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A. Almeida (Aveiro, Portugal)
jaralmeida@ua.pt

HOMOGENEOUS VARIABLE EXPONENT BESOV AND
TRIEBEL-LIZORKIN SPACES

We introduce homogeneous Besov and Triebel-Lizorkin spaces with variable indexes.
We show that their study reduces to the study of inhomogeneous variable exponent
spaces and homogeneous constant exponent spaces. Corollaries include trace space
characterizations and Sobolev embeddings. This is based on joint work with L. Diening
and P. H�ast�o.

E.G. Bakhtigareeva, M. L. Goldman (Moscow, Russia)
bakhtigareeva-eg@rudn.ru, seulydia@yandex.ru

MODULAR INEQUALITIES FOR THE HARDY OPERATOR IN A
WEIGHTED ORLICZ SPACE

Let M = M(R+) be the set of Lebesgue-measurable functions,
M+ = {f ∈M : f ≥ 0 a.e.}; let u, v, w be weights from
Ṁ+ = {f ∈M : 0 < f <∞} . Let Φ : [0,∞) → [0,∞] be the N-function(see [1] for

details).Recall that Orlicz space is LΦ,v =
{
f ∈M : ‖f‖Φ,v <∞

}
, where for λ > 0,

v ∈ Ṁ+

‖f‖Φ,v := inf

λ > 0 :

∞∫
0

Φ
(
λ−1 |f (x)|

)
v (x) dx 6 1

 .

Consider the cone Ω = {f ∈ LΦ,v : 0 6 f ↓} .

V (t) :=

t∫
0

vdτ , 0 < V (t) <∞, ∀t ∈ R+, V (+∞) =∞.

For b ∈ R+ consider δb(t) := V −1 (bV (t)) , δ−1
b (t) = δb−1(t), t ∈ R+. For a ∈ (0, 1)

∃m ∈ N0 : V (t)−(m+1) (t− δa(t)) ↓, t ∈ R+. For ρ ∈ R+ we consider

k1(t, ρ) =
am+1

V (ρ)m+1

{
t− ρ, ρ < t ≤ δa−1(ρ),

δa−1(ρ)− ρ, t > δa−1(ρ);

k2(ρ, y) =
a

V (y)

{
δa−1(y)− y, 0 < y ≤ δa(ρ),

ρ− y, δa(ρ) < y < ρ.
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Φ1 ≺ Φ2 ⇔ ∃C0 ∈ R+ : ∀ai ≥ 0
∑
i

Φ2 ◦ Φ−1
1 (ai) ≤ C0Φ2 ◦ Φ−1

1 (
∑
i

ai).

Theorem 1. Under the notation and conditions above let T be the Hardy operator,
i.e. T (f ; t) =

∫ t
0 f(τ)dτ, t ∈ R+; Ψ1,Ψ2 be the complementary N-functions for the

N-functions Φ1,Φ2 respectively, Φ1 ≺ Φ2. Then,inequality

Φ−1
2

{∫
R+

Φ2 (wTf)udt

}
≤ Φ−1

1

{∫
R+

Φ1(c1f)vdt

}
, f ∈ Ω

is equivalent to the following two conditions: for all ε, ρ ∈ R+ :

Φ−1
2

{∫∞
ρ Φ2

(
w(τ)
C

∥∥∥k2(ρ,y)χ(0,ρ)(y)

ε

∥∥∥
Ψ1,

εv
a

)
u(τ)dτ

}
≤ Φ−1

1

(
1
ε

)
,

Φ−1
2

{∫∞
ρ Φ2

(
w(τ)
C

∥∥∥(V (y)
a

)m χ(0,ρ)(y)

ε

∥∥∥
Ψ1,

εv
a

k1(τ, y)

)
u(τ)dτ

}
≤ Φ−1

1

(
1
ε

)
.

Here C = C(C0, c1, a,m) ∈ R+. Inner norms ‖·‖Ψ1,
εv
a
in an Orlicz space LΨ1,

εv
a
are

taken by y.

This work was supported by Russian Foundation for Basic Research (pr. � 18-51-
06005 Àç_à ).

R E F E R E N C E S
1. M. M. Rao, Z. D. Ren. Theory of Orlicz spaces. New York: M. Dekker, 1991.
2. E.G. Bakhtigareeva, M. L. Goldman. Weighted inequalities for Hardy-type operators on the cone of decreasing functions

in an Orlicz space. Mathematical notes, 2017, v. 102, iss. 5, pp. 28�36.

A.A. Belyaev (Khimki, Russia)
alexei.a.belyaev@gmail.com

LOCALIZATION PROPERTIES OF SOBOLEV�TYPE SPACES AND
CONSTRUCTIVE DESCRIPTION OF MULTIPLIERS

We study the problem of �nding a constructive description of multiplier spaces when
multipliers act in the scale of Sobolev�type spaces. Crucial role of Sobolev�type spaces'
localization properties in investigating this problem is emphasized.
We examine the scales of spaces As

p, q, (r)(R
n), generated by the scale As

p, q(Rn)
where As

p, q(Rn) is either Besov space Bs
p, q(Rn) or Lizorkin�Triebel space F s

p, q(Rn)
and r ∈ [1; +∞] is a localization index. This scale can be seen as a partial case
of a more general construction of decomposition Banach space of distributions (see
[1; De�nition 2.4]) with its �local component� being As

p, q(Rn) and �global component�
being the sequence space lr.
It turns out that the di�erence in localization properties between Lizorkin�Triebel

spaces and Besov spaces is critical for the coincidence of multiplier space

M [As1
p1, q1

(Rn)→ As2
p2, q2

(Rn)]
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with the space of uniformly localized multipliers, acting from As1
p1, q1

(Rn) to As2
p2, q2

(Rn),
to hold true. The aforementioned coincidence provides an e�ective method of obtaining
a constructive description of the multiplier space

M [As1
p1, q1

(Rn)→ As2
p2, q2

(Rn)]

since it allows us to establish criteria of the validity of the embeddings

As3

p3, q3, (∞)(R
n) ⊂M [As1

p1, q1
(Rn)→ As2

p2, q2
(Rn)]

in terms of multiplicative functional estimates.
Applying these criteria, we obtain descriptions

M [As1
p1, q1

(Rn)→ As2
p2, q2

(Rn)] = As2

p2, q2, (∞)(R
n) ∩ A−s1

p1, q1, (∞)(R
n)

under some natural additional assumptions in a case when As
p, q(Rn) is either Bessel

potential space or more general Lizorkin�Triebel space.
The case of Bessel potential spaces was previously considered in the papers [2] (the

case of the same sign smoothness indices] and [3] (the case of the smoothness indices
of di�erent sign].

This work is supported by the grant �State support of the leading scienti�c schools�
NS�6222.2018.1.

R E F E R E N C E S
1. Feichtinger H., Gr�obner P., Banach spaces of distributions de�ned by decomposition methods. Math. Nachr. 1985. Vol. 123,

pp. 97 � 120.
2. Belyaev A.A., Shkalikov A.A., Multipliers in spaces of Bessel potentials: the case of indices of nonnegative smoothness.

Math. Notes. 2017. Vol. 102 : 5 � 6, pp. 632 � 644.
3. Belyaev A.A., Shkalikov A.A., Multipliers in Bessel potential spaces with smoothness indices of di�erent sign. St.

Petersburg Math. J. 2019. Vol. 30, pp. 203 � 218.

E. I. Berezhno�� (Yaroslavl', Russia)
ber@uniyar.ac.ru

DYADIC SPACES OF MORREY

We �x Q0 = [−0.5; 0.5]n unit cube in Rn. We divide the cube Q0 into 2n identical
cubes Q1

j and put Q1 = {Q1
j}, j = 1, ..., 2n. Next, we divide each cube from Q1 into

2n identical cubes Q2
j and put Q

2 = {Q2
j}, j = 1, ..., 22n, etc. We obtain a sequence of

collections of cubes Q = {Qj}∞0 , (Q0 = {Q0}). For each points of t ∈ Q0 by Q(t) we
denote the collection of nested cubes Q(t) = {Qj(t)}∞0 containing the point t.

De�nition. Let an ideal space X on Q0 and an ideal sequence space of l with the
standard basis {ej}∞0 be given.
The dyadic Morrey spaceMd

l,X consists of those f ∈ L1,loc(Q0) for which the following
norm is �nite:

‖f |Md
l,X‖ = sup

t∈Q0

‖
∞∑
j=0

ej‖fχ(Qj(t))|X‖|l‖.
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Let us demonstrate the e�ectiveness of the introduced concept by the example of
solving one extreme problem.
Now let X be a symmetric space on Q0. For each j = 0, 1, 2, .... we �x a cube Qj

1

from the collection Qj and represent Qj
1 as the union of cubes from the collection Qj+1:

Qj
1 = ∪2n

i=1Q
j+1
i . De�ne the numbers by equalities

αj+1 = inf{maxi=1,2,...,2n{‖fχ(Qj+1
i )|X‖} : ‖fχ(Qj

1)|X‖ = 1}.

Theorem. Let the function f ∈ Md
l,X be given. Fix j = 0, 1, 2, ... and some cube Qj

from the collection Qj. Then the exact inequality are ful�lled

‖fχ(Qj)|Md
l,X‖ ≥ ‖fχ(Qj)|X‖|

j∑
i=0

ei +
∞∑

i=j+1

(Πi
k=j+1αj)e

i|l‖.

Research supported by the Russian Fond of Fundamental Investigations project code
�18-51-06005.

R E F E R E N C E S
1. Berezhno�� E. I. A discrete version of local Morrey spaces. Izvestiya: Mathematics 2017, Vol. 81, No. 1, pp. 1-28 (Izvestiya

RAN: Ser. Mat. 2017, Vol. 81, No. 1, pp. 3-31 (Russian) )

V. I. Chilin (Tashkent, Uzbekistan), M.A. Muratov (Simferopol, Russia)
vladimirchil@gmail.com; mamuratov@gmail.com

COMPLETELY ADDITIVE LINEAR MAPPINGS IN ALGEBRAS OF
MEASURABLE OPERATORS

It is well known that any positive completely additive linear mapping acting in von
Neumann algebra is a normal mapping (see [2, Ch. III, �3]). In this note, we establish
the normality of each completely additive positive linear mapping acting in ∗-algebras
S(M) of measurable operators a�liated with a von Neumann algebraM (see [1]).
Let M be an arbitrary von Neumann algebra, acting in a Hilbert space H, and

let S(M) be the ∗-algebra of measurable operators a�liated withM. Partial order in
Sh(M) = {x ∈ S(M) : x = x∗} is de�ned by a convex cone S+(M) = { x ∈ Sh(M) :
(x(ξ), ξ) ≥ 0 ∀ ξ ∈ D(x)}, where D(x) is the domain of the operator x ∈ S(M).
Endowed with the locally measure topology t(M) ∗-algebra S(M) is a Hausdorf
topological ∗-algebra (see, for example, [1]).
Positive linear mapping T : S(M) → S(M) is called completely additive (c.a.m)

(respectively, normal) if T (p) = supα∈A T (pα) for any increasing net {pα}α∈A ⊂ M
of projections with pα ↑ p (respectively, T (x) = supα∈A T (xα) for any increasing net
{xα}α∈A ⊂ S+(M) with xα ↑ x).
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Theorem 1. Any positive c.a.m. T : S(M) → S(M) is normal and continuous
with respect to the topology t(M).

Corollary 1. Any c.a. ∗-homomorphism Φ : S(M) → S(M) is normal and
continuous with respect to the topology t(M), in particular, the graph ΓΦ = {(x,Φ(x)) :
x ∈ S(M)} is closed in (S(M), t(M))× (S(M), t(M)).

Theorem 2. Let Φ : S(M) → S(M) be a ∗-homomorphism, and let the graph
ΓΦ be closed in (S(M), t(M))× (S(M), t(M)). Then Φ : S(M)→ S(M) is normal
∗-homomorphism and Φ is continuous with respect to the topology t(M).

R E F E R E N C E S
1. Muratov Ì.À., Chilin V. I. Topological algebras of measurable and locally measurable operators, Modern mathematics.

Fundamental directions, (Sovremennaya matematika. Fundamental'nye napravleniya). 2016. Vol. 61, pp. 115�163.
2. Takesaki M. Theory of operator algebras I. New York-Heidelberg-Berlin: Springer-Verlag, 1979.

E.D. Gal'kovskii, A. I. Nazarov (St. Petersburg, Russia)
al.il.nazarov@gmail.com

A FIRST-ORDER TRACE FORMULA FOR DIFFERENTIAL
OPERATORS ON A SEGMENT FOR THE PERTURBATION BY A

COMPLEX-VALUED MEASURE

A new trace formula for regular di�erential operators on a segment is obtained in
the case where the last coe�cient is perturbed by a �nite complex-valued measure.
Arbitrary Birkho� regular boundary conditions are considered for the operators of
order n ≥ 2. For n = 2 we generalize an earlier result by A. Shkalikov and A. Savchuk.
A completely new phenomenon is discovered in the case of even n ≥ 4. Namely, the
formula contains a new term generated by δ-potential at the midpoint of the segment.

R E F E R E N C E S
1. Gal'kovskii E.D., Nazarov A. I. A general trace formula for a regular di�erential operator on a segment with the last

coe�cient perturbated by a �nite signed measure. Algebra & Analysis. 2018. Vol. 30, No. 3, pp. 30�54 (Russian). English transl:
St. Petersburg Math. J. 2019. Vol. 30, No. 3.

2. Gal'kovskii E.D. A trace formulafor a high order di�erential operator on a segment under perturbation of the lowest-order
coe�cient by a �nite signed measure. Functional Analysis and Its Applications. 2019. Vol. 53. To appear.

A.V. Gil (Rostov-on-don)
gil@sfedu.ru

COMPLEX DEGREES OF ONE DIFFERENTIAL OPERATOR
ASSOCIATED TO THE HELMHOLTZ OPERATOR

Let

Gλ = b2I + ∆−
m∑
k=1

iλk
∂2

∂x2
k

, b > 0 (1)

generalized Helmholtz operator in Rn, where ∆ = ∂2

∂x2
1

+ . . .+ ∂2

∂x2
n
� Laplace operator,

λ = (λ1, . . . , λm), 0 < λk < 1, 1 ≤ m ≤ n. Complex powers of the operator Gλ from
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negative the real parts of the functions ϕ(x) ∈ Φ de�ned as multiplier operators, the
action of which in Fourier images is reduced to multiplication by the corresponding
degree of the symbol of this operator:

̂
(G
−α/2
λ

ϕ)(ξ) =

(
b2 − |ξ|2 + i

m∑
k=1

λkξ
2
k

)−α/2
ϕ̂(x), (2)

ξ ∈ Rn, Reα > 0.
The obtained integral representations of the complex powers (2) as integrals of

potential type (Bα
λ
ϕ)(x) with nonstandard metric.

The negative powers of the operator Gλ on functions ϕ(x) ∈ Lp are understood as
potentials (Bα

λ
ϕ)(x).

The boundedness of the Bα
λ

operator from Lp to Lp + Ls is shown for

1 ≤ p < 2n−m
n+Re α−m−1 ,

1
s = 1

p + 1
q − 1, 2n−m

n−Re α+1 < q < ∞ if m < n and Lp to
Lp at 1 ≤ p ≤ ∞ in the case of m = n.
Within the framework of the AEO method, the potential reversal Bλϕ, ϕ ∈ Lp is

constructed, and the image Bλ(Lp) is described in terms of inverting constructions.

V. Guliyev. (Institute of Mathematics and Mechanics, Baku, Azerbaijan;
Dumlupinar University, Kirsehir, Turkey)

vagif@guliyev.com
CHARACTERIZATIONS OF FRACTIONAL INTEGRAL OPERATOR
AND ITS COMMUTATORS IN GENERALIZED ORLICZ-MORREY

SPACES ON CARNOT GROUPS

In this talk, we shall give a necessary and su�cient conditions for the strong and
weak boundedness of the fractional integral operator de�ned in Carnot groups on Orlicz
and generalized Orlicz-Morrey spaces. Moreover, we also give characterizations for the
boundedness of the commutators of fractional integral operators de�ned in Carnot
groups on Orlicz and generalized Orlicz-Morrey spaces [1,2,3].

This work was supported by the Ministry of Education and Science of the Russian
Federation (the Agreement No. 02.a03.21.0008).

R E F E R E N C E S
1. Guliyev V. S., Deringoz F. and Hasanov S.G. Riesz potential and its commutators on Orlicz spaces. J. Inequal. Appl.

2017. Paper No. 75, 18 pp.
2. A. Eroglu, V.S. Guliyev, J.V. Azizov, Characterizations for the fractional integral operators in generalized Morrey spaces

on Carnot groups. Math. Notes. 2017. 102 (5), pp. 127-139.
3. V.S. Guliyev, I. Ekincioglu, E. Kaya, Z. Safarov, Characterizations for the fractional maximal operator and its commutators

in generalized Morrey spaces on Carnot groups. Integral Transforms and Special Functions. 2019. 30 (6) , pp. 453-470.
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H.M. Hayrapetyan, S.A. Aghekyan (Yerevan, Armenia)
hhayrapet@gmail.com, smbat.aghekyan@gmail.com

ABOUT RIEMANN BOUNDARY VALUE PROBLEM IN WEIGHTED
SPACES

The paper considers Riemann boundary value problem in the half-plane in the classes
of C(ρ), Lp(ρ)(1 ≤ p <∞), when weight function has in�nite number of zeros on real
axis, as follows:
Find analytic in upper and lower half-planes function Φ(z) such that

lim
y→+0

‖Φ+(x+ iy)− a(x)Φ−(x− iy)− f(x)‖X = 0,

where ‖ · ‖X - is a norm of the spaces C(ρ) or Lp(ρ).
It is established that the problem has in�nite number of linearly independent solutions

in L1(ρ) and the general solution is determined in Lp(ρ), (1 ≤ p <∞) and C(ρ).
R E F E R E N C E S

1. Hayrapetyan H.M. and Aghekyan S.A. On a Riemann Boundary Value Problem in the Half-plane in the Class of Weighted
Continuous Functions. Proceedings of the NAS of Armenia. 2019. Vol. 54, No. 2, pp. 3�18.

2. Hayrapetyan H.M. On a boundary value problem with in�nite index. Springer Proceedings in Mathematics & Statistics.
(In print).

A.G. Kamalyan (Yerevan State University and Institute of Mathematics
NAS, Armenia)

kamalyan_armen@yahoo.com
L-CONVOLUTION TYPE OPERATORS

The notion of the L-convolution operator is introduced by changing the Fourier
operator in the de�nition of the convolution operator to the operator intertwining the
Sturm-Liouville operator L with the multiplication operator. Along the same lines, the
L-Wiener-Hopf operator. We will discuss the problem of Fredholm and invertibility.

A. Karapetyants (Rostov-on-Don, Russia), S. Samko (Faro, Portugal),
K. Zhu (Albany, USA)
karapetyants@gmail.com

A CLASS OF HAUSDORFF - BEREZIN OPERATORS ON THE UNIT
DISC

We introduce and study a class of Hausdor�-Berezin operators on the unit disc based
on Haar measure (that is, the M�obius invariant area measure)

Kf(z) =

∫
D

K(w)f(ϕz(w)) dH(w),
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where ϕz(w) = z−w
1−zw , z, w ∈ D. The study is inspired by the well-known theories of

some special classes of integral operators, related to each other in a sense, namely the
class of operators with homogeneous kernels in Rn with degree of homogeneity −n and
the class of Hausdor� operators.
For operators with homogeneous kernels we refer to the books by N.Karapetiants and

S.Samko (1988 in Russian, and 2001 English edition), and for the theory of Hausdor�
operators we mention the paper by Li�yand and Moriz (2000).
We discuss certain algebraic properties of these operators and obtain boundedness

conditions for them. We also reformulate the obtained results in terms of ordinary area
measure.

Acknowledgments: Alexey Karapetyants acknowledges the support of the Fulbright Research Scholarship program and the
hospitality of the Mathematics Department at the State University of New York at Albany during the time when this research
was completed. Alexey Karapetyants and Stefan Samko are partially supported by the Russian Foundation for Fundamental
Research (Grant Number 18-01-00094). Kehe Zhu is supported by the National Natural Science Foundation of China (Grant
Number 11720101003) and by STU Scienti�c Research Foundation for Talents (Grant No. NTF17009).

I. Louhichi (American University of Sharjah, UAE)
ilouhichi@aus.edu

PRODUCT OF TOEPLITZ OPERATORS ON THE BERGAMN SPACE

In this talk we shall discuss under which conditions the product of two Toeplitz
operators is equal to another Toeplitz operator. This question is one of the major
open problems in the Theory of Toeplitz Operators. Although partial results have been
obtained, we are still far from a complete answer. Throughout the talk, examples shall
be provided and future research directions shall be discussed.

M.V. Maliutina (Irkutsk, Russia)
fanofevanescence2008@yandex.ru

PERIODIC SOLUTIONS OF LINEAR VOLTERRA INTEGRAL
EQUATIONS OF CONVOLUTION TYPE

Let us consider the following linear Volterra integral equations

x∫
0

K (x− t)ϕ(t)dt = f(x), (1)

ϕ(x) +

x∫
0

K (x− t)ϕ(t)dt = f(x), (2)

of the �rst kind and the second kind respectively. Here K and f are given continuous
functions of the argument x ≥ 0. The problems of the existence of periodic solutions
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of equations (1) and (2) are studied. We have proved the following theorem, which
is an analogue of the classical theorem on periodic solutions of ordinary di�erential
equations (see the monograph [1, p. 482]).

Theorem. Suppose the function E is continuous over the segment [0;T ] and satis�es
the equation (1) (or (2)) on this segment. Then the equation (1) (or (2)) has a periodic
solution with a period T if and only if for any x ≥ 0 it is true that

T∫
0

K (x+ T − t)E(t)dt = f(x+ T )− f(x).

This solution is given by

ϕ(x) = E
(
x− (n− 1)T

)
, (n− 1)T ≤ x < nT, n ∈ N,

i. e. it is T -periodic extension of the function E on the semi-axis [0; +∞).
For equaton (2) from this theorem it follows that E(0) = E(T ). It means that a

periodic solution of the equation (2) is continuous over all semi-axis [0; +∞). Equation
(1) admits a periodic solution, which is discontinuous at the points x = nT , where
n ∈ N. For example, if K (x) = 1, and f(x) = {x}2 + bxc, then the equation (1) has
a 1-periodic solution ϕ(x) = 2{x} with jump discontinuities at integer points.

R E F E R E N C E S
1. Erugin N.P. The book for reading on general course of di�erential equations. Minsk: Nauka i Tekhnika. 1979. (Russian)

S.N. Melikhov (Rostov-on-Don, Vladikavkaz, Russia)
melih@math.rsu.ru

CONVOLUTIONS IN SPACES OF INFINITELY DIFFERENTIABLE
FUNCTIONS

We study continuous linear operators commuting with the backward shift operator
(Pommier operator) in the space of entire functions of exponential type, realizing
the strong dual of the Fr�echet space of in�nitely di�erentiable functions on a real
interval. A description of such operators in general classes of weighted (LF)-spaces of
entire functions is obtained in [1]. They are given by a continuous linear functional
on this space of entire functions, and hence, up to conjugate to the Fourier-Laplace
transform, by an in�nite di�erentiable function on the initial interval. A complete
characterization of functionals, which are de�ne an isomorphism, is received. It is proved
that an isomorphism is given by functions that are not equal to 0 at the origin (and
only by them). In the proof of the corresponding criterion an essential role a method
plays which exploits the Fredholm theory in Banach spaces. A class of continuous of
in�nitely di�erentiable functions on the input interval is selected that de�ne operators
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of the mentioned commutant which close to isomorphism. Such operators have a �nite-
dimensional kernel. For an interval other than the real line, we also de�ne the class of
operators of the commutant of the Pommiez operator, which are not surjective. The
adjoint to the backward shift operator is realized in the space of in�nitely di�erentiable
functions as an operator obtained by the �xing one factor in the Duhamel product
(convolution). This product is also used in the proofs (see [2]). In contrast to previously
studied situations the backward shift operator has no cyclic vectors in the input space
of entire functions.

R E F E R E N C E S
1. Ivanova O.A., Melikhov S.N. On Operators Commuting with the Pommiez Type Operator in Weighted Spaces of Entire

Functions. St. Petersburg Math. J. 2017. Vol. 28, No. 2, pp. 209�224.
2. Ivanova O.A., Melikhov S.N. The Commutant of the Pommiez Operator in a Space of Entire Functions of Exponential

Type and Polynomial Growth on the Real Line. Vladikavkaz Math. J. 2018. Vol. 20, No 3, pp. 48�56.

M.N. Oreshina (Lipetsk, Russia)
m_oreshina@mail.ru

ON A FUNCTIONAL CALCULUS FOR TWO SELF-ADJOINT
OPERATORS

Let H1,H2 be Hilbert spaces and A : H1 → H1, B : H2 → H2 be bounded self-
adjoint operators. Due to spectral theorem [1, 2] there exist resolutions of the identity
EA and EB associated with operators A and B which generate (scalar) functional
calculi

ϕA(g) =

∫
σ(A)

g(λ) dEA(λ), ϕB(h) =

∫
σ(B)

h(µ) dEB(µ).

In the Hilbert tensor product H1⊗2H2 we construct a functional calculus

ϕ̃(f) =

∫
σ(B)

∫
σ(A)

f(λ, µ) dEA(λ)⊗ dEB(µ),

such that

〈ϕ̃(f)(x⊗ y), (x′ ⊗ y′)〉H1⊗2H2
=

∫
σ(B)

∫
σ(A)

f(λ, µ) dEA
x,x′(λ) dEB

y,y′(µ),

where x, x′ ∈ H1, y, y
′ ∈ H2, and the measures E

A
x,x′, E

B
y,y′ are de�ned by the relations

EA
x,x′(ω) = 〈EA(ω)x, x′〉H1

, EB
y,y′(ω) = 〈EB(ω)y, y′〉H2

. We discuss properties of the
functional calculus ϕ̃(f).

Theorem 1. Let g : σ(A)→ C, h : σ(B)→ C be essentially bounded Borel measu-
rable functions. Then for the function f(λ, µ) = g(λ)h(µ) the relation

ϕ̃(f) = ϕA(g)⊗ ϕB(h)

holds.
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Analytic functional calculus for two operators acting in a Banach space is discussed
in [3].

R E F E R E N C E S
1. Rudin W. Functional analysis. New York: McGraw-Hill. 1973.
2. Helemskii A.Ya. Lectures and exercises on functional analysis. Providence: American Mathematical Society. 2005.
3. Kurbatov V.G., Kurbatova I. V., and Oreshina M.N. Analytic functional calculus for two operators. April 2016, arXiv:

1604.07393.

J. S. Pashkova (Simferopol, Russia), B.A. Rubshtein (Beer-Sheva, Israel)
pashkova.kromsh@gmail.com, benzion@math.bgu.ac.il

MEAN ERGODIC THEOREMS IN REARRANGEMENT INVARIANT
SPACES

Mean (Statistical) Ergodic Theorems (MET ) deal with the strong operator conver-
gence of Ces�aro sums An,T = 1

n

n∑
k=1

T k−1 of a Ces�aro bounded operator T in a Banach

space E. Here we focus attention on case, when E be a symmetric space of measurable
functions on a measure space (Ω, µ), while T be an absolute (L1,L∞)-contraction such
that TE ⊆ E.
Let (Ω, µ) be an in�nite σ-�nite non-atomic measure space, L0 = L0(Ω, µ) be the

set of all µ-measurable functions f : Ω→ R. A Banach space E of measurable functions
on (Ω, µ) is called symmetric if

f ∈ L0 , g ∈ E and f ∗ ≤ g∗ =⇒ f ∈ E and ‖f‖E ≤ ‖g‖E,

where f ∗ denotes the decreasing right-continuous rearrangement of |f |.
A linear operator T : L1 + L∞ → L1 + L∞ is said to be an absolute contraction

((L1,L∞)-contraction) if T is a contraction in L1 and in L∞ as well. The operator T
is said to be positive if Tf ≥ 0 for all f ≥ 0. The operator T is called monotonely
continuous in E if fn ↑ f ∈ E implies Tfn ↑ Tf . Every positive contraction in L1 is
monotonely continuous, while a positive contraction T in L∞ is monotonely continuous
i� T = S∗ for some positive contraction S of L1.
We denote by T the set of all positive absolute contractions which are monotonely

continuous in L∞ and

ET
MET := {f ∈ E : {An,Tf}∞n=1 is norm convergent in E}, T ∈ T .

An operator T is called mean ergodic if ET
MET = E.

Theorem 1. Let E = E(Ω, µ) a symmetric space an in�nite σ-�nite measure space
(Ω, µ) and let T ∈ T . Let E0 = clE(L1 ∩ L∞) be the minimal part of E.
Assume that E 6⊆ L∞ 6⊆ E. Then E0 ⊆ ET

MET , i.e. the sequence of Ces�aro averages
{An,Tf}∞n=1 is norm convergent in E for all f ∈ E0. In particular, if the space E is
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minimal (i.e. E0 = E) and ϕE(0+) = 0, then T is mean ergodic on E, where ϕE is
the fundamental function E.

The theorem admits a partial converse if the considered operators are of the form
T = Tθ, where θ is an invertible measure preserving transformation (m.p.t.) of (Ω, µ).
A m.p.t. θ is said to be strictly conservative on (Ω, µ) if there exists h ∈ L+

1 such
that {h > 0} = Ω and Tθh = h. A m.p.t. θ is called aperiodic if

µ(
∞⋃
n=1

{ω ∈ Ω : θnω = ω}) = 0.

Theorem 2. Let E = E(Ω, µ) a symmetric space an in�nite σ-�nite measure space
(Ω, µ) and let θ be an invertible strictly conservative m.p.t. on (Ω, µ).
Then E 6⊆ ETθ

MET , i.e. the sequence of Ces�aro averages {An,Tθf}∞n=1 is not norm
convergent in E for some f ∈ E \ E0.
In particular, if Tθ is mean ergodic on E then the space E is minimal.

D.M. Polyakov (Vladikavkaz, Russia)
DmitryPolyakow@mail.ru

FOURTH-ORDER PERIODIC OPERATOR WITH MATRIX
COEFFICIENTS1

Let Lk2[0, 1] = L2([0, 1],Ck) = L2[0, 1]× · · · × L2[0, 1] (k times). The inner product
in Lk2[0, 1] is de�ned by

(f, g) =
k∑
j=1

∫ 1

0

fj(t)gj(t) dt, f, g ∈ Lk2[0, 1].

We consider the operator Lθ : D(Lθ) ⊂ Lk2[0, 1] → Lk2[0, 1] determined by the
di�erential expression

l(y) = yIV − A(t)y′′ −B(t)y

where A(t) = (apj(t))
k
p,j=1 and B(t) = (bpj(t))

k
p,j=1 are k × k matrices and apj,

bpj ∈ L2[0, 1]. The domainD(Lθ) = {y ∈ W 4
2 ([0, 1],Ck)} is given by the quasiperiodic

boundary conditions y(j)(1) = eiπθy(j)(0), j = 0, 1, 2, 3, where θ ∈ (0, 2), θ 6= 1. By
A0 we denote the matrix A0 = (a0,pj)

k
p,j=1, a0,pj =

∫ 1

0 apj(t) dt, and suppose that this
matrix is similar to the diagonal matrix.
The goal of this talk is to study some asymptotic formulas for eigen-values of the

operator Lθ. Using the method of similar operators (see [1] and [2]), we get
Theorem 1. There exists m ∈ Z+ such that the spectrum σ(Lθ) of the operator Lθ has

1This work is supported by Grant MC-1056.2018.1 of the President of the Russian Federation, contract 075-02-2018-433
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the form σ(Lθ) = σ(m) ∪ (∪|n|>m+1σn), where σ(m) is �nite set and the set σn has not

more than k points. Then for eigenvalues λ̃n of the operator Lθ we have the following
asymptotic representation

k∑
j=1

λ̃j = π4(2n+ θ)4 +
π2(2n+ θ)2

k

k∑
j=1

µj +O(|n|), |n| > m+ 1,

where µj, j = 1, . . . , k, are the eigenvalues of matrix A0.
R E F E R E N C E S

1. Baskakov A.G., Polyakov D.M. The method of similar operators in the spectral analysis of the Hill operator with
nonsmooth potential. Sb. Math. 2017. Vol. 208, No. 1, pp. 1�43.
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St. Petersburg Math. J. 2016. Vol. 27, No. 5, pp. 789�811.

J. E. Restrepo (Rostov-on-Don, Russia)
cocojoel89@yahoo.es

WEIGHTED GENERALIZED H�OLDER TYPE SPACES DESCRIBED
BY DJRBASHIAN'S GENERALIZED FRACTIONAL OPERATOR

In this paper we use the Bari-Stechkin class Ωc,β, see e.g. [3]. Classical examples are

tλ, tλ
(
ln 1

t

)β
and tλ

(
ln ln 1

t

)β
, where λ ∈ (0, 1) and β ∈ R. We study the weighted

space ∆γ(Rn) (γ ∈ Ωc), i.e. those functions f ∈ L∞(Rn) which satisfy ‖f(x + t) −
f(x)‖∞ 6 Aγ(|t|), x, t ∈ Rn, where A does not depend on x, t. The �rst weighted
characterization is:
Theorem 1. Let γ ∈ Ωc,β. Any f ∈ ∆γ(Rn) if and only if the condition∥∥∥∥∂u(x, y)

∂y

∥∥∥∥
∞
6 A

γ(y)

y
, y > 0,

holds, where u(x, y) =
(
Py ∗ f

)
(x) is a harmonic function in Rn

+, and Py(x) is the
Poisson kernel in Rn

+. To give a fractional characterization of the space ∆γ(Rn), let Ω
be the class of those functions ω(x) > 0, ω is almost decreasing on (0,+∞), ω(x) � x−α

(0 < α < 1,x > ∆0 > 0) and ω1(x) =
∫ x

0 ω(t)dt < +∞, 0 6 x < +∞. We use a type
of Djrbashian's fractional operator:

Lωu(x, y) =

∫ ∞
0

∂

∂y
u(x, y + t)ω(t)dt =

∫ ∞
y

∂

∂s
u(x, s)ω(s− y)ds,

for any ω ∈ Ω and functions u(x, y) (x ∈ Rn, y > 0) given in Rn
+. This operator also is

a type of Liouville's fractional derivative.
Theorem 2. Let γ ∈ Ωc,β, ω ∈ Ωα and α > β. If f ∈ ∆γ(Rn) then

‖Lωu(x, y)‖∞ 6 A
γ(y)

y

∫ y

0

ω(s)ds, y > 0.
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We now do not expect to prove the general case of Theorem 2, but we give a result
on the equivalence of Theorem 2 when ω(x) = x−α for any x ∈ [0,∞) and 0 < α < 1.
This work gives an extension of M. Taibleson's theorem [3,4] and a new fractional
characterization of the space ∆γ(Rn).

R E F E R E N C E S
1. Taibleson M.H. Lipschitz classes of functions and distributions in En. Bulletin of the American Mathematical Society.

1963.
2. Enriquez F. E. Characterization of spaces with non-integer di�erentiation in terms of harmonic prolongations. Manuscript

Master's Thesis, Peoples' Friendship University of Russia, Moscow. 1995.
3. Samko N.G. Singular integral operators in weighted spaces with generalized H�older condition. Proc. A. Razmadze Math.

Inst. 1999. Vol. 120, pp. 107�134.

A.G. Sergeev (Steklov Mathematical Institute, Moscow, Russia)
sergeev@mi-ras.ru

QUANTUM DIFFERENTIALS AND FUNCTION SPACES

One of the goals of noncommutative geometry is the translation of basic notions
of analysis into the language of Banach algebras. This translation is done using the
quantization procedure which establishes a correspondence between function spaces
and operator algebras in a Hilbert space H. The di�erential df of a function f (when
it is correctly de�ned) corresponds under this procedure to the commutator of its
operator image with some symmetry operator S which is a self-adjoint operator in H
with square S2 = I. The image of df under quantization is the quantum di�erential
of f which is correctly de�ned even for non-smooth functions f . The arising operator
calculus is called the quantum calculus.
In our talk we shall give several assertions from this calculus concerning the interpre-

tation of Schatten and interpolation ideals of compact operators in a Hilbert space in
terms of function spaces on the circle. The main attention is paid to the case of Hilbert�
Schmidt operators. The role of the symmetry operator S is played in this case by the
Hilbert transform. In the case of function spaces of several variables the symmetry
operator may be de�ned in terms of Riesz operators and Dirac matrices.

A.A. Shkalikov (Department of Mechanics and Mathematics, Lomonosov
Moscow State University, Moscow, Russia)

shkalikov@mi.ras.ru
ANALYTICAL APPROACH TO PROBLEMS ON COMPLETENESS

AND BASIS PROPERTY OF EIGENFUNCTIONS OF
NON-SELF-ADJOINT OPERATORS

We shall talk about spectral properties of operators of the form A = T + B, where
B is a non-symmetric operator subordinated to a self-adjoint or normal operator T .
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An operator B is said to be T−p-subordinated (0 6 p < 1) if the domain of B contains
the domain of T and

‖Bx‖ 6 b‖Tx‖p ‖x‖1−p ∀ x ∈ D(T ) ⊂ D(B), b = const.

There is a great number of results (in particular, by J. Birkho�, T. Carleman, M.V. Kel-
dysh, F. Brauder, S. Agmon, V.B. Lidskii, I. Ts. Gohberg and M.G. Krein, F. S. Markus,
V. I. Matsaev, B. S. Mityagin) which say about completeness and basis property of the
eigenfunctions of self-adjoint operators under p-subordinated perturbations.
We introduce new concepts of local subordination and local subordination in the

sense of quadratic forms and prove new theorems which involve new technique and can
be applied for concrete problems in more general situation.
In the second part we will discuss problems on perturbations of self-adjoint operators

with continuous spectrum. We shall also talk about recent results on properties of
the eigenfunctions of ordinary di�erential operators on the semi-axis with complex
potentials.
The work is supported by the Russian Science Foundation, grant No 17-11-01215.

M.A. Skopina (St. Petersburg, Russia)
skopina@MS1167.spb.edu

MULTIVARIATE QUASI-PROJECTION OPERATORS AND THEIR
APPROXIMATION PROPERTIES

A quasi-projection operator with a matrix dilation M is

Qj(f, ϕ, ϕ̃) = | detM |
∑
k∈Zd
〈f, ϕ̃(M j ·+k)〉ϕ(M j ·+k), j ∈ Z,

where f is an approximated function (signal), ϕ is a function, ϕ̃ is a function or a
tempered distribution, M is a d× d matrix whose eigenvalues are bigger (in modulus)
than 1. We consider di�erent classes of such operators and provide error estimates for
them.
First, we study sampling-type operators that are the quasi-projection operators Qj

associated with ϕ̃ ∈ S ′N , where S ′N is the set of tempered distribution whose Fourier

transform ̂̃ϕ is a function on Rd which grows not faster than a polynomial of degree
N. Error estimates for such Qj in Lp-norm, 2 ≤ p ≤ ∞, are provided for a large class
of functions ϕ, including both band-limited and compactly supported functions. The
estimates are given in terms of the Fourier transform of f .
Another class of quasi-projection operators we study includes classical Kantorovich�

Kotelnikov operators that have several advantages over the sampling operators. Using
the averages values of f near the nodes instead of the exact sampled values allows to
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deal with discontinues signals and reduce the so-called time-jitter errors. On the other
hand, unlike to the sampling operators, thsee operators are bounded in Lp(Rd) and,
therefore, provide better approximation order. We consider operators Qj (generalized
Kantorovich�Kotelnikov operators) for a wide class of band-limited functions ϕ inclu-
ding non-integrable ones, and a wide class of functions ϕ̃ including both compactly

supported and band-limited functions. Under the assumption Dβ(1 − ϕ̂̂̃ϕ)(0) = 0,
β ∈ Zd+, ‖β‖1 < n, an error estimate in Lp-norm, 1 ≤ p ≤ ∞, for Qj is given in terms
of the classical Lp-moduli of smoothness of order n.
Error estimates for Qj in Lp-norm are not applicable to signals whose decay is not

enough to belong to the space Lp(Rd). However such functions may belong to some
weighted spaces Lp,1/w(Rd). For the class of the so-called submultiplicative weights w,
error estimates in Lp,1/w-norm for the generalized Kantorovich�Kotelnikov operators
are given in terms of the Lp,1/w-moduli of smoothness.

D. Suragan (Astana, Kazakhstan)
durvudkhan.suragan@nu.edu.kz

ISOPERIMETRIC INEQUALITIES FOR SOME PROBLEMS ARISING
IN THE POTENTIAL THEORY AND MEMS

In this talk we discuss some isoperimetric inequalities for the logarithmic potential
and Riesz potential type operators. In this case, the main reason why the results are
useful, beyond the intrinsic interest of geometric extremum problems, is that they
produce a priori bounds for spectral invariants of operators on arbitrary domains. We
demonstrate these in explicit examples. We also discuss nonlinear analogues of these
problems related to the multidimensional MEMS type problems. This talk is based on
our joint papers with Rozenblum G., Ruzhansky M. and Wei D. [1]-[4].

R E F E R E N C E S
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pp. 157�158.
3. Ruzhansky M. and Suragan D. Isoperimetric inequalities for the logarithmic potential operator. J. Math. Anal. Appl. 2016.

Vol. 434, pp. 1676�1689.
4. Suragan D. and Wei D. On geometric estimates for some problems arising from modeling pull-in voltage in MEMS.

arXiv:1801.08199v2, 2018.

S.M. Tabatabaie (University of Qom, Qom, Iran)
sm.tabatabaie@qom.ac.ir

SOME SPECIAL COARSE STRUCTURES

Coarse spaces were introduced by Roe in [4]. A coarse structure on a setX is a family
of subsets of X ×X (called controlled sets), which contains the diagonal and is closed
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under the formation of subsets, inverses, products, and (�nite) union. A set equipped
with a coarse structure is called a coarse space. The coarse structures are very useful
to study the metric structures. In this talk we introduce a method for giving some new
coarse structures on locally compact groups and hypergroups (as extensions of locally
compact groups), and study their properties and some related topics. Specially, we give
some examples on hypergroup join.

R E F E R E N C E S
1. Bloom W.R. and Heyer H. Harmonic analysis of probability measures on hypergroups. De Gruyter. Berlin. 1995.
2. Dydak J. and Ho�and C. S. An alternative de�nition of coarse structures. Topology and its Applications. 2008. Vol. 155.

pp. 1013�1021.
3. Nowak P.W. and Yu G. Large scale geometry, EMS Textbooks in Mathematics. European Mathematical Society (EMS).

Zurich. 2012.
4. Roe J. Lectures on coarse geometry. University Lecture Series. 31, Amer. Math. Soc., Providence, RI. 2003.
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DIXMIER TRACES OF HANKEL OPERATORS IN LORENTZ IDEALS

Let ψ : [0,∞)→ [0,∞) be an increasing concave function with ψ(0) = 0, lim
t→∞

ψ(t) =

∞ and lim
t→∞

ψ(2t)
ψ(t) = 1. Consider the Lorentz idealMψ of bounded, compact operators

A on a separable Hilbert space H such that supt>0
1

ψ(t)

∫ t
0 µ(s, A)ds <∞, where µ(A)

is a singular value function of A.
In 1966 J. Dixmier have considered the functional

Trψ,ω(A) = ω

(
1

ψ(t)

∫ t

0

µ(s, A)ds

)
, 0 ≤ A ∈Mψ

and have proved that under a suitable conditions on the generalised limiting procedure
ω this functional extends to a linear functional on the wholeMψ. These functionals,
termed Dixmier traces, became a cornerstone in the noncommutative geometry develo-
ped by A. Connes in 1980s. In general, one has no access to the singular value function
of an operator. This makes the computation of Dixmier traces a di�cult problem.
In the present talk we discuss the computation of Dixmier traces of Hankel operators

on the Hardy space H2(S1). Here, S1 is the boundary of the unit disc in the complex
plane. For f ∈ L∞(S1), the associated Hankel operator is de�ned as

Hf := (1− P )fP,

where P : L2(S1)→ H2(S1) is the Szeg�o projection.
We discuss the conditions on the function f ∈ L∞(S1) guaranteeing that Hf ∈Mψ

and the estimates of Dixmier traces of Hf in terms of the Besov norms of f .
This talk based on the joint work with M. Go�eng.
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THE HARDY�LITTLEWOOD TYPE THEOREM FOR THE RIESZ
POTENTIAL TYPE OPERATOR IN WEIGHTED FUNCTION SPACES

Let Sn−1 denote a unit sphere in the Euclidean space Rn. The Riesz potential type
operator is to be considered as

(Kαf) (x) =
1

γn−1(α)

∫
Sn−1

f(σ)dσ

|x− σ|n−1−α , x ∈ Sn−1,

where

γn−1(α) = 2απ
n−1
n Γ

(α
2

)
/Γ

(
n− 1− α

2

)
, α > 0, α 6= n− 1, n+ 1, . . . ,

and the multiplier of Kα is{
Γ

(
m+

n− 1− α
2

)
/Γ

(
m+

n− 1 + α

2

)}∞
m=0

.

Let Wλ,N denote the class of multipliers {km}∞m=0 through spherical harmonics,
which are of a speci�c asymptotic with m → ∞, km 6= ∞, m = 0, 1, 2, . . ., and
km 6= 0, m = p, p+ 1, . . ..
Then Hλ(Sn−1, ρ) is to denote the space

Hλ(Sn−1, ρ) =
{
f : f ∈ C(Sn−1), ω(ρD[λ]f, t) ≤ ctλ−[λ]

}
,

where Dλ is an operator with the multiplier {km} ∈Wλ,N , N > n+ 1.
The problem is on the re�ection by Kα from Lp

(
Sn−1

)
to the H�olderian spaces

◦
H
α−n−1

p

(Sn−1, ρ) and
◦̃
H

α−n−1
p

(Sn−1, ρ), de�ned through Hλ(Sn−1, ρ), in the case of a
radially oscillating weight ρ(x) = ϕ(|x− a|) such as ϕ belongs to the Zygmund�Bary�
Stechkin class.
Similar results were obtained in [1] for spherical fractional integrals with another

multiplier. The paper to be presented has [2] as an immediate predecessor.
R E F E R E N C E S

1. Plessis Du N. Spherical fractional integrals. Trans. Amer. Math. Soc. 1957. Vol. 84, No. 1, pp. 262�272.
2. Vakulov B.G. Teoremy tipa Hardi�Littlvuda�Soboleva ob operatorah tipa potenciala v Lp(Sn−1, ρ). Rostov-na-Donu,

1986. Dep. v VINITI 25.07.1986, No. 5435�V 86.
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Î ÐÀÂÍÎÌÅÐÍÎÉ ÎÁÐÀÒÈÌÎÑÒÈ ÐÅÃÓËßÐÍÛÕ
ÀÏÏÐÎÊÑÈÌÀÖÈÉ ÎÄÍÎÌÅÐÍÛÕ ÑÈÍÃÓËßÐÍÛÕ

ÈÍÒÅÃÐÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ ÍÀ ÊÎÍÒÓÐÅ Ñ ÓÃËÎÂÛÌÈ
ÒÎ×ÊÀÌÈ

Ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ â îáëàñòè êðèòåðèåâ ïðèìåíèìîñòè ê ïîëíûì
ñèíãóëÿðíûì èíòåãðàëüíûì îïåðàòîðàì ïðèáëèæåííûõ ìåòîäîâ ïî ñåìåéñòâàì
ñèëüíî àïïðîêñèìèðóþùèõ èõ îïåðàòîðîâ ñ ¾âûðåçàííîé¿ îñîáåííîñòüþ ÿäðà Êî-
øè [1�3]. Ðàññìàòðèâàåòñÿ ñëó÷àé ïîëíîãî ñèíãóëÿðíîãî èíòåãðàëüíîãî îïåðàòîðà
ñ íåïðåðûâíûìè êîýôôèöèåíòàìè, äåéñòâóþùåãî â Lp-ïðîñòðàíñòâå íà çàìêíóòîì
êîíòóðå. Ïðåäïîëàãàåòñÿ, ÷òî êîíòóð ÿâëÿåòñÿ êóñî÷íî-ëÿïóíîâñêèì è íå èìååò
òî÷åê âîçâðàòà. Çàäà÷à ñâîäèòñÿ ê ïîëó÷åíèþ êðèòåðèÿ îáðàòèìîñòè ýëåìåíòà
íåêîòîðîé áàíàõîâîé àëãåáðû. Èññëåäîâàíèå ïðîâîäèòñÿ ñ ïîìîùüþ ëîêàëüíîãî
ïðèíöèïà Ãîõáåðãà-Êðóïíèêà. Êðèòåðèé ôîðìóëèðóåòñÿ â òåðìèíàõ îáðàòèìîñòè
íåêîòîðûõ èíòåãðàëüíûõ îïåðàòîðîâ, ñîïîñòàâëÿåìûõ óãëîâûì òî÷êàì è äåéñòâó-
þùèõ â Lp-ïðîñòðàíñòâå íà âåùåñòâåííîé îñè, è óñëîâèÿ ñèëüíîé ýëëèïòè÷íîñòè
â òî÷êàõ êîíòóðà, â êîòîðûõ âûïîëíÿåòñÿ óñëîâèå Ëÿïóíîâà. Ðåçóëüòàòû èññëå-
äîâàíèÿ îïóáëèêîâàíû â ñòàòüå [4].
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ÎÁ ÎÏÅÐÀÒÎÐÀÕ ÒÈÏÀ ÑÂÅÐÒÊÈ Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ ÌÎÐÐÈ

Ïóñòü 1 6 p 6 ∞ è λ ∈ R. Ïðîñòðàíñòâî Ìîððè Lp,λ(Rn) � ýòî ïðîñòðàíñòâî
âñåõ ôóíêöèé f ∈ Llocp (Rn) òàêèõ, ÷òî

‖f‖Lp,λ(Rn) = sup
x∈Rn,r>0

‖f‖Lp(B(x,r))

rλ
<∞,
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ãäå B(x, r) � îòêðûòûé øàð â Rn ðàäèóñà r ñ öåíòðîì â òî÷êå x. Ïðîñòðàíñòâà
Ìîððè Lp,λ(Rn) ÿâëÿþòñÿ íåòðèâèàëüíûìè òîãäà è òîëüêî òîãäà, êîãäà 0 6 λ 6
n/p.
Â ïðîñòðàíñòâå Lp,λ(Rn) ðàññìîòðèì îïåðàòîð ñâåðòêè

(Hϕ)(x) =

∫
Rn

h(x− y)ϕ(y)dy, x ∈ Rn,

ãäå h ∈ L1(Rn). Èçâåñòíî ([1]), ÷òî îïåðàòîð H îãðàíè÷åí â Lp,λ(Rn). Ïóñòü Ma �
îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ a ∈ L∞(Rn). Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ
a ∈ L∞(Rn) ïðèíàäëåæèò êëàññó Bsup

0 (Rn), åñëè

lim
N→∞

ess sup
|x|>N

|a(x)| = 0.

Òåîðåìà 1. Ïóñòü 1 < p < ∞ è a ∈ Bsup
0 (Rn). Òîãäà îïåðàòîðû MaH è HMa

êîìïàêòíû â ïðîñòðàíñòâå Lp,λ(Rn).

Òàêæå óêàçàíû óñëîâèÿ íà ôóíêöèþ a ∈ L∞(Rn), ãàðàíòèðóþùèå êîìïàêòíîñòü
â ïðîñòðàíñòâå Ìîððè êîììóòàòîðà MaH −HMa.

Â ïðîñòðàíñòâå Lp,λ(Rn) ðàññìîòðèì îïåðàòîð αI + H, ãäå α ∈ C. Ïîñòàâèì â

ñîîòâåòñòâèå ýòîìó îïåðàòîðó åãî ñèìâîë � ôóíêöèþ α+ĥ(ξ), ãäå ĥ(ξ) � ïðåîáðà-
çîâàíèå Ôóðüå ôóíêöèè h(t). Ïîêàçàíî, ÷òî íåâûðîæäåííîñòü ñèìâîëà ÿâëÿåòñÿ
íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì îáðàòèìîñòè îïåðàòîðà αI +H.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêòû �18-01-00094 è
18-51-06005.
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Î ÑÂÎÉÑÒÂÀÕ ÏÎÒÅÍÖÈÀËÎÂ ÒÈÏÀ ÐÈÑÑÀ ÍÀ ÁÀÇÅ
ÏÐÎÑÒÐÀÍÑÒÂ ÎÐËÈ×À�ËÎÐÅÍÖÀ

Ïðîñòðàíñòâî ïîòåíöèàëîâ HG
E ≡ HG

E (Rn) îïðåäåëÿåì êàê ìíîæåñòâî ñâ¼ðòîê
ÿäåð ïîòåíöèàëîâ ñ ôóíêöèÿìè èç áàçîâîãî ïðîñòðàíñòâà

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)} ,

‖u‖HG
E

= inf {‖f‖E : f ∈ E(Rn), G ∗ f = u} .
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Çäåñü E � ïåðåñòàíîâî÷íî èíâàðèàíòíîå ïðîñòðàíñòâî, à ÿäðî G � ñïåöèàëüíîãî
âèäà,

c1θ(r) 6 G(x) 6 c2θ(r), r = |x| ∈ R+,

ãäå 0 < θ ↓ íà R+;
r∫

0

θ(ρ)ρn−1 dρ <∞, ∀r ∈ R+.

Ââåä¼ì ôóíêöèþ ϕ(t) = θ(t1/n).
Âàæíóþ ðîëü â òåîðèè ýòèõ ïîòåíöèàëîâ èãðàþò îáîáù¼ííûå îïåðàòîðû Õàðäè

F , ïîñòðîåííûå ïî ôóíêöèè ϕ:

F [f ](t) = ϕ(t)

t∫
0

f(τ) dτ +

∞∫
t

ϕ(τ)f(τ) dτ ,

(ñì. [1]). Äëÿ íèõ ïîëó÷åíû êðèòåðèè ñïðàâåäëèâîñòè ìîäóëÿðíûõ íåðàâåíñòâ íà
âåñîâûõ ïðîñòðàíñòâàõ Îðëè÷à�Ëîðåíöà LΦ(ω), îáîáùàþùèå íåêîòîðûå ðåçóëü-
òàòû ðàáîòû [2]. Ïðîñòðàíñòâî Îðëè÷à�Ëîðåíöà îïðåäåëèì êàê ìíîæåñòâî èçìå-
ðèìûõ ïî Ëåáåãó ôóíêöèé ñ íîðìîé

‖f‖LΦ(ω) = inf

λ > 0,

∞∫
0

Φ
(
λ−1
(
f ∗(x)

))
ω(x) dx 6 1

 ,

ãäå f ∗ � óáûâàþùàÿ ïåðåñòàíîâêà ôóíêöèè f , Φ � ôóíêöèÿ Þíãà.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü Ãîëüäìàíó Ì.Ë. çà öåííûå ñîâåòû ïðè ðàáîòå
íàä ñòàòüåé.
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ÊÂÀÇÈÏÅÐÈÎÄÈ×ÅÑÊÈÅ ÐÀÑÏÐÅÄÅËÅÍÈß

Ïóñòü CB(Rm) åñòü ïðîñòðàíñòâî îãðàíè÷åííûõ íåïðåðûâíûõ ôóíêöèé íà Rm

ñ sup-íîðìîé. C∗−ïîäàëãåáðà A â CB(Rm) íàçûâàåòñÿ êâàçèïåðèîäè÷åñêîé, åñ-
ëè îíà ïîðîæäåíà êîíå÷íûì ÷èñëîì N ýêñïîíåíò ei2π<hj ,x>. Êàê àáñòðàêòíàÿ
C∗−àëãåáðà îíà èçîìîðôíà àëãåáðå C(TN) íåïðåðûâíûõ ôóíêöèé íà òîðå è èçî-
ìîðôíà àëãåáðå C1(RN), ñîñòîÿùåé èç íåïðåðûâíûõ ôóíêöèé â RN , ïåðèîäè÷å-
ñêèõ ñ ïåðèîäîì 1 ïî êàæäîé ïåðåìåííîé.
Êâàçèïåðèîäè÷åñêèå ôóíêöèè è êâàçèïåðèîäè÷åñêèå àëãåáðû ïðåäñòàâëÿþò îñî-

áûé èíòåðåñ â ñâÿçè ñ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè, â ÷àñòíîñòè, â òåîðèè
êâàçèêðèñòàëëîâ [1, 2, 3].
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Äëÿ çàäàííîãî âëîæåíèÿ J : Rm → L ⊂ RN ìíîæåñòâî

AJ = {u(J(x)) : u ∈ C1(RN},

åñòü êâàçèïåðèîäè÷åñêàÿ àëãåáðà íà Rm è ëþáàÿ êâàçèïåðèîäè÷åñêàÿ àëãåáðà,
ïîðîæä¼ííàÿ N ýêñïîíåíòàìè, ñîâïàäàåò ñ îäíîé èç àëãåáð AJ ïðè ïîäõîäÿùåì
âûáîðå âëîæåíèÿ.
Ïóñòü D(AJ) ⊂ AJ åñòü ïîäïðîñòðàíñòâî, ñîñòîÿùåå èç ñóæåíèé áåñêîíå÷íî

äèôôåðåíöèðóåìûõ ôóíêöèé èç C1(RN , ò.å. ôóíêöèé âèäà u(J(x)), ãäå áåñêîíå÷íî
äèôôåðåíöèðóåìà, ñ ñîîòâåòñòâóþùåé òîïîëîãèåé. Êâàçèïåðèîäè÷åñêèì ðàñïðåäå-
ëåíèåì íàçûâàåòñÿ íåïðåðûâíûé ëèíåéíûé ôóíêöèîíàë íà D(AJ), ïðîñòðàíñòâî
êâàçèïåðèîäè÷åñêèõ ðàñïðåäåëåíèé îáîçíà÷èì D′(AJ).
Öåëü äîêëàäà � ïîêàçàòü, ÷òî, õîòÿ ïðîñòðàíñòâî D′(AJ) èçîìîðôíî ïðîñòðàí-

ñòâó ïåðèîäè÷åñêèõ ðàñïðåäåëåíèé íà ïðîñòðàíñòâå RN áîëüøåé ðàçìåðíîñòè,
ñâîéñòâà êâàçèïåðèîäè÷åñêèõ ðàñïðåäåëåíèé ñóùåñòâåííî îòëè÷àþòñÿ îò ñâîéñòâ
ñîîòâåòñòâóþùèõ ïåðèîäè÷åñêèõ ðàñïðåäåëåíèé.
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Methods in Physics XXXV, Birkhauser, 2017, pp. 3-10.

Å.È. Áåpåæíîé, Â.Â. Êî÷åðîâà Â.Â. (ßðîñëàâëü, Ðîññèÿ)
ber@uniyar.ac.ru

ÒÅÎÐÅÌÀ ÂËÎÆÅÍÈß W 1,n(D) ÄËß ÌÍÎÆÅÑÒÂÀ
ÏÐÎÈÇÂÎËÜÍÎÉ ÌÅÐÛ

Ïóñòü â D ⊆ Rn, (n ≥ 2) � îòêðûòîå ìíîæåñòâî, S(µ;D) � ïðîñòðàíñòâî èç-
ìåðèìûõ íà D ôóíêöèé f : D → R. Äëÿ f : D → R ÷åðåç λ(x, γ) îáîçíà÷èì
ôóíêöèþ ðàñïðåäåëåíèÿ ôóíêöèè f : λ(x, γ) = µ({t ∈ D : |f(t)| > γ}), à ÷åðåç f ∗
åå ïåðåñòàíîâêó â íåâîçðàñòàþùåì ïîðÿäêå. Èäåàëüíîå ïðîñòðàíñòâî X íàçûâàåò-
ñÿ ñèììåòðè÷íûì, åñëè èç f ∈ X, èçìåðèìîñòè g è èç âûïîëíåíèÿ ïðè âñåõ γ ∈ R+

íåðàâåíñòâà λ(g, γ) ≤ λ(f, γ) ñëåäóåò, ÷òî g ∈ X è ‖g|X‖ ≤ ‖f |X‖. Ïóñòü X �
ñèììåòðè÷íîå ïðîñòðàíñòâî â S(µ;D). ×åðåç W 1,p(D,X), (1 ≤ p <∞) îáîçíà÷èì
çàìûêàíèå C∞0 (D) ïî íîðìå Ñîáîëåâà

‖f |W 1,p(D,X)‖ = ‖∇f |Lp‖+ ‖f |X‖.

Îïðåäåëèì ôóíêöèþ ψR,n : (0, ρ)→ R+ ðàâåíñòâîì

ψρ,n(t) = nC1/n
n

{
(lnρt )

−1/n′, ïpè t ∈ (0, ρe−1/n′),

( 1
n′

)−1/n′, ïpè t ∈ [ρe−1/n′, ρ)
.
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Ïðÿìîé ïîäñ÷¼ò ïîêàçûâàåò, ÷òî ôóíêöèÿ ψR,n ÿâëÿåòñÿ âîãíóòîé. Ïî ôóíêöèÿì

ψρ,n ïîñòðîèì êâàçèáàíàõîâû ïðîñòðàíñòâà Ìàðöèíêåâè÷à M̃(ψρ,n), êâàçèíîðìû
â êîòîðûõ îïðåäåëÿåòñÿ ðàâåíñòâîì

‖f |M̃(ψR,n)‖ = sup
0<α

αϕ(λ(f, α)) = sup
0<α

ϕ(α)f ∗(α).

Òåîðåìà. Äëÿ ëþáîé f èç W 1,n(D,X) ñïðàâåäëèâî íåðàâåíñòâî

sup
ρ∈(0,µ(D))

{‖(f ∗(.)− f ∗(ρ))χ(0, ρ)|M̃(ψρ,n)‖+

‖f ∗(ρ)χ(0, ρ) + f ∗(.)χ(ρ, µ(D))|X‖} ≤ ‖f |W 1,n(D,X)‖.
Íåðàâåíñòâî â òåîðåìå óñèëèòü íåëüçÿ.
Â ñëó÷àå D = Rn èç òåîðåìû ñëåäóþò ðåçóëüòàòû [1-2].

Ë È Ò Å Ð À Ò Ó Ð À
1. Adachi S., Tanaka K. Trudinger type inequality in Rn and their best exponent. // Pros. AMS., 1999, v. 128, pp. 2051�2057.
2. Li X., Ruf B. A sharp Trudinger-Moser type inequality for unbounded domains in Rn. // Indiana Univ. Math. J., 2008,

v. 57, pp. 451�480.

ß.È. Ãðàíîâñêèé (Äîíåöê)
yarvodoley@mail.ru

Ê ÑÏÅÊÒÐÀËÜÍÎÉ ÒÅÎÐÈÈ ÊÂÀÍÒÎÂÛÕ ÇÂÅÇÄÍÛÕ ÃÐÀÔÎÂ

Ðàññìîòðèì çâåçäíûé ãðàô G, ñîñòîÿùèé èç p1 > 0 áåñêîíå÷íûõ ðåáåð è p2 ≥ 0
êîíå÷íûõ ðåáåð, p1 + p2 := p. Êàæäîå ðåáðî áóäåì àññîöèèðîâàòü ñ êîíå÷íûì èëè
áåñêîíå÷íûì èíòåðâàëîì (0, aj),
j ∈ {1, . . . , p}, ãäå òî÷êà 0 ñîîòâåòñòâóåò âíóòðåííåé âåðøèíå ãðàôà.
Íà êàæäîì áåñêîíå÷íîì ðåáðå lj, j ∈ {1, . . . , p1} îïðåäåëèì ìèíèìàëüíûé îïå-

ðàòîð Amin
lj
flj = −f ′′lj +Qljflj , Qlj = Q∗lj ∈ L

1(lj,Cm×m),

dom(Amin
lj

) =

flj ∈ L2(lj,Cm) :

flj , f
′
lj
∈ ACloc(lj,Cm),

Amin
lj
flj ∈ L2(lj,Cm),

flj(0) = f ′lj(0) = 0

 .

Íà êàæäîì êîíå÷íîì ðåáðå ej, j ∈ {p1 + 1, . . . , p} îïðåäåëèì ìèíèìàëüíûé îïå-
ðàòîð Amin

ej
fej = −f ′′ej +Qejfej , Qej = Q∗ej ∈ L

1(ej,Cm×m),

dom(Amin
ej

) :=

fej ∈ L2(ej,Cm) :

fej , f
′
ej
∈ ACloc(ej,Cm),

Amin
ej
fej ∈ L2(ej,Cm), fej(0)

= fej(aj) = f ′ej(0) = f ′ej(aj) = 0

 .
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Ýòî ïîçâîëÿåò ââåñòè ìèíèìàëüíûé îïåðàòîð Amin íà ãðàôå

G : Amin :=

p⊕
j=1

Amin
j , dom(Amin) :=

p⊕
j=1

dom(Amin
j ).

Ïîêàçàíî, ÷òî ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ σsc(Ã) ∩ R = ∅ äëÿ êàæäîãî
ñàìîñîïðÿæåííîãî ðàñøèðåíèÿ Ã. Â ÷àñòíîñòè, ýòî âåðíî äëÿ ðàñøèðåíèÿ Aα,
çàäàâàåìîãî óñëîâèåì òèïà äåëüòà:{

f íåïðåðûâíà â 0,∑p
j=1 f

′
j(0) = αf(0).

(1)

Ïðè α = 0 óñëîâèå (1) � õîðîøî èçâåñòíîå óñëîâèå Êèðõãîôà.
Òàêæå íàéäåíà ôîðìóëà, âûðàæàþùàÿ ìàòðèöó ðàññåÿíèÿ ñèñòåìû {Aα, A0}

÷åðåç ôóíêöèþ Âåéëÿ, A0 � îïåðàòîð çàäà÷è Äèðèõëå.
Ïîëó÷åííûå ðåçóëüòàòû îáîáùàþò è ðàçâèâàþò ðåçóëüòàòû [1], à äîêëàä áàçè-

ðóåòñÿ íà ðåçóëüòàòàõ ñîâìåñòíîé ðàáîòû ñ Ì. Ì. Ìàëàìóäîì è Õ. Íàéäõàðäòîì.
Ë È Ò Å Ð À Ò Ó Ð À

1. Granovskyi Ya., Malamud M., Neidhardt H. and Posilicano A. To the spectral theory of vector-valued Sturm-Liouville
operators with summable potentials and point interactions. J. Functional Analysis and Operator Theory for Quantum Physics,
The Pavel Exner Anniversary. 2017. pp. 271�313.
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ÏÎÐßÄÊÀ

Ïóñòü X � êîìïëåêñíîå áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé || · ||, EndX � áàíà-
õîâà àëãåáðà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, äåéñòâóþùèõ â X .
Â áàíàõîâîì ïðîñòðàíñòâåF (R,X ) (ðàññìàòðèâàåòñÿ îäíî èç ôóíêöèîíàëüíûõ

ïðîñòðàíñòâ îïðåäåë¼ííûõ â [1]) îïðåäåëèì äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî
ïîðÿäêà

L = DN + B1D
N−1 + · · ·+ BN−1D + BN ,

ñ îáëàñòüþ îïðåäåëåíèÿ D(L ) = F (N) ⊂ F (R,X ) → F (R,X ), ãäå ñèìâîë D
îáîçíà÷àåò äèôôåðåíöèàëüíûé îïåðàòîð, äåéñòâóþùèé ïî ïðàâèëóDx = x

′
c ñ îá-

ëàñòüþ îïðåäåëåíèÿ F (1) = {x ∈ F : x − àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ, x
′ ∈

F}, ãäå îïåðàòîðû B1, B2, . . . ,BN ïðèíàäëåæàò àëãåáðå End F . Òàê æå ðàñ-
ñìîòðèì ñëåäóþùèé äèôôåðåíöèàëüíûé îïåðàòîð îïåðàòîð L : F (1)(R,X N) ⊂
F (R,X N)→ F (R,X N), çàäàííûé ñ ïîìîùüþ îïåðàòîðíîé ìàòðèöû
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L ∼



D I 0 . . . 0 0
0 D I . . . 0 0
0 0 D . . . 0 0
...

...
... . . . ...

...
0 0 0 . . . D I
−BN −BN−1 −BN−2 . . . −B2 D −B1


.

Ïóñòü Fd = F (Z, X) � ïðîñòðàíñòâî äâóñòîðîííèõ ïîñëåäîâàòåëüíîñòåé (ñì.
[1]). Îïðåäåëèì ðàçíîñòíûé îïåðàòîð L ∈ End Fd ñ ïîìîùüþ ôîðìóëû (Lxd)(n) =
xd(n)−U (n, n− 1)xd(n− 1), xd ∈ Fd, n ∈ Z, ãäå U � ýâîëþöèîííîå ñåìåéñòâî
îïåðàòîðîâ, ïîñòðîåííîå ïî àáñòðàêòíîé çàäà÷å Êîøè.
Òåîðåìà 1. Ìíîæåñòâà ñîñòîÿíèé îáðàòèìîñòè îïåðàòîðîâ L , L è L(tn)

ñîâïàäàþò, ò.å. Stinv(L ) = Stinv(L) = Stinv(L).
Ë È Ò Å Ð À Ò Ó Ð À
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ÎÁ ÓÌÍÎÆÅÍÈÈ Â ÑÎÏÐßÆÅÍÍÛÕ Ê ÂÅÑÎÂÛÌ
(LF)-ÏÐÎÑÒÐÀÍÑÒÂÀÌ ÖÅËÛÕ ÔÓÍÊÖÈÉ

Îïèñûâàþòñÿ ëèíåéíûå íåïðåðûâíûå îïåðàòîðû, äåéñòâóþùèå â ñ÷åòíîì èí-
äóêòèâíîì ïðåäåëå E âåñîâûõ ïðîñòðàíñòâ Ôðåøå öåëûõ â CN ôóíêöèé è ïåðå-
ñòàíîâî÷íûå â íåì ñ ñèñòåìàìè îïåðàòîðîâ ÷àñòíîãî äèôôåðåíöèðîâàíèÿ è ñäâè-
ãà. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ êîììóòàíòû ñèñòåì îïåðàòîðîâ äèôôåðåí-
öèðîâàíèÿ è ñäâèãà ñîâïàäàþò. Îíè ñîñòîÿò èç îïåðàòîðîâ ñâåðòêè, çàäàâàåìûõ
ïðîèçâîëüíûì ëèíåéíûì íåïðåðûâíûì ôóíêöèîíàëîì íà E. Ïðè ýòîì íå ïðåä-
ïîëàãàåòñÿ, ÷òî ìíîæåñòâî ìíîãî÷ëåíîâ ïëîòíî â E. Â òîïîëîãè÷åñêîì ñîïðÿæåí-
íîì ê E ïðîñòðàíñòâå E ′ ââîäèòñÿ óìíîæåíèå � ñâåðòêà. Ïîëó÷åííàÿ àëãåáðà
èçîìîðôíà óïîìÿíóòîìó êîììóòàíòó ñèñòåìû îïåðàòîðîâ ÷àñòíîãî äèôôåðåíöè-
ðîâàíèÿ â àëãåáðå âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ, äåéñòâóþùèõ â E, ñ
óìíîæåíèåì � êîìïîçèöèåé îïåðàòîðîâ. Â ïîñòðîåííîé àëãåáðå àíàëèòè÷åñêèõ
ôóíêöèîíàëîâ â äâóõ íåñìåøàííûõ ñëó÷àÿõ ââåäåíà òîïîëîãèÿ, ñ êîòîðîé ýòà
àëãåáðà ñòàíîâèòñÿ òîïîëîãè÷åñêîé è óæå òîïîëîãè÷åñêè èçîìîðôíà óêàçàííîìó
êîììóòàíòó ñ ñîîòâåòñòâóþùåé (åñòåñòâåííîé) îïåðàòîðíîé òîïîëîãèåé. (Â îáùåì
ñëó÷àå èçîìîðôèçì ÿâëÿåòñÿ òîïîëîãè÷åñêèì, åñëè â E ′ ââåäåíà ñëàáàÿ òîïîëîãèÿ
σ(E ′, E), à â êîììóòàíòå � ñëàáî îïåðàòîðíàÿ òîïîëîãèÿ). Îòñþäà ñëåäóåò, ÷òî
ìíîæåñòâî ìíîãî÷ëåíîâ îò îïåðàòîðîâ äèôôåðåíöèðîâàíèÿ ïëîòíî â êîììóòàíòå
ñ òîïîëîãèåé ïîòî÷å÷íîé ñõîäèìîñòè. Óñòàíîâëåíû óñëîâèÿ, ïðè êîòîðûõ äàííàÿ
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àëãåáðà íå èìååò äåëèòåëåé íóëÿ. Äîêàçàíà àâòîìàòè÷åñêàÿ íåïðåðûâíîñòü ëè-
íåéíûõ îïåðàòîðîâ, ïåðåñòàíîâî÷íûõ ñî âñåìè îïåðàòîðàìè äèôôåðåíöèðîâàíèÿ
â âåñîâîì (LF)-ïðîñòðàíñòâå öåëûõ ôóíêöèé, èçîìîðôíîì ïîñðåäñòâîì ïðåîáðà-
çîâàíèÿ Ôóðüå-Ëàïëàñà ïðîñòðàíñòâó áåñêîíå÷íî äèôôåðåíöèðóåìûõ â RN ôóíê-
öèé ñ êîìïàêòíûì íîñèòåëåì.
Óïîìÿíóòûå ðåçóëüòàòû îïóáëèêîâàíû â [1], [2].

Ë È Ò Å Ð À Ò Ó Ð À
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2. Èâàíîâà Î.À., Ìåëèõîâ Ñ.Í. Î òîïîëîãè÷åñêèõ àëãåáðàõ àíàëèòè÷åñêèõ ôóíêöèîíàëîâ ñ óìíîæåíèåì, îïðåäåëÿå-
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ÎÖÅÍÊÈ ÐÅØÅÍÈÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÍÅÐÀÂÅÍÑÒÂ

Ïóñòü pi(t) (t ∈ I, i = 0, 1, . . . ,m− 1 - ñóììèðóåìûå íà îòðåçêå J = [a, b] ôóíê-
öèè. Îïðåäåëÿåìûé ðàâåíñòâîì

Ax = x(m) +
m−1∑
i=0

pi(·)x(i),

äèôôåðåíöèàëüíûé îïåðàòîðA äåéñòâóåò è íåïðåðûâåí èç ïðîñòðàíñòâà Ñîáîëåâà
Wm

1 (J) â ïðîñòðàíñòâî Ëåáåãà L(J) ñóììèðóåìûõ íà îòðåçêå J ôóíêöèé. Ôóíêöèþ
x èç Wm

1 (J) íàçîâ¼ì A � ïîëîæèòåëüíîé, åñëè Ax � íåîòðèöàòåëüíàÿ ôóíêöèÿ.
Ñîâîêóïíîñòü A � ïîëîæèòåëüíûõ ôóíêöèé îáðàçóåò êëèí K(A) â ïðîñòðàíñòâå
Wm

1 (J).
Òåîðåìà. Ñïðàâåäëèâî íåðàâåíñòâî

m∑
i=0

∫
Jδ

|x(i)(t)| dt 6 c1

δm

∫
J\Jδ

|x(t)| dt+ c2

∫
J

|x(t)| dt,

â êîòîðîì 0 < 3δ < b− a, Jδ = [a+ δ, b− δ], ïîñòîÿííûå c1, c2 íå çàâèñÿò îò δ è
ôóíêöèè x èç êëèíà K(A).
Â äîêëàäå ïðåäïîëàãàåòñÿ îáñóäèòü âîçìîæíûå ìîäèôèêàöèè òåîðåìû è íàìå-

òèòü ïðèëîæåíèÿ ê íåëèíåéíûì êðàåâûì çàäà÷àì. Òåîðåìà îçíà÷àåò, ÷òî êëèí
K(A) åñòü äîñòàòî÷íî óçêîå ïîäìíîæåñòâî ïðîñòðàíñòâà Wm

1 (J). Â ÷àñòíîñòè,
íåýêâèâàëåíòíûå â ïðîñòðàíñòâàõ Ñîáîëåâà òîïîëîãèè ìîãóò èíäóöèðîâàòü íà
êëèíå K(A) ýêâèâàëåíòíûå òîïîëîãèè.
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À.Â. Êîçàê, Ä.È. Õàíèí (Þæíûé ôåäåðàëüíûé óíèâåðñèòåò, Ðîññèÿ)
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ÑÂßÇÜ ÌÅÆÄÓ ÑÂ�ÐÒÊÎÉ ÏÎ ÂÑÅÌÓ ÏÐÎÑÒÐÀÍÑÒÂÓ È
ÖÈÊËÈ×ÅÑÊÎÉ ÑÂ�ÐÒÊÎÉ

Îïåðàòîð A, äåéñòâóþùèé â lp(Z
m) òàê, ÷òî (Ax)i =

∑
j∈Zm

ai−jxj, ãäå i ∈ Zm,

a ∈ l1(Zm), íàçûâàåòñÿ îïåðàòîðîì ñâ¼ðòêè. Âåêòîð a � åãî ÿäðî. Åñëè v ⊂ Zm,
òî îáîçíà÷èì Pv ïðîåêòîð, äåéñòâóþùèé â lp(Z

m) ïî ïðàâèëó (Pvω)j = ωj, åñëè
j ∈ v, è Pvω)j = 0, åñëè j /∈ v.
Ïóñòü H � öåëî÷èñëåííûå òî÷êè ïàðàëëåëåïèïåäà [0, n1 − 1] × [0, n2 − 1] ×

. . . × [0, nm − 1]. Ëèíåéíûé îãðàíè÷åííûé îïåðàòîð CH , äåéñòâóþùèé â lp(H),

íàçûâàåòñÿ öèêëè÷åñêèì îïåðàòîðîì, åñëè (CHx)k =
∑
j∈H

(CH)k,jxj =
∑
j∈H

ck -©jxj,

ãäå çàïèñü ¾i -©j¿ îáîçíà÷àåò âåêòîð, k-é êîîðäèíàòîé êîòîðîãî ÿâëÿåòñÿ îñòàòîê
îò äåëåíèÿ ÷èñëà (ik − jk) íà nk. Âåêòîð c ∈ l1(H) � ÿäðî CH .
Îïðåäåëåíèå. Áóäåì ãîâîðèòü, ÷òî öèêëè÷åñêèé îïåðàòîð CH ñ ÿäðîì c ïî-

ðîæä¼í îïåðàòîðîì ñâ¼ðòêè A ñ ÿäðîì a, åñëè ck =
∑
s≡k

(mod n)

as, k ∈ H. Â ýòîì
ñëó÷àå áóäåì ïèñàòü CH = ηH(A).
Ñïðàâåäëèâû óòâåðæäåíèÿ:

1) ηH(γ1A1 + γ2A2) = γ1ηH(A1) + γ2ηH(A2), ãäå γ1, γ2 � êîìïëåêñíûå ÷èñëà;
2) ηH(A1A2) = ηH(A1) · ηH(A2);
3) Åñëè A îáðàòèì, òî ηH(A) îáðàòèì è (ηH(A))−1 = ηH(A−1);
4) ||ηH(A)|| 6 ||a||1, ãäå a � ÿäðî îïåðàòîðà A.

5) ||PuCH −PuPHAPH || 6
∑
k: |k|>l

|ak|, ãäå u ⊂ H, l � ðàññòîÿíèå ìåæäó u è Zm \H.

Àíàëîãè÷íûå ðåçóëüòàòû ñïðàâåäëèâû è äëÿ èíòåãðàëüíûõ ñâ¼ðòîê. Â ýòîì ñëó-
÷àå âìåñòî öèêëè÷åñêèõ ñâ¼ðòîê ðàññìîòðåíû îïåðàòîðû ñâ¼ðòêè íà òîðå.
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Ðàññìàòðèâàåòñÿ íåëèíåéíûé èíòåãðàëüíûé îïåðàòîð Óðûñîíà

F (u)(t) =

∫
∆

ϕ(t, s, u(s))ds, t ∈ ∆, (1)
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ãäå ∆ ⊂ Rd � îãðàíè÷åííàÿ çàìêíóòàÿ îáëàñòü, d ≥ 1. Ïóñòü X, Y � áàíàõîâû
ïðîñòðàíñòâà ôóíêöèé íà ∆, ïðîñòðàíñòâî Y íåïðåðûâíî âëîæåíî â C(∆), èíòå-
ãðàíò ϕ õàðàêòåðèçóåòñÿ ñòåïåííûì (ñ íåíóëåâûì ïîêàçàòåëåì) ïîâåäåíèåì ïî u
íà áåñêîíå÷íîñòè è îïåðàòîð F : X → Y âïîëíå íåïðåðûâåí. Èçó÷àåòñÿ óðàâíåíèå
ïåðâîãî ðîäà

F (u) = g, u ∈ K, (2)

ãäå K � êîíóñ â ïðîñòðàíñòâå X. Äëÿ óðàâíåíèÿ (2) ñ ôèêñèðîâàííûì èíòåãðàí-
òîì ϕ îïèñàí ñïîñîá ÿâíîãî ïîñòðîåíèÿ ëó÷à, ïðèíàäëåæàùåãî ðåöåññèâíîìó êî-
íóñó b(F (K))−, ëèáî êàñàòåëüíîìó êîíóñó T0(F (K)) â òî÷êå 0 ∈ F (K). Öåíòðàëü-
íóþ ðîëü â ýòîé êîíñòðóêöèè èãðàåò ãëàâíàÿ ÷àñòü ψ èíòåãðàíòà ϕ ïî ïàðàìåòðó
u, êîòîðàÿ îïðåäåëÿåòñÿ â çàâèñèìîñòè îò õàðàêòåðà ïîâåäåíèÿ ϕ ïðè u → ∞.
Â ÷àñòíîñòè, ïðè åñòåñòâåííûõ äîïîëíèòåëüíûõ óñëîâèÿõ îêàçûâàåòñÿ, ÷òî äëÿ
ëþáîãî h ∈ K ýëåìåíò

F0(h) =

∫
∆

ψ(t, s, h(s))ds

îïðåäåëÿåò ëó÷ Lh(ψ) = {µF0(h) : µ ≥ 0} òàêîé, ÷òî

F (u0) + Lh(ψ) ⊂ F (D) ∀u0 ∈ K.

Óñòàíàâëèâàåòñÿ, ÷òî íåñìîòðÿ íà íåêîððåêòíîñòü ðàññìàòðèâàåìûõ óðàâíåíèé,
ïîíèìàåìîå â ïîäõîäÿùåì ñìûñëå ñâîéñòâî îáîáùåííîé ðàçðåøèìîñòè (2) îêàçû-
âàåòñÿ óñòîé÷èâûì ê îïðåäåëåííûì âàðèàöèÿì ýëåìåíòîâ çàäà÷è F , g. Îáñóæäà-
þòñÿ ïðèëîæåíèÿ ê âîïðîñàì îáîáùåííîé ðàçðåøèìîñòè íåëèíåéíûõ èíòåãðàëü-
íûõ óðàâíåíèé ïåðâîãî ðîäà.
Ðàáîòà ïîääåðæàíà Ìèíèñòåðñòâîì íàóêè è âûñøåãî îáðàçîâàíèÿ ÐÔ â ðàìêàõ

ãîñóäàðñòâåííîãî çàäàíèÿ (ïðîåêò 1.5420.2017/8.9).

Ñ.À. Ðîùóïêèí (Åëåöêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. È. À. Áóíèíà, Ðîññèÿ), Ë.Í. Ëÿõîâ (Âîðîíåæñêèé

ãîñóäàðñòâåííûé óíèâåðñèòåò, Ðîññèÿ)
roshupkinsa@mail.ru, levnlya@mail.ru

DB-ÏÐÎÈÇÂÎÄÍÀß ÁÅÑÑÅËß È ÏÐÅÎÁÐÀÇÎÂÀÍÈÅ
ÐÀÄÎÍÀ�ÊÈÏÐÈßÍÎÂÀ

Ïóñòü x = (x′, x′′) ∈ R+
n ×RN−n, {x′ = (x1, . . . , xn)}, à R+

n = {x : x1 > 0, . . . , xn >

0)} � n-ïîëóïðîñòðàíñòâî, 〈x, ξ〉 =
n∑
i=1

xiξi � ñêàëÿðíîå ïðîèçâåäåíèå â RN , γ =

(γ1, . . . , γn), γi > 0.
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×åòíîå ïðåîáðàçîâàíèå Ðàäîíà�Êèïðèÿíîâà ðàçìåðíîñòè γ ôóíêöèé ÷åòíûõ
ïî êàæäîé êîîðäèíàòå âåêòîðà x′ ∈ R+

n ââåäåíî â [1], èìååò âèä

Kγ,ev[f ](ξ; p)=2n
∫
R+
N

f(x)Pγ
x δ(p− 〈x, ξ〉) (x′)γdx , (x′)γ=

n∏
i=1

(x2
i )
γi/2 ,

ãäå Pγ
x � ìíîãîìåðíûé îïåðàòîð Ïóàññîíà [1]. Ïóñòü n = 1 è g(x) � x1-íå÷åòíàÿ

ôóíêöèÿ, |Θ| = 1. Ââåäåì íå÷åòíîå Kγ,od ïðåîáðàçîâàíèå â âèäå

Kγ,od[g](Θ; p) =

∫
RN

g(x)
1

Θ1

d

dx1
Pγ
x1
δ(p− 〈x,Θ〉)(x2

1)
γ/2dx.

Ïóñòü (DB)2k+1
xi

= ∂
∂xi
Bk
γi
, ãäå Bγi � ñèíãóëÿðíûé äèôôåðåíöèàëüíûé îïåðàòîð

Áåññåëÿ ïî xi è L
m(D) =

N∑
|α|=m

aαD
α
B.

Òåîðåìà. Äëÿ f ∈ Hα
γ (RN) ñïðàâåäëèâà ôîðìóëà

Kγ,od[L
m(DB)f ](Θ; p) = 2n Lm(Θ) dm

dpmKγ,ev[f ](Θ; p).

Â ÷àñòíîñòè, åñëè L1(D) =
N∑
i=1

aiDi, òî

(K)γ,od[L
1(D)f ](Θ; p) = 2n L1(Θ) d

dpKγ,od[f ](Θ; p) .
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Î ÌÅÒÎÄÅ ×ÀÑÒÈ×ÍÛÕ ÐÅÃÓËßÐÈÇÀÒÎÐÎÂ Â ÍÅÊÎÒÎÐÛÕ
Ñ×ÅÒÍÎ-ÍÎÐÌÈÐÎÂÀÍÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Ïóñòü Γ - åäèíè÷íàÿ îêðóæíîñòü êîìïëåêñíîé ïëîñêîñòè C, Γ2 - òîð. Îáîçíà÷èì:
W
(
Γ2
)
- áàíàõîâî ïðîñòðàíñòâî âèíåðîâñêèõ ôóíêöèé, W∞,0 (Γ2

)
, W∞,∞ (Γ2

)
-

ñ÷åòíî-íîðìèðîâàííûå ïðîñòðàíñòâà ãëàäêèõ ôóíêöèé. Áóäåì çíàêàìè ¾+¿ è ¾-¿
âíèçó áóäåì îáîçíà÷àòü ïîäïðîñòðàíñòâà óêàçàííûõ ïðîñòðàíñòâ, à ñîîòâåòñòâó-
þùèå îïåðàòîðû ïðîåêòèðîâàíèÿ P±± ñîîòâåòñòâåííî (òî÷íûå îïðåäåëåíèÿ ñì â
[1]).
Îáîçíà÷èì Ta = P++a (ξ, η) I îïåðàòîð Òåïëèöà Ta : X++ → X++, a (ξ, η) ∈ X,

ãäå X - îäíî èç ïðîñòðàíñòâ W
(
Γ2
)
, W∞,0 (Γ2

)
, W∞,∞ (Γ2

)
. Íàèáîëåå ïîëíî ýòîò

îïåðàòîð èçó÷åí â áàíàõîâûõ ïðîñòðàíñòâàõ, â ÷àñòíîñòè, âW
(
Γ2
)
. È.Á.Ñèìîíåíêî

[2] ïîëó÷åí êðèòåðèé êîòîðûé ìîæåò áûòü ïåðåôîðìóëèðîâàí ñëåäóþùèì îáðà-
çîì: îïåðàòîð Ta : W++

(
Γ2
)
→ W++

(
Γ2
)
íåòåðîâ òîãäà è òîëüêî òîãäà, êîãäà
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åãî ñèìâîë a (ξ, η) äîïóñêàåò êàíîíè÷åñêóþ ôàêòîðèçàöèþ a = a−−a+−a−+a++

â àëãåáðå W
(
Γ2
)
. Ýòî îçíà÷àåò, ÷òî êàæäûé ñîìíîæèòåëü â ýòîì ïðåäñòàâëåíèè

ñèìâîëà ïîðîæäàåò îáðàòèìûé îïåðàòîð Òåïëèöà. Ïðè ýòîì ðåãóëÿðèçàòîð ìîæåò
áûòü ïîñòðîåí ìåòîäîì ÷àñòè÷íîé ðåãóëÿðèçàöèè, ïðåäëîæåííûì Â.Ñ.Ïèëèäè [3].
Ïîêàçàíî, ÷òî ýòîò ðåçóëüòàò ñîõðàíÿåòñÿ â ñëó÷àå ïðîñòðàíñòâà W∞,0

++

(
Γ2
)
è

íå èìååò ìåñòà äëÿ ïðîñòðàíñòâà W∞,∞
++

(
Γ2
)
. Íàïðèìåð, ñèìâîë, ξη−1 − ξ−1η =(

1− ξη−1
) (

1 + ξ−1η
)
ïîðîæäàåò îïåðàòîð Tξη−1−ξ−1η, èìåþùèé áåñêîíå÷íîìåðíîå

ÿäðî, íåñìîòðÿ íà òî, ÷òî êàæäûé èç îïåðàòîðîâ T1−ξη−1, T1+ξ−1η îáðàòèì â ïðî-
ñòðàíñòâå W∞,∞

++

(
Γ2
)
.
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Î ÁÛÑÒÐÎ ÓÁÛÂÀÞÙÈÕ ÓËÜÒÐÀÄÈÔÔÅÐÅÍÖÈÐÓÅÌÛÕ
ÔÓÍÊÖÈßÕ

Â ðàáîòå ïðåäëàãàåòñÿ íîâûé ïîäõîä ê îïðåäåëåíèþ ïðîñòðàíñòâà S(ω)(RN)
áûñòðî óáûâàþùèõ óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé â RN . Èìåííî, óêàçàí-
íîå ïðîñòðàíñòâî ââîäèòñÿ ñëåäóþùèì îáðàçîì:

S(ω)(RN) =
{
f ∈ C∞(RN) : ∀p ∈ N

‖f‖p := sup
x∈RN

sup
α∈NN0

|f (α)(x)| epω(x)

exp pϕ∗ω
( |α|
p

) <∞
}
. (1)

Çäåñü, êàê îáû÷íî, C∞(RN) � ïðîñòðàíñòâî âñåõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ
â RN ôóíêöèé; α = (α1, . . . , αN) ∈ NN

0 � ìóëüòèèíäåêñ; |α| = α1 + · · ·+ αN � åãî

äëèíà; f (α) = ∂|α|f

∂x
α1
1 ...∂x

αN
N

; ω � âåñîâàÿ ôóíêöèÿ, îïðåäåëÿþùàÿ ïðîñòðàíñòâî; ϕ∗ω �

ôóíêöèÿ, ñîïðÿæåííàÿ ïî Þíãó ñ ω(ex).
Ðàíåå (ñì. [1,2]) ïðîñòðàíñòâî S(ω)(RN) ââîäèëîñü ñ ïîìîùüþ îöåíîê, íàêëàäû-

âàåìûõ îäíîâðåìåííî íà ôóíêöèè f è èõ ïðåîáðàçîâàíèÿ Ôóðüå f̂ :

S(ω)(RN) =
{
f ∈ C∞(RN) : ∀p ∈ N

‖f‖ω,p := max
|α|≤p

sup
x∈RN

(∣∣f (α)(x)
∣∣+
∣∣f̂ (α)(x)

∣∣) epω(x) <∞
}
.

Î÷åâèäíî, ÷òî äàííûé ïîäõîä ìåíåå óäîáåí, ÷åì (1).
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Â ðàáîòå äîêàçàíî, ÷òî ïðîñòðàíñòâî S(ω)(RN), îïðåäåëÿåìîå ðàâåíñòâîì (1),
îáëàäàåò âñåìè êëàññè÷åñêèìè ñâîéñòâàìè ïðîñòðàíñòâ áûñòðî óáûâàþùèõ ôóíê-
öèé. Èìåííî, ïðîâåðåíî, ÷òî ïðåîáðàçîâàíèå Ôóðüå ÿâëÿåòñÿ àâòîìîðôèçìîì ïðî-
ñòðàíñòâà S(ω)(RN). Äàëåå, óñòàíîâëåíû íåïðåðûâíûå âëîæåíèÿ
D(ω)(RN) ⊂ S(ω)(RN) ⊂ E(ω)(RN), ãäå E(ω)(RN) � èçâåñòíîå ïðîñòðàíñòâî Áåð-
ëèíãà óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé, à D(ω)(RN) � ñîîòâåòñòâóþùåå åìó
ïðîñòðàíñòâî ïðîáíûõ óëüòðàäèôôåðåíöèðóåìûõ ôóíêöèé. Íàêîíåö, ïîêàçàíî,
÷òî ïðîñòðàíñòâî D(ω)(RN) ïëîòíî â S(ω)(RN).
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ÝÊÑÒÐÀÃÐÀÄÈÅÍÒÍÛÉ ÀËÃÎÐÈÒÌ Ñ ÌÎÍÎÒÎÍÍÎÉ
ÐÅÃÓËÈÐÎÂÊÎÉ ØÀÃÀ ÄËß ÂÀÐÈÀÖÈÎÍÍÛÕ ÍÅÐÀÂÅÍÑÒÂ

È ÎÏÅÐÀÒÎÐÍÛÕ ÓÐÀÂÍÅÍÈÉ

Â äîêëàäå ðàññìàòðèâàþòñÿ âàðèàöèîííûå íåðàâåíñòâà è îïåðàòîðíûå óðàâíå-
íèÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå è ñ äîïîëíèòåëüíûìè óñëîâèÿìè âèäà âêëþ÷å-
íèÿ â ìíîæåñòâî íåïîäâèæíûõ òî÷åê çàäàííîãî îïåðàòîðà, ò.å. çàäà÷è âèäà

íàéòè x ∈ C : (Ax, y − x) ≥ 0 ∀y ∈ C è x = Tx,

ãäå C � íåïóñòîå âûïóêëîå çàìêíóòîå ïîäìíîæåñòâî ãèëüáåðòîâà ïðîñòðàíñòâà
H, A : H → H, T : H → H.
Äëÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷ ïðåäëîæåí ìîäèôèöèðîâàííûé ýêñòðàãðà-

äèåíòíûé àëãîðèòì ñ ìîíîòîííîé ðåãóëèðîâêîé âåëè÷èíû øàãà, íå òðåáóþùåé
çíàíèÿ êîíñòàíòû Ëèïøèöà îïåðàòîðà A:

yn = PC (xn − λnAxn) ,
zn = PC (xn − λnAyn) ,
xn+1 = µnxn + (1− µn)Tzn,
λn+1 = min

{
λn, τ

‖yn−xn‖
‖Ayn−Axn‖

}
åñëè Ayn 6= Axn èíà÷å λn+1 = λn,

ãäå τ ∈ (0, 1), µn ∈ (0, 1).
Â îòëè÷èå îò ïðèìåíÿâøèõñÿ ðàíåå ïðàâèë âûáîðà âåëè÷èíû øàãà (ñì. [1, 2]) â

ïðåäëàãàåìîì àëãîðèòìå íå ïðîèçâîäèòñÿ äîïîëíèòåëüíûõ âû÷èñëåíèé çíà÷åíèé
îïåðàòîðà A è îòîáðàæåíèÿ ïðîåêòèðîâàíèÿ PC .
Äîêàçàíà ñëàáàÿ ñõîäèìîñòü àëãîðèòìà äëÿ çàäà÷ ñ ïñåâäîìîíîòîííûìè, ëèï-

øèöåâûìè, ñåêâåíöèàëüíî ñëàáî íåïðåðûâíûìè îïåðàòîðàìè A è êâàçèíåðàñòÿ-
ãèâàþùèìè îïåðàòîðàìè T , çàäàþùèìè äîïîëíèòåëüíûå óñëîâèÿ.
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Î ÍÎÂÛÕ ÊÂÀÇÈÑÒÅÏÅÍÍÛÕ ÃÐÀÍÄ-ÏÐÎÑÒÐÀÍÑÒÂÀÕ
ÎÐËÈ×À ÔÓÍÊÖÈÉ, ÎÏÐÅÄÅË�ÍÍÛÕ ÍÀ ÏÐÎÈÇÂÎËÜÍÛÕ

ÎÁËÀÑÒßÕ

Ââîäèìûå ãðàíä-ïðîñòðàíñòâà (â ÷àñòíîñòè, LaM),s(Ω, ω)) ñòðîÿòñÿ íà îñíîâå âå-
ñîâûõ ïðîñòðàíñòâ Îðëè÷à LM(Ω, ω), ïîðîæäåííûõ N -ôóíêöèÿìè M(u), èìåþ-
ùèõ ðàçëè÷íûå ñêîðîñòè óáûâàíèÿ â íóëå (p1) è ðîñòà â áåñêîíå÷íîñòè (p2).
Ïðåäïîëàãàåì, ÷òî âûïîëíÿþòñÿ îãðàíè÷åíèÿ 1 < p1 < ∞, 1 < p2 < ∞,

p = min{p1, p2}. Äëÿ ëþáîãî ïîëîæèòåëüíîãî âåñà a(x) èç ïðîñòðàíñòâà LM(Ω, ω)
îïðåäåëÿåì íîâûé (äîïîëíèòåëüíûé) âåñ ôîðìóëîé

ωδ(x) ≡ ωδ(a,M) = (pδ)
1
pM δ(a(x)) · ω(x), 0 < δ < 1− 1/p.

×åðåç LaM),s(Ω, ω) îáîçíà÷àåì ãðàíä-ïðîñòðàíñòâî Îðëè÷à ñ âåñîì ωδ(x) :f : ρa,s(f,M, ω) =

 δ0∫
0

∫
Ω

M 1−δ(|f(x)|)ωδ(a,M)dx

 s
1−δ

dδ


1
δ

<∞

 ,

ãäå f ∈ LM(Ω, ω), s ∈ [1,∞], δ0 ∈ (0, 1 − 1/p). Â ñëó÷àå, êîãäà M(u) = up

p ,

1 < p < ∞, s = ∞, èìååì ãðàíä-ïðîñòðàíñòâî Ëåáåãà Lp)(Ω) ôóíêöèé, çàäàííûõ
íà îãðàíè÷åííûõ ìíîæåñòâàõ Ω ([2]), è íà íåîãðàíè÷åííûõ � Lap)(Ω) ([3]).
Òåîðåìà. Ïóñòü ôóíêöèÿ f ïðèíàäëåæèò ïðîñòðàíñòâó Îðëè÷à LM(Ω, ω),

1 < p = min{p0, p∞} < ∞, a � ïîëîæèòåëüíûé âåñ. Äëÿ òîãî ÷òîáû áûëà ñïðà-
âåäëèâà îöåíêà

ρa,s(f,M, ω) ≤ Cp,aρ(f,M, ω),

ñ òî÷íîé êîíñòàíòîé Cp,a, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû a ∈ LM(Ω, ω).
Ñîîáùàþòñÿ ïåðâîíà÷àëüíûå îñíîâíûå ñâîéñòâà ââåäåííûõ ãðàíä-ïðîñòðàíñòâ:

áàíàõîâîñòü, ñåïàðàáåëüíîñòü è äðóãèå.
Ë È Ò Å Ð À Ò Ó Ð À
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ÓÌÍÎÆÅÍÈÅ ÐÀÖÈÎÍÀËÜÍÛÕ ÐÀÑÏÐÅÄÅËÅÍÈÉ

Ðàñïðåäåëåíèå f áóäåì íàçûâàòü ðàöèîíàëüíûì, åñëè ñóùåñòâóåò ïàðà ôóíêöèé
(f+, f−), ãäå f± � ïðàâèëüíûå ðàöèîíàëüíûå ôóíêöèè, àíàëèòè÷åñêèå â âåðõíåé è
íèæíåé ïîëóïëîñêîñòÿõ ñîîòâåòñòâåííî, ÷òî f ÿâëÿåòñÿ ïðåäåëîì â ïðîñòðàíñòâå
ðàñïðåäåëåíèé ñåìåéñòâà ãëàäêèõ ôóíêöèé fε(x) = f+(x+ iε)− f−(x− iε). Òîãäà
ãîâîðÿò, ÷òî ïðîèçâåäåíèå ðàñïðåäåëåíèé f è g ÿâëÿåòñÿ ðàñïðåäåëåíèåì, åñëè
ñóùåñòâóåò ïðåäåë ñåìåéñòâà fεgε â ïðîñòðàíñòâå ðàñïðåäåëåíèé.
Â ñèëó òîãî, ÷òî ëþáóþ ðàöèîíàëüíóþ ôóíêöèþ ìîæíî ïðåäñòàâèòü â âèäå ñóì-

ìû ïðîñòåéøèõ äðîáåé, âîïðîñ î ïðèäàíèè ñìûñëà ïðîèçâåäåíèþ ðàöèîíàëüíûõ
ðàñïðåäåëåíèé ñâîäèòñÿ ê îïðåäåëåíèþ ïðîèçâåäåíèé ðàñïðåäåëåíèé f = (f+, f−)
è g = (g+, g−), êîãäà f±, g± ÿâëÿþòñÿ ïðîñòåéøèìè ðàöèîíàëüíûìè äðîáÿìè.
Â ñëó÷àå, êîãäà ôóíêöèè f+, g− è f−, g+ èìåþò îñîáåííîñòè â ðàçíûõ òî÷êàõ,
ïðîèçâåäåíèå ðàñïðåäåëåíèé f è g ñóùåñòâóåò. Äëÿ ñëó÷àÿ, êîãäà f+, g− è f−, g+

èìåþò îñîáåííîñòè â îäèíàêîâûõ òî÷êàõ, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü ðàöèîíàëüíûå ðàñïðåäåëåíèÿ f è g èìåþò âèä:

f =
( m∑
k=1

f+
k (z),

m∑
k=1

f−k (z)
)
, g =

( m∑
k=1

g+
k (z),

m∑
k=1

g−k (z)
)
,

è

f±k (z) =

pk∑
j=1

A±kj
(z − zk)j

, g±k (z) =

pk∑
j=1

B±kj
(z − zk)j

,

ãäå {z1, z2, . . . , zm} � çàäàííûé íàáîð âåùåñòâåííûõ ÷èñåë. Ïðîèçâåäåíèå ðàñïðåäå-
ëåíèé f è g ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà äëÿ êàæäîãî k, 1 ≤ k ≤ m,
ñóùåñòâóåò ÷èñëî tk, òàêîå, ÷òî

B+
kj = tkA

+
kj, B−kj = −tkA−kj.

Íàïðèìåð, ðàñïðåäåëåíèÿ δ è P(1/x) ÿâëÿþòñÿ ðàöèîíàëüíûìè è èõ ïðîèçâå-
äåíèå åñòü −δ′/2.
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A. I. Fedotov (Kazan, Russia)
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JUSTIFICATION OF THE APPROXIMATE METHODS FOR
SOLVING OPERATOR EQUATIONS

Nowdays there is a large number of the approximate methods for solving operator
equations, but the number of methodics for justi�cation these methods are obviously
not enough, therefore many methods are still unjusti�ed. So I try to develop the theory
of justi�cation of the approximate methods for solving operator equations.
Actually there were only 2 main approaches to justi�cation. One is based on the

wellknown Banach theorem.
Theorem 1. Let an operator A : X → Y be linear and invertible and an operator

Ā : X → Y be linear. If
‖A− Ā‖X→Y < ‖A−1‖−1

Y→X ,

then the operator Ā is also invertible.
Second approach is based on Fredholm theorem.
Theorem 2. Let an operator A : X → Y be linear and invertible and an operator

Ā : X → Y be linear. If the operator

A− Ā : X → Y

is compact and an equation Āx = 0 has the only solution x = 0, then the operator Ā
is also invertible.
In the papers [1]�[4] some other approaches are developed to justify the approximate

methods for solving singular integro-di�erential and periodic pseudodi�erential equa-
tions which previously were not justi�ed.
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M.A. Karapetyants (Moscow, Russia)
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DYADIC GENERALIZED FUNCTIONS AND UNIQUENESS
THEOREM

In the year of 2007 dyadic generalized functions were introduced by Prof. B. Golubov
as continuous linear functionals on the linear space Dd(R+) of in�nitely di�erentiable
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functions compactly supported by the positive half-axis R+ together with all dyadic
derivatives.
The space of rapidly decreasing in the neighborhood of in�nity dyadic generalized

functions Sd(R+) was de�ned as the space of functions from C(∞)
W (R) such that for

all α, β ∈ Z+

lim
x→∞

(h(x))−βφα(x) = 0, h(x) = 2−n, 2n ≤ x < 2n+1, n ∈ Z.

However, Dd(R+) and Sd(R+) de�ned as they are above were not invariant with
respect to the Walsh-Fourier transform F [f ](x) =

∫
R+
ψ(x, y)f(y)dy.

Thus, S. Volosivets suggested in 2009 the following de�nition of the space Dd(R+):
functions f such that

f(x) =

{
constant, x ∈ δ

0, othervise,

for some dyadic interval δ. Now, if f ∈ Dd(R+) then F [f ] also belongs Dd(R+).
Thereby, we consider the space Dd(R+) and prove that it cannot be de�ned "better"

in terms of the range of functions it contains to preserve the property of being invariant.
We also consider the re�nement equation φ =

∑2n−1
k=0 Ckφ(2x 	 k), x ∈ R+, Ck -

�nite set of complex numbers, and prove some facts of its solution φ, in particular, the
uniqueness of that solution (if exists).
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V.Yu.Protasov (Moscow, Russia)
v-protassov@yandex.ru

WAVELETS, BOUNDARY DIMENSION OF COMPACT SETS, AND
AUTOMATA THEORY

Multivariate wavelets on Rd can be constructed with an arbitrary dilation integer
expansive d × d matrix and arbitrary set of �digits� from the corresponding quotient
sets. A formula for the H�older exponent of multivariate wavelets was presented in [1].
In the simplest case of multivariate Haar wavelets, this formula can be applied for
computing the boundary dimension of self-similar tiles. Moreover, the same value has
an interpretation in terms of the problem of synchronizing automata. A �nite automata
is determined by a directed multigraph with N vertices (states) and with all edges
(transfers) coloured with m colours so that each vertex has precisely one outgoing edge
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of each colour. The automata is synchronizing if there exists a �nite sequence of colours
such that all paths following that sequence terminate at the same vertex independently
of the starting vertex. The problem of synchronizing automata has been studied in great
detail (see [3] for a survey). It turns out that each multivariate Haar function can be
naturally associated with a �nite automata and the H�older exponent is related to the
length of the synchronizing sequence. We introduce a concept of synchronizing rate
and show that it is actually equal to the H�older exponent of the corresponding Haar
function. Applying this result we prove that the boundary dimension of self-similar
tiles, as well as the H�older exponent of Haar functions, can be found within �nite time
by a combinatorial algorithm.

R E F E R E N C E S
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MULTIVARIATE HAAR SYSTEMS AND SELF-SIMILARITY TILES:
CLASSIFICATION AND REGULARITY

The Haar system on the real line is the simplest example of wavelets. Multidimen-
sional Haar system can be constructed as a direct product of one-dimensional systems,
although, this simple approach has some disadvantages. One of them is a big amount of
corresponding generating mother wavelet functions. That is why it is more e�ective to
construct Haar multivariate functions using an arbitrary integer dilation matrixM (all
of whose eigenvalues are larger than one in the absolute value). The univariate Haar
system is based on the characteristic function of the segment [0,1]. In the construction
in Rn, the unit segment is replaced by a compact set G with a nonempty interior (the
so called tile) which possess the following properties:

1) G =
⋃
d∈D

M−1(G+ d), where D is the �nite set of integer vectors (called digits);

2) integer shifts of the tile G cover Rn with one layer (all intersections have zero
measure).

So, it is important to classify somehow simple multivariate tiles. In this work we
present a classi�cation of all two-digits Haar systems and compute their Holder regula-
rity. The regularity is important for estimating the rate of convergence of the cascade
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algorithm for computing the coe�cients of the Haar expansion. We also classify the
most regular cases: the case of polygonal tiles and convex polyhedral tiles.

R E F E R E N C E S
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Î ÒÎ×ÍÎÑÒÈ ÍÅÐÀÂÅÍÑÒÂÀ ÐÀÇÍÛÕ ÌÅÒÐÈÊ ÄËß
ÒÐÈÃÎÍÎÌÅÒÐÈ×ÅÑÊÈÕ ÏÎËÈÍÎÌÎÂ Â ÎÁÎÁÙÅÍÍÎÌ

ÏÐÎÑÒÐÀÍÑÒÂÅ ËÎÐÅÍÖÀ

Ïóñòü ôóíêöèÿ ψ íåïðåðûâíà, íåóáûâàåò, âîãíóòà íà [0, 1], ψ(0) = 0 è 1 6 τ <

∞. Îáîáùåííûì ïðîñòðàíñòâîì Ëîðåíöà Lψ,τ(Tm) íàçûâàåòñÿ ìíîæåñòâî èçìåðè-
ìûõ íà Tm = [0, 2π]m, èìåþùèõ 2π-ïåðèîä ïî êàæäûé ïåðåìåííîé xj, j = 1, . . . ,m,
ôóíêöèé f(x1, . . . , xm), ñ íîðìîé ‖f‖ψ,θ (ñì. [1]). Äëÿ ôóíêöèè ψ(t), t ∈ [0, 1],
ïîëîæèì αψ = limt→0ψ(2t)/ψ(t), βψ = limt→0ψ(2t)/ψ(t).
Ìíîæåñòâî âñåõ íåîòðèöàòåëüíûõ, íà [0, 1] ôóíêöèé ψ(t), äëÿ êîòîðûõ

(log 2/t)εψ(t) ↑ +∞ è (log 2/t)−εψ(t) ↓ 0 ïðè t ↓ 0 îáîçíà÷èì SV L. Ðàññìîòðèì
êðàòíûé òðèãîíîìåòðè÷åñêèé ïîëèíîì

Tn(x) =

n1∑
k1=−n1

. . .

nm∑
km=−nm

ake
∑m
j=1 kjxj , nj ∈ N.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü 1 < τ1 < τ2 < ∞, ôóíêöèè ψ1, ψ2 óäîâëåòâîðÿþò óñëîâèÿì
1 < αψ1

= βψ2
< 2, sup0<t61 ψ2(t)/ψ1(t) < ∞ è ψ1/ψ2 ∈ SV L. Òîãäà ñïðàâåäëèâî

ñîîòíîøåíèå

sup
Tn̄ 6=0

∥∥Tn̄∥∥ψ1,τ1∥∥Tn∥∥ψ2,τ2

�

ψ1

( m∏
j=1

(nj + 1)−1
)

ψ2

( m∏
j=1

(nj + 1)−1
)(log

m∏
j=1

(nj + 1))1/τ1−1/τ2.

Â ÷àñòíîñòè èç ýòîé òåîðåìû ñëåäóþò ðåçóëüòàòû [1]�[3].
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Ì.Â. Íåâñêèé, À.Þ. Óõàëîâ (ßðîñëàâëü, Ðîññèÿ)
mnevsk55@yandex.ru, alex-uhalov@yandex.ru

ÈÍÒÅÐÏÎËßÖÈß ËÈÍÅÉÍÛÌÈ ÔÓÍÊÖÈßÌÈ ÍÀ N-ÌÅÐÍÎÌ
ØÀÐÅ

Îáîçíà÷èì ÷åðåç Bn åâêëèäîâ åäèíè÷íûé øàð ïðîñòðàíñòâà Rn, çàäàâàåìûé

íåðàâåíñòâîì ‖x‖ ≤ 1, ‖x‖ :=

(
n∑
i=1

x2
i

)1/2

. Ïîä Π1 (Rn) áóäåì ïîíèìàòü ïðîñòðàí-

ñòâî ìíîãî÷ëåíîâ îò n ïåðåìåííûõ ñòåïåíè ≤ 1, ò. å. ëèíåéíûõ ôóíêöèé íà Rn.
Ïóñòü x(1), . . . , x(n+1) � âåðøèíû n-ìåðíîãî íåâûðîæäåííîãî ñèìïëåêñà S ⊂ Bn.
Èíòåðïîëÿöèîííûé ïðîåêòîð P : C(Bn) → Π1(Rn), ñîîòâåòñòâóþùèé ýòîìó ñèì-
ïëåêñó, îïðåäåëÿåòñÿ ðàâåíñòâàìè

Pf
(
x(j)
)

= f
(
x(j)
)
, 1 ≤ j ≤ n+ 1.

×åðåç ‖P‖ îáîçíà÷èì íîðìó P êàê îïåðàòîðà èç C(Bn) â C(Bn). Îïðåäåëèì θn
êàê ìèíèìàëüíóþ âåëè÷èíó íîðìû P ïðè óñëîâèè x(j) ∈ Bn. Ïîëîæèì äëÿ 0 ≤
t ≤ n+ 1

ψ(t) =
2
√
n

n+ 1
(t(n+ 1− t))1/2 +

∣∣∣∣1− 2t

n+ 1

∣∣∣∣ .
Òåîðåìà. Ïóñòü S∗ � ïðàâèëüíûé ñèìïëåêñ, âïèñàííûé â ãðàíè÷íóþ ñôåðó

‖x‖ = 1, P ∗ � ñîîòâåòñòâóþùèé èíòåðïîëÿöèîííûé ïðîåêòîð. Òîãäà

‖P ∗‖ = max{ψ(a), ψ(a+ 1)}, a :=

⌊
n+ 1

2
−
√
n+ 1

2

⌋
.

Âñåãäà
√
n ≤ ‖P ∗‖ ≤

√
n+ 1. Ïðè ýòîì ‖P ∗‖ =

√
n ëèøü â ñëó÷àå n = 1, à

ðàâåíñòâî ‖P ∗‖ =
√
n+ 1 âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà

√
n+ 1 � öåëîå

÷èñëî. Ïî êðàéíåé ìåðå äëÿ 1 ≤ n ≤ 4 âåðíî ‖P ∗‖ = θn. Àâòîðû ïðåäïîëàãàþò,
÷òî ïîñëåäíåå ðàâåíñòâî âûïîëíÿåòñÿ äëÿ ëþáîãî n.

Ë È Ò Å Ð À Ò Ó Ð À
1. Íåâñêèé Ì.Â., Óõàëîâ À.Þ. Ëèíåéíàÿ èíòåðïîëÿöèÿ íà åâêëèäîâîì øàðå â Rn. Ìîäåëèðîâàíèå è àíàëèç èíôîð-

ìàöèîííûõ ñèñòåì. (Ñòàòüÿ ïðèíÿòà ê ïóáëèêàöèè.)

À.Ï. Ñòàðîâîéòîâ, Í.Â. Ðÿá÷åíêî, À.À. Äðàïåçà (Ãîìåëü, Áåëàðóñü)
svoitov@gsu.by, nmankevich@tut.by

Î ÅÄÈÍÑÒÂÅÍÍÎÑÒÈ ÐÅØÅÍÈß ÇÀÄÀ×È ÝÐÌÈÒÀ� ÏÀÄÅ

Ïóñòü f = (f1, f2, ..., fk) � íàáîð, ñîñòîÿùèé èç k ôîðìàëüíûõ ñòåïåííûõ ðÿäîâ

fj(z)
∞∑
i=0

f ji
zi+1

, j = 1, 2..., k
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ñ êîìïëåêñíûìè êîýôôèöèåíòàìè. Ìíîæåñòâî k�ìåðíûõ ìóëüòèèíäåêñîâ n =
(n1, ..., nk) îáîçíà÷èì Zk+. Ïîðÿäîê ìóëüòèèíäåêñà n = (n1, ..., nk) � ýòî ñóììà
|n| := n1 + ...+ nk. Çàôèêñèðóåì ìóëüòèèíäåêñ n ∈ Zk+ è ðàññìîòðèì ñëåäóþùóþ
çàäà÷ó Ýðìèòà �Ïàäå:

Çàäà÷à ÝÏ. Íàéòè òîæäåñòâåííî íå ðàâíûé íóëþ ìíîãî÷ëåí Q = Qn,
degQ ≤ |n| , òàêîé, ÷òî äëÿ íåêîòîðûõ ìíîãî÷ëåíîâ P1 = P 1

n , . . . , Pk = P k
n

âûïîëíÿþòñÿ ðàâåíñòâà:

Rj
n(z) = Q(z)fj(z)− Pj(z) =

cj
znj+1

+ . . . , j = 1, 2..., k.

Åñëè ïîëèíîìû Q,P1, . . . , Pk íàõîäÿòñÿ ñ òî÷íîñòüþ äî ìóëüòèïëèêàòèâíîãî
ìíîæèòåëÿ, òî ãîâîðÿò, ÷òî çàäà÷à Ýðìèòà �Ïàäå èìååò åäèíñòâåííîå ðåøåíèå.
Õîðîøî èçâåñòíî, ÷òî äîñòàòî÷íûì óñëîâèåì åäèíñòâåííîñòè ÿâëÿåòñÿ ðàâåíñòâî
degQ = |n|, ò.å. íîðìàëüíîñòü èíäåêñà n (ñì. [1]). Â äàííîì ñîîáùåíèè ïîëó÷åí
êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ÝÏ.
Â ïðåäïîëîæåíèè, ÷òî nj 6= 0, ðàññìîòðèì ìàòðèöû-ñòðîêè ïîðÿäêà 1×(|n|+1):

F j
i =

(
f ji−1 f

j
i . . . f

j
|n|+i−1

)
, i = 1, ..., nj; ìàòðèöû ïîðÿäêà nj × (|n| + 1): F j =[

F j
1 F j

2 . . . F
j
nj

]T
, j = 1, ..., k è ìàòðèöó Fn =

[
F 1 F 2 . . . F k

]T
ïîðÿäêà |n| × (|n|+

1). Ïðè nj = 0 â ìàòðèöå Fn áëîê-ìàòðèöà F
j îòñóòñòâóåò.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû äëÿ ôèêñèðîâàííîãî ìóëüòèèíäåêñà n ∈ Zk+
çàäà÷à Ýðìèòà �Ïàäå èìåëà åäèíñòâåííîå ðåøåíèå, íåîáõîäèìî è äîñòàòî÷íî,
÷òîáû rang Fn = |n|.
Ïðè rang Fn = |n| ïîëó÷åíû ÿâíûå ôîðìóëû äëÿ Q,P1, . . . , Pk.

Ë È Ò Å Ð À Ò Ó Ð À
1. Íèêèøèí Å.Ì. Ðàöèîíàëüíûå àïïðîêñèìàöèè è îðòîãîíàëüíîñòü/ Å.Ì. Íèêèøèí, Â.Í. Ñîðîêèí. � Ì.: Íàóêà, 1988.
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ÍÅÏÐÅÐÛÂÍÛÅ ÂÛÁÎÐÊÈ Â ÐÀÂÍÎÌÅÐÍÎ ÃËÀÄÊÈÕ È
ÂÛÏÓÊËÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ 1

Îïðåäåëåíèå. Ïóñòü X � áàíàõîâî ïðîñòðàíñòâî, ÷åðåç ω(t) = ωX(t) îáîçíà-

÷èì ìîäóëü âûïóêëîñòè ïðîñòðàíñòâà X, ò.å. âåëè÷èíó inf{1 −
∥∥∥x+y

2

∥∥∥ | x, y ∈
S, ‖x − y‖ 6 t}. ×åðåç (UR) îáîçíà÷èì êëàññ âñåõ ðàâíîìåðíî âûïóêëûõ ïðî-
ñòðàíñòâ X, ò.å. òàêèõ, ÷òî ωX(t) > 0 äëÿ âñåõ t ∈ (0, 2]. ×åðåç (US) îáîçíà÷èì
êëàññ âñåõ ðàâíîìåðíî ãëàäêèõ áàíàõîâûõ ïðîñòðàíñòâ, ò.å. òàêèõ, ÷òî ìîäóëü

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêè ãðàíòà ÐÔÔÈ (�19-01-00332-a)
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ãëàäêîñòè Ω(t) := sup{1
2(‖x + h‖ + ‖x − h‖) − 1 | ‖h‖ 6 t, x ∈ S} ÿâëÿåòñÿ o(t)

ïðè t→ 0.
Ïóñòü X ∈ (US)∩(UR) è äëÿ íåïóñòîãî ìíîæåñòâàM ⊂ X ðàññìîòðèì ìíîæå-

ñòâî A0(x) :=
⋂
δ>0

Aδ(x), ãäå Aδ(x) := conv P̊ δ
Mx, áóäåì ïðåäïîëàãàòü, ÷òî äëÿ âñåõ

òî÷åê x ∈ X \M âåðíî íåðàâåíñòâî d(x) := %(x,A0(x)) > 0. Ïóñòü g0(x) � áëèæàé-
øàÿ òî÷êà â A0(x) äëÿ x. Â ñèëó òåîðåìû Õàíà-Áàíàõà è ãëàäêîñòè ïðîñòðàíñòâà
X ñóùåñòâóåò åäèíñòâåííûé ôóíêöèîíàë f = fx ∈ S∗: f(g0(x)− x) = ‖g0(x)− x‖.
Ïóñòü Cx = {y ∈ S(x, %(x,M)) | fx(y − x) > d(x)}. Äëÿ êàæäîé òî÷êè y ∈ Cx

ðàññìîòðèì åäèíñòâåííûé îïîðíûé ôóíêöèîíàë y∗ ∈ S∗: y∗(y − x) = ‖y − x‖
(åäèíñòâåííîñòü òàêîãî ôóíêöèîíàëà âûòåêàåò èç óñëîâèÿ X ∈ (US)). Ìíîæåñòâî
âñåõ òàêèõ ôóíêöèîíàëîâ îáîçíà÷èì ÷åðåç Tx, è ïîëîæèì

γ(x) := inf
{
y∗(g0(x)− x)/‖g0(x)− x‖ | y∗ ∈ Tx

}
.

Òåîðåìà 1. Ïóñòü X ∈ (US) ∩ (UR), ϕ : (0,+∞) → (0, 1] òàêàÿ íåïðåðûâ-

íàÿ ôóíêöèÿ, ÷òî ñõîäèòñÿ èíòåãðàë
∫ R

0
dr
ϕ(r) (R > 0); M ⊂ X òàêîå çàìêíóòîå

ìíîæåñòâî, ÷òî äëÿ âñåõ x ∈ X \M : r(x) = %(x,M) 6 R âåðíî íåðàâåíñòâî:
γ(x) > ϕ(r(x)). Òîãäà äëÿ ëþáîãî σ > 0 ñóùåñòâóåò òàêîå íåïðåðûâíîå îòîáðà-
æåíèå Φ : UR →M , ÷òî äëÿ âñåõ x ∈ UR âåðíî íåðàâåíñòâî

‖Φ(x)− x‖ 6 (1 + σ)

∫ r(x)

0

dr

ϕ(r)
.

Ì.Ì. Öâèëü (Ðîñòîâ-íà-Äîíó)
tsvilmm@mail.ru

ÎÏÅÐÀÒÎÐÛ ÔÀÁÅÐÀ Â ÒÅÎÐÈÈ ÏÐÈÁËÈÆÅÍÈß
ÀÍÀËÈÒÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ ÌÍÎÃÈÕ ÏÅÐÅÌÅÍÍÛÕ

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: Cn � n-ìåðíîå êîìïëåêñíîå ïðîñòðàíñòâî, åãî
òî÷êè z = (z1, z2, . . . , zn); D

+ = D+
1 ×D+

2 × . . .×D+
n , D

− = D−1 ×D−2 × . . .×D−n �
ïîëèöèëèíäðè÷åñêèå îáëàñòè â Cn ñ îñòîâîì σ = L1 × L2 × . . . × Ln, ãäå D+

k �
êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü â ïëîñêîñòè Cn, îãðàíè÷åííàÿ ñïðÿìëÿåìîé æîð-
äàíîâîé êðèâîé Lk; D

−
k � åå äîïîëíåíèå äî âñåé ïëîñêîñòè; ôóíêöèÿ zk = ψk(wk)

êîíôîðìíî è îäíîëèñòíî îòîáðàæàåò âíåøíîñòü åäèíè÷íîãî êðóãà íà îáëàñòü D−k
ïðè óñëîâèÿõ ψk(∞) =∞, ψ′k(∞) > 0; ôóíêöèÿ wk = ϕk(zk) � îáðàòíàÿ ê ψk(wk),
k = 1, 2, . . . , n; U+ = {w ∈ Cn : |wk| < 1} � ïîëèêðóã â Cn; T n � åäèíè÷íûé òîð.
Ðàññìîòðèì ôóíêöèþ τ(t) ∈ H2(U

+) è âåñîâóþ ôóíêöèþ g(z) ∈ E2(D
−), äëÿ
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êîòîðûõ âûïîëíÿåòñÿ óñëîâèå∫
Tn

|τ(t)| · |(ψ∗g)(t)| · |ψ′1(t1) . . . ψ′n(tn)| · |dt1| . . . |dtn| <∞.

Â ýòîì ñëó÷àå â ðàáîòå [1] áûë îïðåäåëåí îáîáùåííûé îïåðàòîð Ôàáåðà äëÿ ïî-
ëèöèëèíäðè÷åñêîé îáëàñòè D+

f(z) =
1

(2πi)n

∫
σ

(ϕ∗τ)(ζ)g(ζ)

(ζ − z)I
dζ, z ∈ D+,

ãäå dζ = dζ1 . . . dζn; I = (1, 1, . . . , 1).
Â ñëó÷àå, êîãäà g(z) ≡ 1, èìååì îïåðàòîð Ôàáåðà, êîòîðûé åñòü n-ìåðíûé èíòå-

ãðàë òèïà Êîøè. Îäíî èç îñíîâíûõ ñâîéñòâ îïåðàòîðà Ôàáåðà ñîñòîèò â òîì, ÷òî
âñÿêèé ìíîãî÷ëåí n ïåðåìåííûõ t1, t2, . . . , tn

∑̀
∈Ω

c`t
` ïðåîáðàçóåòñÿ â ìíîãî÷ëåí ïî

ìíîãî÷ëåíàì Ôàáåðà
∑̀
∈Ω

c`Φ`(z), ãäå Ω � íåêîòîðîå ïîäìíîæåñòâî öåëî÷èñëåííîé

ðåøåòêè Zn
+; Φ`(z) = Φ1(z1)Φ2(z2) . . .Φn(zn).

Ïðèâîäÿòñÿ îöåíêè íîðì îïåðàòîðîâ Ôàáåðà â êîíêðåòíûõ ïðîñòðàíñòâàõ. Â
òåõ ñëó÷àÿõ, êîãäà îïåðàòîð Ôàáåðà èìååò êîíå÷íóþ íîðìó, ìîæíî ïåðåíîñèòü
ðàçëè÷íûå ðåçóëüòàòû î ïðèáëèæåíèè àíàëèòè÷åñêèõ ôóíêöèé ìíîãî÷ëåíàìè ñ
åäèíè÷íîãî ïîëèêðóãà íà ïðîèçâîëüíóþ ïîëèöèëèíäðè÷åñêóþ îáëàñòü, îñòîâ êî-
òîðîé îáðàçóþò äîñòàòî÷íî ãëàäêèå êðèâûå.

Ë È Ò Å Ð À Ò Ó Ð À
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ÏÐÈÁËÈÆÅÍÈÅ ÔÓÍÊÖÈÈ ÑÎÑÒÀÂÍÛÌÈ ÌÍÎÃÎ×ËÅÍÀÌÈ

ÝÐÌÈÒÀ Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÀÏÏÐÎÊÑÈÌÀÖÈÈ ÅÅ
ÏÐÎÈÇÂÎÄÍÛÕ

Â ïðîäîëæåíèå ðàáîò [1-2] ðàññìîòðåíà çàäà÷à î ïðåäñòàâëåíèè ôóíêöèè ñîñòàâ-
íûìè äâóõòî÷å÷íûìè ìíîãî÷ëåíàìè Ýðìèòà, â êîòîðûõ â êà÷åñòâå ïðîèçâîäíûõ
èñïîëüçóþòñÿ êîíå÷íî-ðàçíîñòíàÿ èõ îöåíêà, ïîëó÷åííàÿ ïóòåì äèôôåðåíöèðî-
âàíèÿ ìíîãî÷ëåíà Ëàãðàíæà, ïîñòðîåííîãî ïî óçëîâûì òî÷êàì â îêðåñòíîñòè çà-
äàííîé òî÷êè.
Ïóñòü ôóíêöèÿ f (x ) îïðåäåëåíà íà îòðåçêå [x 0,xn], ÿâëÿåòñÿ äîñòàòî÷íî ãëàäêîé

è â óçëîâûõ òî÷êàõ xi = x 0 + ih, i=0,1,. . .n ñ øàãîì h çàäàíû òîëüêî çíà÷åíèÿ
ôóíêöèè

f(xi) = fi, i = 0, 1, ...n. (1)
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Ïóñòü Li,p (x ) - ìíîãî÷ëåí Ëàãðàíæà, ïîñòðîåííûé äëÿ i -îé òî÷êè ñ èñïîëüçî-
âàíèåì òî÷åê îòðåçêà [xi−k, xi−k+p], H (x )=Hi(x ), x ∈ [xi,xi+1), i = 0, 1, ...n − 1 -
ñîñòàâíîé ìíîãî÷ëåí Ýðìèòà, è

H
(j)
i (xi) = L

(j)
i,p (xi), j = 0, 1, ...,m, i = 0, 1, ...,n. (2)

Òåîðåìà. Ïóñòü ôóíêöèÿ f(x) óäîâëåòâîðÿåò (1) è (2). Òîãäà f(x) ìîæåò
áûòü ïðåäñòàâëåíà êàê: f(x) = Hm(x) + rp(x) + rm(x), ãäå

Hm(x) =
m∑
j=0

f ji h
j
i

j!
ψji,m(ξ) +

m∑
j=0

f ji+1h
j
i

j!
ψji+1,m(ξ); ξ =

{
x− x0

h

}
; i =

[
x− x0

h

]
,

ψji,m(ξ) = ξj(1− ξ)m+1

m−j∑
k=0

ckm+kξ
k;ψji+1,m(ξ) = (ξ − 1)jξm+1

m−j∑
k=0

ckm+k(1− ξ)k,

f ji =
1

hj

p∑
l=0

(−1)p+lfi+l−k
l!(p− l)!

[
p∏
s=0

t− s
t− l

](j)

t=k

,

rp =
m∑
j=0

ψji,m(ξ)

j∑
l=0

hp+1+lf (p+1+l)(ξl)

(j − l)!(p+ 1 + l)!

[
p∏
s=0

(t− s)

](j−l)

t=k

; ξl ∈ (xi−k, xi−k+p),

rm =
f (2m+2)(ηi)h

2m+2

(2m+ 2)!
ξm+1(ξ − 1)m+1, ηi ∈ (xi,xi+1).
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R. Castillo-Perez (Instituto Polit�ecnico Nacional, ESIME Zacatenco,
CDMX, Mexico City, Mexico),

V.V. Kravchenko (CINVESTAV del IPN, Unidad Quer�etaro, Quer�etaro,
Mexico)

S.M. Torba (CINVESTAV del IPN, Unidad Quer�etaro, Quer�etaro,
Mexico)

rcastillo@ipn.mx, vkravchenko@math.cinvestav.edu.mx,
storba@math.cinvestav.edu.mx

THE METHOD OF FUNDAMENTAL SOLUTIONS WITH BERGMAN
KERNEL

IN EIGENVALUE PROBLEMS

The Method of Fundamental Solutions (MFS) has been employed for the solution
of boundary value problems long ago [1]. However, when used for the solution of
eigenvalue problems its most simple version shows some limitations because it employs
the determinant (which decreases very fast) for the detection of the eigenvalues [2]. This
makes it di�cult to locate them, specially for non trivial geometries. Several methods
have been proposed in order to overcome this and other drawbacks still using the MFS
[3]. Here we propose and analize the performance of a method in which the Bergman
kernel [4] is constructed based on a complete system of fundamental solutions, which
turns the eigenvalue problem into a problem of locating simple poles of a function based
on the computed Bergman kernel and having a more reasonable scale.

R E F E R E N C E S
1. Kupradze V.D., and Aleksidze M.A. The Method of Functional Equations for the Approximate Solution of Certain

Boundary Value Problems. Z. Vych. Mat. 1964, 4, pp. 683�715.
2. Aleksidze M.A. Fundamental Functions in Approximate Solutions of Boundary Value Problems, Nauka, Moscow, Russia,

1991 (in Russian).
3. Alves C. J. S. and Antunes P. R. S. The Method of Fundamental Solutions Applied to the Calculation of Eigenfrequencies

and Eigenmodes of 2D Simply Connected Shapes. CMC 2005, Vol. 2, No. 4 pp. 251�265.
4. Campos H.M., Castillo-Perez R., Kravchenko V.V. Construction and application of Bergman-type reproducing kernels for

boundary and eigenvalue problems in the plane. Complex Variables and Elliptic Equations, 2012, Vol. 57, No. 7-8, pp. 787-824.

A.P. Chegolin (Rostov-on-Don, Russia)
apchegolin@mail.ru

HYPERSINGULAR INTEGRALS FOR SOME NON-ELLIPTIC
DIFFERENTIAL OPERATORS

The implementation of the HSI-method in the non-elliptic case will be considered
using a su�ciently wide class of n-dimensional operators with the Lorentz distance in
symbol. These operators are of particular interest in terms of the following provisions.
First of all, they realize the �negative� degrees of the multidimensional telegraph
operator. Telegraph operator is an inhomogeneous and non-elliptic operator. This
situation is the most di�cult to construct complex degrees, in particular, to construct



¾Table of content¿

Di�erential Equations and Mathematical Physics 56

structures that invert potentials. In fact, a two-dimensional telegraph operator con-
structed according to the classical telegraph equation belongs to the class of such
operators. Secondly, it turns out that the kernels of the integral operators under
investigation behave locally in the same way as the kernels of the Riesz hyperbolic
potentials. The HSI will be constructed using a modi�cation of the standard generalized
di�erence considering the behavior of the operator kernel. In this case, it is necessary
to adjust this modi�cation so that in Fourier images the operator constructed as an
analytic continuation had the same symbol as the operator. The Fourier transform
formula in the weak sense for the potential under consideration is proved, but by
the uniqueness theorem of the analytic functions theory it remains valid also in the
domain. The inversion formula (both a left and a right inverse to the operator) is
veri�ed by an exact passage to Fourier images on spaces of invariant functions. Thus, the
hypersingular integrals realize the negative complex powers of the di�erential operators
under consideration.

B.B. Delgado (Rostov-on-Don, Russia)
briceydadelgado@gmail.com

A RIGHT INVERSE OPERATOR FOR CURL+λ AND ITS
APPLICATIONS

In this talk will be presented a general solution of the equation [1]

curl−→w + λ−→w = −→g ,

where λ is an arbitrary non-zero complex number and −→g belongs to the class of Lp-
integrable functions whose divergence is also Lp-integrable. In other words, a right
inverse operator for the operator curl + λ is constructed in this class of integrable
functions. The explicit general solution is based on the use of classical integral operators
of quaternionic analysis as well as on the construction of metaharmonic conjugate
functions. Applications of the above result are considered to the nonhomogeneous time-
harmonic Maxwell system.

R E F E R E N C E S
1. B. B. Delgado, V. V. Kravchenko. A right inverse operator for curl + λI and applications,�(2018)

https://arxiv.org/abs/1812.07364.

M.A. Dorodnyi (St. Petersburg, Russia)
mdorodni@yandex.ru

HOMOGENIZATION OF THE PERIODIC SCHR�ODINGER-TYPE
EQUATIONS WITH THE LOWER ORDER TERMS

In L2(Rd;Cn), we consider a selfadjoint matrix strongly elliptic second order di�erential
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operator

Bε = Aε +
d∑
j=1

(
aj(x/ε)Dj + Djaj(x/ε)

∗) + Q(x/ε) + λI, ε > 0.

Here the principal term Aε = b(D)∗g(x/ε)b(D) is given in a factorized form, where
g is a periodic, bounded, and positive de�nite m × m matrix-valued function, and
b(D) =

∑d
l=1 blDl, where bl are m × n matrices. It is assumed that m ≥ n and

that rank b(ξ) = n for ξ ∈ Rd \ {0}. The aj are periodic matrix-valued functions;
in general, they are unbounded. The potential Q is a distribution generated by some
periodic measure (with values in the class of Hermitian matrices). The parameter λ is
subject to some restriction ensuring the positive de�niteness of the operator Bε.
We study the behavior of the operator e−itBε, t ∈ R, for small ε. The following sharp

order error estimate is obtained:

‖e−itBε − e−itB0‖H3(Rd)→L2(Rd) ≤ C1(1 + |t|)ε. (1)

Here B0 is the e�ective operator with constant e�ective coe�ents. We show that under
some additional assumptions on the operator (which are formulated in terms of the
spectral characteristics near the bottom of the spectrum), this result can be improved:

‖e−itBε − e−itB0‖H2(Rd)→L2(Rd) ≤ C2(1 + |t|)ε.

Finally, we con�rm that (1) is sharp with respect to the type of the norm: in the general
case the estimate ‖e−itBε − e−itB0‖Hs→L2

= O(ε) is not true if s < 3. The supporting
examples are given.
The results are applied to study the solution uε of the Cauchy problem for the

Schr�odinger-type equation i∂tuε = Bεuε+F. Applications to the magnetic Schr�odinger
equation with a singular electric potential and to the two-dimensional Pauli equation
with singular potentials are given.

R E F E R E N C E S
1. Dorodnyi M.A. Homogenization of the periodic Schr�odinger-type equations with the lower order terms. St. Petersburg

Math. J., to appear.

V.E. Fedorov (Chelyabinsk, Russia)
kar@csu.ru

A CLASS OF DISTRIBUTED ORDER DIFFERENTIAL EQUATIONS
IN BANACH SPACES

Let Z be a Banach space. Denote by Aα(θ0, a0) the set of linear closed densely
de�ned in Z operators, acting into Z , such that
(i) for all λ ∈ Sθ0,a0

:= {µ ∈ C : | arg(µ− a0)| < θ0, µ 6= a0} we have λα ∈ ρ(A);
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(ii) for every θ ∈ (π/2, θ0), a > a0 there exists a constant K = K(θ, a) > 0, such

that for all µ ∈ Sθ,a ‖Rµα(A)‖L(Z) ≤ K(θ,a)
|µα−1(µ−a)| .

Consider the Cauchy problem

z(0) = z0,

c∫
b

ω(α)Dα
t z(t)dα = Az(t), t > 0, (1)

where Dα
t is the Gerasimov � Caputo derivative, 0 ≤ b < c ≤ 1, ω : (b, c) → C,

A ∈ Ac(θ0, a0). Denote W
h
d (λ) :=

h∫
d

ω(α)λαdα,

Zk(t) :=
1

2πi

∫
∂Sθ,a

eλt
(
W c

b (λ)

λ

)k
(W c

b (λ)I − A)−1 dλ, k = 0, 1,

for some θ ∈ (π/2, θ0), a > a0. Denote by E(Z) the set of all exponentially bounded
functions z : R+ → Z.
Theorem 1. Let 0 ≤ b < c ≤ 1, A ∈ Ac(θ0, a0), z0 ∈ DA, g ∈ C(R+;DA)∩E(DA)

and W c
b (λ) be the holomorphic function on Sθ1,a1

with some θ1 ∈ (π/2, θ0], a1 ≥ a0,
satisfying the conditions

∀λ ∈ Sθ1,a1
(W c

b (λ))1/c ∈ Sθ0,a0
,

∃C1, C2 > 0 ∃ε ∈ (0, c) ∀λ ∈ Sθ1,a1
C1|λ|ε ≤ |W c

b (λ)| ≤ C2|λ|c.

Then z(t) = Z1(t)z0 +
t∫

0

Z0(t− s)g(s)ds is a unique solution of problem (1) in E(Z).

The case of c > 1 can be considered analogously. Similar problems with a bounded
operator A were studied in [1]. The results are applied to study of the unique solvability
for some initial-boundary value problem to systems of partial di�erential equations.

R E F E R E N C E S
1. Fedorov V.E., Streletskaya E.M. Initial-value problems for linear distributed-order di�erential equations in Banach spaces.

Electronic Journal of Di�erential Equations. 2018. Vol. 2018, No. 176, pp. 1�17.

T.N. Harutyunyan (Yerevan, Armenia)
hartigr@yahoo.co.uk

ON SOME INVERSE PROBLEMS

We consider the uniqueness theorems in inverse Sturm-Liouville problems (theorems
of Ambarzumian, Borg, Marchenko, Trubowitz, McLaughlin, Yurko, Horvath and others)
and some their extensions. These theorems also considered as the properties of the
�Eigenvalues function of the family of Sturm-Liouville operators (EVF)�, studied by
author. We give the algorithm of (uniquely) reconstruction of potential by EVF.
Similar problems considered for Dirac operators.
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G.A. Karapetyan , H.A. Petrosyan (Yerevan, Armenia)
heghine.petrosyan@rau.am

APPROXIMATE SOLUTIONS OF THE DIRICHLET PROBLEM IN A
HALF-SPACE FOR REGULAR EQUATIONS

Introduction. In this paper we consider a Dirichlet problem in a half-space for
special (multihomogeneous) regular hypoelliptic equations with zero boundary con-
ditions. Problems of this type appear in the study of multianisotropic processes and
the di�culty of their study lies in the fact that the full symbol of an operator is
not generalized homogeneous, as for elliptic or semi-elliptic equations (see [1]), but
a multihomogeneous one, and the construction of an approximate solution for such
equations is from itself di�cult. But, applying special integral representations of func-
tions (see [2]) through vertices of a completely regular Newton polyhedron, it was
possible to construct approximate solutions in terms of integral operators. Similar
questions in the whole space Rn were studied in [3]. In this paper we study the question
of the solvability of the Dirichlet problem in Sobol'ev spaces inWN

p (Rn
+) (1 < p <∞).

In the space of functions de�ned on Rn
+ consider the di�erential operator P (Dx, Dxn)

with constant real coe�cients aj (j = 1, . . . ,M)

P (Dx, Dxn) = D2m
xn

+
M∑
j=1

ajD
αj . (1)

with full symbol P (ξ, ξn) = ξ2m
n +

∑M
j=1 ajξ

αj .
Let the operator (1) is a regular operator, i.e. there exists a constant number C > 0

such that for any ξ ∈ Rn inequality holds

|P (ξ, ξn)| ≥ C

(
M∑
j=1

∣∣∣ξαj∣∣∣+ ξ2m
n

)
, ∀(ξ, ξn) ∈ Rn

+. (2)

For 1 < p <∞ denote by χ :=
(
|µ0|+ 1

2m

)
−
(

1− 1
p

)
.

In Rn
+ consider the following Dirichlet problem:

P (Dx, Dxn)U = f(x, xn), xn > 0, x ∈ Rn−1, (3)

∂jU

∂xjn

∣∣∣∣
xn=0

= 0, j = 0, 1, . . . ,m− 1. (4)

In this paper we prove the following results.
Theorem 1.Let for 1 < p < ∞ χ > 1, then for any function f ∈ Lp(Rn

+) with
compact support problem (3)-(4) has a unique solution U ∈ WM

p (Rn
+), in addition, for

any bounded region Ω ⊂ Rn
+ there is a constant C> 0, such that

‖U‖WM
p (Rn+) ≤ C‖f‖Lp(Rn+), ∀f ∈ Lp(R

n
+), suppf ⊂ Ω. (5)
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Theorem 2. Let for 1 < p < ∞ χ ≤ 1 and f ∈ Lp(Rn
+) with compact support

satis�es the following orthogonality conditions:
∫

Rn−1

xsf(x, xn)dx = 0 as |s| = 0, 1,. . ., L−1,

where L is a natural number, determined from the inequalities χ + Lµ0
min > 1 ≥

χ+ (L− 1)µ0
min and µ

0
min := min

j=1,...,n−1
µ0
j . Then for any such function f problem (3)-

(4) has a unique solution from the class WM
p (Rn

+), in addition, for any bounded region
Ω ⊂ Rn

+ there is a constant C> 0, such that for which the inequality (5) holds.
R E F E R E N C E S

1. Demidenko G.V. On the correct solvability of boundary value problems in a half-space for quasielliptic equations //
Siberian Mathematical Journal, Vol. XXIX, No. 4, (1988).

2. Karapetyan G.A. Integral representation of functions and embedding theorems for n-dimensional multianisotropic spaces
with one vertex of anisotropicity. // Siberian Math. Journal, v.58, n.3, (2017), 445-460.

3. Karapetyan G.A., Petrosyan H.A. On Solvability of Regular Hypoelliptic Equations in Rn // Journal of Contemporary
Mathematical Analysis, v.53, n.4, (2018), 187�200.

D.B. Katz (Kazan, Russia)
katzdavid89@gmail.com

THE CAUCHY-HADAMARD INTEGRAL AND THE RIEMANN
BOUNDARY VALUE PROBLEM

The Cauchy-type integral over the curve Γ is a traditional tool for solving boundary
problems of complex analysis. However, it may diverge if the length of the curve
is in�nite. We use Hadamard's idea of the �nite part of the integral to study this
situation. 1

Let Γ be simple Jordan arc on the complex plane with the beginning at the point
a and ending at the point b. If it is piecewise smooth, then the Cauchy type integral
Φ(z) := 1

2πi

∫
Γ

f(t) dt
t−z , z 6∈ Γ, with a su�ciently smooth density f will have limit values

Φ±(t) from both sides at any point t ∈ Γ′ := Γ \ {a, b}, and these values satisfy
Φ+(t) − Φ−(t) = f(t), t ∈ Γ′, i.g. Cauchy type integral has a jump f on the arc
Γ. This fact is important for solving the Riemann boundary value problem, see [1].
However, if the Γ arc length is in�nite, áåñêîíå÷íà, then this integral may diverge
We will study this situation with the application of Hadamard's idea of the �nite part

of the integral. The �nite part of the divergent integral
b∫
a

f(x) dx
(x−a)n will be de�ned as

b∫
a

(f(x)−P (x)) dx
(x−a)n , where polynomial P (x) is chosen such that the last integral converges

(see [2]). We assume that Γ loses smoothness and straightness at one of its ends. We
show that under certain restrictions on the arc and density f there is a polynomial of
two variables P (t, t) and holomorphic in C \ Γ function Φ0 such that the integral sum

1This work was supported by the Russian Foundation for Basic Research (grant 18-31-00060).
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Φ(z) := Φ0(z) + 1
2πi

∫
Γ

(f(t)−P (t,t)) dt
t−z , z 6∈ Γ, converges, Φ has the jump f and Γ, and

Φ(∞) = 0. We call such sums the Cauchy-Hadamard integrals and apply them to the
solution of the Riemann boundary value problem.

R E F E R E N C E S
1. Gakhov F.D. Boundary value problems. Nauka. 1977.
2. Hadamard J. S. Lectures on Cauchy's problem in linear partial di�erential equations. Yale University Press. 2003.

S.A. Khoury (Sharjah, UAE)
skhoury@aus.edu

SOLUTION OF A CLASS OF FLOW PROBLEMS: BIHARMONIC
VERSUS POLYHARMONIC EQUATIONS

A semi-analytical approach is presented and described for the solution of a class of
partial di�erential equations that model creeping viscous incompressible �ow through
cavities that arise in �uid dynamics. Such �ows are modeled by the biharmomic equation.
The strategy leads to the development of biorthogonality conditions and an algorithm
for the computation of the coe�cients in the eigenfunction expansion. Properties of
solutions of the biharmonic equation as well as the more general polyharmonic equation
are explored. Numerical experiments will be given in order to test and con�rm the
validity and applicability of the proposed strategy.

I. V. Kravchenko (Lisbon, Portugal)
ivkoh@iscte-iul.pt

GENERALIZED EXPONENTIAL BASIS FOR SOLVING FREE
BOUNDARY PROBLEMS FOR TIME-HOMOGENEOUS DIFFUSIONS:

NUMERICAL APPLICATION - RUSSIAN OPTION PRICING

The talk is based on a joint paper [1]. We develop a method for solving free boundary
problems for time-homogeneous di�usions. We combine the complete exponential system
of solutions

e±n (x, t) = exp(±iωnx− ω2
nt), (1)

for the heat equation hxx = ht, transmutation operators and recently discovered in
[2] Neumann series of Bessel functions representation for solutions of Sturm-Liouville
equations to construct a complete system of solutions (CCS) for the considered partial
di�erential equations.
We propose the construction of the CSS generalizing exponential solutions (1) for

the equation

Cu(y, t) :=
1

w (y)

(
∂

∂y

(
p (y)

∂

∂y

)
− q (y)

)
u(y, t) = ut(y, t) (2)
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using the transmutation operator T that satis�es.

CTh = T∂xxh,

for any h ∈ C2[−b, b] such that T[1] = f(y). We de�ne the transmuted basis functions
as follows

E±n (y, t) = T[e±n (x, t)] = eω
2
ntT[e±iωnx].

This makes possible to extend the numerical methods (minimization problems) for free
boundary problems for the heat equation to the time homogeneous parabolic equations,
in particular, to the Russian option with �nite horizon valuation problem.

R E F E R E N C E S
1. Kravchenko I. V., Kravchenko V. V., Torba S. M., and Dias J. C. Generalized exponential basis for e�cient solving of

homogeneous di�usion free boundary problems: Russian option pricing. arXiv:1808.08290.
2. Kravchenko V. V. and Torba S. M. A Neumann series of Bessel functions representation for solutions of Sturm�Liouville

equations. Calcolo. 2018. Vol. 55, No. 1, pp. 1�11.

V.V. Kravchenko (Regional mathematical center of Southern Federal
University, Rostov-on-Don, Russia)
vkravchenko@math.cinvestav.edu.mx

THE TRANSFORMATION OPERATOR METHOD FOR SOLVING
FORWARD AND INVERSE STURM-LIOUVILLE PROBLEMS

The transformation operators are one of the main theoretical tools of the spectral
theory [6-8]. In the talk a new approach is presented for solving the classical forward
and inverse Sturm-Liouville problems on �nite and in�nite intervals. It is based on the
Gel'fand-Levitan-Marchenko integral equations and recent results on the functional
series representations for the transmutation (transformation) operator kernels [1-5].
New representations of solutions to the Sturm-Liouville equation are obtained admitting
the following feature important for practical applications. Partial sums of the series
admit estimates independent of the real part of the square root of the spectral parameter
which makes them especially convenient for approximate solution of spectral problems.
Numerical methods based on the proposed approach for solving forward problems allow
one to compute large sets of eigendata with a nondeteriorating accuracy. Solution of
the inverse problems reduces directly to a system of linear algebraic equations. In the
talk some numerical illustrations will be presented.

R E F E R E N C E S
1. Kravchenko V. V., Navarro L. J., Torba S. M. Representation of solutions to the one-dimensional Schr�odinger equation

in terms of Neumann series of Bessel functions. Applied Mathematics and Computation, v. 314 (2017) 173-192.
2. Kravchenko V. V. Construction of a transmutation for the one-dimensional Schr�odinger operator and a representation for

solutions. Applied Mathematics and Computation, v. 328 (2018) 75-81.
3. Kravchenko V. V. On a method for solving the inverse scattering problem on the line.Mathematical Methods in the Applied

Sciences 42 (2019) 1321-1327.
4. Kravchenko V. V. On a method for solving the inverse Sturm-Liouville problem. Journal of Inverse and Ill-Posed Problems,

published online https://doi.org/10.1515/jiip-2018-0045.
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5. Delgado B. B., Khmelnytskaya K. V., Kravchenko V. V. Fourier-Laguerre series expansion of Levin's transmutation kernel
and an e�cient method for solving the spectral problem on the half line. Submitted.

6. Levitan B. M. Inverse Sturm-Liouville problems, VSP, Zeist, 1987.
7. Marchenko V. A. Sturm-Liouville Operators and Applications.Birkh�auser, Basel, 1986.
8. Yurko V. A. Introduction to the theory of inverse spectral problems. Moscow, Fizmatlit, 2007, 384pp. (Russian).

H.R. Malonek (Aveiro, Portugal)
hrmalon@ua.pt

SPECIAL FUNCTIONS VIA CO-DIMENSION ONE FUNCTION
THEORY

Abstract harmonic analysis as analysis on topological groups is one of the most
modern branches of harmonic analysis, developed in the mid-20th century. At the
same time the seminal paper of E. M. Stein and G. Weiss [1] was an important step
towards the application of group representation theory to systems of pde's. They proved
"the correspondence of irreducible representations of several rotation groups to �rst
order constant coe�cient pde's generalizing the Cauchy-Riemann equations." Thereby
they showed how certain properties of complex one-dimensional function theory extend
to solutions of those systems, particularly the fact of being harmonic solutions. In
their list of systems one can �nd a generalized Riesz system, the Moisil-Theodoresco
system, spinor systems as n-dimensional generalization of Diracs equations, Hodge - de
Rham equations. But their aim were merely of qualitative nature and connected with
properties of harmonic functions in several real variables. Some years later, in the 1970s,
the use of non-commutative Cli�ord algebras for dealing with those systems started to
grow, cf. [2], whereas Special Functions treated by means of algebraic methods (e.g.
Lie algebras, Lie groups, symmetric spaces) gained renewed importance, cf. [3].
In our talk we show that certain combinations of Special Functions similar to Hankel
or Macdonald's functions in the complex case are solutions of di�erential equations
with respect to an areolar hypercomplex derivative. This is a more recently developed
tool in Cli�ord Analysis and originates a function theory in co-dimension 1. Thereby it
stresses the function theoretic origins of Cli�ord Analysis and at the same time leads
to the consideration of functions of several hypercomplex variables. As application we
introduce generalized exponential functions as generating functions of di�erent types
of multivariate polynomials and lay the basis for an di�erential operator approach in
co-dimension one function theory.

R E F E R E N C E S
1. Stein, E. M., Weiss, G. Generalization of the Cauchy-Riemann Equations and Representations of the Rotation Group.

American Journal of Mathema�tics. 1968. Vol. 90, No.1, pp. 163�196
2. Brackx, F., Delanghe, R., and F. Sommen Cli�ord Analysis, Pitman, 1982.
3. Vilenkin, N.Ja., Klimyk, A.U. Representation of Lie Groups and Special Functions, Recent Advances, Springer Netherlands.
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M.G. Mazhgikhova (Nalchik, Russia)
mazhgihova.madina@yandex.ru

BOUNDARY VALUE PROBLEM FOR DELAY DIFFERENTIAL
EQUATION OF FRACTIONAL ORDER

Consider the equation

∂α0tu(t)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1 (1)

where ∂α0t is the Caputo fractional derivative [1, c. 11], 1 < α ≤ 2, H(t) is the Heaviside
function, λ, µ are the arbitrary constants, τ is �xed positive number.
A function u(t) is called regular solution of (1) if u(t) has absolutely continuous �rst

order derivative and satis�es (1) for all 0 < t < 1.
The problem here is to construct a regular solution to equation (1) satisfying the

conditions
u(0) = u0, u(1)− au(t1) = u1, 0 < t1 < 1. (2)

Theorem. Assume the function f(t) ∈ C(0; 1) has the form f(t) = Dα−1
0t g(t),

g(t) ∈ L(0, 1) and the condition W2(1)−aW2(t1) 6= 0 is satis�ed. Then
1) the function

u(t) = u0D
α−1
1ξ G(t, ξ)|ξ=0 − u1D

α−1
1ξ G(t, ξ)|ξ=1 +

1∫
0

f(ξ)G(t, ξ)dξ,

is a regular solution of the problem (1), (2), where

G(t,ξ)=H(t− ξ)Wα(t− ξ) +
W2(t)

W2(1)−aW2(t1)
[aH(t1 − ξ)Wα(t1 − ξ)−Wα(1− ξ)],

Wν(t) =
∞∑
m=0

µm(t−mτ)αm+ν−1
+ Em+1

α,αm+ν(λ(t−mτ)α+),

Eρ
α,β(z) is the generalized Mittag-Le�er function [2], (ρ)k is the Pochhammer symbol,

Γ(z) is the Gamma function;
2) the solution to problem (1), (2) is unique if and only if condition W2(1) −

aW2(t1) 6= 0 is satis�ed.
R E F E R E N C E S

1. Nakhushev A.M. Fractional calculus and its application. Moscow: Fizmatlit. 2003. (in russian)
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A.B. Morgulis (Rostov-na-Donu-Vladikavkaz, Russia)
morgulisandrey@gmail.com

RESOLVENT FOR AN OPERATOR RELATED TO THE INVISCID
FLUID DYNAMICS

Let n = 2, 3, D ⊂ Rn � smooth domain and S = ∂D. Vector �led V is said to be
harmonic in D i� curl V = 0 and divV = 0 in D. Note that V ∦ S unless V belongs
to a vector space which dimension is �nite and equal to 1-dimensional Betty number
of D.
Every harmonic �eld satis�es stationary Euler equation of inviscid incompressible

�uid and, therefore, represents the velocity �eld for some steady �uid �ow con�ned
within domain D. The small perturbations of such �ows are solutions to equations

ut + (curl u)×V = −∇h; div u = 0, in D. (1)

System (1) is of mixed type with only one family of characteristics driven by �eld V.
We'll be talking about a non-characteristic mixed problem for Eq.(1). Assume there is
a partition S = S+∪S−, S+∩S− = ∅, ∓ inf{Vn(x), x ∈ S±} > 0, where Vn = V ·n,
and n stands for the unit of outward normal on S. Such partitions are quite natural
for the boundaries of ring-like domains such as the planar rings or strips, or the gaps
between the cylinders, spheres, tori, etc. Thus, the characteristics enter the domain
through S+. That is why we have to impose an additi-onal boundary condition there.
We set boundary conditions as follows

u× n|S+ = 0, n · u = 0|S . (2)

Such the choice of bc matches well-known Kazhikhov's setting of the initial-boundary
value problem for the Euler equations with through�ow.
Our communication sheds some light on the spectral properties of problem (1-2)

which have been investigated not so deeply as the similar problems in the characteristic
case when Vn = 0 on S. The results turn out to be rather peculiar and quite di�erent
from the characteristic case. For instance, let L̃2(S

+) stand for the space of square-
summable functions on S+ vanishing on average; let B+ denote the space of bounded
linear operators in L̃2(S

+).

Òheorem 1. Let D be a ring-like domain, and let V be a harmonic �eld with no
�xed points in D̄. There exists entire function K+ : λ 7→ K+(λ) ∈ B+, such that the
set of poles of the resolvent of problem (1-2) coincides with {λ : ker K+(λ) 6= {0}}.
Moreover, one can write down K+ explicitly modulo the recovering of a divergence-free
�eld from its curl.
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L.A. Nhat, L. T. Hieu (Tuyen Quang, Vietnam)
leanhnhat@tuyenquang.edu.vn

CHEBYSHEV PSEUDOSPECTRAL METHODS SOLVE THE
STURM-LIOUVILLE DIFFERENTIAL EQUATIONS

Calculation eigenvalues of the eigenvalue problems for the Sturm-Liouville di�erential
equations were very necessary for physics problems.
It is assumed that the Sturm-Liouville di�erential equations with the homogeneous

Dirichlet boundary condition as follows:

− (p(x)y′(x))
′
+ q(x)y(x) = λω(x)y(x), ∀x ∈ [a, b], y(a) = y(b) = 0,

where the functions p(x), q(x) and the boundary values a and b are given.
We present the pseudospectral method basing on the Chebyshev polynomial of the

�rst kind (Chebyshev pseudospectral method) which use the Chebyshev-Gauss-Lobatto
points to determine the eigenvalues of the Sturm-Liouville problems.
We applied the well-known equations in the Sturm-Liouville form as the Euler-

Cauchy equation: (
x3y′(x)

)′
+ xλy(x) = 0, y(1) = y(2) = 0,

and the Airy equation:

−y′′(x) + xy(x) = λy(x), y(0) = y(1) = 0.

The Chebyshev pseudospectral method determines eigenvalues approximate gradually
to the exact eigenvalues of the problems.

E.Yu. Panov (Veliky Novgorod, Russia)
Eugeny.Panov@novsu.ru

ON DECAY OF ENTROPY SOLUTIONS TO MULTIDIMENSIONAL
SCALAR CONSERVATION LAWS

In the half-space Π = (0,+∞)×Rn we consider the Cauchy problem for a �rst order
conservation law

ut + divxϕ(u) = 0, (t, x) ∈ Π, (1)

with the initial condition

u(0, x) = u0(x) ∈ L∞(Rn). (2)

We assume that the �ux vector ϕ(u) = (ϕ1(u), . . . , ϕn(u)) is merely continuous, ϕ(u) ∈
C(R,Rn). We also suppose that for each λ > 0 the set

{ x ∈ Rn : |u0(x)| > λ }
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has �nite Lebesgue measure.
Let u = u(t, x) be an entropy solution of (1), (2) in Kruzhkov sense [1] (in the case

of merely continuous �ux vector it may be nonunique). We are interesting in the long
time behavior of u(t, x). The main our result is the following decay property.

Theorem 1. Assume that for some δ > 0 the �ux vector ϕ(u) is not a�ne on any
interval (a, b) such that −δ < a < b < δ (genuine nonlinearity). Then

ess lim
t→+∞

sup
y∈Rn

∫
|x−y|<1

|u(t, x)|dx = 0.

For the proof of Theorem 1 we essentially use recent results [2] on decay of space-
periodic entropy solutions.

The research was carried out under support of the Russian Foundation for Basic
Research (grant no. 18-01-00258-a) and the Ministry of Education and Science of the
Russian Federation (project no. 1.445.2016/1.4).
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B.A. Plamenevskii (Saint-Petersburg, Russia)
b.plamenevskii@spbu.ru

ON RADIATION AND SCATTERING IN ELECTROMAGNETIC
WAVEGUIDES

A waveguide occupies a 3D domain G with several cylindrical outlets to in�nity.
In G the Maxwell system is considered. The dielectric permit-tivity and magnetic
permeability are arbitrary positive de�nite 3 × 3 matrix valued functions that satisfy
some stabilization conditions at in�nity. We describe continuous spectrum eigenfunc-
tions, formulate a well-posed statement of the problem with intrinsic radiation condi-
tions at in�nity, introduce a scattering matrix and propose a method for approximate
computation of the scattering matrix.
The talk is based on the papers 1 and 2.

R E F E R E N C E S
1. Plamenevskii B.A., Poretskii A. S. The Maxwell system in waveguides with several cylindrical outlets to in�nity and

nonhomogeneous anisotropic �lling. St. Petersburg Mathematical Journal. 2018. Vol. 29, No. 2, pp. 289�314.
2. Plamenevskii, B.A., Poretskii, A. S., and Sarafanov, O.V. On a Method of Approximate Computing of Scattering Matrices
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M.V. Plekhanova, G.D. Baybulatova (Chelyabinsk, Russia)
mariner79@mail.ru, baybulatova_g_d@mail.ru

SOLVABILITY OF SEMILINEAR EQUATIONS WITH LOWER
FRACTIONAL DERIVATIVES

Let X ,Y be Banach spaces, L ∈ L(X ;Y) (linear and continuous operator from X in
Y), M ∈ Cl(X ;Y) (linear closed operator with dense domain DM in the space X and
with image in Y), n ∈ N, X ⊂ R × X n, N : X → Y is nonlinear operator. Consider
the generalized Showalter � Sidorov problem

Dα
t Lx(t) = Mx(t) +N(t,Dα1

t x(t), Dα2
t x(t), . . . Dαn

t x(t)), (1)

(Px)(k)(t0) = xk, k = 0, . . . ,m− 1 (2)

where Dα
t , D

α1
t , D

α2
t , . . . , D

αn
t are the fractional Caputo derivatives, m− 1 ≤ α ≤ m ∈

N, 0 ≤ α1 < α2 < · · · < αn ≤ m− 1. The equation is supposed to be degenerate, i.e.
kerL 6= {0}. he projection P on the complement X 1 of the degeneracy subspace will
be de�ned further. Put X 0 = kerP , Y0 = kerQ; X 1 = imP , Y1 = imQ. Denote by
Lk (Mk) the restriction of the operator L (M) on X k (DMk

= DM ∩ X k), k = 0, 1.
Denote x̃ = x0 + x1

1! (t − t0) + x2

2! (t − t0)
2 + · · · + xm−1

(m−1)!(t − t0)
m−1, for xk, k =

0, 1, . . . ,m−1, from conditions (2), V = X∩(R×(X 1)n). Now the condition imN ⊂ Y1

will be substantially used.

Theorem 1. Let p ∈ N0, an operator M be (L, p)-bounded, X be open set in the
space R × X n, V be open in the space R × (X 1)n, the mapping N ∈ C(X;Y) be
locally Lipshitz continuous in x, imN ⊂ Y1, f ∈ C([t0, T ];Y) for some T > t0,
(Dα

t G)kM−1
0 (I −Q)f ∈ C([t0, T ];X ), xk ∈ X 1, k = 0, 1, . . . ,m− 1,

(t0, D
α1
t |t=t0x̃, D

α2
t |t=t0x̃, . . . , D

αn
t |t=t0x̃

)
∈ X,

(t0, D
α1
t |t=t0

(
x̃+ w

)
, Dα2

t |t=t0
(
x̃+ w

)
, . . . , Dαn

t |t=t0
(
x̃+ w

))
∈ X,

where w(t) = −
p∑

k=0

(Dα
t G)kM−1

0 (I − Q)f(t). Then there exists t1 ∈ (t0, T ], such that

problem (1), (2) has a unique solution on the segment [t0, t1].

A. S. Poretskii (Saint-Petersburg, Russia)
st036768@student.spbu.ru

ON ACCUMULATIONS OF POINT SPECTRUM OF WAVEGUIDES

A waveguide occupies a domain with several cylindrical outlets to in�nity and is
described by an elliptic boundary-value problem. At in�ni-ty in every cylindrical outlet,
the coe�cients of the problem tend to functions independent of the axial coordinate in
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the corresponding cylin-der. We prove that the eigenvalues can accumulate, if anywhere,
only at the continuous spectrum �thresholds�. If the coe�cients stabilize at in�nity with
an exponential rate, then there are no accumulations of eigenvalues at �nite distance.
In the case of slow coe�cients stabilization, accumulations at thresholds can occur. For
the Maxwell system, similar results can be deduced from those for the elliptic problems.
The talk is based on joint results with B.A. Plamenevskii.

S.V. Revina (Rostov-on-Don, Russia)
svrevina@sfedu.ru

PROBLEM OF STABILITY OF TWO-DIMENSIONAL VISCOUS
FLOWS

We consider the two-dimensional (x = (x1, x2) ∈ R2) viscous incompressible �ow
driven by an external forces �eld F (x, t) that is periodic in x1 and x2 with periods `1

and `2, respectively. The �ow is described by the Navier-Stokes equations

∂v

∂t
+ (v,∇)v − ν∆v = −∇p+ F (x, t), div v = 0,

where ν = 1/Re is the kinematic viscosity and Re is the Reynolds number. The period
`1 = 2π, and the ratio of the periods is characterized by the wave number α: `2 = 2π/α,
α → 0. Let 〈f〉 denote the average with respect to x1, while 〈〈f〉〉 denote the average
over the period rectangle Ω = [0, `1]× [0, `2]:

〈f〉 =
1

`1

`1∫
0

f(x, t) dx1, 〈〈f〉〉(t) =
1

|Ω|

∫
Ω

f(x, t) dx1 dx2.

The spatial average velocity is assumed to be given: 〈〈v〉〉 = q. The velocity �eld is
assumed to be periodic in x1, x2 with the same periods `1, `2 as the �eld of external
forces.
A longwave asymptotics (α → 0) is constructed for the stability problem of the

steady �ow close to the shear, which will be called the basic �ow:

V = (αV1(x2), V2(x1)), 〈V2〉 6= 0.

The class of �ows under consideration generalizes the Kolmogorov �ow with a sinu-
soidal velocity pro�le

V = (0, γ sin(x1)).

R E F E R E N C E S
1. Revina S.V. Stability of the Kolmogorov Flow and Its Modi�cations. Computational Mathematics and Mathematical

Physics. 2017. Vol. 57, No. 6, pp. 1003�1022.
2. Melekhov A.P. Revina S.V. Onset of Self-Oscillations upon the Loss of Stability of Spatially Periodic Two-Dimensional

Viscous Fluid Flows Related to Long-Wave Perturbations. Fluid Dynamics. 2008. Vol. 43, No. 2, pp. 203�216.
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A. Sayfy (American University of Sharjah, UAE)
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A NOVEL SEMI-ANALYTICAL ITERATIVE APPROACH TO SOLVE
BOUNDARY VALUE PROBLEMS

The aim of this talk is to introduce a recent semi-analytical iterative strategy based
on Green's functions and �xed point iteration schemes for the approximate solutions
of various types of boundary value problems. In particular, it is suitable for the ones
that possess singularities or layers, and delay di�erential equations. The scheme is
illustrated through a number of examples that con�rm the high accuracy and e�ciency
of the strategy. The results of the test examples show uniformly distributed errors and
excellent agreement with exact solutions and outperforms other existing numerical
iterative schemes.

V. I. Semenov (Kaliningrad, Russia)
visemenov@rambler.ru

INVARIANTS APPLICATION TO THE NAVIER�STOKES
EQUATIONS

For the studying of the Cauchy problem of these equations in space I introduce some
classes and parameters which are invariant with respect to the scaling procedure. The
�rst invariant is connected with the Cauchy problem provided an initial data belongs
to a special class C∞6/5, 3/2 of solenoidal vector �elds vanishing at in�nity . Here outer
forces are trivial. Then the class C∞6/5, 3/2 is invariant.
The second invariant is a special parameter λ which is connected with a velocity

changing of E2 where E is a kinetic energy of a �uid �ow. If λ ≥ 1 or kinetic energy at
a special moment is not less any mean depending on λ for λ < 1 ( i.e. changing of E2

at moment t = 0 is negligible) then an ideal, global and smooth motion is determined.
In other words a global regular solution exists. This is an essential and qualitative
improvement of the classical result together with a new a priori estimate.
Finally, the other parameters ε, 0 < ε < 1, and µ, 1 < µ < λ−4, or µ = ∞ may

be also very useful . The �rst of them is a dissipation coe�cient of kinetic energy .
The last parameter holds time interval of a solution regularity. These three numerical
characteristics λ, ε, µ are invariant with respect to the scaling procedure.
As illustration, we have no phenomena blow up on the time interval [0, T ) if kinetic

energy satis�es inequality:

‖u(t, ·)‖2
2 ≥ ‖ϕ‖2

2

(
1− λ2

√
t

T0

)
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with condition λ < 1 (by symbol ‖u(t, ·)‖2 it is denoted a norm in L2, [0, T0) � is an
universal time interval of an existence of the global regular solution, ϕ is an initial
data).

E. L. Shishkina (Voronezh, Russia)
ilina_dico@mail.ru

MEIJER TRANSFORM OF THE FRACTIONAL BESSEL INTEGRAL
AND DERIVATIVE ON SEMI-AXES

Let f is integrable by (0,∞) with the weight ρ(x) = x4α+ν, α > 0 ν > 0. The
integral

(B−αν,0+f)(x) =

=
1

Γ(2α)

x∫
0

(y
x

)ν (x2−y2

2x

)2α−1

2F1

(
α+

ν−1

2
, α; 2α; 1−y

2

x2

)
f(y)dy

is called left-sided fractional Bessel integral on semi-axis [0,∞) of order α (see
[1]). The left-sided fractional Bessel derivative on semi-axis [0,∞) of order α is

(Bα
γ,0+f)(x) = (DBα

γ,0+f)(x) = Bn
γ (IBn−α

γ,0+f)(x), n = [α] + 1.

The Bα
γ,0+ is the power α of the Bessel operator Bν = d2

dx2 + ν
x
d
dx .

For functions f the integral transforms involving modi�ed Bessel functions of the
second kind Kν−1

2
, ν ≥ 1 as kernel is the Meijer transform de�ned by

Kν[f ](ξ) = F (ξ) =

∞∫
0

kν−1
2

(xξ) f(x)xν dx,

where kα(t) = 2αΓ(α+1)
tα Kα(t).

Let f ∈ Lloc1 (R+) and f(t) = o
(
tβ−

ν
2

)
as t → +0 where β > ν

2 − 2 if ν > 1 and
β > −1 if ν = 1. Furthermore let f(t) = 0(eat) as t→ +∞. Then its Meijer exists a.e.
for Re ξ > a (see [2], p. 94).
The Meijer transforms of Bα

ν,0+ for proper functions is

Kν[(Bα
ν,0+ϕ)(x)](ξ) = ξ2αKνϕ(ξ), α ∈ R.

R E F E R E N C E S
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A.G. Tumanyan (Yerevan, Armenia)
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ON THE FREDHOLM PROPERTY OF REGULAR HYPOELLIPTIC
OPERATORS

We study the Fredholm property of regular hypoelliptic operators in weighted multi-
anisotropic Sobolev spaces in Rn. This work extends the previously obtained results
for the Fredholm property of semielliptic operators, which are the special subclass of
hypoelliptic operators (see [1,2]).
Let R be a completely regular polyhedron. Then denote by Rn−1

j (j = 1, . . . , In−1)
(n − 1)�dimensional non-coordinate faces of R with corresponding outer normal µj

such that all multiindices α ∈ Rn−1
j satisfy (α : µj) = α1

µj1
+ ... + αn

µjn
= 1. For k ∈ R+

denote kR = {kα = (kα1, kα2 . . . , kαn) : α ∈ R}.
We consider the di�erential form

P (x,D) =
∑
α∈R

aα(x)Dα,

where Dα = Dα1
1 ...D

αn
n , Dj = i−1 ∂

∂xj
, x = (x1, ..., xn) ∈ Rn, aα(x) are smooth enough

functions.
For k ∈ Z+, completely regular polyhedron R and positive-valued function q ∈

C∞(Rn), such that 1
q(x) ⇒ 0 when |x| → ∞, denote by Hk,R

q (Rn) the space of

measurable functions {u} equipped with a norm

‖u‖k,R,q :=
∑
α∈kR

∥∥∥∥Dαu · q
k− max

j=1,...,In−1
(α:µj)

∥∥∥∥
L2(Rn)

.

In the terms of the conditions on the symbol of operator the necessary conditions are
obtained for ful�llment of a priori estimates of di�erential operators de�ned by P (x,D).
The necessary and su�cient conditions are obtained for the Fredholm property of the
special classes of regular hypoelliptic operators with variable coe�cients, acting in
multianisotropic spaces Hk,R

q (Rn).

R E F E R E N C E S
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2. Tumanyan A. G. On the Invariance of Index of Semielliptical Operator on the Scale of Anisotropic Spaces. Journal of

Contemporary Mathematical Analysis. Vol. 51, No. 4 (2016), pp. 167�178.



¾Table of content¿

Di�erential Equations and Mathematical Physics 73

V.A. Vicente Ben��tez (Quer�etaro, M�exico)
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ANALYTICAL REPRESENTATIONS FOR THE DISPERSION
EQUATION OF A PERIODIC QUANTUM GRAPH

We study the spectral relations of a periodic quantum graph Γ ⊂ Rn, with a
countable number of vertices and connected. We consider the case of a graph equipped
with a Hamiltonian given by the Schr�odinger operator H = − d2

dx2 + q(x), with a
symmetric real-valued potential q ∈ L∞(Γ), and whose domain consist of all functions
u ∈ H2(Γ) satisfying the Neumann-Kircho� conditions in each vertex. It is known
that the spectrum is purely essential, and for the case of an equilateral graph these
can be calculated by a dispersion equation of the form η(λ) = f(θ), were η is an entire
function of the spectral parameter and f is a continuous function in the Brillouin zone
B of the graph (see 1). Based in the results presented in 2, we develop a representation
for the function η given as a Neumann series of Bessel functions. These representations
provide a way to calculate the spectral bands of the Hamltonian H and, in the case
of graph with cycles, we obtain a characteristic equation for the eigenvalues and show
that these have in�nite multiplicity.

R E F E R E N C E S
1. Barrera-Figueroa V., Rabinovich V. S. E�ective numerical method of spectral analysis of quanthum graphs. J. Phys.

A: Math. Theor. 2017. Vol. 50, No. 21, pp. 207�215.
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K. S. Yeletskikh (Yelets, Russia)
kostan.yeletsky@gmail.com

ON BOUNDARY VALUE PROBLEMS FOR THE
EULER�POISSON�DARBOUX EQUATIONS

In the domain Ω = {0 < x < 1, t ∈ (0, T )}, there is a unique solution u(x, t) of the
following boundary value problem(

∂2

∂t2 + β
t
∂
∂t

∂2

∂t2 −
β
x
∂
∂x

)
u(x, t) = 0, β 6= 0, γ > 0,

u(x, 0) = ϕ(x), ut(x, 0) = 0, u′(0, t) = u′(1, t) = 0.

Let jν(x) = 2ν Γ(1 + ν) Jν(x)
xν , where Jν is Bessel function of the �rst kind, ν = γ−1

2 .
The B-cylindrical function

J∗µ(t) = tµ
∞∑
m=0

(−1)m

m! Γ(µ+m+1)

(
t
2

)2m+µ
= tµ Jµ(t) .

is used in the paper.
The spectral values of λn are solutions of the equation j

′(λn)=0. A bounded solution
to the considered boundary value problem is found in the form of a Fourier � Bessel
series [1]
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u(x, t) =
∞∑
n=1

un(t)Xn(x), Xn(x) = jν(λnx)
|jν(λn)| ,

un(t) = ϕn

{
J∗1−β

2

(λnt)

jβ−1
2

(λnt)

}
,

{
β<0
β>0

}
, ϕn=

1∫
0

ϕ(x) Xn(x)xγdx .

The indicated solutions can be written with the corresponding Poisson formula. For
example, if the Bessel operator acting on the t has a positive dimension parameter
(β > 0), then the corresponding Poisson formula for the solution has the form

u(x, t) =
ν,µ

V t
x

∞∑
n=1

ϕn jβ+γ−2
2

(λnx) , where the
ν,µ

V t
x -shift:

ν,µ

V t
x f(x) = 2ν+µ Γ(ν+1)Γ(µ+1)

π Γ(ν+µ)

π/2∫
π/2

eiθ(µ−ν) cosν+µ θ f(r) dθ ,

r =
√

2 cos θ (x2 eiθ + t2e−iθ).
An unlimited solution is a fundamental solution of the EPD operator and is expressed

in terms of the Neumann j -function, see [2].
R E F E R E N C E S

1. Ëÿõîâ Ë.Í., Åëåöêèõ Ê.Ñ., Ñàíèíà Å.Ë. Ôîðìóëû Ïóàññîíà äëÿ êðàåâûõ çàäà÷ óðàâíåíèÿ Ýéëåðà�Ïóàññîíà�
Äàðáó. ÏÌÀ. 2019. Òîì. 97, ñòð. 83�91.

2. Ëÿõîâ Ë.Í. Ôóíäàìåíòàëüíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ DB-îïåðàòîðîì Áåññåëÿ. Òðóäû ìàòåìà-
òè÷åñêîãî èíñòèòóòà èì. Â. À. Ñòåêëîâà. 2012. Òîì. 278, ñòð. 148�160.

Í.Õ. Àëüõàëèëü, Õ. Àëìîõàììàä, (Ìîñêâà, Ðîññèÿ)
Nisreen.homadeh@gmail.com

ÓÑËÎÂÈß ËÎÊÀËÈÇÀÖÈÈ ÑÏÅÊÒÐÀËÜÍÛÕ ÐÀÇËÎÆÅÍÈÉ
ÄËß ÎÁÎÁÙ�ÍÍÛÕ ÏÎÒÅÍÖÈÀËÎÂ ÁÅÑÑÅËß

Ïðîñòðàíñòâî ïîòåíöèàëîâ HG
E ≡ HG

E (Rn) îïðåäåëÿåì êàê ìíîæåñòâî ñâ¼ð-
òîê ÿäåð ïîòåíöèàëîâ ñ ôóíêöèÿìè èç áàçîâîãî ïðîñòðàíñòâà

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)} ,

‖u‖HG
E

= inf {‖f‖E : f ∈ E(Rn), G ∗ f = u} .

ãäå E � ïåðåñòàíîâî÷íî èíâàðèàíòíîå ïðîñòðàíñòâî, à ÿäðî G � ñïåöèàëüíîãî
âèäà,

G(x) = G0
R(x) +G1

R(x); G0
R(x) = G(x)χBR(x); G1

R(x) = G(x)χcBR(x),

c1Φ(r) 6= G(x) 6 c2Φ(r) r = |x| ∈ (0, R),

ãäå 0 < θ ↓ íà R+;
R∫
0

Φ(ρ)ρn−1 dρ < ∞, G1
R ∈ L1(Rn) ∩ E ′(Rn); E ′(Rn) �

àññîöèèðîâàííîå ïðîñòðàíñòâî äëÿ E(Rn).
Ïîëó÷åíà òî÷íàÿ ïî ïîðÿäêó îöåíêà äëÿ ìîäóëÿ íåïðåðûâíîñòè ïîòåíöèàëà

ωkc (u; t1/n) ∼= ω0(t) (ñì. [1]), ïî ôóíêöèè ω0 îïðåäåëåíà ôóíêöèÿ γ, çàäàþùàÿ
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γ-ñðåäíèå ñïåêòðàëüíîãî ðàçëîæåíèÿ σγµ(u, x) ïîòåíöèàëà ïî ôóíäàìåíòàëüíûì
ôóíêöèÿì îïåðàòîðà Ëàïëàñà â îáëàñòè Ω ⊂ Rn (ñì. [2]). Äëÿ ýòèõ γ-ñðåäíèõ
ñïðàâåäëèâ ñëåäóþùèé ïðèíöèï ëîêàëèçàöèè.
Ïóñòü D ⊂ Ω è u ∈ HG

E (Rn) ⊂ C(Rn) � ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ
u(x) ≡ 0 äëÿ âñåõ x â D. Òîãäà, äëÿ êàæäîãî êîìïàêòà K ⊂ D ðàâíîìåðíî ïî
x ∈ K ñïðàâåäëèâî ñîîòíîøåíèå:

lim
µ→∞

σγµ(u, x) = 0.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü Ãîëüäìàíó Ì.Ë. çà öåííûå ñîâåòû ïðè ðàáîòå
íàä ñòàòüåé.
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Èçëàãàþòñÿ ðåçóëüòàòû èçó÷åíèÿ ñåìåéñòâà äèíàìè÷åñêèõ ñèñòåì [2-4] ñî âçà-
èìíî ïðîñòûìè ïîëèíîìèàëüíûìè ïðàâûìè ÷àñòÿìè, êóáè÷åñêîé è êâàäðàòè÷íîé.
Ñòàâèòñÿ è ðåøàåòñÿ çàäà÷à ïîñòðîåíèÿ â êðóãå Ïóàíêàðå âñåõ òîïîëîãè÷åñêè ðàç-
ëè÷íûõ ôàçîâûõ ïîðòðåòîâ. Äëÿ åå ðåøåíèÿ èñïîëüçîâàí ìåòîä ïîñëåäîâàòåëüíûõ
îòîáðàæåíèé À.Ïóàíêàðå [1]. Ðàññìàòðèâàþòñÿ ïîäñåìåéñòâà íåñêîëüêèõ èåðàð-
õè÷åñêèõ óðîâíåé, ÷üè ðàçëîæåíèÿ ïðàâûõ ÷àñòåé íà ôîðìû íèæàéøèõ ñòåïåíåé
âêëþ÷àþò: ïî 3 è 2 ðàçëè÷íûõ ìíîæèòåëÿ; ïî 2 ìíîæèòåëÿ; 3 ðàçëè÷íûõ ìíîæè-
òåëÿ ó ôîðìû òðåòüåãî ïîðÿäêà è 1 � ó ôîðìû âòîðîãî; 2 ìíîæèòåëÿ ó ôîðìû
òðåòüåãî ïîðÿäêà è 1 ó ôîðìû âòîðîãî. Ìåòîäèêà èññëåäîâàíèÿ êàæäîãî ïîäñå-
ìåéñòâà ñîäåðæèò ðÿä ýòàïîâ [3]. Èññëåäîâàíèå ïîäñåìåéñòâà âêëþ÷àåò èçó÷åíèå
îñîáûõ òî÷åê â êðóãå Ïóàíêàðå (êîíå÷íàÿ îñîáàÿ òî÷êà O(0, 0) è áåñêîíå÷íî óäà-
ëåííûå îñîáûå òî÷êè). Îïðåäåëÿþòñÿ òîïîäèíàìè÷åñêèå òèïû îñîáûõ òî÷åê è èõ
ñåïàðàòðèñû. Èçó÷àþòñÿ âîïðîñû îäíîçíà÷íîñòè ïðîäîëæåíèÿ êàæäîé ñåïàðàòðè-
ñû èç ìàëîé îêðåñòíîñòè îñîáîé òî÷êè íà âñþ äëèíó è âçàèìíîãî ðàñïîëîæåíèÿ
ñåïàðàòðèñ â êðóãå Ïóàíêàðå. Ñòðîÿòñÿ ôàçîâûå ïîðòðåòû ñèñòåì ïîäñåìåéñòâà â
ãðàôè÷åñêîé è òàáëè÷íîé ôîðìàõ. Ïðèâîäÿòñÿ áëèçêèå ê êîýôôèöèåíòíûì êðè-
òåðèè êàæäîãî ïîðòðåòà. Äåòàëüíîå èçëîæåíèå ïðîöåññà èçó÷åíèÿ è ðåçóëüòàòû
äàíû â ìîíîãðàôèè [2] è ðàáîòàõ [2, 3].
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ÃÐÀÍÈÖÛ

Èññëåäóåòñÿ ôèçè÷åñêèé ýôôåêò âîçíèêíîâåíèÿ âðàùåíèÿ æèäêîñòè â òîíêîì
ñëîå íåîäíîðîäíîé æèäêîñòè â ðåçóëüòàòå ëîêàëüíîãî íåðàâíîìåðíîãî îõëàæäå-
íèÿ ñâîáîäíîé ïîâåðõíîñòè. Ðàñ÷åò òåðìîãðàâèòàöèîííûõ òå÷åíèé æèäêîñòè ïðî-
âîäèòñÿ ñ ó÷åòîì ýôôåêòà Ìàðàíãîíè. Ðåçóëüòàòû ðàáîòû ìîãóò îáúÿñíèòü îäíó
èç ïðè÷èí âîçíèêíîâåíèÿ òîðíàäî.
Ðàññìàòðèâàåòñÿ ñòàöèîíàðíîå îñåñèììåòðè÷íîå òå÷åíèé æèäêîñòè â ãîðèçîí-

òàëüíîì ñëîå êîíå÷íîé òîëùèíû, îãðàíè÷åííîì ñâåðõó ñâîáîäíîé ãðàíèöåé, à ñíè-
çó òâåðäîé ñòåíêîé Òå÷åíèå æèäêîñòè âûçâàíî íåðàâíîìåðíûì ðàñïðåäåëåíèåì
òåìïåðàòóðû ñâîáîäíîé ïîâåðõíîñòè. Ðàñ÷åòû ïðîâîäÿòñÿ íà îñíîâå ïðèáëèæåíèÿ
Îáåðáåêà-Áóññèíåñêà íåîäíîðîäíîé òåïëîïðîâîäíîé æèäêîñòè. Â ñëó÷àå ìàëûõ
äèôôóçèîííûõ êîýôôèöèåíòîâ âáëèçè ñâîáîäíîé ãðàíèöû ôîðìèðóåòñÿ òîíêèé
ïîãðàíè÷íûé ñëîé. Ïðèâîäèòñÿ ñèñòåìà óðàâíåíèé äâèæåíèÿ æèäêîñòè â ýòîì
ñëîå.
Ðåæèìû òå÷åíèé æèäêîñòè äåëÿòñÿ íà äâà òèïà - íåçàêðó÷åííûå è âðàùàòåëü-

íûå (âòîðè÷íûå). Âðàùàòåëüíûå ðåæèìû âîçíèêàþò â ðåçóëüòàòå áèôóðêàöèè
íåçàêðó÷åííûõ ðåæèìîâ â îáëàñòè ïîãðàíè÷íîãî ñëîÿ âáëèçè ñâîáîäíîé ãðàíèöû
ïðè åå ëîêàëüíîì îõëàæäåíèè. Ïðè íàãðåâå ãðàíèöû áèôóðêàöèè îòñóòñòâóþò.
Â îêðåñòíîñòè òî÷êè âåòâëåíèÿ ïîñòðîåíà àñèìïòîòèêà âðàùàòåëüíûõ ðåæèìîâ
ïóòåì ââåäåíèÿ äâóõ ìàëûõ ïàðàìåòðîâ. Àñèìïòîòè÷åñêèå ðàçëîæåíèÿ ïîñòðîå-
íû ïî ñòåïåíÿì îäíîãî èç ýòèõ ïàðàìåòðîâ. Ïîëó÷åíî àñèìïòîòè÷åñêîå ñîîòíîøå-
íèå, óñòàíàâëèâàþùåå ñâÿçü ìåæäó ìàëûìè ïàðàìåòðàìè. Ïîêàçàíî, ÷òî â òî÷êå
áèôóðêàöèè âîçíèêàþò äâà âòîðè÷íûõ ðåæèìà, îòëè÷àþùèåñÿ ìåæäó ñîáîé òîëü-
êî íàïðàâëåíèåì âðàùåíèÿ. Îòâåòâëåíèå âðàùàòåëüíûõ ðåæèìîâ ïðîèñõîäèò ïðè
ñêîðîñòÿõ âíåøíåãî ïîòîêà, ìåíüøèõ áèôóðêàöèîííûõ çíà÷åíèé.
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ÎÁÐÀÒÍÀß ÇÀÄÀ×À ÄËß ÏÓ×ÊÀ
ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÎÏÅÐÀÒÎÐÎÂ

Ðàññìîòðèì êðàåâóþ çàäà÷ó L äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåð-
âîãî ïîðÿäêà

iy′(x) +

∫ x

0

M(x− t, λ)y(t) dt = λy(x), 0 < x < π, y(0) = y(π),

ãäå ÿäðî ñâåðòêè èìååò ëèíåéíóþ çàâèñèìîñòü îò ñïåêòðàëüíîãî ïàðàìåòðà:
M(x, λ) = M0(x) + λM1(x). Ôóíêöèè M0 è M1 � âåùåñòâåííûå, M1 ∈ AC[0, π),
(π − x)M0 ∈ L2(0, π), (π − x)M ′

1 ∈ L2(0, π), M1(0) = 0.
Äîêàçàíû Òåîðåìû 1 è 2, äàþùèå õàðàêòåðèçàöèþ ñïåêòðà çàäà÷è L.

Òåîðåìà 1. Ñïåêòð çàäà÷è L ÿâëÿåòñÿ ñ÷åòíûì ìíîæåñòâîì êîìïëåêñíûõ
ñîáñòâåííûõ çíà÷åíèé {λn}n∈Z, ïðîíóìåðîâàííûõ ñ ó÷åòîì êðàòíîñòåé è èìå-
þùèõ àñèìïòîòèêó

λn = 2n+ κn, {κn} ∈ l2. (1)

Òåîðåìà 2. Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë {λn}n∈Z âè-
äà (1) ñóùåñòâóåò åäèíñòâåííàÿ êðàåâàÿ çàäà÷à L îïèñàííîãî âûøå âèäà, äëÿ
êîòîðîé ïîñëåäîâàòåëüíîñòü {λn}n∈Z ÿâëÿåòñÿ ñïåêòðîì.
Â îñíîâå äîêàòåëüñòâà Òåîðåìû 2 ëåæèò êîíñòðóêòèâíûé ìåòîä ðåøåíèÿ îáðàò-

íîé çàäà÷è: ïî çàäàííîìó ñïåêòðó {λn}n∈Z ïîñòðîèòü M0 è M1. Ìåòîä ïðåäñòàâ-
ëÿåò ñîáîé ðàçâèòèå èäåé ðàáîò [1], [2]. Îáðàòíàÿ çàäà÷à ñâîäèòñÿ ê îäíîçíà÷íî
ðàçðåøèìîé ñèñòåìå íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà ÐÍÔ (ïðîåêò 17-11-

01193).
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Íà îñíîâå àñèìïòîòè÷åñêîé ìîäåëè ÷èñëåííî èññëåäîâàíà çàäà÷à î ñòàöèîíàð-
íûõ ïðèäîííûõ âèõðåâûõ îáðàçîâàíèÿõ è ñòàöèîíàðíûõ ïðîòèâîòîêàõ â ðóñëîâûõ
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ïîòîêàõ ðåê. Ìîäåëü ñêîíñòðóèðîâàíà íà îñíîâå óðàâíåíèé Íàâüå�Ñòîêñà äëÿ âÿç-
êîé íåñæèìàåìîé æèäêîñòè â ñëó÷àå òóðáóëåíòíîé âÿçêîñòè è ïðåäñòàâëÿåò ñî-
áîé âàðèàíò ãèäðîñòàòè÷åñêîãî ïðèáëèæåíèÿ ïðè îòñóòñòâèè èíåðöèàëüíûõ ÷ëå-
íîâ. Èññëåäîâàíû ðàçëè÷íûå âàðèàíòû äîñòàòî÷íî ãëàäêèõ ðåëüåôîâ äíà âîäîåìà.
Ïîêàçàíî, ÷òî ïðè çíà÷èòåëüíûõ ðàñõîäàõ æèäêîñòè â îêðåñòíîñòÿõ îòêëîíåíèé
ðåëüåôà äíà îò ïëîñêîãî âî ¾âïàäèíàõ¿ ðåëüåôà èìåþòñÿ ïðèäîííûå âèõðè, êîì-
ïåíñèðóþùèå èçáûòî÷íûé çàäàííûé ðàñõîä æèäêîñòè. Ðàññìîòðåíû ñëó÷àè ðàç-
ëè÷íûõ êðàåâûõ óñëîâèé íà äíå âîäîåìà � óñëîâèÿ ïðèëèïàíèÿ, êèíåìàòè÷åñêèå
óñëîâèÿ, ñîîòâåòñòâóþùèå äåôîðìèðóåìîé íåïðîíèöàåìîé ïîâåðõíîñòè, è óñëî-
âèÿ ñêîëüæåíèÿ Íàâüå. Ïîêàçàíî, ÷òî â ñëó÷àå ïëîñêîãî ðåëüåôà äíà âîäîåìà ïðè
èçáûòî÷íîì ðàñõîäå æèäêîñòè èìååòñÿ ïðîòèâîòî÷íîå òå÷åíèå â îêðåñòíîñòè äíà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
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ÌÅÒÎÄ ÔÓÍÊÖÈÈ ÃÐÈÍÀ ÐÅØÅÍÈß ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß
ÎÁÛÊÍÎÂÅÍÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÄÐÎÁÍÎÃÎ ÏÎÐßÄÊÀ

Â èíòåðâàëå 0 < x < 1 ðàññìîòðèì óðàâíåíèå

m∑
j=1

βj∂
αj
0xu(x) + λu(x) = f(x),

ãäå αj ∈]1, 2[, β1 > 0, λ, βj ∈ R, α1 > α2 > ... > αm, ∂
γ
0xu(x) � ïðîèçâîäíàÿ

Êàïóòî [1, c. 11]:

∂γ0xu(x) = Dγ−n
0x u(n)(x), n− 1 < γ ≤ n,

Dγ
0x− îïåðàòîð äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ ïîðÿäêà γ â ñìûñëå

Ðèìàíà-Ëèóâèëëÿ [1, c. 9] ïî ïåðåìåííîé x.
Äàííàÿ ðàáîòà ïîñâÿùåíà ðåøåíèþ äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ ëèíåéíîãî

îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòîðîì äðîáíîãî äèñêðåòíî
ðàñïðåäåëåííîãî äèôôåðåíöèðîâàíèÿ. Ðàçâèò ìåòîä ôóíêöèè Ãðèíà äëÿ ðåøå-
íèÿ èññëåäóåìûõ çàäà÷, ïîñòðîåíû ôóíäàìåíòàëüíûå ðåøåíèÿ è ñîîòâåòñòâóþùèå
ôóíêöèè Ãðèíà [2-4].
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ÑÎÎÒÍÎØÅÍÈÅ ÒÈÏÀ ÃÀÓÑÑÀ � 10 ÄËß ÔÓÍÊÖÈÈ ÃÎÐÍÀ H3

Â òåîðèè îáîáùåííîãî âîëíîâîãî óðàâíåíèÿ è îñèñåììèòðè÷åñêîãî óðàâíåíèÿ
Ãåëüìãîëüöà âàæíóþ ðîëü èãðàåò êîíôëþýòíàÿ ôóíêöèÿ Ãîðíà [1]

H3 (α, β; δ; z, t) =
∞∑
m=0

∞∑
n=0

(α)m−n(β)m
(δ)m

zm

m!

tn

n!
,

äëÿ êîòîðîé â [1] ïðèâåäåíû äâà Ãàóññîâûõ ñîîòíîøåíèÿ:

H3 (α, β; δ; z, t)−H3 (α, β; δ − 1; z, t) =
αβ

δ(1− δ)
zH3 (α + 1, β + 1; δ + 1; z, t) ,

H3 (α, β + 1; δ; z, t)−H3 (α, β; δ; z, t) =
α

δ
zH3 (α + 1, β + 1; δ + 1; z, t) .

Ïðè t = 0 äàííûå ñîîòíîøåíèÿ êàê ÷àñòíûé ñëó÷àé ïåðåéäóò â èçâåñòíûå ñî-
îòíîøåíèÿ äëÿ ôóíêöèè Ãàóññà [2]:

F (α, β; δ; z)− F (α, β; δ − 1; z) =
αβ

δ(1− δ)
zF (α + 1, β + 1; δ + 1; z) ,

F (α, β + 1; δ; z)− F (α, β; δ; z) =
α

δ
zF (α + 1, β + 1; δ + 1; z) .

Â ýòîé ðàáîòå äîêàçàíà ôîðìóëà(
δ − 2β − (α− β)z

)
H3 (α, β; δ; z, t) + β (1− z)H3 (α, β + 1; δ; z, t)−

− (δ − β)H3 (α, β − 1; δ; z, t) =
zt

1− α
H3 (α− 1, β; δ; z, t) ,

èç êîòîðîé ïðè t = 0 êàê ÷àñòíûé ñëó÷àé ñëåäóåò(
δ − 2β − (α− β)z

)
F (α, β; δ; z) + β (1− z)F (α, β + 1; δ; z)−

− (δ − β)F (α, β − 1; δ; z) = 0.
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ÑÒÐÓÊÒÓÐÛ ÈÇÎÕÐÎÍ ÄËß ÇÀÄÀ×È Î ÏÅÐÅÍÎÑÅ ÌÀÑÑÛ
ÝËÅÊÒÐÈ×ÅÑÊÈÌ ÏÎËÅÌ

Ïðåäëîæåííûé â [4, 5] ìåòîä ãîäîãðàôà íà îñíîâå çàêîíîâ ñîõðàíåíèÿ ïîçâîëÿåò
ðåøàòü øèðîêèé êðóã çàäà÷ äëÿ íåóñòîé÷èâûõ ñïëîøíûõ ñðåä, ìíîãèå èç êîòîðûõ
îïèñàíû â [3], è â êîíå÷íîì èòîãå ñâîäÿòñÿ ê óðàâíåíèþ Ýéëåðà�Äàðáó�Ïóàññîíà.
Îñîáûé èíòåðåñ ïðåäñòàâëÿþò çàäà÷è äëÿ óðàâíåíèé, ðåøåíèå êîòîðûõ â ïðîöåñ-
ñå ýâîëþöèè ìåíÿåò ñâîé òèï ñ ãèïåðáîëè÷åñêîãî íà ýëëèïòè÷åñêèé èëè íàîáîðîò.
Èíòåðåñíû òàêæå çàäà÷è, äëÿ êîòîðûõ íà÷àëüíûå äàííûå òàêîâû, ÷òî â ÷àñòè
ïðîñòðàíñòâåííîé îáëàñòè òèï óðàâíåíèé ãèïåðáîëè÷åñêèé, à â äðóãîé ÷àñòè �
ýëëèïòè÷åñêèé. Òèïè÷íûì ïðèìåðîì òàêîé çàäà÷è ÿâëÿåòñÿ çàäà÷à î ïåðåíîñå
ìàññû ýëåêòðè÷åñêèì ïîëåì [1, 2]: uit+(µiui/s)x = 0, i = 1, 2, s = 1+u1 +u2. Íåïî-
ñðåäñòâåííîå èñïîëüçîâàíèå ìåòîäà ãîäîãðàôà ïîçâîëÿåò ñòðîèòü ðåøåíèå ëèøü
â íåÿâíîì âèäå, à äëÿ ïîñòðîåíèÿ ÿâíîãî ðåøåíèÿ ñëåäóåò èñïîëüçîâàòü ëàãðàí-
æåâû ïåðåìåííûå è äîïîëíèòåëüíî ðàññìàòðèâàòü íåêîòîðóþ ñèñòåìû ÎÄÓ íà
ëèíèÿõ óðîâíÿ (èçîõðîíàõ) ðåøåíèÿ. Âàæíóþ èíôîðìàöèþ î ïîâåäåíèè ðåøåíèÿ
ìîæíî ïîëó÷èòü, èçó÷àÿ ñòðóêòóðó èçîõðîí íà ïëîñêîñòè ìíèìîé è âåùåñòâåííîé
÷àñòè ðåøåíèÿ. Äëÿ çàäà÷è î ïåðåíîñå ìàññû ñòðóêòóðà èçîõðîí ïîçâîëÿåò ÷àñòè÷-
íî îïèñàòü ñèòóàöèþ ñìåíû òèïîâ óðàâíåíèé. Ñ ôèçè÷åñêîé òî÷êè çðåíèÿ ïåðåíîñ
ìàññû, îïèñûâàåìûé íåëèíåéíûìè âîëíàìè (ãèïåðáîëè÷íîñòü) ñìåíÿåòñÿ âîçíèê-
íîâåíèåì ðàñòóùèõ ñî âðåìåíåì ïðîñòðàíñòâåííûõ ñòðóêòóð (ýëëèïòè÷íîñòü).
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ÈÇÌÅÍÅÍÈÅ Â ÑÏÅÊÒÐÅ ÄÅËÎÊÀËÈÇÎÂÀÍÍÛÕ ÍÎÑÈÒÅËÅÉ
ÇÀÐßÄÀ Â ÊÓÏÐÀÒÍÛÕ ÑÂÅÐÕÏÐÎÂÎÄÍÈÊÀÕ ÂÑËÅÄÑÒÂÈÅ

ÈÕ ÐÀÑÑÅßÍÈß ÍÀ ÇÀÐßÄÎÂÎÌ ÓÏÎÐßÄÎ×ÅÍÈÈ

Ðàññìàòðèâàåòñÿ ìîäåëü ñ ñèëüíûì äàëüíîäåéñòâóþùèì ýëåêòðîí-ôîíîííûì
âçàèìîäåéñòâèåì ïðè âûñîêîé ïëîòíîñòè íîñèòåëåé çàðÿäà â êóïðàòíûõ ñâåðõ-
ïðîâîäíèêàõ. Â ðàìêàõ äàííîé ìîäåëè îñíîâíîå ñîñòîÿíèå ñèñòåìû ïðåäñòàâëÿ-
åò ñîáîé çàðÿäîâîå óïîðÿäî÷åíèå, îáðàçîâàííîå áèïîëÿðîíàìè ñ ðàäèóñîì ìíîãî
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áîëüøå ïîñòîÿííîé ðåøåòêè è, âîçìîæíî (â çàâèñèìîñòè îò óðîâíÿ äîïèðîâàíèÿ),
ñîñóùåñòâóþùèå ñ íèì äåëîêàëèçîâàííûå íîñèòåëè çàðÿäà [1]. Ïîä âëèÿíèåì çàðÿ-
äîâîãî óïîðÿäî÷åíèÿ, îáðàçîâàííîãî áèïîëÿðîíàìè, â ñïåêòðå äåëîêàëèçîâàííûõ
íîñèòåëåé çàðÿäà âîçíèêàåò ùåëü. Â íàñòîÿùåì äîêëàäå èññëåäóåòñÿ çàâèñèìîñòü
ðàçìåðà è ïîëîæåíèÿ ùåëè îò íàïðàâëåíèÿ âîëíîâîãî âåêòîðà íîñèòåëåé.
Äëÿ ðàñ÷åòà ùåëè â ñïåêòðå èñïîëüçóåòñÿ äâóìåðíàÿ ñëîèñòàÿ ìîäåëü çàðÿäî-

âîãî óïîðÿäî÷åíèÿ, â êîòîðîì íîñèòåëü äâèæåòñÿ ïîä óãëîì ê ïëîñêîñòè ñëîåâ.
Ïåðèîäè÷åñêèé ïîòåíöèàë, ñîçäàâàåìûé ëîêàëèçîâàííûìè íîñèòåëÿìè, ðàçáèâà-
åòñÿ íà ïîëîñû è óñðåäíÿåòñÿ â ïðåäåëàõ êàæäîé ïîëîñû. Ðåøåíèÿ óðàâíåíèÿ
Øðåäèíãåðà â ñîñåäíèõ ñëîÿõ ñøèâàþòñÿ ñ ïîìîùüþ ñòàíäàðòíûõ óñëîâèé. Ïðå-
îáðàçîâàíèå âîëíîâîé ôóíêöèè äåëîêàëèçîâàííûõ íîñèòåëåé ïðè ïðîõîæäåíèè
ñëîÿ îïèñûâàþòñÿ ìàòðèöåé ñëîÿ, ïðîèçâåäåíèå âñåõ ìàòðèö ñëîåâ ïîçâîëÿåò íàé-
òè êîýôôèöèåíò ïðîõîæäåíèÿ íîñèòåëÿ ÷åðåç êðèñòàëë. Ðåçóëüòàòû, ïîëó÷åííûå
â õîäå èññëåäîâàíèÿ, õîðîøî ñîãëàñóþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè [2].
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ÄÂÈÆÅÍÈÅ ÒÎÍÊÎÃÎ ÑËÎß ÈÄÅÀËÜÍÎÉ ÆÈÄÊÎÑÒÈ
ÍÀ ÏÎÂÅÐÕÍÎÑÒÈ ÖÈËÈÍÄÐÀ

Äëÿ èññëåäîâàíèÿ òå÷åíèÿ òîíêîãî ñëîÿ æèäêîñòè ïî ïîâåðõíîñòè (âíóòðåííåé
èëè âíåøíåé) öèëèíäðà èñïîëüçóåòñÿ ñèñòåìà êâàçèëèíåéíûõ óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

Yx = − 1

G
Yt +

Y

G2
Gt, Gx = −1

2
Yt −

1

G
Gt,

ãäå Y (x, t) � òîëùèíà ñëîÿ (|Y | � 1),G(x, t) � âèõðü ñêîðîñòè òå÷åíèÿ, t � âðåìÿ,
x � ïðîñòðàíñòâåííàÿ êîîðäèíàòà.
Óðàâíåíèÿ ÿâëÿþòñÿ íåêîòîðîé ìîäèôèêàöèåé óðàâíåíèé, ïîëó÷åííûõ íà îñ-

íîâå òåîðèè ìåëêîé âîäû [1], èìåþò èíâàðèàíòû Ðèìàíà, çàïèñûâàþòñÿ â êîí-
ñåðâàòèâíîé ôîðìå, à òàêæå îáëàäàþò ãàìèëüòîíîâîé ñòðóêòóðîé. Îäíîé èç îñî-
áåííîñòåé ñèñòåìû ÿâëÿåòñÿ òîò ôàêò, ÷òî äëÿ òå÷åíèÿ ïî âíóòðåííåé ïîâåðõ-
íîñòè öèëèíäðà òèï óðàâíåíèé ãèïåðáîëè÷åñêèé, à ïðè òå÷åíèè ïî âíåøíåé ïî-
âåðõíîñòè � ýëëèïòè÷åñêèé. Â ãèïåðáîëè÷åñêîì ñëó÷àå âîçìîæíû òå÷åíèÿ ñ îá-
ðàçîâàíèåì óäàðíûõ âîëí, à â ýëëèïòè÷åñêîì ñëó÷àå âîçíèêàþò ïðîñòðàíñòâåííî-
ïåðèîäè÷åñêèå ñòðóêòóðû, òèïè÷íûå äëÿ íåóñòîé÷èâûõ ñïëîøíûõ ñðåä. Äëÿ èñ-
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ñëåäîâàíèÿ ïîâåäåíèÿ ðåøåíèÿ èñïîëüçóþòñÿ ðàçëè÷íûå âàðèàíòû ìåòîäà ãîäî-
ãðàôà � êëàññè÷åñêèé, îáîáùåííûé è ìåòîä íà îñíîâå çàêîíîâ ñîõðàíåíèÿ. Ïî-
ñòðîåíà ôóíêöèÿ Ðèìàíà�Ãðèíà, ïîçâîëÿþùàÿ ïîëó÷èòü ðåøåíèå ñèñòåìû â àíà-
ëèòè÷åñêîé ôîðìå â íåÿâíîì âèäå. Äëÿ ïåðåõîäà ê ÿâíîé ôîðìå ðåøåíèÿ ââî-
äÿòñÿ ëàãðàíæåâû ïåðåìåííûå. Óäàåòñÿ ïðåîáðàçîâàòü ðåøåíèå çàäà÷è Êîøè äëÿ
èñõîäíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ê ðåøåíèþ çàäà÷è Êîøè äëÿ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðàÿ ðåøàåòñÿ ÷èñëåííî. Êðîìå ýòî-
ãî, íàéäåí îïåðàòîð ðåêóððåíöèè, ïîçâîëÿþùèé ïîñòðîèòü äëÿ èñõîäíîé ñèñòåìû
áåñêîíå÷íûé ñ÷åòíûé íàáîð ãàìèëüòîíèàíîâ è LA �ïàðó Èáðàãèìîâà�Øàáàòà,
÷òî, â ñâîþ î÷åðåäü, äàåò âîçìîæíîñòü èññëåäîâàòü èìåþùèåñÿ ñèììåòðèè Ëè�
Áýêëóíäà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Morad A.M., Zhukov M.Yu. The motion of a thin liquid layer on the outer surface of a rotating cylinder. Eur. Phys. J.
Plus. 2015. 130:8.

Ì.Þ. Æóêîâ, Å.Â. Øèðÿåâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
myuzhukov@gmail.com, evshiryaeva@sfedu.ru

ÑÅÄÈÌÅÍÒÀÖÈß ÏÐÈÌÅÑÈ Â ÑÒÀÖÈÎÍÀÐÍÎÌ
ÒÓÐÁÓËÅÍÒÍÎÌ ÏÎÒÎÊÅ ÄÂÓÕÑËÎÉÍÎÉ ÆÈÄÊÎÑÒÈ

Ïîñòðîåíà è èññëåäîâàíà àñèìïòîòè÷åñêàÿ ìîäåëü ïðîñòðàíñòâåííî îäíîìåðíî-
ãî ñòàöèîíàðíîãî òóðáóëåíòíîãî òå÷åíèÿ æèäêîñòè â îáëàñòè, áåñêîíå÷íîé â ãî-
ðèçîíòàëüíîì íàïðàâëåíèè. Ìîäåëü áàçèðóåòñÿ íà óðàâíåíèÿõ Íàâüå�Ñòîêñà äëÿ
íåñæèìàåìîé âÿçêîé æèäêîñòè è â ãèäðîñòàòè÷åñêîì ïðèáëèæåíèè èìèòèðóåò
ðóñëîâûå ïîòîêè ðåê. Òóðáóëåíòíàÿ âÿçêîñòü çàäàåòñÿ êóñî÷íî-ãëàäêîé, ÷òî ïîç-
âîëÿåò ñ÷èòàòü òå÷åíèå äâóõñëîéíûì. Â âåðõíåì ñëîå âÿçêîñòü ïîñòîÿííàÿ è ïðî-
ôèëü ãîðèçîíòàëüíîé ñêîðîñòè òå÷åíèÿ ñòåïåííîé, à â íèæíåì ñëîå âÿçêîñòü çà-
âèñèò îò êîîðäèíàò è ïðîôèëü ãîðèçîíòàëüíîé ñêîðîñòè ëîãàðèôìè÷åñêèé. Ïðè
ýòîì íà ãðàíèöå ìåæäó ñëîÿìè êàñàòåëüíîå íàïðÿæåíèå íåïðåðûâíî, íî âîçíèêàåò
ðàçðûâ êîìïîíåíò ñêîðîñòè. Îñîáåííîñòüþ ìîäåëè ÿâëÿåòñÿ îòêàç îò óñëîâèé ïðè-
ëèïàíèÿ âÿçêîé æèäêîñòè ê íèæíåé ãðàíèöå íèæíåãî ñëîÿ, ÷òî äàåò âîçìîæíîñòü
çàäàâàòü ãðàíèöû âåðõíåãî, íèæíåãî ñëîåâ è ãðàíèöó ìåæäó ñëîÿìè ïðîèçâîëüíû-
ìè, à íå ïîä÷èíÿùèìèñÿ ãèïîòåçå î ìãíîâåííîé àäàïòàöèè. Ïðåäëàãàåìàÿ ìîäåëü
ïîçâîëÿåò, â ÷àñòíîñòè, îïèñûâàòü âîçíèêíîâåíèå ïðîòèâîòîêà è ïðèäîííûå âèõðè
ïðè ñëîæíîì ðåëüåôå íèæíåé ãðàíèöû ñëîÿ (äíà âîäîåìà) è çíà÷èòåëüíîì îáùåì
ðàñõîäå æèäêîñòè. Â ðàññìàòðèâàåìîì ñòàöèîíàðíîì òå÷åíèè èññëåäóåòñÿ íåñòà-
öèîíàðíûé ïðîöåññ ñåäèìåíòàöèè ïàññèâíîé ïðèìåñè. Ïðîôèëè òå÷åíèÿ æèäêîñòè
îïðåäåëÿþòñÿ àíàëèòè÷åñêè, à äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è î ñåäèìåíòàöèè
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ïðèìåñè èñïîëüçîâàí ìåòîä êîíå÷íûõ ýëåìåíòîâ ñî ñïåöèàëüíîé àïïðîêñèìàöèåé
êîíâåêòèâíûõ ÷ëåíîâ, ïîçâîëÿþùåé ñóùåñòâåííî óëó÷øèòü òî÷íîñòü âû÷èñëåíèé
ïðè ðåøåíèè çàäà÷ ñ ðàçðûâíûìè êîýôôèöèåíòàìè.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Æóêîâ Ì.Þ., Øèðÿåâà Å.Â. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà ñåäèìåíòàöèè ïðèìåñè â ïîòîêå æèäêîñòè.
Ðîñòîâ-íà-Äîíó: Èçä-âî ÞÔÓ, 2016.

Ë.Ë. Êàðàøåâà (Íàëü÷èê, Ðîññèÿ)
k.liana86@mail.ru

ÊÐÀÅÂÛÅ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß Â ×ÀÑÒÍÛÕ
ÏÐÎÈÇÂÎÄÍÛÕ ÂÛÑÎÊÎÃÎ ×ÅÒÍÎÃÎ ÏÎÐßÄÊÀ Ñ ÄÐÎÁÍÎÉ

ÏÐÎÈÇÂÎÄÍÎÉ

Ðàññìîòðèì óðàâíåíèå

∂α

∂tα
u(x, t) + (−1)n

∂2n

∂x2n
u(x, t) = f(x, t), (1)

ãäå n ∈ N, ∂α

∂tα � äðîáíàÿ ïðîèçâîäíàÿ ïîðÿäêà α [1, ñ.9], 0 < α ≤ 2.
Óðàâíåíèå (1) ïðè n = 1 ñîâïàäàåò ñ äèôôóçèîííî-âîëíîâûì óðàâíåíèåì, êî-

òîðîå øèðîêî èññëåäîâàíî (ñì. [2] è áèáëèîãðàôèþ òàì). Â ÷àñòíîñòè, â ðàáîòå
[3] èññëåäîâàíà êðàåâàÿ çàäà÷à â ïîëóáåñêîíå÷íîé îáëàñòè äëÿ îäíîðîäíîãî óðàâ-
íåíèÿ (1) ïðè n = 1 ñ äðîáíîé ïðîèçâîäíîé Ðèìàíà-Ëèóâèëëÿ. Â ðàáîòå [4] äëÿ
óðàâíåíèÿ (1) ïîñòðîåíî ôóíäàìåíòàëüíîå ðåøåíèå è ðåøåíà çàäà÷à Êîøè.
Â äàííîé ðàáîòå äëÿ óðàâíåíèÿ (1) ðåøåíû çàäà÷è â íåîãðàíè÷åííûõ îáëàñòÿõ,

äîêàçàíû òåîðåìû åäèíñòâåííîñòè â êëàññå ôóíêöèé áûñòðîãî ðîñòà.
Ë È Ò Å Ð À Ò Ó Ð À

1. Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå. Ì.: ÔÈÇÌÀÒËÈÒ. 2003.
2. Ïñõó À.Â. Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà. Ì.:Íàóêà. 2005.
3. Ãåêêèåâà Ñ.Õ. Êðàåâàÿ çàäà÷à äëÿ îáîáùåííîãî óðàâíåíèÿ ïåðåíîñà ñ äðîáíîé â ïîëóáåñêîíå÷íîé îáëàñòè. Èçâåñòèÿ

Êàáàðäèíî-Áàëêàðñêîãî íàó÷íîãî öåíòðà ÐÀÍ. 2002. �. 1(8), ñòð. 6�8.
4. Êàðàøåâà Ë.Ë. Çàäà÷à Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ âûñîêîãî ÷åòíîãî ïîðÿäêà ñ äðîáíîé ïðîèçâîäíîé ïî

âðåìåííîé ïåðåìåííîé. Ñèáèðñêèå ýëåêòðîííûå ìàòåìàòè÷åñêèå èçâåñòèÿ. 2018. Òîì. 15, ñòð. 696�706.

Êîíîïëåâà È.Â. (Óëüÿíîâñê, Ðîññèÿ)
irinakonopleva2014@yandex.ru

ÎÁÙÈÅ ÒÅÎÐÅÌÛ Î ÁÈÔÓÐÊÀÖÈÈ È ÏÐÈËÎÆÅÍÈß Ê
ÄÈÍÀÌÈ×ÅÑÊÈÌ ÑÈÑÒÅÌÀÌ

Îäíèì èç ìåòîäîâ èññëåäîâàíèÿ áèôóðêàöèè ÿâëÿåòñÿ äîêàçàòåëüñòâî àá-
ñòðàêòíûõ òåîðåì î ñóùåñòâîâàíèè áèôóðêàöèè (ñì., íàïðèìåð, [1]-[3]) ñ äàëü-
íåéøèì èõ ïðèìåíåíèåì ê äèíàìè÷åñêèì ñèñòåìàì.
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Â [4] ðàññìàòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå

F (ε, x) = 0, (1)

ãäåX,Y áàíàõîâû ïðîñòðàíñòâà F : Rs×X → Y � ôðåäãîëüìîâ îïåðàòîð íóëåâîãî
èíäåêñà, F (ε, x0) = 0,∀ε ∈ Rs.
Íà îñíîâå òåîðåìû î íåÿâíûõ îïåðàòîðàõ è ïðåäïîëîæåíèè î íåîáðàòèìîñòè

∂F
∂x (ε0, x0) òåîðåìû î ñóùåñòâîâàíèè òî÷êè áèôóðêàöèè (ε0, x0) óðàâíåíèÿ (1) äî-
êàçàíû ìåòîäîì Ëÿïóíîâà-Øìèäòà [5]. Ðàññìîòðåíû áèôóðêàöèè îò ïðîñòîãî
ñîáñòâåííîãî çíà÷åíèÿ m = 1 è ðåçîíàíòíûå áèôóðêàöèè äëÿ m = 4, 8, ãäå
m = dimKer∂F∂x (ε0, x0).
Â [4] äàíû ïðèëîæåíèÿ áèôóðêàöèîííîé òåîðåìû ê ñèñòåìàì ÎÄÓ è àáñòðàêò-

íûõ èíòåãðàëüíûõ óðàâíåíèé (ÀÈÓ) äëÿ m = 4. Àíàëîãè÷íûìè ìåòîäàìè â íà-
ñòîÿùåé ðàáîòå èññëåäîâàíà ñèñòåìà ÎÄÓ ðàçìåðíîñòè m = 8

dx

dt
= Mx+G(x), x = (x1, ..., x8), G : R8 → R8,

ãäå M - ìàòðèöà 8× 8, çàâèñÿùàÿ îò ñêàëÿðíûõ ïàðàìåòðîâ.
Ë È Ò Å Ð À Ò Ó Ð À

1. Conley C.C. Isolated Invariant Sets and the Morse index. CMBS Reg. Conf. Ser. Math. AMS, Providence. 1978. Vol. 38.
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Uzbek Math. J. 1992. No. 2,pp. 40-49.
3. Rybakowsky K.P. The Homotopy index and partial di�erential equations. Springer Verlag. 1987.
4. Jacimovic V. Abstract Bifurcation Theorems and Applications to Dynamical Systems with Resonant Eigenvalues.

Di�erential and Di�erence Equations with Applications. Springer. Proceedings in Mathematics and Statistics. 2013. PP. 439-447.
5. Sidorov N.A., Loginov B.V., Sinitsyn A., Falaleev M.V. Lyapunov-Schmidt methods in nonlinear analysis and

applications. Dordrecht, Kluwer Academic Publishers. 2002.
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ÏÎÑÒÐÎÅÍÈÅ ÀÑÈÌÏÒÎÒÈÊ ÐÅØÅÍÈÉ ËÈÍÅÉÍÛÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ ÃÎËÎÌÎÐÔÍÛÌÈ
ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ Â ÎÊÐÅÑÒÍÎÑÒÈ ÈÐÐÅÃÓËßÐÍÛÕ

ÎÑÎÁÛÕ ÒÎ×ÅÊ

Ïðîáëåìà ïðåäñòàâëåíèÿ àñèìïòîòèêè ðåøåíèÿ óðàâíåíèÿ ñ ãîëîìîðôíûìè êî-
ýôôèöèåíòàìè â îêðåñòíîñòè èððåãóëÿðíîé îñîáîé òî÷êè âïåðâûå áûëà ñôîðìó-
ëèðîâàíà À. Ïóàíêàðå. Â åãî ðàáîòàõ ðàññìàòðèâàëèñü óðàâíåíèÿ íåôóêñîâà òèïà
è âïåðâûå áûëî ïîêàçàíî, ÷òî ðåøåíèå óðàâíåíèÿ ñ ãîëîìîðôíûìè êîýôôèöè-
åíòàìè â îêðåñòíîñòè èððåãóëÿðíîé îñîáîé òî÷êè â íåêîòîðûõ ñëó÷àÿõ ìîæåò
ðàçëàãàòüñÿ â àñèìïòîòè÷åñêèé ðÿä. Ïðîáëåìà Ïóàíêàðå ñîñòîèò â òîì, ÷òîáû
íàéòè âèä àñèìïòîòè÷åñêèõ ðàçëîæåíèé äëÿ ïðîèçâîëüíûõ ëèíåéíûõ óðàâíåíèé
ñ ãîëîìîðôíûìè êîýôôèöèåíòàìè.
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Ðàññìîòðèì îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ

bn (r)

(
d

dr

)n
u (r) + ...+ bi (r)

(
d

dr

)i
u (r) + ...+ b0 (r)u (r) = 0, (1)

ãäå bi (r) ÿâëÿþòñÿ ãîëîìîðôíûìè ôóíêöèÿìè. Ïóñòü íîëü ÿâëÿåòñÿ ðåãóëÿðíîé
èëè èððåãóëÿðíîé îñîáîé òî÷êîé óðàâíåíèÿ (1). Óðàâíåíèå (1) ìîæåò áûòü ñâåäå-
íî ê óðàâíåíèþ âèäà Ĥu = H

(
r,−rk ddr

)
u = 0, ãäå Ĥ � äèôôåðåíöèàëüíûé îïå-

ðàòîð ñ ãîëîìîðôíûìè êîýôôèöèåíòàìè. Î÷åâèäíî, ÷òî çíà÷åíèå k îïðåäåëÿåòñÿ
íåîäíîçíà÷íî. Ìîæíî íàéòè ìèíèìàëüíîå íàòóðàëüíîå çíà÷åíèÿ k. Åñëè k = 1
óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì ôóêñîâà òèïà, åñëè k > 1, òî óðàâíåíèå ÿâëÿåò-
ñÿ óðàâíåíèåì íåôóêñîâà òèïà. Ïðèìåðîì àñèìïòîòèê íåôóêñîâà òèïà ÿâëÿþòñÿ
àñèìïòîòèêè âèäà ∑

j

exp

(
pj
rk

+
km−v∑
i=1

αji
r
i
m

)
rσj

∞∑
l=0

bjl r
l (2)

Çäåñü ÷åðåç
∑∞

i=0 b
j
ir
i îáîçíà÷åí àñèìïòîòè÷åñêèé ðÿä, pj, j = 1, ..., n � êîðíè

ìíîãî÷ëåíà, αjk−i, σj � íåêîòîðûå ÷èñëà.
ÃÈÏÎÒÅÇÀ. Âñå àñèìïòîòèêè ðåøåíèÿ óðàâíåíèÿ (1) ïðåäñòàâèìû â

âèäå ñóììû íåôóêñîâîé àñèìïòîòèêè (2) è êîíîðìàëüíîé àñèìïòîòèêè.

À.Â. Êóðäîãëÿí (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
aik_kurdoglyan@mail.ru

ÏÎËÓÈÍÂÀÐÈÀÍÒÍÀß ÔÎÐÌÀ ÊÐÈÒÅÐÈÅÂ ÓÑÒÎÉ×ÈÂÎÑÒÈ
ÐÀÂÍÎÂÅÑÈß ÄËß ÑÈÑÒÅÌ Ñ ÎÄÍÎÉ ÈËÈ ÄÂÓÌß

ÊÎÑÈÌÌÅÒÐÈßÌÈ

Ðàññìàòðèâàåòñÿ ñèñòåìà, îáëàäàþùàÿ îäíîé (äâóìÿ) êîñèììåòðèÿìè [1]. Â òà-
êèõ ñèñòåìàõ îáû÷íûì îáúåêòîì ÿâëÿþòñÿ îäíîìåðíûå (äâóìåðíûå) íåïðåðûâíûå
ñåìåéñòâà ðàâíîâåñèé. Ñïåêòð óñòîé÷èâîñòè ìåíÿåòñÿ âäîëü òàêîãî ñåìåéñòâà, õî-
òÿ âñåãäà ñîäåðæèò òî÷êó íîëü. Ïîýòîìó â óñëîâèÿõ îáùåãî ïîëîæåíèÿ ñàìî ñå-
ìåéñòâî ðàçáèâàåòñÿ íà óñòîé÷èâûå è íåóñòîé÷èâûå ïî ëèíåéíîìó ïðèáëèæåíèþ
îáëàñòè, ðàçäåëåííûå ãðàíè÷íûìè ðàâíîâåñèÿìè. Óñòîé÷èâîñòü ãðàíè÷íûõ ðàâ-
íîâåñèé çàâèñèò îò íåëèíåéíûõ ñëàãàåìûõ ñèñòåìû.
Â ðàáîòå [2] èçó÷åí âîïðîñ óñòîé÷èâîñòè â ñëó÷àå ñèñòåì ñ îäíîé êîñèììåòðè-

åé. Â ðàáîòå [3] èññëåäîâàí ñëó÷àé ñèñòåì ñ äâóìÿ êîñèììåòðèÿìè. Ïðèìåíåíèå
êðèòåðèåâ óñòîé÷èâîñòè, ïîëó÷åííûõ â íèõ, ñâîäèòñÿ â îñíîâíîì ê âû÷èñëåíèþ
êîýôôèöèåíòîâ ìîäåëüíîé ñèñòåìû. Ýòî ñâÿçàíî ñ òåõíè÷åñêèìè òðóäíîñòÿìè,
êîòîðûå ìíîãîêðàòíî âîçðàñòàþò, êîãäà ðàçìåðíîñòü èñõîäíîé äèíàìè÷åñêîé ñè-
ñòåìû âåëèêà, õîòÿ ÷èñëî êðèòè÷åñêèõ ïåðåìåííûõ ìîæåò áûòü è ìàëî.
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Â äàííîé ðàáîòå ðàñ÷åòíûå ôîðìóëû óñëîâèé óñòîé÷èâîñòè è íåóñòîé÷èâîñòè
äëÿ ðÿäà êðèòè÷åñêèõ ñëó÷àåâ ïðåäñòàâëåíû â óäîáíîé äëÿ âû÷èñëåíèÿ ôîðìå,
ïðåäëîæåííîé â ðàáîòå [4]. Äàíû ÿâíûå âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ ìîäåëü-
íûõ ñèñòåì â

”
ïîëóèíâàðèàíòíîé“ ôîðìå � ÷åðåç íåéòðàëüíûå êîðíåâûå âåêòîðû

ëèíåàðèçîâàííîé ñèñòåìû è åå ñîïðÿæåííîé.
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (�1.5169.2017/8.9).
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ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È È ÀÑÈÌÏÒÎÒÈÊÈ

Â äîêëàäå ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ìíîãîìåðíîãî ãèïåð-
áîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ íåèçâåñòíûì áûñòðî îñöèëëèðóþùèì
ïî âðåìåíè ñîìíîæèòåëåì â ñâîáîäíîì ÷ëåíå:

∂2u
∂t2 = Lu+ f(x, t)r(t, ωt), (x, t) ∈ QT ,

u|t=0 = 0, ∂u
∂t

∣∣
t=0

= 0,

u|x∈S = 0.

(1)

Èçó÷àåòñÿ âîïðîñ î âîññòàíîâëåíèè ýòîãî ñâîáîäíîãî ÷ëåíà ïî îïðåäåëåííûì ñâå-
äåíèÿì (äîïîëíèòåëüíûì óñëîâèÿì) î ÷àñòè÷íîé àñèìïòîòèêå ðåøåíèÿ. Ðàíåå ïî-
äîáíûå èññëåäîâàíèÿ áûëè ïðîâåäåíû íàìè äëÿ îäíîìåðíîãî óðàâíåíèÿ òåïëîïðî-
âîäíîñòè [1,2].
Îòìåòèì, ÷òî äëÿ ðàçëè÷íûõ âûñîêî÷àñòîòíûõ çàäà÷ äîïîëíèòåëüíûå óñëî-

âèÿ êëàññè÷åñêîãî òèïà ñòàâèòü íå åñòåñòâåííî, òàê êàê èõ òðóäíî ðåàëèçîâàòü
íà ïðàêòèêå. Òàêèå óñëîâèÿ åñòåñòâåííî ñòàâèòü íå íà âñå ðåøåíèå, à ëèøü íà
íåñêîëüêî ïåðâûõ êîýôôèöèåíòîâ åãî àñèìïòîòèêè. Ñêîëüêî ýòèõ êîýôôèöèåí-
òîâ äîëæíî áûòü çàäåéñòâîâàíî äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è ñëåäóåò îïðåäåëÿòü
ïðè ðåøåíèè ïðÿìîé çàäà÷è, êîòîðàÿ çàêëþ÷àåòñÿ â ïîñòðîåíèè àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ ðåøåíèÿ.
Â äàííîì äîêëàäå ðàññìîòðåíà çàäà÷à î âîññòàíîâëåíèè ñâîáîäíîãî ÷ëåíà âèäà

f(x, t)r(t, ωt), ω � 1, çàäà÷è (1) ñ íåèçâåñòíûì ñîìíîæèòåëåì r(t, τ). Äîêàçàíî,
÷òî ïî êîýôôèöèåíòàì òðåõ÷ëåííîé àñèìïòîòèêè ðåøåíèÿ, âû÷èñëåííîé â ôèê-
ñèðîâàííîé òî÷êå ïðîñòðàíñòâà, ñîìíîæèòåëü r(t, τ) îäíîçíà÷íî îïðåäåëåí.
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Â çàêëþ÷åíèå îòìåòèì, ÷òî â íàñòîÿùåå âðåìÿ ðåçóëüòàòû ðàáîò [1,2] ïåðå-
íåñåíû íà ñëó÷àé ìíîãîìåðíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé. Ðåçóëüòàòû äàííîãî
äîêëàäà îïóáëèêîâàíû â [3].
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Óðàâíåíèÿ ïëàâíîãî ïåðåõîäà âïåðâûå ñêîíñòðóèðîâàë è èññëåäîâàë
Þ.È.×åðñêèé [1]. Ýòî óðàâíåíèå ìîæíî ïðåäñòàâèòü â ôîðìå óðàâíåíèÿ ñ
ïî÷òè ðàçíîñòíûìè ÿäðàìè (Ë.Ñ. Ðàêîâùèê)

ϕ(t) +
1√
2π

∫ ∞
−∞

n1(t− s)ϕ(s)ds+

+th
t

2

1√
2π

∫ ∞
−∞

n2(t− s)ϕ(s)ds = f(t), t ∈ R.

Ðàçðåøèìîñòü òàêèõ óðàâíåíèé èññëåäîâàëàñü â ðàáîòàõ Ð.Â. Äóäó÷àâû,
Í.Ê. Êàðàïåòÿíöà, Ñ. Ã. Ñàìêî, Ï.Â. Êåðåêåøè, Ã.Ñ. Ëèòâèí÷óêà, À.È. Ïåñ÷àí-
ñêîãî, Â.À.Øåâ÷èêà è äð. Â îáùåì ñëó÷àå íå ñóùåñòâóåò êîíñòðóêòèâíûõ ìåòîäîâ
ðåøåíèÿ òàêèõ óðàâíåíèé. ×àñòíûå ñëó÷àè ðåøåíèÿ â êâàäðàòóðàõ ñâÿçàíû ñ ìå-
òîäàìè ñâåäåíèÿ ê êðàåâûì çàäà÷àì òåîðèè àíàëèòè÷åñêèõ ôóíêöèé, ñ ïðèìåíå-
íèåì àíàëîãîâ ôîðìóë Þ.Â.Ñîõîöêîãî äëÿ êëàññà ôóíêöèé Φ(z) àíàëèòè÷åñêèõ
â ïîëîñå. Ðàñøèðåí êëàññ óðàâíåíèé òèïà ïëàâíîãî ïåðåõîäà è ýêâèâàëåíòíûõ èì
ìíîãîýëåìåíòíûì è ìàòðè÷íûì çàäà÷àì òèïà Êàðëåìàíà è ýêñòðåìàëüíûì çàäà-
÷àì, ðåøàåìûõ â êâàäðàòóðàõ. ×àñòè÷íî ðåçóëüòàòû èññëåäîâàíèé îòðàæåíû â
ðàáîòàõ [3-5].
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ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÈÍÂÀÐÈÀÍÒÍÎÃÎ ÌÍÎÆÅÑÒÂÀ Â
ÇÀÄÀ×Å ÒÎÌÑÎÍÎÂÑÊÎÃÎ ÂÈÕÐÅÂÎÃÎ N-ÓÃÎËÜÍÈÊÀ Â
ÀËÜÔÂÅÍÎÂÑÊÎÉ ÌÎÄÅËÈ ÄÂÓÕÆÈÄÊÎÑÒÍÎÉ ÏËÀÇÌÛ

Ðàññìàòðèâàåòñÿ äâèæåíèå ñèñòåìû N âèõðåé îäèíàêîâîé èíòåíñèâíîñòè Γ
â àëüôâåíîâñêîé ìîäåëè äâóõæèäêîñòíîé ïëàçìû, çàäàííîå ãàìèëüòîíèàíîì [1]

H = − Γ

4π

∑
1≤j<k≤N

W (|zj − zk|), W (ξ) = ln ξ + cK0(ξ).

Çäåñü zk = qk + ipk, (qk, pk) � äåêàðòîâû êîîðäèíàòû k-ãî âèõðÿ, K0 � ìîäèôè-
öèðîâàííàÿ ôóíêöèÿ Áåññåëÿ, ïàðàìåòð c > 0.
Â ðàáîòå [2] äëÿ ýòîé ìîäåëè ïðè N = 2, ..., 5 èññëåäîâàëàñü îðáèòàëüíàÿ óñòîé-

÷èâîñòü ñòàöèîíàðíîãî âðàùåíèÿ ñèñòåìû N çàâèõðåííîñòåé, ðàñïîëîæåííûõ ðàâ-
íîìåðíî íà îêðóæíîñòè ñ ðàäèóñîì R. Ïîä íåóñòîé÷èâîñòüþ ïîíèìàëàñü íåóñòîé-
÷èâîñòü ðàâíîâåñèÿ ðåäóöèðîâàííîé ñèñòåìû. Áûë ïðîâåä¼í àíàëèòè÷åñêèé àíà-
ëèç ñîáñòâåííûõ çíà÷åíèé ìàòðèöû ëèíåàðèçàöèè è êâàäðàòè÷íîé ÷àñòè ãàìèëü-
òîíèàíà. Â ðåçóëüòàòå ïðîñòðàíñòâî ïàðàìåòðîâ çàäà÷è (N,R, c) ðàçäåëèëîñü íà
òðè îáëàñòè: îáëàñòü óñòîé÷èâîñòè â òî÷íîé íåëèíåéíîé ïîñòàíîâêå, îáëàñòü ýêñ-
ïîíåíöèàëüíîé íåóñòîé÷èâîñòè è îáëàñòü ëèíåéíîé óñòîé÷èâîñòè, â êîòîðîé òðå-
áîâàëñÿ íåëèíåéíûé àíàëèç.
Â äàííîé ðàáîòå èñïîëüçóþòñÿ ðåçóëüòàòû ñòàòåé [2,3] è èññëåäóåòñÿ óñòîé÷è-

âîñòü òð¼õìåðíîãî èíâàðèàíòíîãî ìíîæåñòâà, îáðàçîâàííîãî îðáèòàìè íåïðåðûâ-
íîãî ñåìåéñòâà ñòàöèîíàðíûõ âðàùåíèé. Ïðèìåíÿåòñÿ òåîðèÿ óñòîé÷èâîñòè èí-
âàðèàíòíûõ ìíîãîîáðàçèé â ñèñòåìàõ ñ íåñêîëüêèìè èíòåãðàëàìè. Â èòîãå äëÿ
N = 2, ..., 5 ïîëó÷åíû íîâûå óòâåðæäåíèÿ îá óñòîé÷èâîñòè â îáëàñòÿõ, ãäå ïðè
èññëåäîâàíèè îðáèòàëüíîé óñòîé÷èâîñòè òðåáîâàëñÿ íåëèíåéíûé àíàëèç.
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (� 1.5169.2017/8.9).
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ÇÀÄÀ×À ÄÈÐÈÕËÅ ÄËß ÓÐÀÂÍÅÍÈß C ×ÀÑÒÍÎÉ
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Ðàññìîòðèì â îáëàñòè Ω = {(x, y) : 0 < x < r, −a < y < b} óðàâíåíèå

uxx(x, y) + sign y ·Dα
0yu(x, y) = 0, 1 < α < 2, (1)

ãäå Dα
0yu(x, y) = ∂2

∂y2D
α−2
0y u(x, y) � äðîáíàÿ ïðîèçâîäíàÿ â ñìûñëå Ðèìàíà-

Ëèóâèëëÿ ïîðÿäêà α, Dν
0yu(x, y) = sign y

Γ(−ν)

y∫
0

u(x,t)dt
|y−t|ν+1 , ν < 0.

Ïóñòü Ω− = Ω ∩ {y < 0}, Ω+ = Ω ∩ {y > 0}.
Â ðàáîòå [1] áûëà ðàññìîòðåíà çàäà÷à Äèðèõëå â îáëàñòè Ω−∪Ω+ äëÿ óðàâíåíèÿ

âòîðîãî ïîðÿäêà ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà-Ëèóâèëëÿ

uxx(x, y)− sign y ·Dα
0yuy(x, y) = 0, 0 < α < 1.

Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω íàçîâåì ôóíêöèþ u(x, y) òà-
êóþ, ÷òî y2−αu ∈ C(Ω̄), u,Dα−2

0y u ∈ C2(Ω+ ∪ Ω−), Dα−1
0y u ∈ C(Ω̄−) ∩ C(Ω̄+) è

óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω− ∪ Ω+.

Â äàííîé ðàáîòå èññëåäóåòñÿ çàäà÷à Äèðèõëå â ñëåäóþùåé ïîñòàíîâêå: Íàéòè
â îáëàñòè Ω ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì

u (0, y) = u (r, y) = 0, −a ≤ y ≤ b, (2)

lim
y→−a

Dα−2
0y u = θ (x) , 0 ≤ x ≤ r, (3)

lim
y→b

Dα−2
0y u = ϕ (x) , 0 ≤ x ≤ r, (4)

lim
y→0+

Dα−1
0y u = lim

y→0−
Dα−1

0y u, θ (0) = θ (r) = 0, ϕ (0) = ϕ (r) = 0,

ãäå θ (x) , ϕ (x) � çàäàííûå íåïðåðûâíûå ôóíêöèè íà îòðåçêå [0, r]. Äîêàçàíû ñó-
ùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)�(4).

Ë È Ò Å Ð À Ò Ó Ð À
1. Masaeva O.Kh. Uniqueness of solutions to Dirichlet problems for generalized Lavrent'ev-Bitsadze equations with a

fractional derivative, Electron. J. Di�erential Eq., (2017), Vol. 2017, No. 74, 1-8.
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ÐÅÇÎÍÀÍÑÛ Â ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌÀÕ Ñ ÊÐÓÃÎÂÎÉ
ÑÈÌÌÅÒÐÈÅÉ

Ðàññìàòðèâàþòñÿ äèíàìè÷åñêèå ñèñòåìû, èíâàðèàíòíûå îòíîñèòåëüíî ëèíåé-
íîãî îðòîãîíàëüíîãî äåéñòâèÿ ãðóïïû O(2). Ïðèìåðû ñèñòåì ñ òàêîãî ðîäà êðó-
ãîâîé ñèììåòðèåé äàþò çàäà÷è î âîçíèêíîâåíèè êîíâåêòèâíûõ òå÷åíèé âÿçêîé
íåñæèìàåìîé æèäêîñòè è æèäêîñòè ñ ïðèìåñüþ, ðàñïîëîæåííîé â áåñêîíå÷íîì
ãîðèçîíòàëüíîì èëè âåðòèêàëüíîì ñëîå. Èçó÷àþòñÿ áèôóêàöèè êîðàçìåðíîñòè 2
â îêðåñòíîñòè ïàðàìåòðîâ, ïðè êîòîðûõ íåéòðàëüíûé ñïåêòð ëèíåéíîãî îïåðàòîðà
ñîñòîèò èç äâóõ ïàð ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèé.
Òî÷êå áèôóðêàöèè êîðàçìåðíîñòè 2 â ñèñòåìàõ ñ êðóãîâîé ñèììåòðèåé îòâå÷àåò

íåñêîëüêî íåçàâèñèìûõ íåéòðàëüíûõ ìîä. Êîãäà ïàðàìåòðû ñèñòåìû èçìåíÿþòñÿ
â ìàëîé îêðåñòíîñòè òàêîé òî÷êè, ñòàíîâèòñÿ âîçìîæíûì ñèëüíîå âçàèìîäåéñòâèå
âñåõ ýòèõ (òî÷íåå, ñëåãêà èçìåíåííûõ) ìîä, êîòîðîå îïèñûâàåòñÿ íåëèíåéíîé ñè-
ñòåìîé àìïëèòóäíûõ óðàâíåíèé íà öåíòðàëüíîì ìíîãîîáðàçèè.
Âïåðâûå ñèñòåìû àìïëèòóäíûõ óðàâíåíèé äëÿ çàäà÷è Êóýòòà-Òåéëîðà ñ öèëèí-

äðè÷åñêîé ñèììåòðèåé áûëè ïîñòðîåíû â ðàáîòàõ Â. È. Þäîâè÷à (1986), G. Iooss,
P. Chossat (1987) ñ ïîìîùüþ îñðåäíåíèÿ ïî áûñòðîìó âðåìåíè è ìåòîäà ñâåäåíèÿ
íà öåíòðàëüíîå ìíîãîîáðàçèå. Âèä àìïëèòóäíûõ ñèñòåì çàâèñèò îò ñîîòíîøåíèé
ìåæäó âîëíîâûìè ÷èñëàìè, à òàêæå ìåæäó ÷àñòîòàìè. Åñëè íå âûïîëíÿåòñÿ íè
îäíî èç ðåçîíàíñíûõ ñîîòíîøåíèé, òî ñèñòåìà ñèëüíî óïðîùàåòñÿ, â íåé îñòàþòñÿ
òîëüêî îáÿçàòåëüíûå ðåçîíàíñíûå ñëàãàåìûå, êîòîðûå ïðèñóòñòâóþò âî âñåõ ðåçî-
íàíñíûõ ñèñòåìàõ. Âïåðâûå âñå âîçìîæíûå ðåçîíàíñíûå ñèñòåìû áûëè ïîëó÷åíû
äëÿ çàäà÷ ñ öèëèíäðè÷åñêîé ñèììåòðèåé Â. È. Þäîâè÷åì è Ñ. Í. Îâ÷èííèêîâîé
(2001). Â äàííîé ðàáîòå ïîñòðîåíû âîçìîæíûå ðåçîíàíñíûå àìïëèòóäíûå ñèñòåìû
äëÿ çàäà÷ ñ êðóãîâîé ñèììåòðèåé. Èçó÷åíû ðåøåíèÿ ýòèõ ñèñòåì íà èíâàðèàíòíûõ
ïîäïðîñòðàíñòâàõ.

Ï.Â. Ìîñêàëåâ (Âîðîíåæ, Ðîññèÿ)
moskale�@mail.ru

ÀÑÈÌÏÒÎÒÈÊÀ ÔÓÍÊÖÈÉ ÏÅÐÊÎËßÖÈÎÍÍÎÉ
ÂÅÐÎßÒÍÎÑÒÈ ÍÀ ÊÂÀÄÐÀÒÍÎÉ È ÊÓÁÈ×ÅÑÊÎÉ

ÐÅØ�ÒÊÀÕ Ñ (1,0)-ÎÊÐÅÑÒÍÎÑÒÜÞ

Êëàññè÷åñêîå îïðåäåëåíèå ïîðîãà â çàäà÷àõ ðåø¼òî÷íîé ïåðêîëÿöèè pc = inf{p :
θ(p) > 0} áàçèðóåòñÿ íà ñóùåñòâåííî ðàçëè÷íîì ïîâåäåíèè ôóíêöèè âåðîÿòíîñòè
âîçíèêíîâåíèÿ ïåðêîëÿöèîííîãî êëàñòåðà θ(p) äî äîñòèæåíèÿ êðèòè÷åñêîãî çíà-
÷åíèÿ p < pc è ïðè åãî ïðåâûøåíèè p > pc. Èç îïðåäåëåíèÿ θ(p) ñëåäóåò, ÷òî
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ïðè p → 1− èìååò ìåñòî ñõîäèìîñòü θ(p) → 1−, íî å¼ ïîâåäåíèå ïðè p > pc äëÿ
ðàçëè÷íûõ ïåðêîëÿöèîííûõ ìîäåëåé èçó÷åíî íåäîñòàòî÷íî.
Ïðè ìîäåëèðîâàíèè ïåðêîëÿöèè óçëîâ íà ðåø¼òêàõ ãëîáàëüíûå ñâîéñòâà òàêèõ

ìîäåëåé îïðåäåëÿþòñÿ [1]: à) âåðîÿòíîñòüþ îêêóïàöèè åäèíè÷íîãî óçëà ðåø¼òêè
0 6 p 6 1; á) ñâîéñòâàìè îêðåñòíîñòè ýòîãî óçëà; â) çàêîíîì ðàñïðåäåëåíèÿ ñëó-
÷àéíîé âåëè÷èíû S, âçâåøèâàþùåé óçëû ïåðêîëÿöèîííîé ðåø¼òêè.
Îãðàíè÷èìñÿ êâàäðàòíîé è êóáè÷åñêîé ðåø¼òêàìè ñ (1, 0)-îêðåñòíîñòüþ, âçâå-

øåííûõ áåòà-ðàñïðåäåëåííûìè ñëó÷àéíûìè âåëè÷èíàìè: S1 ∼ B(1, 2), S2 ∼
B(1, 1), S3 ∼ B(2, 1). Ñòàòèñòè÷åñêîå ìîäåëèðîâàíèå áûëî ïðîâåäåíî äëÿ ñëó-
÷àéíûõ âûáîðîê îáú¼ìîì n = 1000 íåçàâèñèìûõ ðåàëèçàöèé êëàñòåðîâ íà ðå-
ø¼òêàõ ñ ëèíåéíîé ðàçìåðíîñòüþ x = 65 óçëîâ ïðè âåðîÿòíîñòÿõ îêêóïàöèè
p = 0, 0.02, . . . , 1, ïî ðåçóëüòàòàì êîòîðîãî ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèå
ýìïèðè÷åñêèå ãèïîòåçû.

Ãèïîòåçà 1. Ôóíêöèÿ ïåðêîëÿöèîííîé âåðîÿòíîñòè θ(p) íà íåîãðàíè÷åííûõ
êâàäðàòíîé è êóáè÷åñêîé ðåø¼òêàõ ñ (1, 0)-îêðåñòíîñòÿìè, âçâåøåííûõ íåïðå-
ðûâíîé ñëó÷àéíîé âåëè÷èíîé S, èìååò âèä: θ(p) = 0 ïðè p < pc è θ(p) = FS(p) ïðè
p > pc, ãäå FS(p) � èíòåãðàëüíàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû S.

Ãèïîòåçà 2. Ïîðîã ïåðêîëÿöèè íà íåîãðàíè÷åííûõ êâàäðàòíîé è êóáè÷åñêîé
ðåø¼òêàõ ñ (1, 0)-îêðåñòíîñòÿìè, âçâåøåííîé íåïðåðûâíîé ñëó÷àéíîé âåëè÷èíîé
S, àïðèîðíî îïðåäåëÿåòñÿ ñ ïîìîùüþ p0-êâàíòèëÿ: pc = F−1

S (p0), ãäå óðîâåíü
p0 = 0.592746 . . . äëÿ êâàäðàòíîé è p0 = 0.311608 . . . äëÿ êóáè÷åñêîé ðåø¼òîê.

Ë È Ò Å Ð À Ò Ó Ð À
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ÃÀÐÌÎÍÈ×ÅÑÊÈÉ ÀÍÀËÈÇ ÍÅÊÎÒÎÐÛÕ ÓÐÀÂÍÅÍÈÉ
ÍÅÉÐÎÑÅÒÅÂÎÃÎ ÌÎÄÅËÈÐÎÂÀÍÈß: ÀÏÐÈÎÐÍÛÅ ÎÖÅÍÊÈ

ÄËß ÃËÎÁÀËÜÍÛÕ ÐÅØÅÍÈÉ

Ðàññìàòðèâàþòñÿ äèôôåðåíöèàëüíî-ñâåðòî÷íûå óðàâíåíèÿ âèäà

∆u+

∫
Rn

K(x− y)u(y)dy = f(x), (1)

ÿâëÿþùèåñÿ (ñòàöèîíàðíîé) ðåäóêöèåé óðàâíåíèé, âîçíèêàþùèõ ïðè ìîäåëèðî-
âàíèè íåéðîííûõ ñåòåé, ïðîöåññîâ ðåàêöèè�äèôôóçèè è íåëîêàëüíûõ ôàçîâûõ
ïåðåõîäîâ (ñì., íàïð., [1]).
Íà îñíîâå êëàññè÷åñêèõ ðåçóëüòàòîâ ðàáîòû [2], óñòàíàâëèâàþùèõ ñïåöèôè÷å-

ñêèå ñâîéñòâà ïðåîáðàçîâàíèÿ Ôóðüå ìåð, äîêàçûâàåòñÿ ñëåäóþùåå óòâåðæäåíèå:
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Òåîðåìà 1. Åñëè
f̂(ξ)

K̂(ξ)− |ξ|2
≥ 0, òî ïðè ëþáîì α èç

[
0,
n− 1

2

)
ëþáîå ãëî-

áàëüíîå ðåøåíèå (õîòÿ áû â ñìûñëå îáîáùåííûõ ôóíêöèé) óðàâíåíèÿ (1) óäîâëå-
òâîðÿåò îöåíêå

‖rασ(r)‖∞ ≤ C‖rα−1σ(r)‖1, (2)

ãäå σ(r)� ñðåäíåå îò êâàäðàòà ðåøåíèÿ ïî ñôåðå ðàäèóñà r ñ öåíòðîì â íà÷àëå
êîîðäèíàò, à ïîñòîÿííàÿ C çàâèñèò òîëüêî îò n.
Íåðàâåíñòâî (2) ïîíèìàåòñÿ â ñëåäóþùåì ñìûñëå: åñëè åãî ïðàâàÿ ÷àñòü îïðå-

äåëåíà, òî îïðåäåëåíà è åãî ëåâàÿ ÷àñòü è íåðàâåíñòâî ñïðàâåäëèâî.

Äàííîå èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îá-
ðàçîâàíèÿ è íàóêè ÐÔ ïî Ïðîãðàììå ïîâûøåíèÿ êîíêóðåíòîñïîñîáíîñòè ÐÓÄÍ
¾5-100¿ ñðåäè âåäóùèõ ìèðîâûõ íàó÷íî-îáðàçîâàòåëüíûõ öåíòðîâ íà 2016�2020 ãã,
à òàêæå ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè ÍØ-4479.2014.1
è ãðàíòà ÐÔÔÈ 17-01-00401.

Ë È Ò Å Ð À Ò Ó Ð À
1. Chen F. Almost periodic traveling waves of nonlocal evolution equations. Nonlinear Analysis. 2002. Vol. 50, pp. 807�838.
2. Mattila P. Spherical averages of Fourier transforms of measures with �nite energy; dimensions of intersections and distance

sets. Mathematika. 1987. Vol. 34, pp. 207�228.
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Î ÇÀÄÀ×Å ØÂÀÐÖÀ Â ÑËÓ×ÀÅ ÌÀÒÐÈÖ J

Ñ ÁËÎ×ÍÎ-ÄÈÀÃÎÍÀËÜÍÎÉ ÆÎÐÄÀÍÎÂÎÉ ÔÎÐÌÎÉ

Ïóñòü âñå ñîáñòâåííûå ÷èñëà ìàòðèöû J ∈ Cn×n, det J 6= 0 èìåþò íåíóëåâûå
êîìïëåêñíûå ÷àñòè. Âåêòîð-ôóíêöèþ φ = φ(z) ∈ C1(D), îïðåäåëåííóþ â îáëàñòè
D ⊂ R2, íàçîâåì J-àíàëèòè÷åñêîé ñ ìàòðèöåé J â D [1], åñëè âûïîëíåíî ðàâåíñòâî
∂φ

∂y
− J · ∂φ

∂x
= 0, z ∈ D.

Îáîçíà÷èì ÷åðåç Γ ãðàíèöó îäíîñâÿçíîé îáëàñòè D. Ðàññìîòðèì ñëåäóþùóþ
çàäà÷ó Øâàðöà [1].
Ïóñòü ψ(t) ∈ C(Γ), t ∈ Γ � âåùåñòâåííàÿ n-âåêòîð-ôóíêöèÿ. Íóæíî íàéòè J-

àíàëèòè÷åñêóþ ñ ìàòðèöåé J â îáëàñòè D ôóíêöèþ φ(z), äëÿ êîòîðîé âûïîëíåíî
ãðàíè÷íîå óñëîâèå Reφ(z)

∣∣
Γ

= ψ(t).
Ïóñòü ÷èñëà λ, µk ∈ C, ãäå Imλ 6= 0, Imµk 6= 0. Îáîçíà÷èì ÷åðåç Jλ äâóìåðíóþ

æîðäàíîâó êëåòêó è îïðåäåëèì ñëåäóþùóþ áëî÷íî-äèàãîíàëüíóþ ìàòðèöó J1 ∈
Cn×n :

J1 = diag
(
Jλ, . . . , Jλ︸ ︷︷ ︸

m

, λ, . . . , λ︸ ︷︷ ︸
r

, µ1, . . . , µs
)
, 2m+ r + s = n. (1)
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Ïóñòü âåêòîðû xk,yk, zk,vk ∈ Cn. Îïðåäåëèì ìàòðèöó Q ∈ Cn×n, ñòîëáöàìè
êîòîðîé ÿâëÿþòñÿ ýòè âåêòîðû:

Q =
(
x1,y1, . . . ,xm,ym, z1, . . . , zr,v1, . . . ,vs

)
, detQ 6= 0. (2)

Ïî ìàòðèöå Q (2) ñîñòàâèì äâå ïðÿìîóãîëüíûå ïîäìàòðèöû:

Q′ =
(
x1, . . . ,xm, z1, . . . , zr), Q′′ = (y1, . . . ,ym,v1, . . . ,vs). (3)

Îáîçíà÷èì: J = QJ1Q
−1, òîãäà ìàòðèöà J áóäåò èìåòü æîðäàíîâó ôîðìó J1 (1)

è æîðäàíîâ áàçèñ Q (2). Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü ïëîñêàÿ îáëàñòü D îãðàíè÷åíà êîíòóðîì Ëÿïóíîâà Γ, è
ïóñòü ãðàíè÷íàÿ ôóíêöèÿ ψ(t) ∈ H1,σ(Γ), σ ∈ (0, 1). Ïóñòü âñå ñòîëáöû ìàòðè-
öû Q′′ â (3) êðàòíû âåùåñòâåííûì âåêòîðàì. Ïðè ýòîì ìàòðèöà Q′ ïðîèçâîëü-
íà. Òîãäà ðåøåíèå çàäà÷è Øâàðöà â êëàññå ôóíêöèé φ(z) ∈ Hσ(D) ñóùåñòâóåò
è åäèíñòâåííî ñ òî÷íîñòüþ äî âåêòîð-ïîñòîÿííîé.
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Ì.Â. Íîðêèí (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
norkinmi@mail.ru

ÊÀÂÈÒÀÖÈÎÍÍÎÅ ÒÎÐÌÎÆÅÍÈÅ ÊÐÓÃÎÂÎÃÎ ÖÈËÈÍÄÐÀ Â
ÆÈÄÊÎÑÒÈ ÏÎÑËÅ ÓÄÀÐÀ

Ðàññìàòðèâàþòñÿ ïðîöåññû îáðàçîâàíèÿ è ñõëîïûâàíèÿ ïðèñîåäèíåííûõ êàâåðí
ïðè áûñòðîì òîðìîæåíèè êðóãîâîãî öèëèíäðà â âîçìóùåííîé æèäêîñòè. Ïðåäïî-
ëàãàåòñÿ, ÷òî íà÷àëüíîå âîçìóùåíèå æèäêîñòè âûçûâàåòñÿ âåðòèêàëüíûì è áåç-
îòðûâíûì óäàðîì öèëèíäðà, ïîëóïîãðóæåííîãî â æèäêîñòü. Íà÷àëüíûé ýòàï âîç-
íèêíîâåíèÿ êàâèòàöèè è ôîðìèðîâàíèÿ ïðèñîåäèíåííûõ êàâåðí îïèñàí â ñòàòüå
[1]. Â íàñòîÿùåé ðàáîòå, íà îñíîâå ëèíåàðèçîâàííîé ìîäåëè, èçó÷àåòñÿ ïðîöåññ
ñõëîïûâàíèÿ êàâåðí, êîòîðûé íà÷èíàåòñÿ ñðàçó ïîñëå îñòàíîâêè êðóãîâîãî öèëèí-
äðà â æèäêîñòè. Â ìàòåìàòè÷åñêîì ïëàíå äåëî ñâîäèòñÿ ê ðåøåíèþ ñìåøàííîé
êðàåâîé çàäà÷è òåîðèè ïîòåíöèàëà ñ îäíîñòîðîííèìè îãðàíè÷åíèÿìè íà ïîâåðõ-
íîñòè òåëà:

∆Φ = 0, R ∈ Ω, Φ = Φ∗, y = −h(t∗)

∂Φ

∂n
= 0, 0.5χτ − Φ + Φ∗ − Fr−2τ (y + h(t∗)) > 0, R ∈ S11(t)

∂Φ

∂n
> 0, 0.5χτ − Φ + Φ∗ − Fr−2τ (y + h(t∗)) = 0, R ∈ S12(t)
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Çäåñü Ω � îáëàñòü, çàíÿòàÿ æèäêîñòüþ â ìîìåíò îñòàíîâêè öèëèíäðà t = t∗
(ìàëûå âîçìóùåíèÿ ñâîáîäíûõ ãðàíèö íå ó÷èòûâàþòñÿ); S11(t) ∪ S12(t) � ðàçáèå-
íèå ãðàíèöû òåëà íà îáëàñòè êîíòàêòà è îòðûâà; −h(t∗) � ïåðåìåùåíèå öèëèíäðà
çà ïðîìåæóòîê âðåìåíè 0 6 t 6 t∗; Φ∗ � ïîòåíöèàë ñêîðîñòåé â ìîìåíò îñòàíîâ-
êè; χ � ÷èñëî êàâèòàöèè (áåçðàçìåðíàÿ ðàçíîñòü äàâëåíèé íà âíåøíåé ñâîáîäíîé
ïîâåðõíîñòè è â êàâåðíå); Fr � ÷èñëî Ôðóäà; τ = t− t∗.
Ïî ñâîåé ñòðóêòóðå äàííàÿ ìîäåëü ñîâïàäàåò ñ êëàññè÷åñêîé çàäà÷åé îá óäàðå

ñ îòðûâîì. Îòñþäà ñëåäóåò ðåãóëÿðíîñòü åå ðåøåíèÿ â òî÷êàõ îòðûâà â êàæäûé
ìîìåíò âðåìåíè t (âûïîëíåíèå óñëîâèÿ Êóòòà�Æóêîâñêîãî) è âîçìîæíîñòü ïðè-
ìåíåíèÿ äëÿ åå ðåøåíèÿ èçâåñòíûõ ÷èñëåííûõ ìåòîäîâ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Íîðêèí Ì.Â. Êàâèòàöèîííîå òîðìîæåíèå êðóãîâîãî öèëèíäðà â æèäêîñòè ïîñëå óäàðà. ÏÌÒÔ. 2017. Òîì. 58,

�. 1(341), ñòð. 102�107.
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ÐÅÇÎÍÀÍÑÛ Â ÇÀÄÀ×Å ÓÑÒÎÉ×ÈÂÎÑÒÈ ÒÎÌÑÎÍÎÂÑÊÎÃÎ
ÂÈÕÐÅÂÎÃÎ ÌÍÎÃÎÓÃÎËÜÍÈÊÀ

Äàåòñÿ îáçîð ïðèëîæåíèé òåîðèè êðèòè÷åñêèõ ñëó÷àåâ óñòîé÷èâîñòè ðàâíîâå-
ñèé ãàìèëüòîíîâûõ ñèñòåì ê çàäà÷å òîìñîíîâñêîãî âèõðåâîãî N -óãîëüíèêà. Äâè-
æåíèå ñèñòåìû N -òî÷å÷íûõ âèõðåé îïèñûâàåòñÿ 2N -ìåðíîé ãàìèëüòîíîâîé ñè-
ñòåìîé. Ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà âñå ñîáñòâåííûå çíà÷åíèÿ σ±k = ±iωk,
ωk > 0, k = 1, . . . , N ìàòðèöû ëèíåàðèçàöèè ëåæàò íà ìíèìîé îñè. Èçâåñòíî [1],
÷òî íåóñòîé÷èâîñòü â ýòîé ñèòóàöèè âîçìîæíà, òîëüêî êîãäà σ±k óäîâëåòâîðÿþò
ðåçîíàíñíûì ñîîòíîøåíèÿì

m1ω1 + . . .+mNωN = 0, mk ∈ Z.

Ñîãëàñíî òåîðèè êðèòè÷åñêèõ ñëó÷àåâ ïåðâîî÷åðåäíóþ ðîëü èãðàþò ðåçîíàíñû äî

÷åòâåðòîãî ïîðÿäêà âêëþ÷èòåëüíî: 0 <
N∑
k=1

|mk| 6 4.Îñíîâíûå èç íèõ: äâóêðàòíûé

íîëü è ðåçîíàíñû 1 : 1, 1 : 2, 1 : 3. Ðàçëè÷àþòñÿ òàêæå ñëó÷àè äèàãîíàëèçèðóåìîé
è íåäèîãàíàëèçèðóåìîé æîðäàíîâûõ ôîðì ìàòðèöû ëèíåàðèçàöèè.
Ïðèìåíåíèå îáùåé òåîðèè ê èññëåäîâàíèþ óñòîé÷èâîñòè ñòàöèîíàðíûõ ðåæè-

ìîâ â êîíêðåòíûõ ôèçè÷åñêèõ ìîäåëÿõ òðåáóåò ïðèâåäåíèÿ èñõîäíîé ãàìèëüòîíî-
âîé ñèñòåìû ê íîðìàëüíîé ôîðìå äî îïðåäåëåííîãî ïîðÿäêà. Ýòî ïðîäåìîíñòðè-
ðîâàíî íà ïðèìåðå çàäà÷è óñòîé÷èâîñòè òîìñîíîíîâñêîãî âèõðåâîãî N -óãîëüíèêà
âíóòðè è âíå êðóãà (ñì., íàïðèìåð, [2,3]).
Ðàáîòà âûïîëíåíà â ðàìêàõ áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíèñòåð-

ñòâà îáðàçîâàíèÿ è íàóêè ÐÔ (� 1.5169.2017/8.9).
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ÌÅÒÀÓÑÒÎÉ×ÈÂÛÅ ÑÒÐÓÊÒÓÐÛ Ñ ÒÐÅÌß ÒÎ×ÊÀÌÈ
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Ðàññìàòðèâàåòñÿ óðàâíåíèå Êàíà-Õèëëàðäà

ut = (−ε2uxx − u+ u3)xx, 0 < x < π, t > 0,
ux(0, t) = 0, ux(π, t) = 0, uxxx(0, t) = 0, uxxx(π, t) = 0,

(1)

ãäå ε2 > 0 - ïîñòîÿííàÿ.
Óðàâíåíèþ Êàíà-Õèëëàðäà ïîñâÿùåíî çíà÷èòåëüíîå ÷èñëî ðàáîò. Â ÷àñòíîñòè,

ñîãëàñíî [1] óðàâíåíèå (1) ïðè ìàëûõ ε2 èìååò ìåäëåííî ìåíÿþùèåñÿ ñî âðåìåíåì
ðåøåíèÿ � ìåòàóñòîé÷èâûå ñòðóêòóðû.
Ïîñòðîèì è ïðîâåäåì àíàëèç èåðàðõèè óïðîùåííûõ ìîäåëåé óðàâíåíèÿ (1) �

ãàëåðêèíñêèõ àïïðîêñèìàöèé (1).
Ðàññìîòðèì ãàëåðêèíñêóþ àïïðîêñèìàöèþ óðàâíåíèÿ (1) â âèäå

u = z0 +
N∑
k=1

zk cos kx. (2)

Ïîäñòàâëÿÿ (2) â (1) è ïðèðàâíèâàÿ çàòåì êîýôôèöèåíòû ïðè cos kx, k =
0, ..., N , ïðèõîäèì ê ãðàäèåíòíîé ñèñòåìå óðàâíåíèé:

ż0 = 0, żk = −∂GN(z, ε)

∂zk
, k = 1, . . . , N, (3)

ãäå z = (z0, ..., zN), à GN(z, ε) � ïîòåíöèàëüíàÿ ôóíêöèÿ, ïðåäñòàâëåíèå êîòîðîé
îïóñòèì.
Â ãðàäèåíòíûõ ñèñòåìàõ (3) ðàçìåðíîñòè N ñîãëàñíî ïðîâåäåííîìó áèôóðêàöè-

îííîìó àíàëèçó äëÿ çíà÷åíèé N îò 30 äî 40 ðåàëèçóåòñÿ øèðîêèé ñïåêòð ñåäëî-
óçëîâûõ áèôóðêàöèé ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε2. Íåêîòîðûå èç ñåäëî-
óçëîâûõ áèôóðêàöèé ïîðîæäàþò íåïðåðûâíûå ïî ε2 âåòâè ïðèáëèæåííûõ ðåøå-
íèé êðàåâîé çàäà÷è òèïà âíóòðåííåãî ïåðåõîäíîãî ñëîÿ ñ òðåìÿ òî÷êàìè ïåðåõîäà.
Â ñâîþ î÷åðåäü, ýòè ïðèáëèæåííûå ðåøåíèÿ ïðèâîäÿò ê ìåòàóñòîé÷èâûì ñòðóê-
òóðàì. Ñöåíàðèé ýâîëþöèè ìåòàóñòîé÷èâûõ ñòðóêòóð ñ òðåìÿ òî÷êàìè ïåðåõîäà
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õàðàêòåðèçóåòñÿ ïåðåõîäîì ìåòàóñòîé÷èâîé ñòðóêòóðû ïîñëå ñðàâíèòåëüíî ìàëî-
ãî ïî ñðàâíåíèþ ñ ýòàïîì ìåäëåííîãî èçìåíåíèÿ ïåðåõîäíîãî ïðîöåññà â êëàññ
ìåòàóñòîé÷èâûõ ñòðóêòóð ñ îäíîé òî÷êîé ïåðåõîäà.
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ÑÒÀÖÈÎÍÀÐÍÎÅ ÒÓÐÁÓËÅÍÒÍÎÅ ÒÅ×ÅÍÈÅ ÊÐÎÂÈ

Ðàññìàòðèâàåòñÿ ñòàöèîíàðíîå òóðáóëåíòíîå òå÷åíèå êðîâè â áåñêîíå÷íîì öè-
ëèíäðè÷åñêîì ñîñóäå ñ íåðàâíîìåðíûì ïðîôèëåì ñòåíîê ñîñóäà. Ìîäåëèðîâàíèå
îñóùåñòâëÿåòñÿ ïðè ïîìîùè àñèìïòîòè÷åñêèõ óðàâíåíèé, ïîëó÷åííûõ íà îñíî-
âå óðàâíåíèé Íàâüå�Ñòîêñà äëÿ âÿçêîé íåñæèìàåìîé æèäêîñòè. Êèíåìàòè÷åñêàÿ
òóðáóëåíòíàÿ âÿçêîñòü æèäêîñòè µ çàäàåòñÿ â âèäå µ(x, r) ∼ η2(x)−r2, ãäå x � êî-
îðäèíàòà âäîëü îñè öèëèíäðà, r � ðàäèàëüíàÿ êîîðäèíàòà, η(x) � ôóíêöèÿ, çàäà-
þùàÿ ïðîôèëü ñòåíêè öèëèíäðà r = η(x). Ïðè òàêîì âûáîðå âÿçêîñòè ïðè çàäàíèè
äëÿ ñêîðîñòè óñëîâèé ïðèëèïàíèÿ íà áîêîâûõ ãðàíèöàõ öèëèíäðè÷åñêîé îáëàñòè
âîçíèêàþò ñèíãóëÿðíîñòè ãîðèçîíòàëüíîé ñêîðîñòè òå÷åíèÿ æèäêîñòè, äëÿ ëèê-
âèäàöèè êîòîðûõ ãðàíèöû çàìåíÿþòñÿ ôèêòèâíûìè ãðàíèöàìè r = η(x) + δ(x),
|δ(x)| � |η(x)|, à óñëîâèÿ ïðèëèïàíèÿ æèäêîñòè çàìåíÿþòñÿ êèíåìàòè÷åñêèìè
óñëîâèÿìè, ñîîòâåòñòâóþùèìè â ñòàöèîíàðíîì ñëó÷àå îòñóòñòâèþ íîðìàëüíûõ
êîìïîíåíò ñêîðîñòè íà ãðàíèöå. Óêàçàííûå êðàåâûå óñëîâèÿ ïîäîáíû óñëîâèÿì
ñêîëüæåíèÿ Íàâüå, à âåëè÷èíà ôóíêöèè δ(x) èãðàåò ðîëü ãëóáèíû ñëîÿ ¾ïðîíèê-
íîâåíèÿ¿. Çàìåòèì, ÷òî àíàëîãè÷íûì îáðàçîì â òåîðèè òóðáóëåíòíîñòè îïèñû-
âàþòñÿ òå÷åíèÿ â òðóáàõ ñ øåðîõîâàòîñòÿìè. Ïîñòðîåíî àíàëèòè÷åñêîå ðåøåíèå
àñèìïòîòè÷åñêîé ìîäåëè. Ïîêàçàíî, ÷òî ïðè áîëüøèõ âåëè÷èíàõ ñðåäíåé îñåâîé
ñêîðîñòè ïðè äîñòàòî÷íî ãëàäêèõ íåðîâíûõ ñòåíêàõ â ñòàöèîíàðíîì òå÷åíèè èìå-
þòñÿ ïðèñòåíî÷íûå âèõðè. Êðîìå ýòîãî, ÷èñëåííî ïðè ïîìîùè ìåòîäà êîíå÷íûõ
ýëåìåíòîâ èññëåäîâàíî íåñòàöèîíàðíîå äâèæåíèå ïàññèâíîé ïðèìåñè (òðîìáîâ) â
çàäàííîì ñòàöèîíàðíîì òóðáóëåíòíîì òå÷åíèè. Ðàññìîòðåíû âàðèàíòû äâèæåíèÿ
êàê ïàññèâíîé ïðèìåñè, òàê è àêòèâíîé ïðèìåñè, âçàèìîäåéñòóþùåé ñî ñòåíêàìè
ñîñóäà.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå áàçîâîé ÷àñòè ãîñóäàðñòâåííîãî

çàäàíèÿ � 1.5169.2017/Á× Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ, ÞÔÓ.
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ÎÁ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÎÉ ÇÀÄÀ×Å
ÄËß ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ

Â ñîâðåìåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíû-
ìè îäíèì èç âàæíûõ ðàçäåëîâ, èçó÷åíèþ êîòîðîãî ïîñâÿùåíî íåìàëî ïóáëèêàöèé,
ÿâëÿåòñÿ ðàçäåë íåëîêàëüíûõ êðàåâûõ çàäà÷. Ïîâûøåííûé èíòåðåñ ê ýòîìó òèïó
íåêëàññè÷åñêèõ çàäà÷ îáúÿñíÿåòñÿ êàê òåîðåòè÷åñêîé çíà÷èìîñòüþ ïîëó÷àåìûõ
ðåçóëüòàòîâ, òàê è èõ ìíîãî÷èñëåííûìè ïðàêòè÷åñêèìè ïðèëîæåíèÿìè â ìàòå-
ìàòè÷åñêîì ìîäåëèðîâàíèè íåëèíåéíûõ ÿâëåíèé ñëîæíûõ äèíàìè÷åñêèõ ïðîöåñ-
ñîâ è ñèñòåì. Ðåçóëüòàòû èññëåäîâàíèé íåëîêàëüíûõ êðàåâûõ çàäà÷ ïîêàçàëè, ÷òî
ïðèñóòñòâèå íåëîêàëüíûõ óñëîâèé âûçûâàåò ðÿä ñïåöèôè÷åñêèõ òðóäíîñòåé, êî-
òîðûå íå ïîçâîëÿþò íåïîñðåäñòâåííî èñïîëüçîâàòü äëÿ îáîñíîâàíèÿ èõ ðàçðåøè-
ìîñòè ñòàíäàðòíûå ìåòîäû. Êàê ïðàâèëî, ïðåîäîëåíèå ìàòåìàòè÷åñêèõ òðóäíî-
ñòåé, îáóñëîâëåííûõ íàëè÷èåì íåëîêàëüíûõ óñëîâèé, â êàæäîì êîíêðåòíîì ñëó-
÷àå ñâîäèòñÿ ê ïîèñêó ÷àñòíûõ ïîäõîäîâ è ìåòîäîâ, ñóùåñòâåííî çàâèñÿùèõ îò
âèäà íåëîêàëüíûõ óñëîâèé. Â äîêëàäå, áóäóò èçëîæåíû ðåçóëüòàòû èññëåäîâàíèÿ
íà êîððåêòíîñòü íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî ýëëèïòèêî-
ãèïåðáîëè÷åñêîãî òèïà ñ íåëîêàëüíûì óñëîâèåì òèïà óñëîâèÿ Ñàìàðñêîãî. Îáðà-
ùåíî âíèìàíèå íà ïðèêëàäíóþ âàæíîñòü äàííîãî òèïà íåëîêàëüíûõ èíòåãðàëü-
íûõ óñëîâèé, êîòîðûå ñâÿçûâàÿ çíà÷åíèå èñêîìîé ôóíêöèè âíóòðè îáëàñòè ñî
çíà÷åíèÿìè, ïðèíèìàåìûìè íà ÷àñòè ãðàíèöû ðàññìàòðèâàåìîé îáëàñòè è îïèñû-
âàÿ ïîâåäåíèå ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ ãðàíèöû îáëàñòè â âèäå íåêîòîðîãî
ñðåäíåãî, åñòåñòâåííî âîçíèêàþò ïðè ðåøåíèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ
ðåæèìîì ãðóíòîâûõ âîä.
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ÎÁÎÁÙÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß ÁÅËÜÒÐÀÌÈ

Ðàññìîòðèì ïåðèîäè÷åñêóþ çàäà÷ó:{
Aεuε ≡ ∂z̄uε + µε ∂zuε + νε ∂zuε = f − Re

〈
f pε1

〉
− iRe

〈
f pε2

〉
,

uε ∈ W 1
2 (�), 〈uε〉 = 0, f ∈ L2(�), (1)
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ãäå µε = µ(ε−1x), νε = ν(ε−1x), µ(x) = µ(x1, x2), ν(x) = ν(x1, x2)
� èçìåðèìûå îãðàíè÷åííûå êîìïëåêñíîçíà÷íûå ïåðèîäè÷åñêèå (ïåðèîäà 1
ïî êàæäîé ïåðåìåííîé) ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèþ ýëëèïòè÷íîñòè
vrai supx∈R2 (|µ(x)|+ |ν(x)|) 6 k0 < 1, k0 > 0 � ïîñòîÿííàÿ, � � ÿ÷åéêà ïåðèîäîâ,
〈g〉 � ñðåäíåå çíà÷åíèå ïåðèîäè÷åñêîé ôóíêöèè g, pε1 = p1(ε

−1x), pε2 = p2(ε
−1x).

Ôóíêöèè p1 = p1(x), p2 = p2(x), 〈p1〉 = 1 〈p2〉 = i � áàçèñíûå âåêòîðû ÿäðà îïåðà-
òîðà A∗ : L2(�)→ W−1

2 (�), −A∗p ≡ ∂zp+∂z̄(µ p+ν p), p ∈ L2(�), ε = 1/n, n ∈ N,
� ìàëûé ïàðàìåòð.
Ïåðèîäè÷åñêàÿ çàäà÷à (1) îäíîçíà÷íî ðàçðåøèìà äëÿ ëþáîé ïðàâîé ÷àñòè

f ∈ L2(�) (ñì. [1, 2]). Ïóñòü uε � ðåøåíèå ïåðèîäè÷åñêîé çàäà÷è (1). Â êà÷åñòâå
ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ uε âîçüìåì ôóíêöèþ
uε1(x) = u0(x) + ε((N1(y)− iN2(y)) ∂zu

0(x) + (N1(y) + iN2(y)) ∂z̄u0(x)), ãäå y =
ε−1x; N1(x) è N2(x) � ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷è íà ÿ÷åéêå: ANj ≡ ∂zNj +
µ ∂zNj +ν ∂zN j = χj, Nj ∈ W 1

2 (�), 〈Nj〉 = 0, ãäå χ1 = 2−1
(
µ0 + ν0 − µ(x)− ν(x)

)
,

χ2 = i2−1
(
µ0 − ν0 − µ(x) + ν(x)

)
.

Çäåñü µ0, ν0 � êîýôôèöèåíòû óñðåäíåííîãî óðàâíåíèÿ (ñì. [1, 2]). Ôóíêöèÿ u0 �
ðåøåíèå óñðåäíåííîé çàäà÷è: A0u

0 = f −〈f〉, u0 ∈ W 1
2 (�), A0u

0 = ∂z̄u
0 +µ0 ∂zu

0 +
ν0 ∂zu0. Èìååò ìåñòî

Òåîðåìà. Ïóñòü ôóíêöèÿ f èç ïðàâîé ÷àñòè çàäà÷è (1) ïðèíàäëåæèò ïðî-
ñòðàíñòâó W 1

2 (�), òîãäà èìåþò ìåñòî îöåíêè

‖uε − uε1‖W 1
2 (�) 6 c ε ‖f‖W 1

2 (�), ‖uε − u0‖L2(�) 6 c ε ‖f‖W 1
2 (�),

ãäå c > 0 � ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò ïîñòîÿííîé ýëëèïòè÷íîñòè k0.
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1. Ñèðàæóäèíîâ Ì.Ì. Àñèìïòîòè÷åñêèé ìåòîä óñðåäíåíèÿ îáîáùåííûõ îïåðàòîðîâ Áåëüòðàìè// Ìàòåì. ñáîð. 2017.
208:4. Ñ.87-110.

2. Ñèðàæóäèíîâ Ì.Ì. Î G-ñõîäèìîñòè è óñðåäíåíèè îáîáùåííûõ îïåðàòîðîâ Áåëüòðàìè// Ìàòåì. ñáîð. 2008. 199:5.
Ñ.124-155.

Ñ.Ì. Ñèòíèê (Áåëãîðîä, Ðîññèÿ)
sitnik@bsu.edu.ru

ÊÎÌÏÎÇÈÖÈÎÍÍÛÉ ÌÅÒÎÄ Â ÒÅÎÐÈÈ ÎÏÅÐÀÒÎÐÎÂ
ÏÐÅÎÁÐÀÇÎÂÀÍÈß

Â äîêëàäå áóäåò ðàññêàçàíî îñíîâíîå ñîäåðæàíèå ìîíîãðàôèè [1], ïîäãîòîâ-
ëåííîé ê ïå÷àòè. Ýòà ìîíîãðàôèÿ ñîñòàâëåíà èç äîêòîðñêîé äèññåðòàöèè Âà-
ëåðèÿ Âÿ÷åñëàâîâè÷à Êàòðàõîâà (1949�2010) è ÷àñòè äîêòîðñêîé äèññåðòàöèè
Ñ.Ì.Ñèòíèêà, çàùèù¼ííîé â 2016 ã. Ñëåäóåò îòìåòèòü, ÷òî îáà àâòîðà, ó÷èòåëü
è åãî ó÷åíèê, ïðèíàäëåæàò øêîëå èçâåñòíîãî Âîðîíåæñêîãî ìàòåìàòèêà Èâà-
íà Àëåêñàíäðîâè÷à Êèïðèÿíîâà, ïîëó÷èâøåãî ôóíäàìåíòàëüíûå ðåçóëüòàòû äëÿ
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äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îïåðàòîðàìè Áåññåëÿ ïî îäíîé èëè ÷àñòè ïåðå-
ìåííûõ.
Ðàáîòà ïîñâÿùåíà ïðèëîæåíèÿì ìåòîäà îïåðàòîðîâ ïðåîáðàçîâàíèÿ ê èññëåäî-

âàíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îñîáåííîñòÿìè â êîýôôèöèåíòàõ. Îñîáîå
âíèìàíèå óäåëÿåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ ñ
îïåðàòîðàìè Áåññåëÿ.
Ïðèâåä¼ì ñîäåðæàíèå êíèãè ïî ãëàâàì.
Ãëàâà 1. Ââåäåíèå (èñòîðè÷åñêèå ñâåäåíèÿ, ôóíêöèîíàëüíûå ïðîñòðàíñòâà, ñïå-

öèàëüíûå ôóíêöèè, èíòåãðàëüíûå ïðåîáðàçîâàíèÿ).
Ãëàâà 2. Îïåðàòîðû ïðåîáðàçîâàíèÿ Ñîíèíà�Ïóàññîíà�Äåëüñàðòà è èõ ìîäè-

ôèêàöèè.
Ãëàâà 3. Òåîðèÿ îïåðàòîðîâ ïðåîáðàçîâàíèÿ Áóøìàíà�Ýðäåéè.
Ãëàâà 4. Îáùèå âåñîâûå êðàåâûå çàäà÷è äëÿ ñèíãóëÿðíûõ ýëëèïòè÷åñêèõ óðàâ-

íåíèé.
Ãëàâà 5. Íîâûå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ Ïóàññîíà ñ îñîáåííîñòÿìè â èçî-

ëèðîâàííûõ òî÷êàõ.
Ãëàâà 6. Êîìïîçèöèîííûé ìåòîä ïîñòðîåíèÿ ñïëåòàþùèõ ñîîòíîøåíèé ìåæäó

ðåøåíèÿìè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îñîáåííîñòÿìè â êîýôôèöèåíòàõ.
Ãëàâà 7. Ïðèëîæåíèÿ ìåòîäà îïåðàòîðîâ ïðåîáðàçîâàíèÿ ê îöåíêàì ðåøåíèé

äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè êîýôôèöèåíòàìè è çàäà÷å
Å.Ì.Ëàíäèñà.
Ñïèñîê ëèòåðàòóðû (áîëåå 650 ññûëîê).
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ÏÅÐÂÀß ÊÐÀÅÂÀß ÇÀÄÀ×À Â ÎÃÐÀÍÈ×ÅÍÍÎÉ ÎÁËÀÑÒÈ
ÄËß ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß Ñ ÎÏÅÐÀÒÎÐÎÌ
ÁÅÑÑÅËß È ×ÀÑÒÍÎÉ ÏÐÎÈÇÂÎÄÍÎÉ ÐÈÌÀÍÀ�ËÈÓÂÈËËß

Â îáëàñòè Ω = {(x, y) : 0 < x < r, 0 < y < T} ðàññìîòðèì óðàâíåíèå

Bxu(x, y)−D α
0yu(x, y) = 0, (1)

ãäå Bx = ∂2

∂x2 + b
x

∂
∂x � îïåðàòîð Áåññåëÿ [1], |b| < 1; D α

0y � îïåðàòîð äðîáíîãî
äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà 0 < α 6 1 [2, c. 11].
Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω íàçîâåì ôóíêöèþ u = u(x, y),
óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω è òàêóþ, ÷òî y 1−αu ∈ C(Ω̄), Bxu,

D α
0y u ∈ C(Ω), Ω̄ � çàìûêàíèå îáëàñòè Ω.
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Çàäà÷à 1.Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿ-
þùåå êðàåâûì óñëîâèÿì limy→0D

α−1
0y u(x, y) = ϕ(x), 0 < x < r; u(0, y) = u(r, y) =

0, 0 < y < T ; ϕ(x) � çàäàííàÿ ôóíêöèÿ.
Äàëåå Jν(z) � öèëèíäðè÷åñêàÿ ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà ν

[3, ñ. 132]; E 1
ρ
(z;µ) � ôóíêöèÿ òèïà Ìèòòàã-Ëåôôëåðà [4, ñ. 117]. Îáîçíà÷èì

÷åðåç β = (1− b)/2, Gα, β(x, ξ, y − η) =

=
2

r 2

xβξ β

(y − η) 1−α

∞∑
m=1

Jβ (λm x) Jβ (λm ξ)

J 2
1+β (λmr)

E 1
α

(
− λ2

m (y − η)α;α
)
,

ãäå λm � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ Jβ(λmr) = 0, m = 1, 2, ..., çàíóìåðîâàí-
íûå â ïîðÿäêå èõ âîçðàñòàíèÿ.
Òåîðåìà. Ïóñòü ϕ(x) ∈ C[0, r], ϕ(0) = ϕ(r) = 0. Òîãäà ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è 1, ïðåäñòàâèìîå â âèäå

u(x, y) =
r∫

0

ξ 1−2β Gα, β(x, ξ, y)ϕ(ξ) dξ.
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ÈÄÅÍÒÈÔÈÊÀÖÈß ÍÅÎÄÍÎÐÎÄÍÛÕ ÑÂÎÉÑÒÂ
ÖÈËÈÍÄÐÈ×ÅÑÊÈÕ ÂÎËÍÎÂÎÄÎÂ

Ðåøåíà îáðàòíàÿ çàäà÷à îá èäåíòèôèêàöèè ïåðåìåííîãî ìîäóëÿ óïðóãîñòè öè-
ëèíäðè÷åñêîãî âîëíîâîäà ñ êîëüöåâûì ïîïåðå÷íûì ñå÷åíèåì â îñåñèììåòðè÷-
íîé ïîñòàíîâêå. Ê êðàåâîé çàäà÷å ïðèìåíåíî èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå
âäîëü ïðîäîëüíîé êîîðäèíàòû. Â ðàìêàõ îñåñèììåòðè÷íîé ïîñòàíîâêè ïîëó÷åíà
êðàåâàÿ çàäà÷à äëÿ òðàíñôîðìàíò êîìïîíåíò âåêòîðîâ ïåðåìåùåíèé è íàïðÿæå-
íèé, êîòîðàÿ îïèñûâàåòñÿ âåêòîðíûì äèôôåðåíöèàëüíûì óðàâíåíèåì ïåðâîãî ïî-
ðÿäêà. Ìàòðèöà êîýôôèöèåíòîâ ïðåäñòàâèìà â âèäå êâàäðàòè÷íîãî ïó÷êà ìàòðèö
îòíîñèòåëüíî äâóõ ñïåêòðàëüíûõ ïàðàìåòðîâ. Êîýôôèöèåíòû ìàòðèö ÿâëÿþòñÿ
ïåðåìåííûìè è âûðàæàþòñÿ ÷åðåç ðàçûñêèâàåìûé ìîäóëü óïðóãîñòè g(x). Äëÿ ðå-
øåíèÿ ïðÿìîé çàäà÷è â òðàíñôîðìàíòàõ ïðè èçâåñòíîì çàêîíå èçìåíåíèÿ ìîäóëÿ
óïðóãîñòè èñïîëüçîâàí ìåòîä ïðèñòðåëêè. Îáðàòíàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèè
g(x) ïðè çàäàííîì êîýôôèöèåíòå Ïóàññîíà ïî èíôîðìàöèè î ïîëå ïåðåìåùåíèé â
îãðàíè÷åííîé êîëüöåâîé îáëàñòè íà âíåøíåé ãðàíèöå âîëíîâîäà. Â ïðîñòðàíñòâå
òðàíñôîðìàíò ê çàäà÷å ïðèìåíåí ìåòîä ëèíåàðèçàöèè g(x) = g0(x) + εg1(x) + . . . ,
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ïîçâîëÿþùèé ñôîðìèðîâàòü îïåðàòîðíûå ñîîòíîøåíèÿ ïðè îäèíàêîâûõ ñòåïåíÿõ
ε. Ïåðâàÿ èç âîçíèêàþùèõ çàäà÷ ðåøåíà ìåòîäîì ïðèñòðåëêè äëÿ íà÷àëüíîãî ïðè-
áëèæåíèÿ g0(x), êîòîðîå âûáèðàåòñÿ íà êîìïàêòíîì ìíîæåñòâå â êëàññå ëèíåé-
íûõ ôóíêöèé. Âòîðàÿ çàäà÷à ïîðîæäåíà òåì æå ñàìûì îïåðàòîðîì, íî èìååò
ïðàâóþ ÷àñòü, ïðîïîðöèîíàëüíóþ ïîïðàâêå g1(x). Óñëîâèå ðàçðåøèìîñòè ïîçâî-
ëÿåò ñôîðìóëèðîâàòü îòíîñèòåëüíî íåå èíòåãðàëüíîå ðàâåíñòâî â ïðîñòðàíñòâå
òðàíñôîðìàíò. Îñóùåñòâëÿÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷èì óðàâíåíèå
Ôðåäãîëüìà 1 ðîäà ñ ãëàäêèì ÿäðîì. Äëÿ âû÷èñëåíèÿ ÿäðà ïðèìåíåíà òåîðåìà
î âû÷åòàõ äëÿ ôóíêöèè, èìåþùåé ïîëþñà âòîðîãî ïîðÿäêà, ïðè÷åì âû÷åòû íà-
õîäÿòñÿ èç àíàëèçà âñïîìîãàòåëüíûõ çàäà÷ Êîøè. Ðåøåíèå èíòåãðàëüíîãî óðàâ-
íåíèÿ Ôðåäãîëüìà 1 ðîäà ïîñòðîåíî ñ ïîìîùüþ ìåòîäà ðåãóëÿðèçàöèè Òèõîíîâà.
Âû÷èñëèòåëüíûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî ïîãðåøíîñòü ðåêîíñòðóêöèè g(x)
ìàêñèìàëüíà íà êîíöàõ îòðåçêà èíòåãðèðîâàíèÿ è íå ïðåâîñõîäèò 10 %.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÍÔ (êîä ïðîåêòà 18-11-00069).

Â.Î. Þðîâ, Ð.Ä. Íåäèí (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
vitja.jurov@yandex.ru, rdn90@bk.ru

ÓÑÒÀÍÎÂÈÂØÈÅÑß ÊÎËÅÁÀÍÈß ÑÒÅÑÍÅÍÍÎÃÎ Â
ÏÐÎÄÎËÜÍÎÌ ÍÀÏÐÀÂËÅÍÈÈ ÏÐÅÄÍÀÏÐßÆ�ÍÍÎÃÎ

ÏÎËÎÃÎ ÖÈËÈÍÄÐÀ

Â íàñòîÿùåå âðåìÿ òåìà îïðåäåëåíèÿ ðåçîíàíñíûõ ÷àñòîò íåîäíîðîäíûõ òåë
îáøèðíî îñâåùåíà â ëèòåðàòóðå. Â îñíîâíîì ïîäîáíûå çàäà÷è ðåøàþòñÿ ñ ïîìî-
ùüþ ñîâðåìåííûõ ÷èñëåííûõ ìåòîäîâ, ñðåäè êîòîðûõ íàèáîëåå ðàñïðîñòðàíåí ìå-
òîä êîíå÷íûõ ýëåìåíòîâ; óäîáñòâî ýòîãî ïîäõîäà ñîñòîèò â âîçìîæíîñòè èçó÷åíèÿ
äåôîðìèðîâàíèÿ íåîäíîðîäíûõ òåë ïðîèçâîëüíîé ôîðìû. Îäíàêî èññëåäîâàíèå
çàäà÷ î êîëåáàíèÿõ íåîäíîðîäíûõ ïðåäâàðèòåëüíî íàïðÿæåííûõ òåë ïðåäñòàâëÿ-
åò ñîáîé áîëåå ñïåöèôè÷åñêóþ ïðîáëåìó. Òàê, äëÿ âûÿâëåíèÿ çàêîíîìåðíîñòåé
âëèÿíèÿ íåîäíîðîäíîãî ïîëÿ ïðåäâàðèòåëüíûõ íàïðÿæåíèé (ÏÍ) ïðåäïî÷òèòåëåí
àíàëèç óïðîùåííîé ìîäåëüíîé çàäà÷è.
Èññëåäîâàíà çàäà÷à î êîëåáàíèÿõ èçîòðîïíîãî íåîäíîðîäíîãî ïðåäâàðèòåëüíî

íàïðÿæåííîãî ïîëîãî öèëèíäðà ïîä äåéñòâèåì îñåñèììåòðè÷íîé ïåðèîäè÷åñêîé
íàãðóçêè. Ñîñòàâëåí àëãîðèòì íàõîæäåíèÿ ðåçîíàíñíûõ ÷àñòîò öèëèíäðà ñ ïðî-
èçâîëüíûì çàêîíîì ðàäèàëüíîé íåîäíîðîäíîñòè ìàòåðèàëüíûõ ñâîéñòâ, ïðè íàëè-
÷èè ïîëåé ÏÍ. Âûïîëíåí àíàëèç âëèÿíèÿ íåîäíîðîäíûõ ÏÍ òðåõ ðàçíûõ òèïîâ íà
àìïëèòóäíî-÷àñòîòíóþ õàðàêòåðèñòèêó (À×Õ) öèëèíäðà. Âûÿâëåíî, ÷òî íàëè÷èå
ðàññìîòðåííûõ ïîëåé ÏÍ îêàçûâàåò ñðàâíèòåëüíî ìàëîå âëèÿíèå íà À×Õ, îäíà-
êî óñòàíîâëåíî, ÷òî â ìàëîé îêðåñòíîñòè ðåçîíàíñíûõ ÷àñòîò âëèÿíèå ÏÍ ìîæåò
äîñòèãàòü ñîòåí ïðîöåíòîâ. Ïîñòðîåíû À×Õ â ìàëûõ îêðåñòíîñòÿõ ïåðâûõ øå-
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ñòè ðåçîíàíñíûõ ÷àñòîò. Ïðèâåäåíû ãðàôèêè, îòðàæàþùèå èçìåíåíèå À×Õ ïîä
âëèÿíèåì ÏÍ ðàññìîòðåííûõ òèïîâ. Ïðèâåäåíû òàáëèöû çíà÷åíèé ïåðâûõ øåñòè
ðåçîíàíñîâ è èõ èçìåíåíèé, âûçâàííûõ íàëè÷èåì ÏÍ.
Íà îñíîâå ìåòîäà âîçìóùåíèé, ïóòåì ïðèìåíåíèÿ óñëîâèÿ ðàçðåøèìîñòè, âûâå-

äåíà àñèìïòîòè÷åñêàÿ ôîðìóëà, ïîçâîëÿþùàÿ íàéòè èçìåíåíèå ðåçîíàíñíûõ ÷à-
ñòîò, âûçâàííîå íàëè÷èåì ÏÍ â öèëèíäðå ïî èíôîðìàöèè îá ¾ýòàëîííîé¿ çàäà÷å
áåç ó÷åòà ÏÍ. Ïðîâåäåíî ñðàâíåíèå çíà÷åíèé èçìåíåíèÿ ðåçîíàíñíûõ ÷àñòîò, ïî-
ëó÷åííûõ ïóòåì ïðèìåíåíèÿ ïðåäëîæåííîãî ÷èñëåííîãî àëãîðèòìà è íàéäåííûõ
÷åðåç àñèìïòîòè÷åñêóþ ôîðìóëó; ïðîâåäåíà îöåíêà å¼ òî÷íîñòè.
Íàñòîÿùåå èññëåäîâàíèå áûëî ïîääåðæàíî Ðîññèéñêèì Íàó÷íûì Ôîíäîì (ïðî-

åêò � 18-71-10045).
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R.A. Bandaliyev (Baku, Azerbaijan)
bandaliyevr@gmail.com

ON THE BOUNDEDNESS AND COMPACTNESS OF
MULTIDIMENSIONAL HAUSDORFF OPERATOR IN WEIGHTED

LEBESGUE SPACES

In this abstract we reduce the boundedness of multidimensional Hausdor� operator
in Lebesgue spaces with general weight functions. For one-dimensional Hausdor� ope-
rator we investigate the boundedness of Hausdor� operator in Lebesgue spaces with
monotone weight functions. Also, we study a compactness of one-dimensional Hausdor�
operator in weighted Lebesgue spaces.
This is jointly work with Przemys law G�orka.

R E F E R E N C E S
1. Li�yand E. Hausdor� operators on Hardy spaces. Eurasian Math.J. 2013. Vol. 4, No. 4, pp. 101�141.
2. Li�yand E., Miyachi A. Boundedness of multidimensional Hausdor� operators in Hp spaces, 0 < p < 1. Trans. Amer.

Math. Soc. 2018. doi.org/10.1090/ tran/7572.
3. Bandaliyev R.A., G�orka P. Hausdor� operator in Lebesgue spaces. Math. Ineq. Appl. 2019. Vol. 22, No. 2, pp. 186�205.

R. Daher, T. Kawazoe and F. Saadi (University of Hassan II, Morocco)
rjdaher024@gmail.com

HAUSDORFF OPERATOR FOR JACOBI HYPERGROUP

We de�ne the Hausdor� operator Hψ on Jacobi hypergroup (R+,∆, ∗) by using
the dilation ψt = 1

t∆(x)∆(xt )ψ(xt ). We show that, if ψ ∈ L1(∆), then Hψ is bounded

from L1(∆) to itself. Moreover, it is bounded from H1(∆) to itself provided that ψ
is supported on [0, 1]. Here H1(∆) is the real Hardy space for the Jacobi hypergroup
introduced by the second author, which id de�ned by using the radial maximal operator
Mφf(x) = supt>0 |f ∗ φt(x)|, where the dilation φt is given as above.

E. Li�yand (Ramat-Gan, Israel)
li�yand@gmail.com

A TALE OF TWO HARDY SPACES

New relations between the Fourier transform of a function of bounded variation and
the Hilbert transform of its derivative are revealed. If we do not distinguish between
the cosine and sine transforms and consider the general Fourier transform of f , direct
calculations give the belonging of f ′ to the real Hardy space as a su�cient condition
for the integrability of the Fourier transform. Our analysis is more delicate. The main
result is an asymptotic formula for the cosine Fourier transform. Such relations have
previously been known only for the sine Fourier transform. Interrelations of various
function spaces are studied in this context, �rst of all of two types of Hardy spaces.
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The obtained results are used for proving completely new results on the integrability
of trigonometric series.

R E F E R E N C E S
1. Li�yand E. The Fourier transform of a function of bounded variation: symmetry and asymmetry. J. Fourier Anal. Appl.

2018. Vol. 24, pp. 525�544.

A.R. Mirotin (Gomel, Belarus)
amirotin@yandex.ru

ON HAUSDORFF OPERATORS ON GROUPS

In the following Ω stands for a quasi-metric space with positive Radon measure µ
and G for a locally compact group which is a space of homogeneous type.
De�nition [1]. Let Φ be a locally integrable function on Ω and (A(u))u∈Ω a measu-

rable family of automorphisms of G.We de�ne the Hausdor� operator with the kernel
Φ by (x ∈ G)

(HΦ,Af)(x) =

∫
Ω

Φ(u)f(A(u)(x))dµ(u).

Consider the following condition: for every automorphism A(u), for every x ∈ G, and
for every r > 0 there exist a positive number k(u) which depends on u only and a
point x′ = x′(x, u, r) ∈ G such that

A(u)−1(B(x, r)) ⊆ B(x′, k(u)r) (∗)
(B(x, r) stands for a ball in G centered at x).

Theorem 1 [1]. Let the condition (∗) holds and s be the homogeneous dimension
of G. For Φ ∈ L1(Ω, ksdµ) the Hausdor� operator HΦ,A is bounded on the real Hardy
space H1(G).
Special cases of compact groups, the Heisenberg group and �nite-dimensional spaces

over division rings are also considered.
The next theorem gives a description for normal Hausdor� operators.

Theorem 2 [2, 3]. Let G = Rn, A(u) be a commuting family of non-singular self-
adjoint n×n-matrices, and | detA(u)|−1/2Φ(u) ∈ L1(Ω). Then the Hausdor� operator
in L2(Rn) is normal and unitary equivalent to the operator of multiplication by some
matrix-valued function φ ∈ Mat2n(Cb(Rn)) (the matrix symbol of HΦ,A) in the space
L2(Rn;C2n) of C2n-valued functions.

R E F E R E N C E S
1. Mirotin A.R. Boundedness of Hausdor� operators on Hardy spaces H1 over locally compact groups. J. Math. Anal. Appl.

2019. Vol. 473, pp. 519 � 53. arXiv:1808.08257v2.
2. Mirotin A.R. On the description of normal Hausdor� operators on Lebesgue spaces. Preprint. arXiv:1902.07671v1.
3. Mirotin A.R. The structure of normal Hausdor� operators on Lebesgue spaces. Preprint. arXiv:1812.02680v2.
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Yu.E. Gliklikh (Voronezh, Russia), G.A. Vlaskov (Rostov-on-Don,
Russia)

yeg@math.vsu.ru, vls1958@mail.ru
NEW STOCHASTIC MODELS OF POLAR IONOSPHERE1

Traditional models of distribution of electron concentration Ne in the F -region of
polar ionosphere are based on two determining factors: ionization q and the large-scale
electrical �eld of magnetospheric convection generating the transfer v̄ of ionospheric
plasma [1]. Note that q takes two values: at day time it is a positive constant (without
loss of generality we can set it equal to 1) and at night time it is equal to zero. The vector
v̄ is equal to E×B

B2 where E and B are electric and magnetic strengths, respectively.
Everything is considered over some neighborhood of the North Pole.
In [2] the continuity equation ∂Ne

∂t + v̄ · ∇Ne = q − βNe is considered with the
assumption that v̄ is the sum of the deterministic summand (for which we keep the
notation v̄) and the stochastic summand that is supposed in [2] to be the Wiener process
w(t) (the Brownian motion) with a real coe�cient σ(t, x), β is the recombination
coe�cient, and q is the ionization (see above). Thus the equation describing this model
takes the form ∂Ne

∂t + (v̄ + σw(t)) · ∇Ne = q − βNe or in coordinate form

∂Ne

∂t
+ (v̄1 + σw1(t))

∂Ne

∂x1
+ (v̄2 + σw2(t))

∂Ne

∂x2
= q − βNe.

The main aim of this talk is to pass from the above mentioned ordinary di�erential
equations with random coe�cients to stochastic di�erential equations in the Ito form
and to stochastic di�erential equations with current velocities (Nelson's symmetric
mean derivatives). In the framework of stochastic analysis such equations are considered
as more adequately describing the behavior of physical processes. Note that the current
velocities are natural analogues of ordinary physical velocity of deterministic processes.
We construct such equations and prove the existence of solution theorems for them.

R E F E R E N C E S
1. Deminov M.G. Earth ionosphere: Laws and mechanisms. Electromagnetic and Plasma Processes from Sun Interior to

Earth Interior.- Moscow: IZMIRAN, 2015.- P. 295-346.
2. Vlaskov G.A., Mozhaev A.M. On modeling of stochastically convecting polar ionosphere. Studies of High-Altitude

Ionosphere.- Apatity: KNTs AN SSSR, 1986.- P. 42-45.

O.E. Kudryavtsev (Rostov-on-Don, Russia)
koe@donrta.ru

NUMERICAL METHODS FOR PRICING DOUBLE BARRIER
OPTIONS UNDER L�EVY PROCESSES2

The most popular exotic options are barrier options which include double barrier
options. Recall that a double barrier option is a contract which pays the speci�ed

1The research is supported in part by RFBR Grant 18-01-00048.
2 The reported study was funded by RFBR according to the project No. 18-01-00910 A.
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amount G(ST ) at the terminal date T , provided during the life-time of the contract,
the price of the stock does not cross speci�ed constant barriers D from above and U
from below. When at least one of the barriers is crossed, the option expires worthless.
Let T,K,D,U be the maturity, strike, the lower barrier and the upper barrier,

and the stock price St = eXt is an exponential L�evy process under chosen equivalent
martingale measure. Then the the no-arbitrage price of the double barrier option at
time t < T and Xt = x with x ∈ (D,U) given by

V (t, x) = V (T ;D;U ;G; t, x) = Et,x
[
e−r(T−t)1XT>D1X̄T<UG(eXT )

]
,

where X t = inf0≤s≤tXt and X̄t = inf0≤s≤tXt are the in�mum and the supremum
processes, respectively.
In the present talk, we introduce a new Wiener-Hopf factorization approach to

pricing double barrier options under pure non-Gaussian L�evy processes of �nite
variation. For general L�evy models one should factorize a 2 × 2 matrix of functions,
which can be achieved iteratively (see e.g. [1,2]). The key idea behind our method
is to represent the process under consideration as a di�erence between subordinators
which have explicit factorizations. After Carr's randomization is applied, we solve the
problem explicitly at each time step.

R E F E R E N C E S
1. Boyarchenko M., Levendorski�i S. Valuation of continuously monitored double barrier options and related securities.

Mathematical Finance. 2012. Vol. 22, No. 3, pp. 419�444.
2.Phelan E., Marazzina D., Fusai G., Germano G Fluctuation identities with continuous monitoring and their application

to price barrier options. European Journal of Operational Research. 2018. Vol. 271, No. 1, pp. 210-�223.

A.V. Makarova, V.A. Gorlov (Voronezh, Russian Federation)
allagm@mail.ru

STOCHASTIC DIFFERENTIAL INCLUSIONS WITH MEAN
DERIVATIVES RELATIVE TO THE PAST HAVING

DECOMPOSABLE RIGHT-HAND SIDES 1

We investigate a new sort of stochastic di�erential inclusions given in terms of mean
derivatives de�ned with respect to conditional expectation relative to the �past� sigma-
algebra of a process.
We prove a theorem on the existence of solutions for stochastic di�erential inclusions

given in terms of the forward mean derivatives on the right (introduced By E. Nelson
([1],[2],[3]) for the needs of so-called stochastic mechanics (a variant of quantum me-
chanics)), giving information on the drift, and (introduced by Yu.e. Gliklich and S. V.
Azarina ([4])) quadratic mean derivatives, which, in turn, giving information on the
di�usion coe�cient with respect to conditional expectation relative to the �past� sigma-
algebra of a process. It is assumed that the right part with forward mean derivatives on

1The research is supported in part by RFBR Grant 18-01-00048.
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the right is set-valued and lower semi-continuous, but not necessarily convex. Similarly,
it is assumed that the right part with quadratic derivatives is also set-valued, lower
semi-continuous from below and not necessarily convex. Together with this we assume
that the right part with quadratic derivatives as well as the right part with derivatives
on the middle right are decomposable.

R E F E R E N C E S
1. Nelson E. Derivation of the Schr�odinger equation from Newtonian mechanics /E. Nelson // Phys. Rev. 1966. Vol. 150. P.

1079-1085.
2. Nelson E. Dynamical theory of Brownian motion / E. Nelson. Princeton NJ: Princeton University Press. 1967. 115 p.
3. Nelson E. Quantum �uctuations / E. Nelson. Perinceton NJ: Princeton University Press. 1985. 146 p.
4. Azarina S.V., Gliklikh Yu. E. Di�erential inclusions with mean derivatives, Dyn. Syl. Appl., 16 (2007), pp. 49-71.

N.M. Mezhennaya (Moscow, Russia)
natalia.mezhennaya@gmail.com

LIMIT THEOREMS FOR THE NUMBER OF EVENTS
APPEARANCES IN A FINITE MARKOV CHAIN

Let {Xj, j = 1, . . . , n} be ergodic stationary Markov chain with the states set AN =
{1, . . . , N}, N ≥ 2, transition probabilities matrix P = ||pa,b||a,b∈AN and probabi-
lity distribution {πa, a ∈ AN}. Then there exist the constants C, γ > 0, such that

|p(n)
a,b − πb| ≤ Cπbe

−γn, n ≥ 1, where p
(n)
a,b denotes the elements of the matrix P

n.
We suppose that the random event Aj depend on the random variablesXj, . . . , Xj+s,

s ≥ 1, the set of events {Aj, j = 1, . . . , n − s} is homogeneous and has the property
that P{AiAj} = 0 for |i− j| ≤ s.

Let Γ = {1, . . . , n − s}, {αj = IAj , j ∈ Γ} be the set of random indicators,
corresponding to the events {Aj, j ∈ Γ}, Qs = P{Aj} be probability of any event
from the set {Aj, j ∈ Γ}.
We de�ne the random variable ξ =

∑n−s
j=1 αj, which is equal to the number of events

Aj in {Xj, j = 1, . . . , n}, and its expectation λs = Eξ = (n− s)Qs.
The following notation will be used: L(ξ) for the distribution of random variable

ξ, Pois(λ) for Poisson distribution with parameter λ, N (0, 1) for standard normal
distribution, ρTV for total variation distance.
Theorem 1. Let s ≥ 2 and λs ≥ 1. Then there exist the constants C1 and C2, such

that
ρTV

(
L(ξ),Pois(λs)

)
≤ C1

s

n
λs + C2e

−γs
√
λs.

Corollary 1. Let s, n → ∞, such that s/n → 0, Qs → 0, λs → λ ∈ (0,∞). Then
L(ξ)→ Pois(λ).
Corollary 2. Let s, n → ∞, such that λs → ∞, sλs/n → 0, λs = o(eγs). Then

L
(
(ξ − λs)/

√
λs
)
→ N (0, 1).

Remark. We used the Chen�Stein method [1] and the proof scheme proposed in
[2,3] to establish the theorem 1.
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R E F E R E N C E S
1. Barbour A.D., Holst L., Janson S. Poisson Approximation. Oxford: Oxford Univ. Press, 1992. 277 p.
2. Mikhailov V.G., Shoitov A.M. On repetitions of long tuples in a Markov chain. Discrete Math. Appl. 2015. V. 25, �5.

P. 295�303.
3. Minakov A.A. Poisson approximation for the number of non-decreasing runs in Markov chains. Mat. Vopr. Cryptogr.

2018. V. 9, �2. P. 103�116.

N.M. Mezhennaya, V.G.Mikhailov (Moscow, Russia)
natalia.mezhennaya@gmail.com, mikh_vg@mail.ru

ON THE NUMBER OF ONES IN THE MULTICYCLIC SEQUENCE

Let (x
(j)
0 , . . . , x

(j)
mj−1), j = 1, . . . , r, be independent binary random vectors with

lengths m1, . . . ,mr ≥ 2, f(y1, . . . , yr) be a Boolean function, essentially dependent
on all its arguments, t(m) = t mod m.

Consider a multicyclic sequence zt = f
(
x

(1)
t(m1), . . . , x

(r)
t(mr)

)
, t ≥ 0. Let ξ be the

number of ones in (z0, . . . , zm1...mr−1), sj be the number of ones in (x
(j)
0 , . . . , x

(j)
mj−1),

j = 1, . . . , r.

Denote by
d−→ convergence in distribution.

Condition 1. Let mj → ∞ and there exist the numbers aj è bj > 0 : s̃j =

b−1
j (aj−2sj)

d−→ ηj, where ηj are proper random variables, (mj−aj)/mj = αj ∈ [−1; 1],

bj/mj → 0,
m1bj
mjb1
→ ρj ∈ (0; 1], j = 1, . . . , r.

Let
B2
k =

∑
1≤j1<...<jk≤r

β2
j1,...,jk

, βj1,...,jk = −1

2

ρj1 . . . ρjk
ρ1 . . . ρk

(
Wf(1(j1,...,jk))+

+
r−k∑
u=1

∑
1≤i1<...<iu≤r,

|{j1,...,jk,i1,...,iu}|=k+u

Wf(1(j1,...,jk,i1,...,iu))
u∏
l=1

αil

)
,

A =
1

2

r∑
k=1

∑
1≤j1<...<jk≤r

Wf(1(j1,...,jk))
k∏
l=1

(
mjl − ajl
mjl

)
− wt(f),

where wt(f) and Wf(z) are weight and Walsh�Hardamard coe�cient of the func-
tion f [1], 1(j1,...,jk) ∈ {0, 1}r is a binary vector with set of ones {j1, . . . , jk}, |A| is a
cardinality of set A.
Condition 2. There exists a number q : 1 ≤ q ≤ r, such that B2

k = 0 as k =
1, . . . , q − 1, and B2

q > 0.
Theorem 1. Under conditions 1 and 2

m1 . . .mq

b1 . . . bq

(
2rξ

m1 . . .mr
+ A

)
d−→ Vq =

∑
1≤j1<...<jq≤r

βj1,...,jqηj1 . . . ηjq .

.
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ON RISK EVALUATION FOR CRYPTOCURRENCY MARKETS
USING AN LSTM ARTIFICIAL NEURAL NETWORK 1

Due to the nature of cryptocurrencies and their dynamics, which can be characterized
with both high liquidity and high volatility, options on cryptocurrencies are rarely used
on exchanges. Perhaps the main reasons for that is a shortage of models, which are
capable of evaluating risks with a satisfactory level of accuracy and speed. One of the
most important of them is the risk of crossing a certain level by an asset price.
This risk can be interpreted as a price of a �rst touch digital option (see e.g. [3]).

To calculate it we acquire the Poloniex exchange data for the BTC/USDT pair and
construct an arti�cial LSTM (long-short term memory, proposed in [1]) neural network
analogous to ones in [2, 4].
We choose a number of strikes and calculate normalized histograms of historical

frequencies of crossing each of them for a �xed time window. Then we use this data to
predict the price of a �rst touch digital option for a given strike. We also calibrate a
CGMY model using an algorithm based on the fast Wiener-Hopf factorization method
in a way proposed in [3]. Finally, we compare the prices obtained by the CGMY model
and the ones predicted by the LSTM network, with historical data.

R E F E R E N C E S
1. Hochreiter S. and Schmidhuber J. Long short-term memory, Neural Computation. 1997. Vol. 9, No. 8, pp. 1735�1780,

DOI:10.1162/neco.1997.9.8.1735.
2. Kim T. and Kim HY. Forecasting stock prices with a feature fusion LSTM-CNN model using di�erent representations of

the same data. PLoS ONE. 2019. Vol. 14, No. 2, DOI: https://doi.org/10.1371/journal.pone.0212320
3. Kudryavtsev, O. and Grechko, S. Statistical methods for calibrating models of cryptocurrencies prices. Accounting and

Statistics. 2018. Vol. 4, No. 52, pp. 67�76. ISSN 194-0874.
4. Nelson D.M.Q., Pereira A.C.M. Stock market's price movement

prediction with LSTM neural networks. International Joint Conference on Neural Networks (IJCNN). 2017. DOI: 10.1109/
IJCNN. 2017.7966019

Rokhlin D.B. (Southern Federal University, Russia)
dbrohlin@sfedu.ru

A PRICING SCHEME FOR RESOURCE MANAGEMENT IN A
NETWORK WITH LARGE NUMBER OF SOURCES 2

We consider a communication network with small numbers of links, shared by large
number of sources. According to the network utility maximization (NUM) paradigm

1The reported study was funded by RFBR according to the research projects No 18-01-00910.
2The research was supported by the Russian Science Foundation, project 17-19-01038.
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of [1] we assign a utility function to each source and consider a pricing mechanism for
transmission rates over each link to e�ectively manage the available resources.
In contrast to the usual hypothesis, we do not assume that the aggregate tra�c,

generated by the sources over each link, is known. Instead we consider an online pricing
scheme, based on the knowledge of link capacities b, the total number N of sources and
the reactions of randomly selected sources to the current price vector λ . This problem
statement makes sense, since the packets from sources do not come simultaneously.
The proposed online pricing scheme is based on the dual projected stochastic gradient

descent method. For a special class of utility functions we show that the upper bounds
for the amount of constraint violation and the inaccuracy in the aggregate utility
approximation are bounded by O(T−1/4) uniformly in N , where T is the number
of source reaction measurements. The fast gradient descent method of [3], applied
to the NUM problem in [2], bounds the same quantities by O(T−1). However, each
iteration of the latter method requires N rate measurements (under the assumption
that such information is available). So, for large values of N our algorithm may require
smaller number of measurements to achieve the desired accuracy. The performance of
the proposed algorithm is illustrated by computer experiments with quadratic utility
functions.

R E F E R E N C E S
1. Kelly F. P., Maulloo A., Tan D. Rate control for communication networks: Shadow prices proportional fairness and

stability. J. Oper. Res. Soc. 1998. Vol. 49, No. 3, pp. 237�252.
2. Beck A., Nedic A., Ozdaglar A., Teboulle M. An O(1/k) gradient method for network resource allocation problems. Trans.

Control Netw. Syst. 2014. Vol. 1, No. 1, pp. 64�73.
3. Nesterov E. A method for solving the convex programming problem with convergence rate O(1/k2). Dokl. Akad. Nauk

SSSR. 1983. Vol. 269, No. 3, pp. 543�547.

Å.Â. Àëûìîâà (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
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ÏÐÎÃÍÎÇÈÐÎÂÀÍÈÅ ÔÈÍÀÍÑÎÂÛÕ ÂÐÅÌÅÍÍÛÕ ÐßÄÎÂ ÍÀ
ÎÑÍÎÂÅ ÌÎÄÓËß ÍÅÉÐÎÍÍÛÕ ÑÅÒÅÉ Â RAPIDMINER

Çàäà÷à ïðåäñêàçàíèÿ ôèíàíñîâûõ âðåìåííûõ ðÿäîâ àêòóàëüíà â ëþáîì âèäå èí-
âåñòèöèîííîé äåÿòåëüíîñòè. Öåëü ïðåäñêàçàíèÿ � îïðåäåëåíèå òåíäåíöèé âðåìåí-
íîãî ðÿäà ñ òåì, ÷òîáû íàèáîëåå ýôôåêòèâíî ïðèíèìàòü ðåøåíèå î êóïëå-ïðîäàæå
öåííûõ áóìàã. ×àñòî ýòà çàäà÷à ðåøàåòñÿ ïðèìåíåíèåì ìåòîäèê òåõíè÷åñêîãî àíà-
ëèçà � íàáîðà ýìïèðè÷åñêèõ ïðàâèë, îñíîâàííûõ íà èíäèêàòîðàõ ïîâåäåíèÿ ðûí-
êà.
Ñ ðîñòîì ïîïóëÿðíîñòè è äîñòóïíîñòè èíñòðóìåíòîâ ìàøèííîãî îáó÷åíèÿ ïðåä-

ñêàçàíèå ôèíàíñîâûõ âðåìåííûõ ðÿäîâ ìíîãèìè èññëåäîâàòåëÿìè íà÷èíàåò ñâî-
äèòüñÿ ê çàäà÷å êëàññèôèêàöèè è ñîîòâåòñòâåííî ðåøàòüñÿ ñ ïîìîùüþ íåéðîííûõ
ñåòåé [1, 2].
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Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå ïîâåäåíèÿ âðåìåííîãî ðÿäà âà-
ëþòíîé ïàðû BTC/USD â ïåðèîä ñ ÿíâàðÿ 2017 ãîäà ïî ìàðò 2018 ãîäà â ðåæèìå
ðåàëüíîãî âðåìåíè ñ èíòåðâàëîì â îäíó ìèíóòó. Äëÿ êàæäîé åäèíèöû âðåìåíè
èçâåñòíû: ñòîèìîñòü áèòêîèíà íà íà÷àëî è êîíåö ïåðèîäà, íàèáîëåå âûñîêàÿ è
íàèáîëåå íèçêàÿ ïðåäëàãàåìàÿ öåíà, êîëè÷åñòâî ïðîäàííûõ áèòêîèíîâ â òåêóùåì
ïåðèîäå. Â ðàìêàõ äàííîé ðàáîòû ñòðîèòñÿ íåéðîííàÿ ñåòü, ðåøàþùàÿ çàäà÷ó
êëàññèôèêàöèè è ïðåäñêàçûâàþùàÿ ðîñò èëè ïàäåíèå öåíû áèòêîèíà â ñëåäóþ-
ùèõ ïåðèîäàõ.
Â êà÷åñòâå èíñòðóìåíòà ðåàëèçàöèè íåéðîííîé ñåòè âûáðàíà ïëàòôîðìà äëÿ

àíàëèçà áîëüøèõ äàííûõ Rapidminer [3], â êîòîðîé òðåáóåìûå ìîäåëè îïèñûâàþò-
ñÿ â âèäå èñïîëíÿåìûõ ïðîöåññîâ. Ïîñòðîåííûé â äàííîé ðàáîòå ïðîöåññ îñíîâû-
âàåòñÿ íà ìîäóëå íåéðîííîé ñåòè ïðÿìîãî ðàñïðîñòðàíåíèÿ. Â ðàáîòå ïîäîáðàíû
îïòèìàëüíûå ïàðàìåòðû ñåòè è èçó÷åíî å¼ ïîâåäåíèå íà ðåàëüíûõ äàííûõ.
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ÏÐÎÁËÅÌÀ ÌÈÍÈÌÀÊÑÀ Â ÊÂÀÇÈËÈÍÅÉÍÎÉ ÑÈÑÒÅÌÅ 1

Íàñòîÿùèé äîêëàä ÿâëÿåòñÿ èçëîæåíèåì ðåçóëüòàòîâ ñòàòüè [1], êîòîðàÿ, â ñâîþ
î÷åðåäü, îñíîâûâàåòñÿ íà ðàáîòàõ [2,3]. Âî âñåõ ýòèõ ñòàòüÿõ ðå÷ü èäåò îá îïòèìè-
çàöèè âçàèìîäåéñòâèÿ â ðàìêàõ åäèíîé ñèñòåìû ðÿäà ó÷ðåæäåíèé è ¾îïòèìèçàòî-
ðà¿, çàèíòåðåñîâàííîãî â óñïåøíîì ôóíêöèîíèðîâàíèè ñèñòåìû è äåéñòâóþùåãî
íà îñíîâå ýêñïåðòíûõ îöåíîê, ðåàëèçóåìûõ â çàäàíèè íåçàâèñèìûõ ñëó÷àéíûõ
ïðèîðèòåòîâ αj = αj(ω), j = 1, 2, ...k. Èññëåäîâàíèå ïîäðîáíî îïèñàííûõ â [2]
ñèñòåì êâàçèëèíåéíîãî òèïà, ìîãóùèõ èìåòü òî÷êè ëîêàëüíîãî ìàêñèìóìà, ñâî-
äèòñÿ ê èññëåäîâàíèþ íåêîåé ãëàäêîé öåëåâîé ôóíêöèè F (u1, . . . , uk−1), çàâèñÿ-
ùåé îò ñòðîãî ïîëîæèòåëüíûõ ïàðàìåòðîâ c1, . . . , ck−1. Ïóñòü ck =

∑k−1
j=1 cjbj + bk,

ãäå bj, 1 ≤ j ≤ k � ñâîáîäíûå ÷ëåíû âõîäÿùèõ â èçíà÷àëüíîå îïèñàíèå ðàñ-
ñìàòðèâàåìîé çàäà÷è ëèíåéíûõ ôóíêöèé îò n ïåðåìåííûõ. Â [2,3] äîêàçàíî: åñ-
ëè ck > 0 è P (0 < αj < 1) > 0, j = 1, . . . , k, òî ôóíêöèÿ F (u1, . . . , uk−1)
èìååò â ñâîåé îáëàñòè îïðåäåëåíèÿ åäèíñòâåííóþ òî÷êó (u?1, . . . , u

?
k−1) ëîêàëüíî-

ãî ìàêñèìóìà (ÿâëÿþùóþñÿ òàêæå òî÷êîé ãëîáàëüíîãî ìàêñèìóìà). Îáîçíà÷èì
Fmax(c1, . . . , ck−1) = F (u?1, . . . , u

?
k−1).

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 19-01-00451).
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Òåîðåìà (ñì. [1]). Ïóñòü P (0 < αj < 1) > 0, j = 1, . . . , k è bj > 0, j =
1, 2, ..., k (òî åñòü ôóíêöèÿ Fmax îïðåäåëåíà ïðè âñåõ cj > 0, j = 1, 2, ..., k − 1).
Åñëè ñóùåñòâóåò ñòàöèîíàðíàÿ òî÷êà ôóíêöèè Fmax, òî ýòà òî÷êà åäèíñòâåí-
íà è ÿâëÿåòñÿ òî÷êîé ìèíèìóìà.
×èñëåííûå ýêñïåðèìåíòû äàþò îñíîâàíèå ïîëàãàòü, ÷òî ñòàöèîíàðíàÿ òî÷êà

ôóíêöèè Fmax ñóùåñòâóåò.
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ÊÀËÈÁÐÎÂÊÀ ÈÍÄÅÊÑÀ ÀÊÒÈÂÍÎÑÒÈ ÑÊÀ×ÊÎÂ ÌÎÄÅËÅÉ
ËÅÂÈ ÏÎ ÄÀÍÍÛÌ ÊÐÈÏÒÎÂÀËÞÒ BITCOIN È ETHEREUM 1

Â ïîñëåäíèå ãîäû áóðíî ðàçâèâàåòñÿ ðûíîê êðèïòîâàëþò, êîòîðûé ïîêàçàë â
2017 ãîäó ñóùåñòâåííûé ðîñò, à â 2018 ãîäó äåìîíñòðèðîâàë ñïàä. Â íàñòîÿùåå
âðåìÿ ðûíîê ñòàáèëèçèðîâàëñÿ è íà÷èíàåò ñíîâà ðàñòè. Íàèáîëåå ïîïóëÿðíûìè
êðèïòîâàëþòàìè ÿâëÿþòñÿ bitcoin è ethereum. Êàê ïîêàçûâàþò èññëåäîâàíèÿ â
[1], íàèáîëåå àäåêâàòíûìè ìîäåëÿìè äëÿ êðèïòîâàëþò ÿâëÿþòñÿ ÷èñòî íåãàóññîâû
ìîäåëè Ëåâè.
Â äàííîé ðàáîòå áûëî ïðîâåäåíî èññëåäîâàíèå ëîãàðèôìîâ äîõîäíîñòè êóðñîâ

êðèïòîâàëþò bitcoin è ethereum ïî îòíîøåíèþ ê äîëëàðó ÑØÀ íà îñíîâå äàí-
íûõ êîòèðîâîê ñ êðèïòîáèðæè GDAX ñ øàãîì â 1 ìèíóòó çà 2017 è 2018 ãîäû. Â
òàáëèöå 1 ïðèâåäåíû ñðåäíåå çíà÷åíèå òî÷å÷íîé îöåíêè èíäåêñà àêòèâíîñòè è äî-
âåðèòåëüíûå èíòåðâàëû äëÿ ñðåäíåãî. Ðåçóëüòàòû ïîäòâåðäèëè ïðåäïîëîæåíèå î

Òàáëèöà 1: Îöåíêè èíäåêñà àêòèâíîñòè ñêà÷êîâ êóðñîâ bitcoin è ethereum
êðèïòîâàëþòà ãîä ñðåäíåå èíòåðâàë
BTC 2017 0.90905206497 (0.870051,0.948053)
BTC 2018 0.746032620422 (0.716193, 0.775872)
ETH 2017 0.957929316457 (0.907175,1.00868)
ETH 2018 0.970967822512 (0.939202,1.00273)

íàëè÷èè ñêà÷êîâ â äèíàìèêå àêòèâà è ïîêàçàëè îòñóòñòâèå äèôôóçèîííîé ñîñòàâ-
ëÿþùåé è ñíîñà, êàê â 2017 òàê è 2018 ãîäó. Òàêèì îáðàçîì, äëÿ ìîäåëèðîâàíèÿ
öåí êðèïòîâàëþò bitcoin è ethereum ïðè ðàñ÷åòå áåçàðáèòðàæíûõ öåí îïöèîíîâ
âìåñòî äèôôóçèîííûõ ìîäåëåé ñëåäóåò èñïîëüçîâàòü ÷èñòî íåãàóññîâûå ìîäåëè
Ëåâè ñ îãðàíè÷åííîé âàðèàöèåé.

1Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò � 18-01-00910 A.
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Î ÑËÀÁÎ ÈÍÒÅÐÏÎËÈÐÓÅÌÛÕ ÐÛÍÊÀÕ1

Èíòåðïîëèðîâàíèå (â ñëàáîì ñìûñëå [1]) ôèíàíñîâûõ (B, S)-ðûíêîâ äî ïîëíûõ
îñíîâûâàåòñÿ íà âû÷èñëåíèè ìàðòèíãàëüíûõ ìåð, óäîâëåòâîðÿþùèõ îñëàáëåííî-
ìó óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ (ñëàáî èíòåðïîëÿöèîííûå ìàðòèíãàëüíûå
ìåðû). Â íàñòîÿùåé ðàáîòå óñèëèâàåòñÿ ðåçóëüòàò â óêàçàííîì íàïðàâëåíèè, ïî-
ëó÷åííûé â [2].
Ðàññìîòðèì îäíîøàãîâóþ ôèëüòðàöèþ (Ω,F0,F1),

ãäå F0 = {Ω,Ø}, F1 = σ(B1, B2, . . . ), {B1, B2, . . . } � íåïåðåñåêàþùèåñÿ ïîäìíîæå-
ñòâà Ω,

⋃∞
i=1Bi = Ω. Äëÿ ïðîöåññà Z = (Zk,Fk)1

k=0 ââåäåì îáîçíà÷åíèÿ: a := Z0,
bi := Z1|Bi, i = 1, 2, . . . . Ïóñòü F = (Fk)1

k=0 è P(Z,F) � ìíîæåñòâî âåðîÿòíîñòíûõ
ìåð P íà (Ω,F), äëÿ êîòîðûõ P (Bi) > 0, i = 1, 2, . . . , è ïðîöåññ Z = (Zk,Fk, P )1

k=0

ÿâëÿåòñÿ ìàðòèíãàëîì. Ìû ïðåäïîëàãàåì, ÷òî P(Z,F) 6= Ø.
Îáîçíà÷èì ìíîæåñòâî ñëàáî èíòåðïîëÿöèîííûõ ìàðòèíãàëüíûõ ìåð ÷åðåç

ÎÓÍÁ(Z).

Òåîðåìà. Ïóñòü ÷èñëî a èððàöèîíàëüíî. Ïóñòü ïîñëåäîâàòåëüíîñòü {bi}∞i=1

ñîäåðæèò ñ÷åòíîå ÷èñëî ðàçëè÷íûõ ðàöèîíàëüíûõ ÷èñåë. Åñëè â {bi}∞i=1 íå ñî-
äåðæèòñÿ êîíå÷íîãî íàáîðà {bij}kj=1 òàêîãî, ÷òî ïðè íåêîòîðûõ ðàöèîíàëüíûõ
d0, d1, . . . , dk âûïîëíÿåòñÿ ðàâåíñòâî a = d0 +d1bi1 + · · ·+dkbik, òî ÎÓÍÁ(Z) 6= ∅.
Çàìå÷àíèå. Îòëè÷èå ñôîðìóëèðîâàííîãî ðåçóëüòàò îò ñîîòâåòñòâóþùåé òåî-

ðåìû â [2] ñîñòîèò â ñëåäóþùåì. Â [2] òðåáîâàëîñü, ÷òîáû â ïîñëåäîâàòåëüíîñòè
{bi}∞i=1 ñîäåðæàëîñü ëèøü êîíå÷íîå ÷èñëî èððàöèîíàëüíûõ ÷èñåë, à â ñôîðìóëè-
ðîâàííîé çäåñü òåîðåìû ýòîãî íå òðåáóåòñÿ.
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Ïóñòü (Ω,F , P ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî. Â íàñòîÿùåé ðàáîòå ðàññìàòðè-
âàåòñÿ ôóíêöèÿ âèäà:

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 19-01-00451).
2Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 19-01-00451).
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F (u1, u2, . . . , un) = EP

(
k∏
j=1

fj(uj, ·)

)
, (1)

ãäå êàæäàÿ ôóíêöèÿ fj(uj, ω), j = 1, . . . , k, óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) fj(uj, ω) îïðåäåëåíà è èçìåðèìà íà [0,∞) × Ω, ïðè P -ïî÷òè âñåõ ω ∈ Ω

íåïðåðûâíà íà [0,∞) è óäîâëåòâîðÿåò ðàâåíñòâó fj(0, ω) = 0;
2) fj(uj, ω) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà íà (0,∞) ïðè P -ïî÷òè âñåõ

ω ∈ Ω, ïðè÷åì ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå îãðàíè÷åíû íà ìíîæåñòâàõ âèäà
K × Ω, ãäå K � êîìïàêò íà (0,∞);
3) ïðè P -ïî÷òè âñåõ ω ∈ Ω è ∀uj ∈ (0,∞) fj(uj, ω) > 0, åå ïåðâàÿ ïðîèçâîäíàÿ

ñòðîãî áîëüøå íóëÿ è åå âòîðàÿ ïðîèçâîäíàÿ ñòðîãî ìåíüøå íóëÿ.

Åñëè ïîëîæèòü fj(uj, ω) = u
αj(ω)
j , ãäå αj(ω) � ñëó÷àéíàÿ âåëè÷èíà (ïðèîðèòåò),

P (αj = 0) = 0 è P (0 < αj < 1) > 0, òî (1) ñîâïàäàåò ñ ôóíêöèåé, ïîëó÷àåìîé â
çàäà÷å îïòèìèçàöèè êâàçèëèíåéíîé ìîäåëè ñ íåçàâèñèìûìè ïðèîðèòåòàìè αj (ñì.
[1]). Êëþ÷åâóþ ðîëü â ýòîé çàäà÷å îïòèìèçàöèè èãðàëà ëåììà 2 â [1]. Ñëåäóþùåå
ïðåäëîæåíèå îáîáùàåò óêàçàííóþ ëåììó.

Ïðåäëîæåíèå. Ïóñòü φj(s), j = 1, . . . , k � ïðîèçâîëüíûå äâàæäû äèôôå-
ðåíöèðóåìûå íà íåêîòîðîì èíòåðâàëå (s1, s2) ôóíêöèè, ïðèíèìàþùèå íà ýòîì
èíòåðâàëå çíà÷åíèÿ â ìíîæåñòâå (0,∞) è óäîâëåòâîðÿþùèå íà íåì ëèáî íåðà-
âåíñòâó φ′′j (s) < 0 , ëèáî íåðàâåíñòâàì φ′j(s) 6= 0 è φ′′j (s) ≤ 0. Åñëè ôóíêöèÿ
F (s) := F (φ1(s), . . . , φk(s)) èìååò ñòàöèîíàðíóþ òî÷êó s? ∈ (0,∞), òî ýòà
òî÷êà ÿâëÿåòñÿ òî÷êîé ëîêàëüíîãî ìàêñèìóìà.
Â äîêëàäå ýòî ïðåäëîæåíèå áóäåò èñïîëüçîâàíî äëÿ îïòèìèçàöèè êâàçèëèíåé-

íîé ìîäåëè ñ çàâèñèìûìè ïðèîðèòåòàìè.
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Ñðåäè ïðåäñòàâëåííûõ â ëèòåðàòóðå ïîäõîäîâ äëÿ ïîèñêà îáúåêòîâ íà èçîáðà-
æåíèè ïî øàáëîíó, îòìåòèì ïîäõîäû, îñíîâàííûå íà ïîïàðíîì ñðàâíåíèè áëîêîâ
[1, 2] è âû÷èñëåíèè ñïåêòðàëüíûõ ïðèçíàêîâ [3, 4]. Íàìè ïðîâåäåí ñðàâíèòåëü-
íûé àíàëèç àëãîðèòìîâ ïîèñêà ôðàãìåíòîâ èçîáðàæåíèÿ ïî øàáëîíó ñ èñïîëü-
çîâàíèåì íîðìàëèçîâàííîé âçàèìíîé êîððåëÿöèîííîé ìåðû. Â êà÷åñòâå òåñòîâûõ
èçîáðàæåíèé áûëè âçÿòû ñíèìêè àâèàòåõíèêè, øàáëîíàìè âûñòóïàþò èçîáðàæå-
íèÿ âîçäóøíûõ îáúåêòîâ. Äëÿ ñðàâíåíèÿ àëãîðèòìîâ ïîèñêà áûëî ðàçðàáîòàíî
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ïðîãðàììíîå îáåñïå÷åíèå íà ÿçûêå Ñ# c èñïîëüçîâàíèåì áèáëèîòåê Emgu CV è
FFTW. Â äàííîé ðàáîòå âìåñòî ñîõðàíåíèÿ ïðîìåæóòî÷íûõ çíà÷åíèé ïðè ðàñ÷åòå
âçàèìíîé êîððåëÿöèè ìåæäó èçîáðàæåíèÿìè áûëè ïðèìåíåí ìåòîä èíòåãðàëüíûõ
òàáëèö. Ïðîâåäåíî ñðàâíåíèå ñ ðàíåå ïîëó÷åííûìè ðåçóëüòàòàìè. Ïðîãðàììà ìî-
æåò áûòü èñïîëüçîâàíà ïðè ðàçðàáîòêå óíèâåðñàëüíîé ïëàòôîðìû ïîèñêà îáúåê-
òîâ èñêóññòâåííîãî ïðîèñõîæäåíèÿ.
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ÃÎÐÎÄÑÊÎÉ ÂÎÄÎÏÐÎÂÎÄÍÎÉ ÑÅÒÈ Ñ Ó×�ÒÎÌ ÈÇÍÎÑÀ
ÎÁÎÐÓÄÎÂÀÍÈß

Ïðè ïðîåêòèðîâàíèè ãîðîäñêîé âîäîïðîâîäíîé ñåòè îñíîâíûìè óðàâíåíèÿìè
äëÿ âíóòðåííåé óâÿçêè ÿâëÿþòñÿ õîðîøî èçâåñòíûå óðàâíåíèÿ áàëàíñà â óçëàõ è
óðàâíåíèÿ áàëàíñà ïîòåðü íàïîðà â ýëåìåíòàðíûõ êîëüöàõ ñåòè. Äàííàÿ ðàáîòà
ïîñâÿùåíà èçó÷åíèþ íàä¼æíîñòè òàêèõ ñåòåé. Ðàçëè÷íûå ïîäõîäû ê ó÷¼òó âëè-
ÿíèÿ ñëó÷àéíûõ ôàêòîðîâ íà ýêñïëóàòàöèîííûå ñâîéñòâà âîäîïðîâîäíûõ ñåòåé
ïðåäñòàâëåíû â ðàáîòàõ àâòîðîâ [1], [2], [3].
Â ðàáîòå ðàññìàòðèâàþòñÿ íåñêîëüêî ìîäåëüíûõ ïðèìåðîâ ýëåìåíòàðíûõ êîëåö

ñåòè. Â êà÷åñòâå îñíîâíîé õàðàêòåðèñòèêè íàä¼æíîñòè âûñòóïàåò âåðîÿòíîñòü ïî-
äà÷è âîäû â íåêîòîðóþ êîíå÷íóþ òî÷êó. Ýòà âåðîÿòíîñòü âûðàæàåòñÿ ÷åðåç âå-
ðîÿòíîñòè áåçîòêàçíîé ðàáîòû îòäåëüíûõ ýëåìåíòîâ òðóáîïðîâîäà. Ïðè ýòîì âå-
ðîÿòíîñòü îòêàçà íåêîòîðîãî ýëåìåíòà çàâèñèò îò êîýôôèöèåíòà ýêâèâàëåíòíîé
øåðîõîâàòîñòè ýòîãî ýëåìåíòà, êîòîðûé îòðàæàåò èçìåíåíèå ýêñïëóàòàöèîííûõ
ñâîéñòâ àðìàòóðû è òðóá, ñâÿçàííûõ ñ äëèòåëüíîñòüþ èõ èñïîëüçîâàíèÿ, õèìè÷å-
ñêèì ñîñòàâîì âîäû è ïð.
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ÏÎÒÅÍÖÈÀËÛ ÁÅÑÑÅËß Â ÏÐÎÑÒÐÀÍÑÒÂÀÕ Lp ÑÎ
ÑÌÅØÀÍÍÎÉ ÍÎÐÌÎÉ ÍÀ ÁÅÑÊÎÍÅ×ÍÎÌÅÐÍÎÌ

ÖÈËÈÍÄÐÅ

Îïðåäåëèì Lp ïðîñòðàíñòâà ñî ñìåøàííîé íîðìîé äëÿ ôóíêöèé íà öèëèíäðè-
÷åñêèõ ìíîæåñòâàõ, ÿâëÿþùèõñÿ äåêàðòîâûì ïîèçâåäåíèåì áåñêîíå÷íîìåðíîãî òî-
ðà T∞ è åâêëèäîâà ïðîñòðàíñòâà Rm, ïðè÷åì äëÿ T∞ èñïîëüçóåì îïðåäåëåíèå Lp̄
ïðîñòðàíñòâ èç ðàáîòû [1], êîòîðîå â êîíå÷íîìåðíîì ñëó÷àå îòëè÷àåòñÿ îò îïðå-
äåëåíèÿ Benedek A., Panzone R. ïîðÿäêîì âçÿòèÿ íîðì. Îòîæäåñòâèì ôóíêöèè
f(θ, x) ñ ïåðèîäè÷åñêèìè ôóíêöèÿìè ïî êîîðäèíàòàì âåêòîðà θ ñ áåñêîíå÷íûì
÷èñëîì êîîðäèíàò θ = (θ1, θ2, ...) è x ∈ Rm . Èñïîëüçóÿ ïëîòíîñòü íîðìàëüíîãî
ðàñïðåäåëåíèÿ wt(x) ñ ïàðàìåòðàìè (0, 2t) è ïåðèîäèçàöèþ ýòîé ïëîòíîñòè wt(θ),
îïðåäåëèì ìåðó dµwtσ2

k

(θ)dQk íà òîðå è ìåðó µt Ãàóññà-Âåéåðøòðàññà íà öèëèí-

äðå T∞×Rm òàê, ÷òî îãðàíè÷åíèå ýòîé ìåðû íà êîíå÷íîìåðíûå öèëèíäðû èìååò
ïëîòíîñòü wt(θ, x) =

∏n
k=1wtσ2

k
(θk)

∏k
i=1wt(xk), à òàêæå ÿäðî ïîòåíöèàëà Áåññåëÿ

Gα(θ, x) = 1/Γ(α/2)

∫ ∞
0

tα/2−1e−twt(θ, x)dt.

Ïîòåíöèàë Áåññåëÿ Gα
cϕ îïðåäåëÿåòñÿ êàê ñâåðòêà ôóíêöèè ϕ ñ ÿäðîì Gα. Ñëåäó-

þùàÿ òåîðåìà îöåíèâàåò ìåðó µt â Lp íà T
∞, óòî÷íÿåò òåîðåìó 10, [2] è ïîçâîëÿåò

äîêàçàòü òåîðåìó Ñîáîëåâà äëÿ ñìåøàííûõ íîðì íà áåñêîíå÷íîìåðíîì öèëèíäðå:
Òåîðåìà 1. Ïóñòü p = (p1, p2, ...), 1 ≤ p < ∞ , 1

p + 1
q = 1 è âûïîëíÿþòñÿ

óñëîâèÿ a)δ =
∞∑
k=1

1
qk
<∞, b)

∞∑
k=1

σk <∞, c)
∞∏
k=1

σ
1
qk

k > 0, òîãäà ‖µt‖ ≤ c(1 + t−δ/2).
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Èíòåðïîëÿöèîííûå ìàðòèíãàëüíûå ìåðû ÿâëÿþòñÿ îñíîâîé ìåòîäèêè, ïîçâî-
ëÿþùåé íà êîíå÷íûõ è ñ÷åòíûõ âåðîÿòíîñòíûõ ïðîñòðàíñòâàõ èíòåðïîëèðîâàòü
íåïîëíûå áåçàðáèòðàæíûå ðûíêè äî ïîëíûõ è òåì ñàìûì ñòðîèòü íà ïîëó÷à-
åìûõ ðàñøèðåííûõ ðûíêàõ ñîâåðøåííûå õåäæè. Õîðîøî èçâåñòíî, ÷òî êàæäàÿ
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ìàðòèíãàëüíàÿ ìåðà, ýêâèâàëåíòíàÿ èñõîäíîé "ôèçè÷åñêîé"âåðîÿòíîñòè P , êàíî-
íè÷åñêèì îáðàçîì ïîðîæäàåò ìàðòèíãàëüíûé äåôëÿòîð, òî åñòü ïîëîæèòåëüíûé
ìàðòèíãàë îòíîñèòåëüíî P , êîòîðûé ïðè óìíîæåíèè íà äèñêîíòèðîâàííóþ öå-
íó àêöèè íà èñõîäíîì ðûíêå äàåò ìàðòèíãàë îòíîñèòåëüíî P . Â íàñòîÿùåå âðåìÿ
òåîðèÿ äåôëÿòîðîâ äîñòàòî÷íî õîðîøî ðàçâèòà (â îñíîâíîì, èíîñòðàííûìè ñïåöè-
àëèñòàìè). Â ïðåäñòàâëåííîì äîêëàäå äëÿ ñòàòè÷åñêèõ ìîäåëåé áóäóò îáñóæäåíû
ýëåìåíòû íîâîé êîíöåïöèè èíòåðïîëÿöèîííûõ äåôëÿòîðîâ.
Ïóñòü (Ω,F , P ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî, à (Fk)1

k=0 � ôèëüòðàöèÿ íà Ω:
F0 = {Ω, ∅}, F1 = σ(B1, B2, . . . ), ãäå {B1, B2, . . . } ⊂ F åñòü ðàçáèåíèå Ω íà àòî-
ìû, èìåþùèå ïîëîæèòåëüíóþ P -âåðîÿòíîñòü. Ïóñòü Z = (Zk,Fk, P )1

k=0 � àäàï-
òèðîâàííûé îäíîøàãîâûé ïðîöåññ (íàïðèìåð, äèñêîíòèðîâàííàÿ öåíà àêöèè), à
H = (Hk,Fk, P )1

k=0 � ñòðîãî ïîëîæèòåëüíûé ïðîöåññ ñ H0 = 1. Çàôèêñèðóåì
íåêîòîðîå ñåìåéñòâî èíòåðïîëèðóþùèõ ôèëüòðàöèé F = {Fα}, ãäå Fα = (Fα

n )∞n=0

è äëÿ êàæäîãî èíäåêñà α âûïîëíÿþòñÿ ðàâåíñòâà: Fα
0 = F0, Fα

∞ = F1. Êàêèì-òî
îáðàçîì ïîëó÷åííûå Fα-èíòåðïîëèðóþùèå ïðîöåññû äëÿ ïðîöåññîâ Z è H áóäåì
îáîçíà÷àòü Zα = (Zα

k ,Fk, P )∞k=0, ãäå Z
α
0 = Z0, Z

α
∞ = Z1, è H

α = (Hα
k ,Fk, P )∞k=0, ãäå

Hα
0 = H0, H

α
∞ = H1. Ïðîöåññ H (ñîîòâ., Hα) áóäåì íàçûâàòü äåôëÿòîðîì ïðîöåññà

Z (ñîîòâ., Zα), åñëè îí óäîâëåòâîðÿåò íåêîåìó ñâîéñòâó M (íàïðèìåð, H è HZ
� ìàðòèíãàëû, èëè Hα è HαZα � ìàðòèíãàëû). Ïóñòü äëÿ äåôëÿòîðîâ H è Hα

îïðåäåëåíî ñâîéñòâî U (íàïðèìåð, ñâîéñòâî åäèíñòâåííîñòè äåôëÿòîðà). Îáû÷íî
ìû èìååì, ÷òî äëÿ äåôëÿòîðîâ H ñâîéñòâî U íå âûïîëíÿåòñÿ (äåôëÿòîð H íå
åäèíñòâåíåí). Äåôëÿòîð H ïðîöåññà Z áóäåì íàçûâàòü F-èíòåðïîëÿöèîííûì äå-
ôëÿòîðîì, åñëè äëÿ ëþáîãî α ïðîöåññ Hα ÿâëÿåòñÿ äåôëÿòîðîì ïðîöåññà Zα (ò.å.
óäîâëåòâîðÿåò ñâîéñòâó M), à òàêæå óäîâëåòâîðÿåò ñâîéñòâó U.
Â äîêëàäå áóäóò ïðèâåäåíû êîíêðåòíûå ðåàëèçàöèè äàííîãî îáùåãî îïðåäåëå-

íèÿ, à òàêæå ðàññìîòðåí ñëó÷àé êîíå÷íîãî Ω.

Å. Ã. ×óá (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
elenachub111@gmail.com

ÑÓÁÎÏÒÈÌÀËÜÍÎÅ ÓÏÐÀÂËÅÍÈÅ ÂÅÊÒÎÐÎÌ ÑÎÑÒÎßÍÈß
ÒÅËÅÊÎÌÌÓÍÈÊÀÖÈÎÍÍÎÉ ÑÈÑÒÅÌÛ ÏÎÄÂÈÆÍÎÃÎ

ÎÁÚÅÊÒÀ1

Ðàçðàáîòàíà ìîäåëü óïðàâëÿåìîé òåëåêîììóíèêàöèîííîé ñèñòåìû ïîäâèæíîãî
îáúåêòà íà îñíîâå èñïîëüçîâàíèÿ èíôîðìàöèîííûõ êðèòåðèåâ. Óïðàâëåíèå ñèíòå-
çèðîâàíî íà ïðèìåðå êðèòåðèÿ Øåííîíà. Îòëè÷èòåëüíàÿ îñîáåííîñòü ïðåäëîæåí-
íîãî ìåòîäà ðåøåíèÿ ïîñòàâëåííîé çàäà÷è � ñâåäåíèå ðåøåíèÿ äèôôåðåíöèàëüíî-
ãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ê èíòåãðèðîâàíèþ ñèñòåìû îáûêíîâåííûõ

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ïðîåêò 19-01-00451).
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äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðåäëîæåííûå ïîäõîäû ïîçâîëÿþò çíà÷èòåëüíî
ñîêðàòèòü âû÷èñëèòåëüíûå çàòðàòû, ÷òî îáåñïå÷èâàåò èõ ýôôåêòèâíîå èñïîëüçî-
âàíèå â ñîâðåìåííûõ âû÷èñëèòåëÿõ.

Ë È Ò Å Ð À Ò Ó Ð À
1. Ñîêîëîâ Ñ.Â. Î ðåøåíèè ïðîáëåìû ñèíòåçà ñòîõàñòè÷åñêîãî îïòèìàëüíîãî óïðàâëåíèÿ íà îñíîâå íåëèíåéíûõ âåðî-

ÿòíîñòíûõ êðèòåðèåâ. ÏÌÌ. 1996. Òîì 60, âûï. 4.
2. /Õóòîðöåâ Â.Â., Ñîêîëîâ Ñ.Â., Øåâ÷óê Ï.Ñ. Ñîâðåìåííûå ïðèíöèïû óïðàâëåíèÿ è ôèëüòðàöèè â ñòîõàñòè÷åñêèõ

ñèñòåìàõ. Ì.: Ðàäèî è ñâÿçü. 2001.
3. Òåðòû÷íûé-Äàóðè Â.Þ. Ñòîõàñòè÷åñêàÿ ìåõàíèêà. Ì.: Ôàêòîðèàë Ïðåññ. 2001.

Â.Â. Øàìðàåâà (Ìîñêâà, Ðîññèÿ)
shamraeva@mail.ru

ÈÑÑËÅÄÎÂÀÍÈÅ ÑÒÐÓÊÒÓÐÛ ÏÎÄÌÍÎÆÅÑÒÂÀ
ÌÀÐÒÈÍÃÀËÜÍÛÕ ÌÅÐ Â ÑËÓ×ÀÅ ÎÄÍÎØÀÃÎÂÎÉ ÌÎÄÅËÈ

ÔÈÍÀÍÑÎÂÎÃÎ ÐÛÍÊÀ Ñ ÁÅÑÊÎÍÅ×ÍÛÌ ×ÈÑËÎÌ
ÑÎÑÒÎßÍÈÉ

Ðàññìîòðèì áåçàðáèòðàæíûé è íåïîëíûé (B, S)-ðûíîê, çàäàííûé íà {Ω,F},
ãäå Ω = {ωi}∞i=1, F = (F0,F1), Z = (Zi,Fi)1

i=0 � F-àäàïòèðîâàííûé ñëó÷àéíûé
ïðîöåññ. P (Z,F) ìíîæåñòâî íåâûðîæäåííûõ ìàðòèíãàëüíûõ ìåð ýòîãî ðûíêà.
Ïóñòü Z0 = a, Z1(ωi) = bi, bi > 0, i = 1, 2, . . . è P ∈ P (Z,F). Áóäåì ãîâîðèòü,
P ÷òî óäîâëåòâîðÿåò îñëàáëåííîìó óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ
(ÎÓÍÁ), åñëè ∀i = 1, 2, ... è äëÿ ëþáîãî íàáîðà èíäåêñîâ J ⊂ {1, 2, ...} \ {i}

òàêîãî, ÷òî äîïîëíåíèå J êîíå÷íî, âûïîëíÿåòñÿ íåðàâåíñòâî bi 6=
∑
j∈J

bjpj∑
j∈J

pj
. Íåðàâåí-

ñòâà bi >
bi−1 min

26j6i−1
pj+

∞∑
j=i+1

bjpj

min
26j6i−1

pj+
∞∑

j=i+1

pj
, ∀i ∈ I, ãäå I ⊂ {2, 3, ...} � íåêîòîðûé íàáîð èíäåê-

ñîâ, áóäåì íàçûâàòü íåðàâåíñòâàìè, ÷àñòè÷íî ïîãëîùàþùèìè áàðèöåíòð
(Í×ÏÁ).
Ëåììà. Ïóñòü P ∈ P (Z,F). Åñëè âûïîëíÿþòñÿ

max(a− b2, (b2 − b1)p1) < (b3 − b2)p3 (1)

è Í×ÏÁ, ∀i > 3, òî ìåðà P óäîâëåòâîðÿåò ÎÓÍÁ.
Çàìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèé ëåììû âûïîëíåíî íåðàâåíñòâî b1 < b2 <

a < b3 < ....
Òåîðåìà. Ïóñòü b1 < b2 < a < b3 < .... Òîãäà ÎÓÍÁ íåïóñòî â P (Z,F).
Äëÿ òîãî,÷òîáû b1 < ... < bk−1 < a < bk < ... äîñòàòî÷íî âûïîëíåíèÿ Í×ÏÁ,

∀i > k, k = 2, 3, ... è ïîëó÷èòü îáîáùåíèå óñëîâèÿ (1). Èñïîëüçóÿ òåõíèêó äîêàçà-
òåëüñòâ èç [1], ñôîðìóëèðîâàííûå âûøå ëåììó è òåîðåìó ìîæíî äîêàçàòü è äëÿ
ìåð, óäîâëåòâîðÿþùèõ óñëîâèþ íåñîâïàäåíèÿ áàðèöåíòðîâ (ÓÍÁ) [2].
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G. I. Belyavsky, M.A. Girchenko, N.V. Danilova (SFU, Rostov-on-Don,
Russia)

beliavsky@hotmail.com
THE CALCULATION OF THE PROBABILITY EXIT OF THE AREA
OF THE RANDOM PROCESS, THE COMBINED MONTE � CARLO

METHOD APPROACH

We consider a numerical method for calculating the probability of an exit from
the region by the solution of the stochastic di�erential equation: dXt = f(Xt)dt +
ϕ(Xt)dWt. Su�cient conditions of the existence and uniqueness of the strong solution
with a given initial condition are assu-med to be satis�ed. The solution is considered on
a �nite interval [0, T ]. The probability of an exit is Pout = 1−EI{(XT>a)∧XT }. There are

XT = inf
S≤t

Xs, X t = sup
S≤t

Xs. First of all, we note that the calculation of the probability

of going beyond is directly related to the solution of the heat equation with variable
coe�cients:

f(x)
∂V

∂t
+
ϕ2(x)

2

∂2V (x)

∂2x
= 0

in the area of D = {(x, t) : a < x < b, t < T} and conditions at the border:
V (x, T ) = 1, V (a, T ) = V (b, T ) = 0. The probability is Pout = 1 − V (X0, 0).
When applying numerical methods for solving this heat equation, the following serious
problems arise: a discontinuous boundary condition and a possible negativity of the
coe�cient f(x). It requires additional analysis. The proposed numerical method is free
from these problems. The method is based on piecewise approximation of the solution
of the equation by the process

Ht = Hi−1 + µi−1(t− τi−1) + σi−1Wt−τi−1
, t ∈ [τi−1, τi),

Hi = Hi−1 + µi−1(τi − τi−1) + σi−1Wτi−τi−1
,

wherein µi = f(Hi), σi = ϕ(Hi), H0 = X0. In these formulas {τi} is the partition
of the interval [0, T ]. With the frozen sequence H = {Hi} conditional expectation
E(I{(XT>a)∧XT }/H) is calculated analytically. This fact allows us to approximately
calculate the desired expected value using the Monte Carlo method:

EI{(XT>a)∧XT } ≈
1

N

N∑
j=1

E(I{(XT>a)∧XT }/H
j),

Hj is the implementation H with number j. Note that the partition of the interval may
be random. The results of computational experiments are compared, and the conclusion
about the possible universality of the numerical method is made.
The research is supported by the Russian Science Foundation, project 17-19-01038.
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I. V. Bogachev, V.V. Dudarev, R.D. Nedin (Rostov-on-Don, Russia)
bogachev89@yandex.ru

ON THE FEATURES OF MODELING INHOMOGENEOUS
VISCOELASTIC MATERIALS TAKING INTO ACCOUNT RESIDUAL

STRESSES AND STRAINS

An important task of modern mathematical modeling is the creation of adequate
models of functionally gradient materials (FGM), taking into account the presence in
them of �elds of residual stress and strain (RSS). Their main feature is the continuous
dependence of the properties on the spatial coordinates, and the properties can vary
signi�cantly in the volume of the samples according to di�erent laws. At present, the
�eld of modeling FGM with RSS, taking into account the rheological properties of
materials described by models of viscoelasticity, is poorly studied. The properties of
the viscoelastic materials are functions not only of the spatial coordinates, but also of
time, or the frequency of oscillations in the steady-state case. An important task in the
simulation of FGM is to determine the functions characterizing the properties of the
material, wich allowing to assess the compliance of the characteristics obtained in the
preparation of the sample with the calculated ones.
This research is devoted to the construction of a general model of a functional-

gradient material, taking into account the presence of non-uniform �elds of residual
stress and strain and viscoelastic properties. Viscoelastic properties are modeled using
the theory of complex modules and the correspondence principle. In this report, a
general formulation of the problem of steady-state vibrations of a viscoelastic FGM
body with RSS is obtained. On its basis, to study the in�uence of factors of residual
stress and strain (deformations) on the amplitude-frequency characteristics (AFC) of
bodies, problems on the oscillations of a non-uniform rod and tube were considered.
The purpose of the analysis was to assess the possibility of identifying the functions
characterizing the RSS according to the data on the values of the frequency response
at certain points of the objects. In both model cases, two sets of experiments were
carried out to study the e�ect of residual stress factors and residual deformations on
AFC and the maximums of AFC, which corresponding to the resonant frequencies in
the elastic case. Both for the rod and for the pipe, results were obtained indicating
that the residual deformations have a signi�cantly greater e�ect on the AFC than the
residual stress.
This work was supported by the Russian Science Foundation (project code 18-71-

10045).
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I.M. Erusalimskiy (Rostov-on-Don, Russia)
ymerusalimskiy@sfedu.ru

¾N¿-¾1¿-REACHABILITY ON A GRAPH-LATTICE: WAYS,
RANDOM WALKS, SOME IDENTITIES

The subject under consideration is a graph-lattice with ¾n¿-¾1¿ constraints on
reachability. Graph-lattice has vertices at points with non-negative integer coordinates.
Each vertex has two outgoing edges: horizontal edge and vertical edge to the
neighboring vertices � right and top.
Admissible ways in the case of ¾n¿-¾1¿ reachability are paths which satisfy the

additional condition. This condition consists of divisibility by n of the quantity of
edges in way segments, consisting only of horizontal edges, which are the maximum
with respect to the embedding. This restriction does not apply to �nal segment of the
ways consist of horizontal edges. We obtained formula for the number of ¾n¿-¾1¿ ways,
leading from the vertex to the vertex. This allowed us to obtain a new identity for the
binomial coe�cients.
The process of a random walk via ¾n¿-¾1¿ ways on a graph-lattice is considered. It

is shown that it is locally reduced to the Markov process on the subgraph determined
by the starting vertex. We obtained the formula for probability of transition from the
vertex to the vertex via ¾n¿-¾1¿ ways.
Obtained results continue the research presented in papers [1�3].

R E F E R E N C E S
1. Erusalimskiy I.M. Graph-lattice: random walk and combinatorial identities. Bol. Soc. Mat. Mex. 2016. (3) 22 (2), pp. 329�

225.
2. Erusalimskiy I.M. A random walk on a graph-lattice and combinatorial identities. Inzh. Vestn. Dona. 2015. Vol. 2, No. 2.

http://www.ivdon.ru/ru/magazine/archive/n2p2y2015/2964
3. Erusalimskii Ya.M. 2�3 Paths in a Lattice Graph: Random Walks. Mathematical Notes. 2018. Vol. 104, Issue 3�4, pp. 395�

403.

A.B. Ghazaryan (Yerevan, Armenia)
ghazaryan.aghasi@gmail.com

ON THE PALETTE INDEX OF A GRAPH: THE CASE OF
GENERALIZED THETA GRAPHS

Given a proper edge coloring φ of a graph G, we de�ne the palette SG(v, φ) of a
vertex v ∈ V (G) as the set of all colors appearing on edges incident with v. The palette
index š(G) of G is the minimum number of distinct palettes occurring in a proper edge
coloring of G.
The palette index was introduced by Hornak et al. [1] and has so far primarily been

studied for the case of regular graphs. Very little is known about the palette index of
non-regular graphs. Hornak et al. in [1] completely determined the palette index of the
complete bipartite graphs Ka,b with a < 5.
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The generalized theta graph θn1,...,nk consists of a pair of endvertices joined by k
internally disjoint paths of lengths n1, . . . , nk ≥ 1.
In this work we completely determine the palette index of generalized theta graphs.

Theorem the numbers n1, n2, . . . , nk, and k > 2 are natural numbers, the number
of odd numbers from n1, . . . , nk is a, and the number of even numbers from n1, . . . , nk
is b. Then for the graph G = θn1,n2,...,nk the fallowing equalities are true:

1. š(G) =


l + 1 a = 0(mod 2), b = 0(mod 2)

l + 2 a = 1mod2, b = 1mod2,∃i ∈ 1, a ni = 1

l + 3 a = 1mod2, b = 1mod2,∀i ∈ 1, a ni > 1

2. š(G) =


l a = 1mod2, b = 0mod2,∃i ∈ 1, a ni = 1

l + 1 a = 1mod2, b = 0mod2,∀i ∈ 1, a ni > 1

l + 2 a = 0mod2, b = 1mod2

,

where the �rst equality is for k = 2l, and the second equality is for k = 2l + 1.
R E F E R E N C E S

1. M. Hornak, R. Kalinowski, M. Meszka, M. Wozniak Minimum number of palettes in edge colorings. Graphs and Combi-
natorics, 2014. Vol. 30, pp. 619�626.

V.A. Skorokhodov (Rostov-on-Don, Russia)
pdvaskor@yandex.ru

ON LIMIT STATES OF REGULAR DYNAMIC RESOURCES
NETWORKS

Let G(X,U, f,D) be a periodic dynamic resource network [1,2]. Every arc u = (i, j)
of such network has an throughput capacity rij, wich is periodic depended on discrete
time with period D. Every node of the network stores some amount of ¾resource¿. This
resource reallocates through networks according to the speci�ed rules.
Vector Q(t) = (q1(t), . . . , qn(t)) are called network G state in the moment t and

each of these values qi(t) is called the quantity of resource in vertex i in the moment t.
We de�ne rules of functioning of the dynamic resourse network: for each i ∈ [1;n]Z

qi(t+ 1) = qi(t)−
∑

v∈[xi]+(t)

F (v, t) +
∑

v∈[xi]−(t)

F (v, t),

where F (v, t) is a the resource �ow value, which passes through the arc v in the
moment t.
For modeling of process of reallocation of resource in dynamic graph G we concider

the same processes on the auxiliary graph G′, similar to nonstandard reachability, and
on the set of auxiliary regular graphs {Gi}D−1

i=0 .
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Lemma 1. Let Q∗i be an limit state of regular resource network Gi in case W = 1;
then

Q∗i+1(modD) = Q∗i ·P(i),

where P(i) is a stochastic matrix of dynamic network G in moment t.
Theorem 1. Let G be a regular dynamic resource network; then vector Q′∗1 =(

Q∗0, . . . ,Q
∗
D−1

)
is a limit state of auxiliary resource network G′ in case W = 1.

Theorem 2. Let G be a regular dynamic resource network; then the limit state of
auxiliary resource network G′ exists and is unique for any value of W .

R E F E R E N C E S
1. Kuznetsov O.P., Zhilyakova L.Yu. Nonsymmetric resource networks. The study of limit states. Management and

Production Engineering Review. 2011. Vol. 2, No. 3. pp. 33�39
2. Skorokhodov V.A., Chebotareva A. S. The Maximum Flow Problem in a Network with Special Conditions of Flow
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ÍÅÊÎÒÎÐÛÅ ÀËÃÎÐÈÒÌÛ ÂÎÑÑÒÀÍÎÂËÅÍÈß ÐÅØÅÍÈÉ
ÒÈÏÀ ÓÐÛÑÎÍÀ

Ðàññìàòðèâàþòñÿ íåëèíåéíûå èíòåãðàëüíûå (èëè äèñêðåòíûå) óðàâíåíèÿ òèïà
Óðûñîíà [1] îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè z(s)

Az ≡
∫ b

a

ψ(s)n(t− z(s))ds = u(t), c ≤ t ≤ d.

Â ïðèêëàäíûõ çàäà÷àõ äîñòàòî÷íî âîññòàíîâëåíèÿ õàðàêòåðíûõ òî÷åê ïîâåðõíî-
ñòè h(x) ïî ðåçóëüòàòàì äèñòàíöèîííîãî çîíäèðîâàíèÿ∫ b

a

ϕ(x, h(x), h′(x))exp

(
−λ
(
t− 2

c
Rk (h)

)2
)
dx = gk(t), k = 1, 2,

Rk(h) =
√

(M − h(x))2 + (x− ak)2,

ϕk > 0 � äîñòàòî÷íîå ÷èñëî ðàç íåïðåðûâíî äèôôåðåíöèðóåìàÿ, λ � ôèêñèðîâàí-
íûé ïàðàìåòð, λ � 1, c, M, a1, a2 � ôèêñèðîâàííûå ÷èñëà. Ïðè ýòîì H � 1,
Rk(h) 6= 0. Ïðåäïîëàãàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ h(x) ñèñòåìû ïðè çàäàííûõ
gk(t), k = 1, 2. Äëÿ ðåøåíèÿ äàííîé çàäà÷è èñïîëüçóåòñÿ ìåòîä Ëàïëàñà [2].
Çàìåòèì, ÷òî ïðè ñôîðìóëèðîâàííûõ óñëîâèÿõ îòíîñèòåëüíî H, ñòàöèîíàðíûå

òî÷êè h(x) áëèçêè ê ñòàöèîíàðíûì òî÷êàì ôóíêöèè Rk(h). Ïóñòü h1, h2, . . . , hm
óïîðÿäî÷åííîå ïî óáûâàíèþ ìíîæåñòâî çíà÷åíèé ôóíêöèè h â åå ñòàíäàðòíûõ
òî÷êàõ x1, x2, . . . , xm. Ïðåäïîëîæèì, ÷òî ðàññòîÿíèå a1, a2 îò [a, b] èìååò ïîðÿäîê

� H, òîãäà ïîñëåäîâàòåëüíîñòü Rk(hi) =
2

c

√
(M − hi(x))2 + (xi − ak)2 ÿâëÿåòñÿ
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óïîðÿäî÷åííîé ïî âîçðàñòàíèþ. Õàðàêòåðíûìè òî÷êàìè ðåøåíèÿ áóäåì ñ÷èòàòü
ñòàöèîíàðíûå òî÷êè. Ïðåäëàãàåòñÿ àëãîðèòì íàõîæäåíèÿ òàêèõ òî÷åê.
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ÄÈÔÐÀÊÖÈß ÓËÜÒÐÀÇÂÓÊÎÂÛÕ ÂÎËÍ ÍÀ ÑÊÎÏËÅÍÈßÕ
ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÕ ÏÐÅÏßÒÑÒÂÈÉ Â ÓÏÐÓÃÎÉ ÑÐÅÄÅ Ñ

Ó×ÅÒÎÌ ËÞÁÛÕ ÇÀÊÎÍÎÂ ÈÕ ÎÒÐÀÆÅÍÈÉ È
ÒÐÀÍÑÔÎÐÌÀÖÈÉ

Òåîðåòè÷åñêàÿ çíà÷èìîñòü ïðîâåäåííîãî ôóíäàìåíòàëüíîãî èññëåäîâàíèÿ ñî-
ñòîèò â ïîëó÷åíèè ÿâíîãî âûðàæåíèÿ ïåðåìåùåíèé â ïåðåîòðàæåííûõ êîíå÷íîå
÷èñëî ðàç âûñîêî÷àñòîòíûõ óïðóãèõ âîëíàõ îò ñêîïëåíèé ïðåïÿòñòâèé ïðîèçâîëü-
íîé ôîðìû ïðè ëþáûõ çàêîíàõ èõ îòðàæåíèé è òðàíñôîðìàöèé. Ïðàêòè÷åñêîå
çíà÷åíèå ñîñòîèò â ïðèìåíåíèè ïîëó÷åííûõ âûðàæåíèé ê ðàñ÷åòó âîëíîâûõ ïîëåé
â ïðîñòðàíñòâåííûõ çàäà÷àõ óëüòðàçâóêîâîãî íåðàçðóøàþùåãî êîíòðîëÿ óïðóãèõ
ìàòåðèàëîâ. Äðóãîå ïðèìåíåíèå ìîæåò áûòü ñâÿçàíî ñ èçó÷åíèåì ñâîéñòâ ìåòà-
ìàòåðèàëîâ, ïîëó÷åííûõ âêëþ÷åíèåì ñèñòåìû òâåðäûõ òåë ðàçëè÷íîé ôîðìû â
óïðóãóþ ìàòðèöó ìåòàìàòåðèàëà â ðåæèìå äèíàìè÷åñêîãî âîçäåéñòâèÿ íà íåãî.
Ðàññìîòðåíà çàäà÷à ïðîõîæäåíèÿ óëüòðàçâóêîâûõ âîëí ÷åðåç ñêîïëåíèÿ ïðî-

ñòðàíñòâåííûõ ïðåïÿòñòâèé (â òîì ÷èñëå è òðîÿêîïåðèîäè÷åñêîé ñòðóêòóðû), íà-
õîäÿùèõñÿ â áåñêîíå÷íîé òðåõìåðíîé óïðóãîé ñðåäå.
Äèíàìè÷åñêîå âîçäåéñòâèå âûáðàíî ñëåäóþùåå: â ñêîïëåíèå ïðåïÿòñòâèé ââî-

äèòñÿ èìïóëüñ ñ òîíàëüíûì çàïîëíåíèåì íåñêîëüêèìè ïåðèîäàìè ïëîñêîé âûñî-
êî÷àñòîòíîé, ìîíîõðîìàòè÷åñêîé ïðîäîëüíîé èëè ïîïåðå÷íîé óïðóãîé âîëíû, à
â íåêîòîðîé âûáðàííîé îáëàñòè óïðóãîé ñðåäû ïðèíèìàþòñÿ ïðîøåäøøèå âîë-
íû. Ïðè ýòîì êàæäàÿ èç ðàñïðîñòðàíÿþùèõñÿ âîëí ìîæåò ïðåòåðïåâàòü ëþáûå
âîçìîæíûå îòðàæåíèÿ (ïðîäîëüíîé âîëíû â ïðîäîëüíóþ, ïîïåðå÷íîé âîëíû â ïî-
ïåðå÷íóþ) è òðàíñôîðìàöèè (ïðîäîëüíîé âîëíû â ïîïåðå÷íóþ, ïîïåðå÷íîé âîëíû
â ïðîäîëüíóþ).
Óëüòðàçâóêîâîé ðåæèì êîëåáàíèé ïîçâîëÿåò ïîñòðîèòü ðåøåíèå òðåõìåðíîé çà-

äà÷è íà îñíîâå ãåîìåòðè÷åñêîé òåîðèè äèôðàêöèè. Çàäà÷à èññëåäóåòñÿ â ëîêàëü-
íîé ïîñòàíîâêå. Íà ïåðâîì ýòàïå îïðåäåëÿþòñÿ òðàåêòîðèè ëó÷åé ðàñïðîñòðàíå-
íèÿ óïðóãèõ âîëí ñ ó÷åòîì èõ îòðàæåíèé è òðàíñôîðìàöèé â òî÷êàõ çåðêàëüíîãî
îòðàæåíèÿ íà ãðàíè÷íûõ ïîâåðõíîñòÿõ ïðåïÿòñòâèé. Òðàåêòîðèè ëó÷åé ïðåäñòàâ-
ëÿþò ñîáîé ïðîñòðàíñòâåííûå ëîìàíûå ëèíèè. Ïðè ïðîõîæäåíèè êàæäîãî ëó÷à
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èç èñòî÷íèêà âîëíû ÷åðåç ñêîïëåíèå ïðåïÿòñòâèé îáðàçóåòñÿ, â îáùåì ñëó÷àå, êî-
íå÷íîå ÷èñëî ëó÷åé ñ ðàçëè÷ííûìè òèïàìè îòðàæåíèé è òðàíñôîðìàöèé óïðóãèõ
âîëí. Â îáëàñòü ïðèåìà ìîãóò ïîïàñòü êàê âñå îáðàçîâàâøèåñÿ ëó÷è, òàê è ÷àñòü
èõ.
Íà âòîðîì ýòàïå èíòåãðàëüíûå ïðåäñòàâëåíèÿ ïåðåìåùåíèé â ïåðåîòðàæåííûõ

âîëíàõ âûïèñàíû íà îñíîâå ôèçè÷åñêîé òåîðèè äèôðàêöèè Êèðõãîôà. Àñèìï-
òîòè÷åñêîé îöåíêîé êðàòíûõ äèôðàêöèîííûõ èíòåãðàëîâ ìåòîäîì ìíîãîìåðíîé
ñòàöèîíàðíîé ôàçû âûïèñàí ÿâíûé âèä ãåîìåòðîîïòè÷åñêîãî ïðèáëèæåíèÿ ïåðå-
ìåùåíèé â ìíîãîêðàòíî îòðàæåííûõ âîëíàõ. Íà îñíîâå ïîëó÷åííîãî ðåøåíèÿ â
îáëàñòè ïðèåìà èìïóëüñà àíàëèçèðóþòñÿ ôàçû è âåëè÷èíû ïåðåìåùåíèé â ïðî-
øåäøèõ ïðîäîëüíûõ è ïîïåðå÷íûõ óëüòðàçâóêîâûõ âîëíàõ.
Èññëåäîâàíèÿ ïðîâåäåíû ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî Íàó÷íîãî

Ôîíäà, ãðàíò � 15-19-10008-Ï.
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ÀËÃÎÐÈÒÌÛ ÐÅÎÏÒÈÌÈÇÀÖÈÈ Â ÌÍÎÃÎÀÃÅÍÒÍÛÕ
ÇÀÄÀ×ÀÕ ÌÀÐØÐÓÒÈÇÀÖÈÈ

Çàäà÷è êîìáèíàòîðíîé îïòèìèçàöèè (ÇÊÎ) âñòðå÷àþòñÿ ïðàêòè÷åñêè âî âñåõ
îáëàñòÿõ. Òàêèå çàäà÷è âîçíèêàþò ïðè ïëàíèðîâàíèè ïðîèçâîäñòâà, îïòèìèçàöèè
êîììóíèêàöèîííîé èíôðàñòðóêòóðû èëè ðàáîòû èñïîëíèòåëåé, àãåíòîâ, êîììèâî-
ÿæåðîâ. Èñïîëüçîâàíèå íàéäåííîãî îïòèìàëüíîãî ðåøåíèÿ ïðè ïîñòðîåíèè îïòè-
ìàëüíîãî ðåøåíèÿ äëÿ çàäà÷è ñ íîâûìè èñõîäíûìè äàííûìè (âîçìóùåííûìè íà-
÷àëüíûìè äàííûìè) ñâÿçàíî ñ ïîíÿòèåì ðåîïòèìèçàöèè (reoptimization) è óñòîé-
÷èâîñòè. Îñîáåííûé èíòåðåñ ðåîïòèìèçàöèÿ ïðåäñòàâëÿåò â NP -òðóäíûõ çàäà÷àõ,
íàïðèìåð, â çàäà÷å äëÿ íåñêîëüêèõ êîììèâîÿæåðîâ ñ äîïîëíèòåëüíûìè óñëîâè-
ÿìè (èíôîðìàöèÿ, çíàíèÿ, ïðåöåäåíòû). Â çàäà÷å î ïîèñêå ìàêñèìàëüíî ïðîñòîé
öåïè ìåæäó äâóìÿ âåðøèíàìè (ò. å. ñ ìàêñèìàëüíûì êîëè÷åñòâîì âåðøèí) êàæäîé
âåðøèíå ïðèïèñûâàåòñÿ íåêîòîðûé ïðåäèêàò, çàäàþùèé èíôîðìàöèþ î âåðøèíå
(âêëþ÷åíèå âåðøèíû â öåïü èëè èñêëþ÷åíèå è ò. ï.). Äëÿ íåñêîëüêèõ êîììèâîÿæå-
ðîâ ñ îáùåé öåëüþ çàäà÷à ñâîäèòñÿ ê ñëó÷àþ îäíîãî êîììèâîÿæåðà, êîíêóðåíöèÿ
(çàõâàò ñåòè ñ ó÷åòîì ðåñóðñîâ) � ïðèâîäèò ê èãðàì íà ãðàôàõ. Â ðåøåíèè ìíîãî-
àãåíòíîé çàäà÷è êîììèâîÿæåðà ïðèìåíÿåòñÿ êëàñòåðèçàöèÿ èñõîäíîãî ãðàôà íà
íåñêîëüêî ïîäãðàôîâ. Êëàñòåðèçàöèÿ òàêæå íåîáõîäèìà äëÿ äåêîìïîçèöèè çàäà÷è
ïðè åå áîëüøîé ðàçìåðíîñòè (èñïîëüçóåòñÿ àëãîðèòì ìàêñèìàëüíîãî ðàçðåçà). Â
ðàáîòå ïðèâåäåíû ðåçóëüòàòû ïîñòðîåíèÿ îïòèìàëüíûõ ðåøåíèé â ÇÊÎ, îáëàäàþ-
ùåé îïðåäåëåííîé ñòðóêòóðîé, äëÿ ñëó÷àåâ äîáàâëåíèÿ, óäàëåíèÿ èëè çàìåíû ýëå-
ìåíòîâ ìíîæåñòâà èñõîäíûõ äàííûõ; ðåàëèçîâàíû ïðèáëèæåííûå ýâðèñòè÷åñêèå
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àëãîðèòìû ðåøåíèÿ ïðèêëàäíûõ çàäà÷; ïðîâåäåí âû÷èñëèòåëüíûé ýêñïåðèìåíò è
ñðàâíèòåëüíûé àíàëèç ðåàëèçîâàííûõ àëãîðèòìîâ.
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ÑÅÒÅÂÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ ÄËß ÏÎÂÛØÅÍÈß
ÝÔÔÅÊÒÈÂÍÎÑÒÈ ÐÀÁÎÒÛ ÏÐÅÄÏÐÈßÒÈß

Îäíèì èç ìåòîäîâ ýêîíîìèêî � ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÿâëÿåòñÿ ñå-
òåâîå ïëàíèðîâàíèå. Ñåòåâûå ìåòîäû è ìîäåëè øèðîêî ïðèìåíÿþòñÿ äëÿ ðåøå-
íèÿ çàäà÷ êîììåðöèè. Íà èõ îñíîâå ñîçäàþòñÿ ñèñòåìû ñåòåâîãî ïëàíèðîâàíèÿ è
óïðàâëåíèÿ (ÑÏÓ). Ñåòåâîé ìîäåëüþ íàçûâàåòñÿ ýêîíîìèêî-ìàòåìàòè÷åñêàÿ ìî-
äåëü, îòðàæàþùàÿ êîìïëåêñ ðàáîò è ñîáûòèé â ãðàôè÷åñêîé ôîðìå. Ãðàôè÷åñêàÿ
÷àñòü ñîñòîèò èç ëèíèé (ðàáîò) è óçëîâ (ñîáûòèé), ò.å. ìàòåìàòè÷åñêèé àïïàðàò
ñåòåâûõ ìîäåëåé áàçèðóåòñÿ íà òåîðèè ãðàôîâ. Â ñåòåâûõ ìîäåëÿõ êðîìå îñíîâ-
íûõ ïîêàçàòåëåé (êðèòè÷åñêèé ïóòü, ðåçåðâû âðåìåíè ñîáûòèé, ðàáîò è ïóòåé)
èìåþòñÿ è äðóãèå, êîòîðûå ÿâëÿþòñÿ èñõîäíûìè äëÿ îïðåäåëåíèÿ íå ìåíåå âàæ-
íûõ õàðàêòåðèñòèê äëÿ àíàëèçà è îïòèìèçàöèè ñåòåâîãî ãðàôèêà êîìïëåêñà ðà-
áîò. Ê íèì îòíîñÿòñÿ: ðàííèé ñðîê ñîâåðøåíèÿ ñîáûòèÿ, ïîçäíèé ñðîê ñîâåðøåíèÿ
ñîáûòèÿ, ðåçåðâ âðåìåíè ñîáûòèÿ. Äëÿ âñåõ ðàáîò íà îñíîâå ðàííèõ è ïîçäíèõ ñðî-
êîâ ñâåðøåíèÿ âñåõ ñîáûòèé ñòðîèòñÿ òàáëèöà, ïîçâîëÿþùàÿ íàéòè ïîëíûé ðåçåðâ
âðåìåíè ïóòè, êîòîðûé ïîêàçûâàåò, íàñêîëüêî ìîæåò áûòü óâåëè÷åíà ñóììà ïðî-
äîëæèòåëüíîñòè âñåõ ðàáîò íà ïóòè îòíîñèòåëüíî êðèòè÷åñêîãî ïóòè. Â äàííîé ðà-
áîòå ðàññìàòðèâàåòñÿ çàäà÷à ìèíèìèçàöèè âðåìåíè, îòâåäåííîãî äëÿ âûïîëíåíèÿ
êîìïëåêñà ðàáîò ïî îðãàíèçàöèè âûñòàâêè-ïðîäàæè òîâàðîâ. Äàíà óïîðÿäî÷åí-
íàÿ ñòðóêòóðíî-âðåìåííàÿ òàáëèöà ïåðå÷íÿ ðàáîò äëÿ äàííîãî êîìïëåêñà ðàáîò.
Òðåáóåòñÿ ïîñòðîèòü ñåòåâîé ãðàôèê, îïðåäåëèòü êðèòè÷åñêèé ïóòü, êðèòè÷åñêèå
ðàáîòû, ðåçåðâû âðåìåíè, ïðîâåñòè ãðàôè÷åñêèé àíàëèç êîìïëåêñà ðàáîò è îïòè-
ìèçàöèþ ñåòåâîé ìîäåëè ïî êðèòåðèþ ìèíèìóìà âðåìåíè ïðè çàäàííûõ ðåñóðñàõ.
Êðîìå òîãî, îïðåäåëÿåòñÿ ýêîíîìèÿ ðåñóðñîâ è ìàòåðèàëüíûõ âëîæåíèé è ñòðî-
èòñÿ îïòèìàëüíûé ñåòåâîé ïëàí ðàáîò. ×òîáû ïðîâåñòè àíàëèç ñåòåâîé ìîäåëè,
à çàòåì åå îïòèìèçàöèþ, îïðåäåëåíû îñíîâíûå õàðàêòåðèñòèêè ñåòåâîãî ìîäåëè-
ðîâàíèÿ. Ýòè õàðàêòåðèñòèêè îïðåäåëåíû äâóìÿ ñïîñîáàìè àíàëèòè÷åñêè (ñ ïî-
ìîùüþ ôîðìóë) è ãðàôè÷åñêè � ïîñòðîåíèåì ñåòåâîãî ìîäåëèðîâàíèÿ. Çíà÷åíèÿ
ñâîáîäíîãî ðåçåðâà âðåìåíè ðàáîòû âû÷èñëÿåòñÿ êàê ðàçíîñòü çíà÷åíèé îïðåäå-
ëåííûõ ãðàôîâ. Âåëè÷èíû ãðàôîâ óêàçûâàþò íà ðåçåðâû ðàáîò, íåîáõîäèìûå äëÿ
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îïòèìèçàöèè ìîäåëè. Íàéäåíû çíà÷åíèÿ êîýôôèöèåíòà íàïðÿæåííîñòè, âû÷èñ-
ëåííûå ïî îïðåäåëåííîé ôîðìóëå.

Ä.Â. Êîçëîâ, Á.ß. Øòåéíáåðã (Ðîñòîâ-íà-Äîíó, Ðîññèÿ)
dvkozlov@sfedu.ru borsteinb@mail.ru

ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ ÏÐÀÂÎÂÎÃÎ ÐÅÃÓËÈÐÎÂÀÍÈß

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ ìîäåëü ïðàâîâîãî ïðîñòðàíñòâà, îðèåíòèðî-
âàííàÿ íà àíàëèç ïðàâîâîãî ðåãóëèðîâàíèÿ. Äîïîëíåíèå ýòîé ìîäåëè ñòàòèñòè÷å-
ñêîé èíôîðìàöèåé ìîæåò ïîçâîëèòü îöåíèâàòü ìàòåìàòè÷åñêîå îæèäàíèå ðàñõî-
äîâ, ñâÿçàííûõ ñ âìåøàòåëüñòâîì ïðàâîîõðàíèòåëüíûõ îðãàíîâ â ñëó÷àå ñîáûòèé
ñ íåáëàãîïðèÿòíûìè ïîñëåäñòâèÿìè è äåëàòü ïðîãíîçû òàêèõ ñîáûòèé.
Àêòóàëüíîñòü äàííîé ìîäåëè âûçâàíà òåì, ÷òî îáúåì íîðìàòèâíûõ äîêóìåíòîâ,

ðåãóëèðóþùèõ âçàèìîäåéñòâèå ñóáúåêòîâ ïðàâîâîãî ïðîñòðàíñòâà, íà÷èíàåò ïðå-
âûøàòü ãðàíèöû âîçìîæíîñòåé ÷åëîâåêà èçó÷àòü è èñïîëüçîâàòü ýòè äîêóìåíòû
[1].
Ðàçóìíûì â ýòîé ñèòóàöèè âèäèòñÿ ñîçäàíèå êîìïüþòåðíûõ èíñòðóìåíòîâ, â

òîì ÷èñëå, èñïîëüçóþùèõ ìàøèííîå îáó÷åíèå, ïîìîãàþùèì îðèåíòèðîâàòüñÿ â
ïðîñòðàíñòâå ïðàâîâûõ äîêóìåíòîâ. Ïðåäëàãàåìàÿ ìîäåëü � îðèåíòèðîâàííûé
ãðàô. Âåðøèíû ãðàôà � ýòî îòäåëüíûå ïàðàãðàôû èëè ãðóïïû ïàðàãðàôîâ ïðàâî-
âûõ äîêóìåíòîâ, ê êîòîðûì îòíîñÿòñÿ ìåæäóíàðîäíûå ñîãëàøåíèÿ, íàöèîíàëüíûå
êîíñòèòóöèè, êîäåêñû, çàêîíû, ïîäçàêîííûå àêòû è èíûå íîðìàòèâíûå äîêóìåí-
òû. Äóãà ñîåäèíÿåò äâå âåðøèíû, åñëè ïàðàãðàô äîêóìåíòà, ñîîòâåòñòâóþùèé
êîíå÷íîé âåðøèíå äóãè, èñïîëüçóåò ïàðàãðàô äîêóìåíòà, ñîîòâåòñòâóþùèé íà-
÷àëüíîé âåðøèíå. Ýòîò ãðàô äîëæåí áûòü áåñêîíòóðíûì.
Ïîñòðîåííàÿ ìîäåëü ìîæåò èñïîëüçîâàòüñÿ: äëÿ ïîèñêà ñïèñêà äîêóìåíòîâ,

áëèçêèõ ê ïðîåêòèðóåìîìó; äëÿ ïîñòðîåíèÿ ñâÿçè äîêóìåíòà ñ åãî ïîñëåäóþùèìè
îáíîâëåíèÿìè, äëÿ ïîèñêà ïàðû äîêóìåíòîâ, äóáëèðóþùèõ äðóã äðóãà â íåêîòî-
ðûõ ïóíêòàõ; äëÿ ïîèñêà ïàðû äîêóìåíòîâ, ïðîòèâîðå÷àùèõ äðóã äðóãó â íåêîòî-
ðûõ ïóíêòàõ; äëÿ ïîèñêà íå èñïîëüçóåìûõ ññûëîê îäíèõ äîêóìåíòîâ íà äðóãèå.
Ïðè íàêîïëåíèè áîëüøèõ äàííûõ î ñîáûòèÿõ ñ íåáëàãîïðèÿòíûìè ïîñëåäñòâè-

ÿìè âçàèìíîé äåÿòåëüíîñòè ñóáúåêòîâ ïðàâîâîãî ïðîñòðàíñòâà, ïðîãíîç òàêèõ ñî-
áûòèé ìîæåò âûïîëíÿòüñÿ áîëåå òî÷íî ñ ïîìîùüþ íåéðîííûõ ñâåðòî÷íûõ ñåòåé.

Ë È Ò Å Ð À Ò Ó Ð À
1. http://sk.ru/news/b/articles/archive/2017/12/01/law_2600_code-o-problemah-avtomatizacii-prava.aspx ( äàòà îáðàùå-

íèÿ 01.04.19)
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À.Þ. Ïåðåâàðþõà (Ñàíêò-Ïåòåðáóðã, ÑÏÈÈÐÀÍ, Ðîññèÿ)
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÑÅÐÈÈ ÏÈÊÎÂ ÀÊÒÈÂÍÎÑÒÈ
ÍÀÑÅÊÎÌÛÕ-ÂÐÅÄÈÒÅËÅÉ ÐÀÇÐÓØÀÞÙÈÕ

ÁÈÎÒÈ×ÅÑÊÓÞ ÑÐÅÄÓ

Ìîäåëèðîâàíèå âñïûøåê íàñåêîìûõ âàæíàÿ ïðîáëåìà ëåñíîãî õîçÿéñòâà. Ýêñ-
òðåìàëüíûå ÿâëåíèÿ âçðûâîîáðàçíîãî ðàçìíîæåíèÿ ïðîèñõîäÿò è â âå÷íîçåëåíûõ
ëåñàõ è â áîðåàëüíîé òàéãå. Ôàçû âñïûøåê ðàçëè÷íûì îáðàçîì ïðîòåêàþò ñ òî÷-
êè çðåíèÿ òåîðèè áèôóðêàöèé ó îäíîãî âèäà â ðàçíîì áèîòè÷åñêîì îêðóæåíèè [1].
Îòëè÷àþòñÿ ïîñëåäñòâèÿ âñïûøåê, âïëîòü äî ïîëíîãî óíè÷òîæåíèÿ îòäåëüíûõ
âèäîâ ðàñòèòåëüíîñòè àêòèâíûì âñåëåíöåì.
Âûäåëÿþòñÿ ðàçëè÷èÿìè ñèòóàöèè âñïûøåê ó àâòîõòîííûõ íàñåêîìûõ è èíâà-

çèâíûõ, íåäàâíî ïîïàâøèõ â ýêîñèñòåìó [2]. Hàñåêîìûå èñïîëüçóþòñÿ äëÿ áèîëî-
ãè÷åñêîãî ïîäàâëåíèÿ ñîðíÿêîâ. Èíòðîäóêöèè âðåäèòåëåé áûâàþò óñïåøíûìè, íî
÷àñòî çàêàí÷èâàþòñÿ áåç óñïåõîâ. Èíâàçèîííàÿ âñïûøêà ìîæåò ïðîõîäèòü â ôîð-
ìå åäèíè÷íîãî ïèêà ÷èñëåííîñòè, ïîñëå âèä ñòàíîâèòñÿ ìàëî÷èñëåííûì, ëèáî â
ôîðìå ñåðèè ïèêîâ, ïîñëå âèä îêàçûâàåò âîçäåéñòâèå íà ýêîñèñòåìó.
Pàññìîòðèì äâà âû÷èñëèòåëüíûõ ñöåíàðèÿ èíâàçèé â óðàâíåíèÿõ ñ N(t − τ),

ìîäèôèöèðóÿ óðàâíåíèÿ Íèêîëñîíà è Õàò÷èíñîíà. Ìîäåëü åäèíè÷íîé âñïûøêè
ïðè ñîïðîòèâëåíèè áèîòè÷åñêîãî îêðóæåíèÿ â ôîðìå óðàâíåíèÿ ñ çàïàçäûâàíèåì
τ è K−¼ìêîñòüþ:

dN

dt
= rN(t)

(
K −N(t− τ)

(K + cN(t− τ))

)
− γN 2(t). (1)

(1) îïèøåò ñöåíàðèé ïðîõîæäåíèÿ ïîñëå àêòèâíîé èíâàçèâíîé âñïûøêè ¾áóòû-
ëî÷íîãî ãîðëûøêà¿, ïðåäåëüíîé ìèíèìàëüíîé ÷èñëåííîñòè âèäà. Äëÿ ñåðèè îñ-
öèëëÿöèé ïðåäëîæèì óðàâíåíèå:

dN

dt
=

µνN(t− τ)

νeν2τ + κ(eντ − 1)N(t− 2τ)
− νN(t)− κN 2(t). (2)

(2) ïîêàæåò ñöåíàðèé çàòóõàþùèõ îñöèëëÿöèé, ðåçêèõ ïèêîâ èíâàçèîííîé âñïûø-
êè, ÷òî îêàçûâàåò ðàçðóøàþùåå âîçäåéñòâèå íà ñðåäó.
Ðàáîòà ïîääåðæàíà ÐÔÔÈ � 17-07-00125 (ÑÏÈÈÐÀÍ).

Ë È Ò Å Ð À Ò Ó Ð À
1. Liebhold A. What causes outbreaks of the gypsy moth in North America?. Popul Ecol. 2000. Vol. 42, pp. 257�266.
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ÒÎÌÑÎÍÀ, ÎÁÎÁÙÅÍÍÎÉ ÍÀ ÑËÓ×ÀÉ ÄÂÓÕÑËÎÉÍÛÕ

ÎÁÎËÎ×ÅÊ

Ïðîáëåìà Òîìñîíà [1] - ýòî çàäà÷à î òîì, êàêóþ ñòðóêòóðó îáðàçóþò N óäåð-
æèâàåìûõ íà ñôåðå ÷àñòèö, âçàèìîäåéñòâóþùèõ ïî çàêîíó Êóëîíà. Å¼ ðåøåíèÿ
øèðîêî ðàñïðîñòðàíåíû â æèâîé ïðèðîäå, â ÷àñòíîñòè, ðàñïîëîæåíèå áåëêîâ â
âèðóñíûõ îáîëî÷êàõ (êàïñèäàõ) [2] èíîãäà ÿâëÿåòñÿ ðåøåíèåì ïðîáëåìû Òîìñîíà.
Â äàííîé ðàáîòå ïðîâîäèòñÿ îáîáùåíèå ïðîáëåìû Òîìñîíà íà ñëó÷àé ðàçìå-

ùåíèÿ ÷àñòèö íà äâóõ êîíöåíòðè÷åñêèõ ñôåðàõ ñ áëèçêèìè ðàäèóñàìè. Ïîñëå
ñëó÷àéíîãî âûáðîñà (èëè èêîñàýäðè÷åñêè ñèììåòðè÷íîãî â ñëó÷àå ìîäåëèðîâà-
íèÿ âèðóñíûõ êàïñèäîâ) ÷àñòèö íà ïîâåðõíîñòü ñôåð ìèíèìèçèðóåòñÿ ýíåðãèÿ
ñèñòåìû ïî êîîðäèíàòàì ÷àñòèö. Ðàññìîòðåíà âîçìîæíîñòü ïîëó÷åíèÿ âûñîêî-
ñèììåòðè÷íûõ ñòðóêòóð, ñîîòâåòñòâóþùèõ óïàêîâêàì áåëêîâ â ìíîãîñëîéíûõ âè-
ðóñíûõ îáîëî÷êàõ. Îáíàðóæåíà ñîðàçìåðíîñòü [3] îáîëî÷åê â êàïñèäàõ âèðóñíîãî
ñåìåéñòâà Reoviridae. Ïðîâåäåíî ìîäåëèðîâàíèå äâóõñëîéíûõ íàçêîñèììåòðè÷íûõ
Òîìñîíîâñêèõ óïàêîâîê ñ áîëüøèì ÷èñëîì ÷àñòèö, ãäå áûëè íàéäåíû ñëåäû ñî-
ðàçìåðíîñòè ãåêñàãîíàëüíîãî ïîðÿäêà, âûðàæàþùèåñÿ âî âçàèìíîì ïðèòÿæåíèè
òîïîëîãè÷åñêèõ äåôåêòîâ ðàçëè÷íûõ îáîëî÷åê.
Òàêæå íà ïðèìåðå ìíîãîñëîéíîãî êàïñèäà âèðóñà Bluetongue áûëî ðàññìîòðåíî

âëèÿíèå pH îêðóæàþùåé ñðåäû íà çàðÿäû áåëêîâ è öåëîñòíîñòü âíåøíåé îáîëî÷-
êè. Â ÷àñòíîñòè, â ðàìêàõ äàííîé ìîäåëè áûëî îáúÿñíåíî îòäåëåíèå ïðîòåèíîâ îò
äàííîãî êàïñèäà ïðè ïîíèæåíèè êèñëîòíîñòè îêðóæàþùåãî ðàñòâîðà.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò � 18-02-00549 À).
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ ÄÈÔÔÓÇÈÈ, ÂÎÇÁÓÆÄÀÅÌÎÉ
ÝËÅÊÒÐÎÍÍÛÌ ÇÎÍÄÎÌ Â ÎÄÍÎÐÎÄÍÎÌ

ÏÎËÓÏÐÎÂÎÄÍÈÊÎÂÎÌ ÌÀÒÅÐÈÀËÅ

Â ðàáîòå íà ñëó÷àé ïðîñòðàíñòâà îáîáùàþòñÿ èäåè è ìåòîäû, ðàçðàáîòàííûå
äëÿ ïðîâåäåíèÿ êà÷åñòâåííîãî èññëåäîâàíèÿ äâóìåðíîé ìàòåìàòè÷åñêîé ìîäåëè
äèôôóçèè è êàòîäîëþìèíåñöåíöèè ýêñèòîíîâ, âîçáóæäàåìûõ ïóëüñèðóþùèì íèç-
êîýíåðãåòè÷åñêèì ýëåêòðîííûì çîíäîì â îäíîðîäíîì ïîëóïðîâîäíèêîâîì ìàòåðè-
àëå [1, 2]. Äëÿ èçó÷àåìîé òð¼õìåðíîé ìîäåëè äîêàçàíà íåïðåðûâíàÿ çàâèñèìîñòü
ðåøåíèé (âûõîäíûõ äàííûõ) îò âõîäíûõ äàííûõ. Äîêàçûâàåìûå óòâåðæäåíèÿ
îôîðìëåíû â âèäå òåîðåì. Â ðåçóëüòàòå óñòàíîâëåíî, ÷òî ðàññìîòðåííàÿ ìîäåëü
ìîæåò áûòü ïðèìåíåíà äëÿ îöåíêè êîýôôèöèåíòà äèôôóçèè è ïîäâèæíîñòè ýêñè-
òîíîâ ïî ðåçóëüòàòàì ýêñïåðèìåíòàëüíûõ èçìåðåíèé ñïàäà êàòîäîëþìèíåñöåíöèè.
Ïðè ìîäåëèðîâàíèè èñïîëüçîâàëèñü ïàðàìåòðû, õàðàêòåðíûå äëÿ íèòðèäà ãàëëèÿ.
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