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Statement of the Problem

Statement of the Problem: (n=1)

otu—Au=H(u) in Qr=Qx(0,T],
axu(x,t) =0 on St =00 x (0, T], (1)
u(x,0) =¢(x) in Q.
Here @ = (0,1), p € W2 "?9(Q), g > 3, ¢/(0) = ¢/(1) = 0,
H is a hysteresis-type operator, 1 : C(Qr) — {£1}.

H(uw)

H(w)
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Applications

Problem of type (1) arises in various processes in which diffusive and
nondiffusive substances interact according to hysteresis law. For
instance,

@ Heating-cooling systems

© Metabolic processes

© Reaction-diffusion processes
© Economic models

@ Population models
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Definition of H

For u € C(Qr) the value of H(u(x, t)) is uniquely defined as follows.

@ Assume that the phase distribution for the initial function ¢ is
completely specified. If ¢(x) < «, we say that the process is in
phase |, and if p(x) > 3, we say that the process is in phase II.
While for a < ¢(x) < 3, the initial phases can be set arbitrarily.
At t = 0 we know the phase distribution, so we put

1, inphase |,
H ,0)) =
(u(x.0) {—1, in phase Il.
@ Further, we set
1, u(x,t)<a
H(u(x, t)) =
(i) {—1, x> 5
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Definition of H

Q If(x,t) e E:={u(x,t) <a}U{u(x,t) > 5} U{Q x {0}}, then the
value H(u(x, t)) is uniquely defined.

Q If(x,t) € Qr\ E then H(u(x,t)) = H(u(x,7(x)) where

7(x) = max{s: (x,s) € E,s < t}
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Statement of the Problem

Appearance of free boundaries

@ Since the right-hand side of d;u — Au = H(u) is a discontinuous
function depending on u, the location of interfaces between
regions where 7 (u) takes the values +1 and —1 is a priori
unknown.

@ These interfaces can be treated as the free boundaries.

@ So, we will consider the problem (1) as a free boundary problem.
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Statement of the Problem

Strong Solutions

Definition 1
We say that u is a (strong) solution of problem (1) if

ue Wi'(Q), g>3=n+2,

u satisfies oiu — Au = H(u) a.e. in Qr,

u satisfies the initial (and boundary) condition(s)
in the sense of traces.
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Short (Pre)-History
@ [Hoppensteadt-Jager'80] and [Hoppenstead-Jager-Pdppe’'84]:

The problem (1) is introduced as a model describing the dynamics
of bacterial evolution. A number of numerical results are obtained.

- Colony of bacteria (Salmonella typhimurium)
on a Petri plate with jelly

the more

- Density of bacteria after bacteria |, the Dl | putrient,

growth Hysteresis pH
growth has stopped:

' i Spatially distributed hysteresis
growth rate

i Baa O

Chiu, Hoppensteadt, Jager,

J. Math. Biol., 32 (1994)
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Short (Pre)-History

@ [AIt'85]: Global existence in a special class of weak solutions
(n=1). Examples of nonuniqueness and nonstability.

@ [Visintin’86]: Global existence of weak solutions (n > 1).

Remark

The results of Alt and Visintin are obtained for modified versions of the
hysteresis operator. The reason for replacing H(u) by Hc(u) is the
nonclosedness of #(u) in the topology associated with PDEs.

The completed relay operator Hq(u) is the closure of H(u) in suitable
weak topologies.
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Short (Modern) History

@ [Gurevich-Jager-Skubachevskii ‘09]: Solvability and periodicity of
solutions to a similar in spirit problem of thermo control with
hysteresis-type switching.

@ [Gurevich-Shamin-Tikhomirov ’13]: Local existence and
continuously dependence on initial data was proved for
transversal solutions.

This transversality property roughly speaking means that the
solution has a nonvanishing spatial gradient on the free boundary.

@ [Gurevich-Tikhomirov ’12]: Uniqueness of transversal solutions.

@ [Gurevich-Tikhomirov "14]: Generalization of results from ’12-'13
to the systems (vectorial u).
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Short (Modern) History

@ [A-Uraltseva ’15]: Uniform quadratic growth estimates for
solutions and optimal regularity (W§51) for solutions.
These results were obtained for n > 1 without transversality
assumption.

@ [A-Uraltseva ’15]: Description of the structure of free boundaries
and some regularity results for free boundaries.

@ [A-Uraltseva ’18]: Weiss monotonicity formula is established.
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Historical Review

Possible Structure of the Free Boundary

Level set {u = a}, NOT I
afree boundary
Levelset{u = a},
free boundary #w)
1
.j_ Phase Il
H(u
“sleeping boundary” u ¢
a B u
-1
, t
Levelset {u = a},
free boundary x
=} = = E DaA®
D. Apushkinskaya)
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New results

Local solvability and Holder regularity of free
boundaries

Theorem 1 [A-Tikhomirov-Uraltseva, 2024]
Let Q = (0,1), let o € W2 ?/9(Q), g > 3, and let ¢/(0) = /(1) = 0.

Suppose that there are points b; € Q, i =1,..., n, where the phase
change takes place at the initial moment, and ¢ takes at each of these
points one of the threshold values « or .

In addition, assume that at the points b; the transversality conditions
are fulfilled, as well as the necessary condition of the order of initial
phases.

Then there exists T > 0, depending on g and ¢, such that the problem
(1) has a solution u € W§’1 (Qr).

Moreover, the free boundaries are defined by monotone Hdlder
functions x = s;(f) for t € [0, T], i=1,...,n.
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Ideas of the Proof:

Let b be the only point in (0, 1) where the initial function ¢ from the
problem (1) has a prescribed phase change from Il to I.

Let
p(b) = o
and the transversality condition

is fulfilled. We set
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New results

Ideas of the Proof:
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New results

Ideas of the Proof:
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Ideas of the Proof:

Consider the linear problem

ov — Av =f(x,t) in Qr,
oxv(x,t) =0 on Sr, (2)
V(x,0) =¢(x) in Q,

where ¢ is the same function as in the nonlinear problem (1), and
feL>*(Qr).

It is known that there exists a unique solution v € qu’1 (Qr) such that
sup [v| < M and for V(xq, ty), (X2, ) € Q7 we have
Qr
[v(x1, t1)[ + [Oxv(x1, )] < o,
VX, 1) = v, B)] < /X — xef2 + [t — B,
ol
|0xV(X1, 1) — OxV(Xe, k)| < C2 (|X1 —XP+ |t — t2|)
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New results

Ideas of the Proof:
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New results

Ideas of the Proof:
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New results

Ideas of the Proof:

@ Consider a convex set K, closed in C([0, T]), wchich contains
continuous non-decreasing functions ¢ : [0, T] — R satisfying

conditions
£0)=b, &(T)—-b<o.
(2]
feRk — fg(xyt):{q for x € (0,&(t)],
1 for xe(&(1),1).
Q

f5 = ac

© Show that &, is Holder continuous and the mapping ¢ — & is
continuous in C ([0, T]).

© Notice that the function a; is not monotone and for this reason
ag Qé K.
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New results

Ideas of the Proof:

Q ac = & = sup a(r)is an upper monotone envelope
: ¢ €[0,1]
T 5

@ We show that the mapping ag = R(¢&) is continuous and compact
in C ([0, T]).

© By Schauder’s theorem, there exists a fixed point s(t) of the
mapping R and s(t) € K.

Q s(t) = MO — 50 =7(v(x,1))
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Lipschitz eregulgarity of free boundaries

Theorem 2 [A.-Tikhomirov-Uraltseva 2024]
Let the conditions of Theorem 1 are satisfied and let p € W2 (Q).

Then for any fixed q, 3 < g < oo, the solution to the problem (1)
obtained in Theorem 1 belongs to W§’1(QT).

In addition, the functions s;(t), i =1,..., n, defining the free
boundaries, satisfy the Lipschitz condition.
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Nontransversal case

@ In the neighbourhood of the point where the initial function ¢ does
not satisfy the transversality condition, the free boundary is not a
graph of the Hoélder (or even continuous) function.

© We propose that the problem (1) with a nontransversal initial
function has no solution.

© However we cannot rule out the existence of a pathological
solution whose set of hysteresis switching points has positive
measure and is nowhere dense.
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The Last Slide

Thank you!
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