBEYHOCTD IIPU IUKINUECKUX Harpy:kenusx. CoBpeMeH-
Hble TexHoJiornu 1mo3poJistiorT n3rorapiauarhb OI'TIII co 3HaunTebHbIMI THATTA30HAMET
U3MEHEHUs] MEXQHUYECKUX U IIbE309JIEKTPUIECKUX CBOUCTB, BBUJLY Y€I'0 CYIIECTBEHHYIO
3HAUYMMOCTD [IPUOOPETaeT CO3/[aHIe HOBBIX METO/INK MX UJICHTU(MUKAIINK C [IeJIbIO CPaB-
HEHNSA XapaKTEPUCTUK M3TOTOBJEHHBIX MATEPUAJIOB ¢ PACIETHBIMU.

B nacrosiiieit pabore paccmoTpeHa HOBasi oOpaTHast 3a/1a4a uaeHTH(MUKAINT CBOICTB
PYHKIMOHAJIBHO-I'PAJMEHTHOIO 1IbE30KEPAMUIECKOIO JINCKA ¢ PAJIMAJIbLHON 110JI1sipr3a-
nueit npu Hajauunu d¢dekra 3aryxanud. [Ipejamosaranoch, 9T0 MOIYINA YIPYTOCTH
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JIJTsl HETIOJIIPU30BAHHON KepaMWKN U JMIJIEKTpUuIecKas MPOHUIAeMOCTh W3BECTHDLI 1
TpedyeTcst ONPEJIENTh 3aKOHBI M3MEHEHU ST TThe303JICKTPUIECKIX XapaKTEPUCTUK C yUe-
TOM 3aTyXaHus KakK (PyHKIUN PaInaIbHON KoOpanHaThl. OQUpeessioniue COOTHOIEHUST
9JIEKTPOYIIPYTOCTH JJII THe30TONMepa ¢hOpPMYyJTHPOBAHBl HA OCHOBE KOHIIEIIINNA KOM-
IIJIEKCHBIX MOJTyJIeil ¢ UCTOJIb30BaHNeM TPUHITNAIIA, COOTBETCTBUSA U MOJIESN CTAHIAPTHO-
1o Ba3KOympyroro tesa. s perenus 3aa4uu pazpadoran 3pPeKTUBHBIN TPOEKIUOH-
HbIl MeTOJI, OCHOBAHHbIN Ha pa3J/ioKeHUU (PYHKIUMU CMEIEeHUsT U UCKOMbIX (DYHKIMH-
XapaKTepUCTUK TIO CUCTEMaM JIMHEHHO He3aBUCUMBIX (DYHKIUH, KOTOPBIH MTO3BOJIS-
eT OIpeJIeJisiTh UCKOMbIE MhE303JIEKTPUIECKNE XapaKTEPUCTUKN B KJIacce JIMHEHHBIX
dyuknuit. Ero adpdekruBHOCTD TPOUIIIOCTPUPOBAHA, BHIYUCIUTE/ LHBIMU KCIIEPUMEH-
TaMH.

Pabota BbinosiHeHa 1pu nojiepkke Poccuiickoro dponia pyHaMeHTAIbHBIX HCCIIe-
nosanuii (mpoekt 16-01-00354 A) u Munobprayku P® (npoexkr Ne 9.4726.2017/8.9).

4. M. Epycamumckuii (Pocros-na-/lony, Poccus)
ymerusalimskiy@sfedu.ru

I'PA®DBI C P-O'PAHNYEHNAMUNM HA JTOCTU2KNMOCTD

Pacemorpenst opuentuposantbie rpabbl G(X, U, f) ¢ p-orpannieHusiMu Ha J10CTH-
XKuMocTh. Muoxkectso nyr rpada U = U UUy, Uy # 0, Uy £ 0, Uy NU; = 0.

Tosopsit, uTo MyTh Ha rpade yaoBIeTBOpsierT ycioBuio p-jocrmxkumoct (p € N),
ecJii Ha HEM 3a KaxKJI0# p-oii jiyroit u3 muoxkecrsa Us ciieyer jyra u3 muoxecrsa Uj.
['pad, HA KOTOPOM pacCMATPUBAIOTCS TOJLKO IYTH, YIOBIECTBOPSIOIIAE YCIOBUIO P-
JIOCTUKUMOCTH, Oy/IeM Ha3bIBATh I'padOM € p-J0CTHKUMOCTBIO. ['padbl ¢ pa3iudHbIMK
OrpaHUYeHMsIMU Ha JIOCTUXKUMOCTh paccmarpusasuch B paborax [1|-[5].

st rpadoB ¢ p-HOCTHKUMOCTHIO IIPEJI0XKEHA, KOHCTPYKIUsT PA3BEPTKUA — BCIIOMO-
rareyibHOTO I'pada. IJTO MO3BOJIAET CBOJUTH pelIeHHe 3aJla9d O KPaTdailnmxX MyTHIX,
VJIOBJIETBOPSIIOIINX YCJIOBUIO P-JOCTHXKUMOCTH, W 33Ja9d O CIYUANHBIX OJIy K IAHWUSIX
10 TAKKM IIYTSIM K PEIIeHUIO 3a/1a91 O KPATIalIlnxX My TsaX U O CJIYIailHbIX OJ1y 2K JaHK-
sIX Ha ero pasBépTKe 0e3 orpaHnveHuil Ha JOCTHXKUMOCTL. CxeMa CBeJIeHHs IIOPOOHO
ormucana B [1].

Paccmorpen rpad-perierka ¢ 2-0orpaHindeHusIMI Ha JIOCTHAKUMOCTD (MHOXKecTBO U] —
POpUBOHTAJIbHbIE JiyrH, a MHOXKecTBOo Us — BepruKkajibHble jiyru). Peryisiprasi KoH-
CTPYKIIMS rpada-peméTKi M03BOINIa HAUTH KOJUIEeCTBO 2-OrpaHUYIEHHbIX IyTei, Co-
eJIMHSIONINX IIapbl BEPIIMH pelleTKu 0e3 1mepexojia K pa3BepTKe.

JUTEPATVYPA
1. Epycaaumcrut 4. M. T'padbl ¢ HECTAaHAAPTHON AOCTHAKMMOCTBIO: 3anaan, npunoxkenus / .M. Epycanmmckuii, B.A.
Cxopoxomos, M.B. Kyssmuuosa, A.T. Tlerpocsin / Pocros u//1: FO®Y. 2009. 195 c.
2. Epycanumckuti .M., Croporodos B.A. I'padbl ¢ BEHTHIBHOM JOCTHKUMOCTHIO0. MapKOBCKHUE IIPOIECCHI U IOTOKU B CETAX
// U3Bectua By30B. Cesepo-Kaska3ckuii permon. Ecrectsennbie mayxu. 2003, Ne2; cTp. 3-5.
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5. I.M. Erusalimskiy. 2-2 ways on a graph-lattice // CoBpemeHHBIE METOBI U TIPOOJIEMBI TEOPUM OIIEPATOPOB U FAPMOHMYE-
CKOro aHa/m3a u ux npunoxenus—VII, marepunansr koudepenmun, Pocros-na-lony, 2017, crp. 144-145.

2K. M. ITerposa, B. 5. IIreitu6epr (FOxubiit PenepanabHblii yHUBEPCUTET,
Poccus)
jumana.abukhalil@gmail.com borsteinb@mail.ru

ITEPEHOC ITAPAJIJIEJIBHBIX ITPOI'PAMM BbBIPABHVBAHUAA
HYKJIEOTUJAHBIX IIOCJEJOBATEJILHOCTEN

B jannoii pabote rmoJiyueH napaJiie/ibHbIi aJropuT™M BbIpaBHUBAHUS 11OCJIEI0BATE b-
HOCTEH, yIUThIBAIOIIMI MepapXuio NaMsTh. 3a/ia49a BbIPABHUBAHUSI TTOC/IE0BATE/IbHO-
cTeil BO3HUKaeT B OMOMH(MOPMATUKE U IPU aHaJu3e OOJIBIINX TEKCTOB Ha €CTECTBEH-
HBIX sI3bIKax (HampuMmep, NPy aHaJu3e COIUATbHBIX ceTeil). AJIMOpUT™M OPHEeHTHPOBAH
H& MHOT'Os1JIEPHbIN MPOIECCOP ¢ 00IIel MaMsAThbIo U BOBMOXKHOCTHIO BEKTOPU3AIIUHN.

B pabore paccMaTpuBaeTcs MOJIETb BHIYUCIUTEBHON CHCTEMbI, 00J1a/1a101ass HECKOTb-
KUMU sAJIpaMU, BEKTOPHBIMUA PETUCTPAMU ¥, XOTs Obl, IBYMsI YPOBHAME KIII-TIAMSITH.
Byjiem canrarh, 9ro y mporeccopa ecth KII-60JbIM0N MeJIIIeHHBII (HU3KOTO YPOBHS ) 1
MaJIbI-ObICTP bl (BbICOKOI‘O ypOBHﬂ). [Tpu srom, BOJIbIIOE-MeIJIEHHBIT K11 sBJISIeTCs
OOTIMM JIJIsT BCEX BBIUYMCIUTENBHBIH s/1ep, MaJbIi-ObICTPBIH — Y KaXK0T0 BITHCIUTETh-
HOTO s1JIpa CBOJA.

st perienust mpoOJieMbl IEPEHOCUMOCTHU U yBeJinueHus 3pMeKTUBHOCTH 1TPOrpam-
MbI BLIDABHUBAHUS BBITOJHEH TEPEXOJT K OJIOTHBIM BHITUCICHUSAM (TAHINHTY) HECKOJb-
KuX ypoHeii. Vcxonnad 3aj1ada pa3dbuBaeTcs Ha MeJKUe MoA3aadu, Y KaXK 0l UX KO-
TOPBIX JIAHHBIE TIOMAJAI0T B KIII-TIAMSITh.

JJist IOBBIIIEHUS TPOU3BOJIUTE/ILHOCTHU HIPOI'PAMMbI 1IPU BHIIIOJIHEHUU HA CUCTEMaX C
BEKTOPHBIMHU PETUCTPAMU MpOBeJieHa BeKTopusamusa Koga. [lepepazmernienne JanabIx
BHYTPH KazKJIOTO OJIOK& MO3BOJISIET MPUMEHAThL BEKTOpHbLIE omepaluu. BbraucieHus
BHYTPH Ka kJIOrO OJIOKa BBITIOJHSIIOTCS B BEKTOPHBIX perucrpax. Ciepyer orMeTnTh,
YTO TaKOH TaKOe COBMEIIEHUE BEKTOPHBIX W OJIOUHBIX BBIYUCJIECHUN TTOBBICHJIO OBICTPO-
JleficTBrE TPOrpaMM BBIPABHUBAHUS B JIBa pasa JJjis mnocjeoBaTenbrocTeit quuant 200
000, B cimyuae napHoro BeipaBHuBaHusd, u 15 000, B ciyyae MHOXKECTBEHHOI'O BbIpaBHU-
BaHusi. [Ipu arom, 06beM UCIOIB3YEMO AMSITH YBEJUINJICH HESHAUUTEJIHLHO.

AHan3 mepeHoCuMOCTH TTapaJsiIebHON TPOrpaMMbl BRIPABHUBAHMS MTOCJIE0BATE b

HocTeit 6e3 morepu abdexTuBHOCTH TpecTasieH B [1].

JUTEPATVYPA
1. Aby-Xaaun 2K. M., I'yda C. A., IlImetinbepe B. A. Tlepenoc napasiesbHbIX HporpamMmm ¢ coxpasenueMm 3hdEKTUBHOCTH.
«OtkpoiTeie cuctemsr CYB/I». 2015. Ne. 4, crp. 18-19.
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CTPYKTYPHBIE METOJIBI TIPOTHO3UPOBAHU S BPEMEHHBIX
PAIOB

[Toceaue rojibl HEHPOHHBIE CETU TPOJIEMOHCTPUPOBAJIU BIIEUATIISAIONINE PE3YJIbTa-
Thl, HalIpuMep, 00paboTKa eCTECTBEHHOI'O si3blKa, KOMIILIOTEPHOE 3peHUe, Paclio3HaBa~
HUE peur, aHaJu3 BPEeMEHHBIX psijioB. OJHUMHU M3 CaMbIX MOIIHBIX B OOHAPYXKEHUU
3aBUCUMOCTH B JIAHHBIX II0CJICJIOBATE/ILHOCTEN SIBJISIOTCS PEKYyPPEHTHbIC HeflpOHHBIC
ceTu U 0cobEeHHO Jloro-Kparkocpounas namsrh (LSTM)[1], koropasi xoporo pabora-
eT C BpeMEHHBIMI JIAHHLIMHU C JIOJITOCPOUYHBIMU 3aBUCUMOCTSIMU OJ1aroiapss MeXaHu3My
BHyTpeHHell maMaTu. He cekper, 4To 9TOT yciex OCHOBaH HE TOJIBKO Ha BO3MOXKHOCTSIX
APXUTEKTYPHI CETH, HO U CBSI3aH C KAYeCTBEHHOM 1pe100pabOTKON MCXOMHBIX JaHHBIX.
BbicOKOypOBHEBbBIE 1IPEJICTABICHUSI BPEMEHHbBIX PsiJIOB OY€Hb 4aCTO JIal0T OOJIbIle MH-
dopMmaluu o moBeIeHNK MpoIecca, YeM UX aOCOJIOTHBIE 3HAYCHUSI.

B nanHOil paboTe OCHOBHOE BHUMAHHE YJIEJISETCS HU3YUEHUIO ¥ IIPOIHO3UPOBAHUIO
JIOKAJIbHBIX TEHJICHIIMI BO BPEMEHHBIX PsijlaX C IIOMOIIbIO PEKYPPEHTHBIX HEHPOHHBIX
cereit LSTM. /s npeaBapuTeabHOil mpe1o6pabOTKH JaHHBIX UCIOJIb30BAHBI KYCOUHO-
JIUHEeHasd allpoOKCUMAIAAd [2], KaK, IO0XKaJIyii, Harbojiee 4acTo UCIOJIb3YyeMblil MeTO/I
00paboTKM JIAHHBIX, KYCOUHO-JIOTapudMuUIecKas almpoKCuMallns, JIOKaJbHbIE TJIaBHbIC
KOMIIOHEHTHI [3], jiuHamuueckoe npeobpazosanue Xada [4], ajjanruposantbie aBropamu
JUI X ucnoJib3oBanus ¢ LSTM.

[Ipennonaraercs, 9TO MIOCJIEIOBATENIHHOCTh MCTOPUUECKUX JIOKAJHHBIX TEHJECHIHIT
OIKMCHIBAET JIOJIOCPOUHYIO B3aMMOCBSI3b BO BPEMEHHOM Psijly W, TAaKUM 00pa30M, ecre-
CTBEHHO BJIMSIET HA U3MEHEHUE CJIEJLYIONIEro JIOKAJIbHOIO TPEH/Ia.

VccnenoBanue BbIIoJIHEHO pu (puHaHCOBOM nojiepkke PODI B paMKax HAyUHOIO
npoekTa N 17-01-00888 a.
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HEYETKO-MHOKECTBEHHBIN AHAJIN3 9KOJIOTNTYECKOI'O
COCTOAHU L PETIOHA HA ITIPUMEPE POCTOBCKON OBJIACTHA

Pa3pa60TaHa METOMKa OINEHKHN 3KOJOI'MYIECKOI'O 6JIELFOHOJIyLH/IH permoHa Ha OCHOBE
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T cdep PasHOPOJHBIX IIOKa3aTeJell, TAKMX KaK: COCTOSHHE aTMOCdepbl B KPYII-
HBIX TOPOJIax, KavyeCTBO BOJIbI, PUPOJIOIOJIHL30BAHUE B PErUOHEe, BJIWAHUE IKOJOTrnYe-
CKOII Ccpejibl Ha 3JI0POBbE HaCeJeHMs, JMHAMUKa KaTacTpod B pernoHe. B kauecrse
UCXOJMHDBIX JIAHHBIX MCHOJb30BAHbI BPEMEHHbBIC DALl COOTBETCTBYIOIINX MMOKA3aTeJICH
1o PocToBckoii obnactu. MeTojinKa ocHOBaHa Ha IPUMEHEHUU CTaHIapPTHBIX HEUETKHUX
muoroyposuesbix [0,1]- kiaccudpukaropos. OHa M03BOJISIET MPOAHATUUPOBATH KaAXK-
JIy10 u3 cpep 110 KoMIliekcy HauboJjiee BaXKHbIX 10KazaTe/ieil, a Takke chopMUpoBaThH
YUCJIOBYIO OIIEHKY cepbl HA OCHOBE yueTa KaK ypoBHel IoKa3arejeil, TaK U UX JUHa-
MuKu. Vcnmonab3yemast cucreMa HeUeTKO-JJOTMIECKUX BhIBOJIOB TTO3BOJISET arperupoBaTh
copMUpOBaHHbBIE OIEHKK B UTOTOBYIO OLEHKY PErMOHa, YCTaHABJIMBAIOILYIO yPOBEHD
ero SKOJIOTUIECKOTr0 OJIATOMOIYIHSI ¥ TO3BOJISONIYI0 PAHXKHUPOBATH PETMOHBI HA, OCHOBE
[MOJIYY€HHBIX OIEHOK.

Astropurm (hopMuUpOBaHUsT KOMILJIEKCHON OIEHKH 00bEKTa Ha OCHOBE COBOKYITHOCTH
1oKasareJieil BKJtodaeT B cebs 11s1Th dTalios. 1. BBejenue B paccMoTpenue JIMHIBUCTH-
YecKOi IMepeMeHHOI «KOMILIEKCHas OIleHKa COCTOsIHMsI OO0beKTa Ha OCHOBE COBOKYII-
HOCTH IIOKa3aTeJieil», OollpeJie/IeHne ee YHUBEePCAJIbHOTI'0 MHOXKECTBa, TepM-MHOXKECTBA,
dyHKIMI npuHaIe>KHOCTH TepMoB. 2. DopMupoBaHme CIIMCKa 3HAYMMbIX TOKa3aTe-
JIeii, pacdeT HOPMUPOBAHHBLIX 3HAUYEHUI MOKazaTeseil. B 3aBUCHMOCTH OT MOCTAHOBKH
381491 IPUMEHSIOTCS JIBE PA3HOBHIHOCTH HEIETKUX MHOTOYpOBHEBbIX [0,1]- Kimaccudu-
KaTOPOB: CTaTU4IecKne u JuHaMudeckre. CraTndeckre KaacCu(PUKATOPhI NCIOIB3YIOT-
Cs1 JIJIsE OIIEHKM YPOBHSI OIEHUBAEMOI'O KauecTBa 00'beKTa IPU YCJAOBUU CYIIECTBOBAHMUS
9TaJIOHA OlleHMBaHUs. JIuHAMUUecKHe KJIacCH(PUKATOPLI MPUMEHSIOTCS JIJIs aHaJIn3a
A3MEHEeHNsd OICHNBAaEeMOI'0 KaueCTBa BO BPEMEHHU Ha OCHOBE BPEMEHHDBIX PAJIOB CTATHU-
CTUYECKHX JAHHBIX B OTCYTCTBHM 3dTajoHa. 3. Oupejenenne JUHIBUCTUICCKAX TePe-
MEHHbBIX «yPOBHM lOKasarejeii». 4. PanxkupoBaHnue 1okazaresieil Ha OCHOBE dKCIIEPT-
HBIX OIEHOK, pacueT X BECOBLIX KO3hGumumenTos. 5. ArpernpoBanne HOPMAPOBAHHBIX
3HAYEHUI MToKa3aTeeil B KOMIIEKCHYIO OLIEHKY COCTOSTHUsT OObeKTa, JUHIBUCTHIECKOE
pacrio3HaBaHue MoJy4YeHHON YUCJTOBON OIEHKH.
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