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Let D be a unit disk of the complex plane and Γ = ∂D.
We consider the higher order properly elliptic differential
equation

2N∑
k=0

Gk
∂2NU

∂xk∂y2N−k(x, y) = 0, x+ iy ≡ reiθ ∈ D, (1)



where Gk are such complex constants (G0 ̸= 0), that
the different roots λj of the characteristic equation

2N∑
k=0

Gkλ
2N−k ≡ G0

m∏
j=1

(λ− λj)
qj

l∏
j=1

(λ− λN+j)
pj = 0

(2)
satisfy the condition

ℑλj > 0, j = 1,m; ℑλN+j < 0, j = 1, l;

m∑
j=1

qj =
l∑

j=1

pj = N. (3)

We are looking for a solution U of the equation (1)
in the class C2N(D) ∩ CN−1(D ∪ Γ) which satisfies the



Dirichlet conditions on the boundary Γ:

∂kU

∂rk
|Γ = fk(θ), r = 1, k = 0, . . . , N − 1. (4)

Here fj, j = 0,1, . . . , N − 1 are given functions defined
on Γ from the class, CN−1−j(Γ).

If the solution U of the equation (1) belongs to the class
C2N(D)∩C(N−1,α)(D∪Γ) and given boundary functions
fk in the class C(N−k−1,α)(Γ) (k = 0, . . . , N − 1) this
problem was studied in numerous works.

N. E. Tovmasyan. Non-Regular Differential Equations
and Calculations of Electromagnetic Fields. World Scientific.
Publishing Co. Ltd. Singapore, N.-J., London, Hong-
Kong, 1998.



J.-L. Lions, E. Magenes. Problèmes aux limites non
homogènes et applications. Vol. I. Dunod. Paris. 1968.
The problem (1), (4) is Fredholmian and for real coefficients
this problem is uniquely solvable.

It is necessary to define necessary and sufficient unique
solvability conditions and the defect numbers of the
problem if these conditions fail. We denote defect numbers
K1 and K2 of the problem: number of the linearly independent
solutions of homogeneous problem and the number of
linearly independent conditions to the boundary functions
when inhomogeneous problem has a solution.

Gohberg I, Krein M. Fundamental aspects of defect
numbers, root numbers and indexes of linear operators.



Uspekhi Math. Nauk [Russian Math. Surveys]. 1957;
12:2(74): 43-118.

N. E. Tovmasyan, An effective method of the Dirichlet
problem solution for second order systems of differential
equations with constant coefficients in the domains,
bounded by ellipse. Differential equations, 5:1, 1969,
pp. 60-71

In this paper complete research of the Dirichlet problem
for the system of second order elliptic equations with
constant coefficients in elliptic domains was conducted.
The defect numbers were defined in explicit form. The
difference between weakly and strongly connected elliptic
systems was found. The defect numbers are finite and



the problem is Fredholmian for weakly connected systems
and it’s neither Fredholmian nor Notherian for strongly
connected systems.

The second order improperly elliptic equation: the equation
(1) for N = 1, if the roots of equation (2) satisfy
the conditions ℑλ1 > 0, ℑλ2 > 0 (or weakly connected
system of 2d order) was studied in the paper

Tovmasyan N.E. New statement and investigatin of the
I, the II and the III boundary problems for two second
order elliptic strongly bounded systems of differential
equations. Izvestiya AN Arm.SSR, Matemetika, 3, 6,
1968, p.497–521



The Dirichlet problem for this equation in the unit disc
was completely researched. The functional class where
this problem is Notherian was found. The formula of
the general solution of the equation (1) which makes
it easier to research the problem in the unit disc was
found in this work.

N. E. Tovmasyan, The Dirichlet problem for properly
elliptic equations in multiconnected domains. Izvestija
NAN Armenii. Mathematika. v.37, в„–6, 2002, pp. 5-40

The problem (1), (4) was researched in arbitrary multiply
connected domain (was reduced to the second order
Fredholm equation).



Babayan A.O. Dirichlet problem for properly elliptic
equation in unit disk. Izvestiya NAN Armenii, Matemetika,
38, 6 (2003), 1-10

In this paper it was found the representation of the
general solution of equation (1), which is appropriate
for the cases of simple and multiple roots.



In the classic formulation of the Dirichlet problem the
boundary functions are continuous up to the boundary,
but as the Cauchy type integral is not invariant in the
space of the continuous functions, investigation of the
problem in this space is difficult.

Nevanlinna R., Über Eine Erweiterung des Poissonschen
Integrals. Suom. Tiedeakademian Kustantama, v.24,
N4, 1925, p.1-14.

Tovmasyan N. E., On an existence and uniqueness of
the Dirichlet problem for Laplace equation in the space
of functions with singularities on the boundary. Sib.
Math. Journal, v.2, N4, 1961, p.25-57 (in Russian).



Soldatov A.P., Generalized potentials of double layer for
second order elliptic systems. Nauchnye Ved. BelGU,
N13(68), is.17/1, 2009, p.103-109

In these works, using the modifications of the Cauchy
kernel, the Dirichlet problem in the class of continuous
functions for the second order elliptic operators was
investigated. In the half-space the Dirichlet problem for
second order elliptic operator in the class of continuous
functions was considered in [Tovmasyan, Babayan 2007].
Prof. H.M. Hairapetyan introduced the new formulation
of the boundary value problems (mean convergence
boundary conditions), which helped him and his students
to solve the Dirichlet problem for some model higher
order equations in the space of continuous functions



Hayrapetyan H.M., Babayan V.A., On a Dirichlet problem
in the space of functions continuous with weight. Nauchnye
Ved. BelGU, Ser. Math. Phys., N17(112), is.24, 2011,
p.5-16 (in Russian)

[Babayan, 2025] We reduce the equation (1) and boundary
conditions (4) to the complex form, using operators of
complex differentiation

∂

∂z̄
=

1

2

(
∂

∂x
+ i

∂

∂y

)
,

∂

∂z
=

1

2

(
∂

∂x
− i

∂

∂y

)
.

Using these notations, the equation 1 is reduced to the
form

m∏
j=1

(
∂

∂z̄
− µj

∂

∂z

)qj l∏
j=1

(
∂

∂z
− νj

∂

∂z̄

)pj
U = 0. (5)



Here

µj =
i− λj

i+ λj
j = 1,m; νj =

i+ λN+j

i− λN+j
j = 1, l.

From the conditions to the roots, we have |µj| < 1 and
|νj| < 1. Taking into account the equalities

z
∂

∂z
=

1

2

(
r
∂

∂r
− i

∂

∂θ

)
, z̄

∂

∂z̄
=

1

2

(
r
∂

∂r
+ i

∂

∂θ

)
,

which take place for arbitrary z = reiθ ̸= 0, the boundary
conditions (4) are reduced to the equivalent form

∂N−1U

∂z̄N−1−k∂zk

∣∣∣∣∣
Γ
= Fk,N−1−k(θ) ≡ Fk(θ), z = eiθ ∈ Γ, (6)

for k = 0, . . . , N − 1, and

∂i+kU

∂zi∂z̄k
(1,0) = Fi,k(1,0), 0 ≤ i+ k ≤ N − 2. (7)



Here Fi,k, and, therefore, Fk ∈ C(Γ) are uniquely determined
by the boundary functions fk

Therefore, the problem (1), (4) is equivalent to (5), (6).
Now, let’s define following N-dimensional vectors: if the
multiplicity of the µj is equal qj, and the multiplicity of
the νk is equal pk, then

as+1
j =



CsN−1µ
N−1−s
j

CsN−2µ
N−2−s
j

. . .
Css+1µj
Css
0
. . .
0


, bt+1
k =



0
. . .
0
Ctt

Ctt+1νk
. . .

CtN−2ν
N−2−t
k

CtN−1ν
N−1−t
k


,



were s = 0, qj − 1, j = 1,m; t = 0, pk − 1, k = 1, l. Using
these vectors, we construct following N ×N matrices:

A = (a11 . . . a
q1
1 . . . a1m . . . a

qm
m ), B = (b11 . . . b

p1
1 . . . b1l . . . b

pl
l ),

M = diag(Jq1(µ1) . . . Jqm(µm)),

L = diag(Jp1(ν1) . . . Jpl(νl)). (8)

Here Jr(ξ) is a Jordan box of order r and with ξ on the
main diagonal. We obtain the following result.
Theorem 1. The problem (1), (4) is uniquely solvable
if and only if the matrices

Ωn =

(
A BLn

AMn B

)
(9)

are non-singular for n = N +1, N +2, . . ., that is

∆n = detΩn ̸= 0, n = N +1, N +2, . . . . (10)



If these conditions fail for some l0, that is if ∆l0 = 0
for l0 ≥ N + 1 then the homogeneous problem (1),
(4) (for fj ≡ 0) has a non-zero solution, which is a
polynomial of order l0 + N − 1 and the corresponding
non-homogeneous problem has a solution if the boundary
functions satisfy one linearly independent condition.
Remark 1. By our assumptions, µj and νk are distinct
numbers, such that |µj| < 1 and |νk| < 1. Therefore,
∆n → detAdetB ̸= 0 for n → ∞, that is the condition
(10) is valid for sufficiently large n.
Remark 2. If the boundary functions fj belong to the
class C(N−1−j,σ)(Γ) the results, analogous to Theorem
1 were obtained in [Babayan 2003].

If for some k0 ≥ N + 1 we get ∆k0 = 0, then the
homogeneous problem has a solution, which is polynomial



of order N + k0 − 1. The boundary functions in this
case must satisfy one orthogonality condition for the
solvability of inhomogeneous problem. Therefore the
defect numbers of the problem (1), (4) will be determined
by the formula:

K1 = K2 =
∞∑

l=N+1

(2N − rankΩl) (11)

Remark 3. The conditions (10) are equivalent to the
conditions

det
(
A−1B −Mj(A−1B)Lj

)
̸= 0, (12)

where n = N +1, N +2, . . ., and

M = diag(Jq1(µ1) . . . Jqm(µm)),

L = diag(Jp1(ν1) . . . Jpl(νl)).



Here Jr(ξ) is a Jordan box of order r and with ξ on the
main diagonal.



For N = 2 in the case µ1 ̸= µ2, ν1 ̸= ν2, µ1µ2ν1ν2 ̸= 0
the matrix Ωk has the form:

Ωk =


1 1 νk+1

1 νk+1
2

µ1 µ2 νk1 νk2
µk1 µk2 ν1 ν2
µk+1
1 µk+1

2 1 1

 , k = 3,4, . . .

and in (9)

A =

(
1 1

µ1 µ2

)
, B =

(
ν1 ν2
1 1

)
,

M =

(
µ1 0

0 µ2

)
, L =

(
ν1 0

0 ν2

)
.

We consider the case, when characteristic equation has
two different roots not equal ±i. We have λj = λ1 for



j = 1, N , ℑλ1 > 0, and λj = λN+1 for j = N +1,2N
and ℑλN+1 < 0. Using these notions, the equation (1)
may be represented in the form:(
∂

∂z̄
− µ

∂

∂z

)N ( ∂
∂z

− ν
∂

∂z̄

)N
U = 0, z = x+iy, (x, y) ∈ D.

(13)
Here, the numbers µ and ν are determined by the formulas:

µ =
i− λ1
i+ λ1

, ν =
i+ λN+1

i− λN+1
.

The conditions (3) imply that

|µ| < 1, |ν| < 1, µν ̸= 0. (14)

We replace boundary conditions (4) by the equivalent
conditions

∂N−1U

∂z̄N−1−k∂zk

∣∣∣∣∣
Γ
= Fk(θ), (15)



∂i+jU

∂ri∂θj
(1,0) = f

(j)
i (0), i = 0, N − 1, j = 0, N − 1− i.

Here Fk ∈ C(Γ) are continuous functions, determined
uniquely by the boundary functions fk. (for example,

F1,0(x, y) =
x− iy

2
(f1 − if ′0), F1,1(x, y) =

f2 + f1 + f ′′0
4

,

F2,1(x, y) =
x− iy

8
(f3+f2−f1+f ′′1−2f ′′0−i(f

′
2+f ′1+f ′0)),

etc. where (x, y) ∈ Γ), and Fk ∈ C(Γ). Let’s introduce
following notions:

z = µν, φp(z) =
p∑

k=0

CkN+k−1z
p−k, p = 0,1, . . . . (16)

Then, the main obtained result may be formulated as
follows:



Theorem 2. The problem (1), (4) is uniquely solvable
if and only if the following determinant is nonzero:

Ωs ≡ det


φs−1(z) φ′s−1(z) . . . φ

(N−1)
s−1 (z)

φs−2(z) φ′s−2(z) . . . φ
(N−1)
s−2 (z)

. . . . . . . . . . . .

φs−N(z) φ′s−N(z) . . . φ
(N−1)
s−N (z)

 ̸= 0,

(17)
for s = N + 1, . . .. Here z and φp defined in (23).
If for some s0 ≥ N +1 we have Ωs0 = 0, then the
homogeneous problem (1), (4) (if fi ≡ 0 for i = 0,1, ..., N−
1) has a non-trivial solution which is a polynomial of
order N + s0 − 1, and one orthogonality condition to
the boundary functions is necessary for the solvability
of corresponding inhomogeneous problem.



Equality (16) shows that the functions φp satisfy the
following recursive equality:

φp+1(z)− zφp(z) = CN−1
p+N . (18)

We can use these equalities for transforming the determinant
(17) and find simpler solvability conditions, equivalent
to (17). As an example, let’s consider the case N = 2.
In this case we get the following result:
Theorem 3.For N = 2 the problem (1), (4) is uniquely
solvable if and only if the following conditions hold:

γs(w) =
Ts(w)− 1− s2(w − 1)

2(w − 1)2
̸= 0, s = 3,4, . . . ,

where w = 1
2(z + z−1), z determined in (16) and Ts is

an s order first kind Chebyshev polynomial. If for some
s0 ≥ 3 γs0(w) = 0, then the homogeneous problem (1),



(4), has a non-trivial solution which is a polynomial of
order s0 + 1, and one orthogonality condition to the
boundary functions is necessary for the solvability of
the corresponding inhomogeneous problem.

[Babayan A.H., Abelyan S.O.,2017] Let’s consider the
case N = 2. We consider the equation:

∂

∂z̄

(
∂

∂z̄
− µ

∂

∂z

)(
∂

∂z
− ν

∂

∂z̄

)2
u = 0. (19)

Theorem 4. If ν = 0 the Dirichlet Problem (19), (4)
is uniquely solvable. If ν ̸= 0 then, denoting δ = µν,
we get, that the Dirichlet Problem (19), (4) is uniquely
solvable if and only if, when the inequalities

Pk−2(δ) =
k−2∑
j=0

(j +1)δj ̸= 0, k = 3,4, . . . . (20)



hold. If the condition (20) failed for some n, then the
homogeneous problem (19), (4) has non-trivial solution,
which is polynomial of order n+1 and for the solvability
of the in-homogeneous problem should be fulfilled one
orthogonality condition to the boundary functions. The
condition (20) may fail for one k only, therefore the
defect numbers of the problem (19), (4) can’t be greater
than one.

3.[Babayan A.H., Abelyan S.O.,2018] The case N = 3.
Complex representation of the equation (1) is following:(

∂

∂z̄

)2 ( ∂
∂z̄

− µ
∂

∂z

)(
∂

∂z
− ν

∂

∂z̄

)3
u(x, y) = 0, (21)

where µ = i−λ3
i+λ3

, ν = i+λ4
i−λ4 , and therefore |µ| < 1,

|ν| < 1. The boundary conditions (4) are equivalent



to conditions

∂2u

∂zj∂z̄2−j

∣∣∣∣∣
Γ
= Fj(x, y), j = 0,1,2, (x, y) ∈ Γ, (22)

and

u(1,0) = f0(1,0),

ur(1,0) = f1(1,0), uθ(1,0) = f0θ(1,0). (23)

Here the functions Fj are uniquely determined by the
functions fj and belong to the space C(α)(Γ).
Theorem 5. Let’s denote z = µν. Then the Dirichlet
problem (21)-(23) is uniquely solvable if and only if

Pn(z) ≡
n∑

k=0

(k+1)(k+2)zk ̸= 0, n = 1,2, . . . , (24)



If the conditions (24) failed for any number n0, then the
homogeneous problem (21)-(23) has nontrivial solution,
which is polynomial of order n0 + 5. In this case it
is necessary one linearly independent condition on the
functions Fj for the solvability of the corresponding
inhomogeneous problem. For given z the conditions
(24) may fail only for one value of n. Therefore, the
defect numbers of the problem (21), (23) may be equal
only to zero and one.

Let’s consider the case(
∂

∂z̄
− µ

∂

∂z

)3 ( ∂
∂z

)(
∂

∂z
− ν1

∂

∂z̄

)(
∂

∂z
− ν2

∂

∂z̄

)
u = 0

(25)



Theorem 6.We consider an equation (25). Let’s denote
σ = µν1, τ = µν2. Then if the conditions

Sl(σ, τ) ≡
l−2∑
p=1

p−1∑
k=0

(p+1)(k+1)(p− k) (26)

p−k−1∑
m=0

τm+kσp−m−1 ̸= 0, l = 4,5, ...

hold, then the problem (25), (4) is uniquely solvable. If
for some q the condition (26) fail, that is Sq(σ, τ) = 0,
then the homogeneous problem (25), (4) has nonzero
solution, which is a polynomial of order q+ 2, and the
inhomogeneous problem has a solution if the boundary
functions satisfy one orthogonality condition. Thus, the
defect numbers of the problem (25), (4) are equal to



the quantity of the Sl(σ, τ) for which the condition (26)
fails.

S4(σ, τ) = 0 ⇔ τ = −
1+ 3σ

3+ 3σ

S5(σ, τ) = 0 ⇒ 18σ4 +33σ3 +33σ2 +13σ+3 = 0

σ = −0.25± 0.322749i ⇒ K1 = K2 = 2



OPEN PROBLEMS

1. We consider the determinants:

Θj = det(S −MjSLj),

where S is a non-singular matrix, and M and L are
defined in (14). If j → ∞, we have Mj → 0 and Lj → 0.
We must show, that if Θm = 0 for some m > N + 1

then Θj ̸= 0 for all j > m.



2. We see, that the defect numbers of the problem (1),
(4) are determined by the formula

K1 = K2 =
∞∑

l=N+1

(2N − rankΩl).

We know, that these numbers are finite, but what values
they may have? For second order equation (if N = 1)
it’s well-known that the problem (1), (4) is uniquely
solvable (hence K1 = K2 = 0). For fourth order equations
(if N = 2) in all known cases these numbers may be
equal zero and one only. Therefore, it may be supposed,
that for fourth order equation the defect numbers may
be equal at most one. In general, it’s interesting to
prove (or reject) that the defect numbers of the problem
(1), (4) at most may be equal to N − 1.



3. The definition of the defect numbers of the problem
(1), (4) is reduced to the determination of the roots
of the polynomials Ωs. The examples considered show,
that for some N and s the polynomials Ωs are palindromic
(the polynomial Pn(z) = a0 + a1z + . . . + anzn is a
palindromic if aj = an−j for all j = 0, . . . , n). If N = 2,
then by the proof of the theorem 2 we have, that Ωs

are palindromic for arbitrary s. We get:

−Ωs(z) =
s−3∑
k=0

C3
k+3z

k + C3
s+1z

s−2 +
s−3∑
k=0

C3
k+3z

2s−4−k.

It will be interesting to prove (or reject) that for arbitrary
N and s the determinants Ωs are palindromic. Why it
is interesting? We know two facts about palindromic
polynomials: first, that the odd-order palindromic polynomial
has a root z = −1, therefore, are divisible by (z +



1); second, that the even-order palindromic polynomial
may be represented by the form P2k(z) = zkQk(z+z−1),
where Qk is a polynomial of order k. These properties
helps us to simplify the Ωs which is useful for investigation
of the following problem. As was shown, if for some s

we have Ωs = 0, then the homogeneous problem (1),
(4) has a non-trivial solution, which is a polynomial of
order s+ N − 1. Let’s fix µ, ν and, therefore, z. The
question is following: how many determinants Ωs may
be zero for this z? Or, in another way. Can we show,
that if for the given z for some s0 we have Ωs0 = 0,
then for all s > s0 determinants Ωs differ from zero? For
N = 2 this question partly was considered in [Babayan,
Veziryan 2024] and it was shown that in all considered
cases answer to this question affirmative.
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The general solution of (1) may be represented in the
form:

U(x, y) =
m∑
k=1

qk−1∑
a=0

(
∂

∂θ

)a
Φka(z+ µkz̄)+

+
l∑

j=1

pj−1∑
b=0

(
∂

∂θ

)b
Ψkb(z̄+ νkz) (27)

Let |µ| < 1 and Φ is analytic in D(µ) = {z+µz̄ : |z| < 1}
function from the class C(α)(D(µ)). Then for |z| = 1

the function Φ(z+ µz̄) may be represented in the form

Φ(z+ µz̄) = φ(z) + φ(µz̄), φ(z) =
∞∑
n=0

Dkz
k. (28)

The function Φ is uniquely determined by the function



φ:

Φ(ζ) = φ

ζ +
√
ζ2 − 4µ

2

+ φ

ζ −
√
ζ2 − 4µ

2

 (29)

Here ζ ∈ D(µ) and we get such a branch of the root,
that ζ−1

√
ζ2 − 4µ → 1 for ζ → ∞. We have that Fk ∈

C(Γ), therefore, the Fourier series is not converges to
this function. But, if we get

Fkr(θ) =
∞∑

j=−∞
dkr

|k|eikθ, dk =
1

2π

∫ π
−π

Fk(θ)e
−ikθdθ

then ([Hardy, Rogosinskii])

Fkr(θ) =⇒ Fk(θ), r → 1− 0. (30)

Hence, at first, we solve the problem (5), (6) were
instead of the functions Fk we get Fkr and obtain,



that the combination of functions Φ(N−1)
ka and Ψ(N−1)

kb
from the solution (27) are continuous in the closed
disc. In the case when the domain g is a unit disc, the
mean convergence boundary conditions are determined
in following way:

∥
∂kU

∂rk
(reiθ)−fk(θ)∥ → 0, r → 1−0, k = 0, N − 1. (31)



In the case, when all roots of the equation (3) are
different the matrices A, B, M , N has following form

M = diag(µ1, . . . , µN), N = diag(ν1, . . . , νN),

A =


µN−1
1 µN−1

2 . . . µN−1
N

µN−2
1 µN−2

2 . . . µN−2
N

. . . . . . . . . . . .

1 1 1 1

 ,

B =


1 1 . . . 1

ν1 ν2 . . . νN
. . . . . . . . . . . .

νN−1
1 νN−1

2 . . . νN−1
N

 .



Theorem Enestrom-Kakeya.

We have the polynomial Qn(z) =
n∑

j=0
pjz

j with positive

coefficients pj. The roots of this polynomial satisfy
inequality

min
j

(
pj

pj+1

)
≤ |z| ≤ max

j

(
pj

pj+1

)
. (32)



Let N = 1, i.e. (1) has following form:

A2Uxx+A1Uxy +A0Uyy = 0.

If this equation is properly elliptic, the complex form of
this equation is following:(

∂

∂z̄
− µ

∂

∂z

)(
∂

∂z
− ν

∂

∂z̄

)
U(z, z̄) = 0, z ∈ D+. (33)

Here |µ| < 1, |ν| < 1, the solution U belongs to the
class C2(D+)

⋂
C(σ)(D+⋃

Γ). On the boundary Γ the
solution satisfy to Dirichlet condition:

U |Γ = f(θ), z ∈ Γ, (34)

where f is a given Hölder continuous function, f ∈
C(σ)(Γ). The general solution of the (33) represented
in the form:

U = Φ(z+ µz̄) +Ψ(z̄+ νz), (35)



where Φ and Ψ are the functions, analytic in the domains
D(µ) and D1(ν) respectively. Let’s substitute this general
solution in the boundary condition (34):

Φ(z+ µz̄) +Ψ(z̄+ νz) = f(θ), z = eiθ ∈ Γ, (36)

Let’s represent the functions Φ and Ψ on the Γ by
analytic in the unit disc functions:

Φ(z+ µz̄) = ω(z) + ω(µz̄), Ψ(z̄+ νz) = ρ(z̄) + ρ(νz),

(37)
where ω and ρ are analytic in D functions. We represent
the functions ω and ρ by the Taylor series, and the
boundary function f by the Fourier series:

ω(z) =
∞∑
k=0

Akz
k,



ρ(z) =
∞∑
k=0

Bkz
k, f(θ) =

∞∑
k=−∞

Fkz
k, z ∈ Γ, (38)

and substituite these representations in (37). We get:
∞∑
k=0

Akz
k +

∞∑
k=0

Akµ
kz−k +

∞∑
k=0

Bkz
−k+

+
∞∑
k=0

Bkν
kzk =

∞∑
k=−∞

Fkz
k, z ∈ Γ. (39)

The Fourier coefficients are determined uniquely, therefore,
equating the coefficients of the same powers zk and z−k,
we get the equations for the determination unknown
coefficients Ak and Bk. If k = 0 we have one equation:

2(A0 +B0) = F0, (40)



and for k ≥ 1 we have the system for the determination
Ak and Bk: {

Ak + νkBk = Fk,

µkAk +Bk = F−k
. (41)

The determinant of the system (41) differs from zero:

∆k =

∣∣∣∣∣ 1 νk

µk 1

∣∣∣∣∣ = 1− (µν)k ̸= 0, (42)

because |µ| < 1 and |ν| < 1, therefore, the coefficients
Ak and Bk are determined uniquely (for k > 0). The
formula (35) implies also, that for k → ∞ we have ∆k →
1, hence, the rate of decreasing of the coefficients Ak
and Bk exactly the same, as for the coefficient Fk (more
exactly if k → ∞ then Ak ∼ Fk, Bk ∼ F−k).



Now, let’s consider the case of the improperly elliptic
equation

A2Uxx+A1Uxy +A0Uyy = 0,

That is λ1, λ2 the roots of the chracteristic equation
A2 +A1λ+A0λ

2 = 0, are satisfy the condition

ℑλ1 > 0, ℑλ2 > 0.

This condition implies that the complex form of the
equation (1) is following:(

∂

∂z̄
− µ1

∂

∂z

)(
∂

∂z̄
− µ2

∂

∂z

)
U(z, z̄) = 0, z ∈ D+. (43)

where |µj| < 1, j = 1,2. Thus, we should solve the
boundary value problem (36), (34), where the given
boundary function f satisfies the Hölder condition, f ∈



C(σ)(Γ). let’s suppose, that µ1 ̸= µ2. In this case the
general solution of the (43) is represented in the form:

U = Φ1(z+ µ1z̄) +Φ2(z+ µ2z̄), z ∈ D+. (44)

Let’s substitute this function in the boundary condition
(34). We get:

Φ1(z+µ1z̄)+Φ2(z+µ2z̄) = f(θ), z = eiθ ∈ Γ. (45)

Then, we use the considerations analogous to the case
of properly elliptic equation. Using the main lemma, we
represent the functions Φj in the form:

Φj(z+ µjz̄) = ωj(z) + ωj(µjz̄), z = eiθ ∈ Γ, j = 1,2,

(46)
where ωj are analytic in D+ functions. We expand the
functions ωj, j = 1,2, in Taylor series, and the boundary



function f represent by Fourier series:

ωj(z) =
∞∑
k=0

Akjz
k, f(θ) =

∞∑
k=−∞

Fkz
k, z ∈ Γ. (47)

Let’s substitute these representations in (34):
∞∑
k=0

Ak1z
k +

∞∑
k=0

Ak1µ1
kz−k +

∞∑
k=0

Ak2z
k+

+
∞∑
k=0

Ak2µ2
kz−k =

∞∑
k=−∞

Fkz
k, z ∈ Γ. (48)

Equating coefficients of the corresponding powers zk

and z−k, we get the system for the determination of
the unknown coefficients Akj. If k = 0, we have one
equation:

2(A01 +A02) = F0, (49)



and for k ≥ 1 we have the system for the determination
Akj: {

Ak1 +Ak2 = Fk,

µk1Ak1 + µk2Ak2 = F−k
. (50)

The determinant of the system (50) has the following
form:

∆k =

∣∣∣∣∣ 1 1

µk1 µk2

∣∣∣∣∣ = µk2 − µk1. (51)

M.Chamberland, D.Siegel 2000 The Dirichlet problem

∆u(x, y) = 0, (x, y) ∈ R2,

u|Γ = f(x, y), Γ = {(x, y) : ψ(x, y) = 0}.


