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Let D be a unit disk of the complex plane and T = 9D.
We consider the higher order properly elliptic differential
equation
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where G, are such complex constants (Gg # 0), that
the different roots A; of the characteristic equation
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satisfy the condition

A >0, j=T1,m; SAyy,; <0, j=T1

qu ZPJ_N (3)

We are looking for a solution U of the equation (1)
in the class C2V(D)nc¥—1(DuT) which satisfies the



Dirichlet conditions on the boundary [

okU
Here f;, 7 =0,1,..., N — 1 are given functions defined

on I from the class, CN—1=3().

If the solution U of the equation (1) belongs to the class
C2N(DYNncV-1.2)(DuUr) and given boundary functions
fr in the class CNV=k=La)() (k = 0,...,N — 1) this
problem was studied in numerous works.

N. E. Tovmasyan. Non-Regular Differential Equations
and Calculations of Electromagnetic Fields. World Scientific.
Publishing Co. Ltd. Singapore, N.-J., London, Hong-
Kong, 1998.



J.-L. Lions, E. Magenes. Problemes aux limites non
homogenes et applications. Vol. I. Dunod. Paris. 1968.
The problem (1), (4) is Fredholmian and for real coefficients
this problem is uniquely solvable.

It is necessary to define necessary and sufficient unique
solvability conditions and the defect numbers of the
problem if these conditions fail. We denote defect numbers
K41 and K5 of the problem: number of the linearly independent
solutions of homogeneous problem and the number of
linearly independent conditions to the boundary functions
when inhomogeneous problem has a solution.

Gohberg I, Krein M. Fundamental aspects of defect
numbers, root numbers and indexes of linear operators.



Uspekhi Math. Nauk [Russian Math. Surveys|. 1957;
12:2(74): 43-118.

N. E. Tovmasyan, An effective method of the Dirichlet
problem solution for second order systems of differential
equations with constant coefficients in the domains,
bounded by ellipse. Differential equations, 5:1, 1969,
pp. 60-71

In this paper complete research of the Dirichlet problem
for the system of second order elliptic equations with
constant coefficients in elliptic domains was conducted.
The defect numbers were defined in explicit form. The
difference between weakly and strongly connected elliptic
systems was found. The defect numbers are finite and



the problem is Fredholmian for weakly connected systems
and it's neither Fredholmian nor Notherian for strongly
connected systems.

The second order improperly elliptic equation: the equation
(1) for N = 1, if the roots of equation (2) satisfy
the conditions A1 > 0, &\ > 0 (or weakly connected
system of 2d order) was studied in the paper

Tovmasyan N.E. New statement and investigatin of the
I, the II and the III boundary problems for two second
order elliptic strongly bounded systems of differential
equations. Izvestiva AN Arm.SSR, Matemetika, 3, 6,
1968, p.497-521



The Dirichlet problem for this equation in the unit disc
was completely researched. The functional class where
this problem is Notherian was found. The formula of
the general solution of the equation (1) which makes
it easier to research the problem in the unit disc was
found in this work.

N. E. Tovmasyan, The Dirichlet problem for properly
elliptic equations in multiconnected domains. Izvestija
NAN Armenii. Mathematika. v.37, B,—6, 2002, pp. 5-40

The problem (1), (4) was researched in arbitrary multiply
connected domain (was reduced to the second order
Fredholm equation).



Babayan A.O. Dirichlet problem for properly elliptic
equation in unit disk. Izvestiva NAN Armenii, Matemetika,

38, 6 (2003), 1-10

In this paper it was found the representation of the
general solution of equation (1), which is appropriate
for the cases of simple and multiple roots.



In the classic formulation of the Dirichlet problem the
boundary functions are continuous up to the boundary,
but as the Cauchy type integral is not invariant in the
space of the continuous functions, investigation of the
problem in this space is difficult.

Nevanlinna R., Uber Eine Erweiterung des Poissonschen
Integrals. Suom. Tiedeakademian Kustantama, v.24,
N4, 1925, p.1-14.

Tovmasyan N. E., On an existence and uniqueness of
the Dirichlet problem for Laplace equation in the space
of functions with singularities on the boundary. Sib.
Math. Journal, v.2, N4, 1961, p.25-57 (in Russian).



Soldatov A.P., Generalized potentials of double layer for
second order elliptic systems. Nauchnye Ved. BelGU,
N13(68), is.17/1, 2009, p.103-109

In these works, using the modifications of the Cauchy
kernel, the Dirichlet problem in the class of continuous
functions for the second order elliptic operators was
investigated. In the half-space the Dirichlet problem for
second order elliptic operator in the class of continuous
functions was considered in [Tovmasyan, Babayan 2007].
Prof. H.M. Hairapetyan introduced the new formulation
of the boundary value problems (mean convergence
boundary conditions), which helped him and his students
to solve the Dirichlet problem for some model higher
order equations in the space of continuous functions



Hayrapetyan H.M., Babayan V.A., On a Dirichlet problem
in the space of functions continuous with weight. Nauchnye
Ved. BelGU, Ser. Math. Phys., N17(112), is.24, 2011,
p.5-16 (in Russian)

[Babayan, 2025] We reduce the equation (1) and boundary
conditions (4) to the complex form, using operators of
complex differentiation
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Using these notations, the equation 1 is reduced to the
form



Here
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From the conditions to the roots, we have |u;| <1 and
lv;| < 1. Taking into account the equalities

0 1/ 0 0 _o0 1
Z— = (r— — Z—) : (r— + z—) :
0z or  90)’ "oz or

which take place for arbitrary z = rett # 0, the boundary
conditions (4) are reduced to the equivalent form

S

gN-1p; |
SsN—T1=hg k| — LhN-1-k(0) = Fi(0), z = e er, (6)
for k=0,...,N —1, and
o'tk

azzazk(l 0) = F;1(1,0), 0<i+k<N-2.  (7)



Here F; i, and, therefore, Fj, € C(IM) are uniquely determined
by the boundary functions f;.

Therefore, the problem (1), (4) is equivalent to (5), (6).
Now, let’'s define following N-dimensional vectors: if the
multiplicity of the u; is equal g;, and the multiplicity of
the v is equal pg, then
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were s =0,q9;,— 1, j=1m;t=0,pp— 1, k = 1,1. Using
these vectors, we construct following N x N matrices:

A= (ai...aft...a},...a%), B = (b]... 041 . b} ... 7)),
M = diag(Jg; (1) - - - Jgm(tm)),

L = diag(Jp,(v1) ... JIp, (1)) (8)

Here J,.(£) is a Jordan box of order r and with £ on the
main diagonal. We obtain the following result.
Theorem 1. The problem (1), (4) is uniquely solvable
if and only if the matrices

A  BL"
Q”:<AM” B ) (9)

are non-singular forn=N+ 1, N+ 2,..., that is
A, =det2, #0, n=N+1,N4+2,.... (10)



If these conditions fail for some lg, that is if Ay = 0
for lp > N 4+ 1 then the homogeneous problem (1),
(4) (for f; = 0) has a non-zero solution, which is a
polynomial of order o + N — 1 and the corresponding
non-homogeneous problem has a solution if the boundary
functions satisfy one linearly independent condition.
Remark 1. By our assumptions, u; and vy are distinct
numbers, such that |u;| < 1 and |vg| < 1. Therefore,
A, —-det Adet B # 0 for n — oo, that is the condition
(10) is valid for sufficiently large n.

Remark 2. If the boundary functions fj belong to the
class C\N=1-1,9) () the results, analogous to Theorem
1 were obtained in [Babayan 2003].

If for some kg > N 4+ 1 we get Ako = 0O, then the
homogeneous problem has a solution, which is polynomial



of order N + kg — 1. The boundary functions in this
case must satisfy one orthogonality condition for the
solvability of inhomogeneous problem. Therefore the
defect numbers of the problem (1), (4) will be determined
by the formula:

@)
K1 =Ko= )Y (2N —rankS)) (11)
I=N-+1

Remark 3. The conditions (10) are equivalent to the
conditions

det (A™'B — M/(A™'B)L7) # 0, (12)
wheren=N+1, N4+ 2,..., and

M = diag(Jg; (1) - - - g (m)),

L = diag(Jp,(v1) ... JIp(11)).



Here J.(&) is a Jordan box of order r and with £ on the
main diagonal.



For N = 2 in the case puy1 # uo, v1 # vo, uipusvivos = 0
the matrix €2, has the form:

k41 k+1
( 1 1 I/lk l/zk \
Q,=| M 2 "1 2| k=34, ..
b1 kf1 7
K.Ul_l_ ,u2+ 1 1 )
and in (9)

A=<1 1) B=<V1 1/2>

p1 o w2 ) 1 1)

M = K1 O , L = Y1 0 .
0O o 0

We consider the case, when characteristic equation has
two different roots not equal +z. We have >\j = \q for



j=1,N, SA\1 >0, and \; = Ay for j = N+ 1,2N
and SAy41 < 0. Using these notions, the equation (1)
may be represented in the form:

. o\ /06 o\
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Here, the numbers u and v are determined by the formulas:

i—A1 i ANt
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The conditions (3) imply that

L — AN+1

ul <1, <1, mw#o. (14)

We replace boundary conditions (4) by the equivalent
conditions

oN—1ly
(%N—l—k@zk - — Fk(e)v (15)
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Here F), € C(I") are continuous functions, determined
uniquely by the boundary functions f,. (for example,

(1,00 = f9(0), i=0,N—-1, j=0,N—1—.i.

F1o(z,y) = & _Qiy(fi —ify), Fii(z,y) = 2t J;l + fo,
Fon(e,y) = "L fat fo frot =20 —ifo+ Fi+ 1)

etc. where (x,y) € '), and F, € C(IN). Let's introduce
following notions:

p
z=pv, op(z) = ) C]If[_l_k_lzp_k, p=20,1,.... (16)
k=0

Then, the main obtained result may be formulated as
follows:



Theorem 2. The problem (1), (4) is uniquely solvable
if and only if the following determinant is nonzero:

(es1() @) @D )

0. — det | P52()  #_o(®) “V ION I
\pen(®) @@ o sV

(17)

for s = N+ 1,.... Here z and yp defined in (23).

If for some so > N+ 1 we have 255 = 0, then the
homogeneous problem (1), (4) (if f;=0fori=0,1,..., N—
1) has a non-trivial solution which is a polynomial of
order N + sg — 1, and one orthogonality condition to
the boundary functions is necessary for the solvability
of corresponding inhomogeneous problem.



Equality (16) shows that the functions ¢, satisfy the
following recursive equality:

ept1(2) — 2p(2) = Cpfy. (18)
We can use these equalities for transforming the determinant
(17) and find simpler solvability conditions, equivalent
to (17). As an example, let's consider the case N = 2.
In this case we get the following result:
Theorem 3. For N = 2 the problem (1), (4) is uniquely
solvable if and only if the following conditions hold:

_ Ts(w) — 1 — s2(w—1)
o 2(w —1)2
where w = 5(z + 27 1), z determined in (16) and Ts is

an s order first kind Chebyshev polynomial. If for some
so > 3 vsg(w) = 0, then the homogeneous problem (1),

vs(w) =0, s=3,4,...,



(4), has a non-trivial solution which is a polynomial of
order sg + 1, and one orthogonality condition to the
boundary functions is necessary for the solvability of
the corresponding inhomogeneous problem.

[Babayan A.H., Abelyan S.0O.,2017] Let's consider the
case N = 2. We consider the equation:

o /0 o o O\ 2
(Y (202 w=o0. 19
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Theorem 4. If v = 0 the Dirichlet Problem (19), (4)
is uniquely solvable. If v #= 0 then, denoting 6 = puv,
we get, that the Dirichlet Problem (19), (4) is uniquely
solvable if and only if, when the inequalities

k—2

P, o)=Y G+ #0, k=34,.... (20)
j=0



hold. If the condition (20) failed for some n, then the
homogeneous problem (19), (4) has non-trivial solution,
which is polynomial of order n+1 and for the solvability
of the in-homogeneous problem should be fulfilled one
orthogonality condition to the boundary functions. The
condition (20) may fail for one k only, therefore the
defect numbers of the problem (19), (4) can’t be greater
than one.

3.[Babayan A.H., Abelyan S.0.,2018] The case N = 3.
Complex representation of the equation (1) is following:

<8>2(8 a)<a —’/2)3%%9):0, (21)

o0z 8_2_'u82 0z 0z
_ i—)3 i
where u = T VT e and therefore |u| < 1,

lv| < 1. The boundary conditions (4) are equivalent



to conditions
02w
0210z2—J r

and

— Fj($7y)7 7=20,1,2, (xay) cl, (22)

u(1,0) = fo(1,0),

ur(l,O) — fl(lao)a ’LLQ(].,O) — fOH(lao)' (23)

Here the functions F; are uniquely determined by the
functions f; and belong to the space C(O‘)(F).
Theorem 5. Let's denote z = pv. Then the Dirichlet
problem (21)-(23) is uniquely solvable if and only if

Pu(2) = fj(k+1)(k+2)z’<7&o, n=1,2,..., (24)
k=0



If the conditions (24) failed for any number ng, then the
homogeneous problem (21)-(23) has nontrivial solution,
which is polynomial of order ng + 5. In this case it
IS necessary one linearly independent condition on the
functions F; for the solvability of the corresponding
inhomogeneous problem. For given z the conditions
(24) may fail only for one value of n. Therefore, the
defect numbers of the problem (21), (23) may be equal
only to zero and one.

Let’'s consider the case

(2-r5) (2) (- 112) (52 - v252)
— — — || =— —v1— —vo—|u=20
0z 0z 0z/) \0z 0z/) \0z 0z

(25)




Theorem 6. We consider an equation (25). Let’s denote
o= uvy, T = puvo. Then if the conditions

[—2 p—1
Si(o,m)= > > (p+1)(k+1)(p—Fk) (26)
p=1 k=0
p—k—1
Z 7tk gp—m—1 *=0, [ =4,5,..
m=0

hold, then the problem (25), (4) is uniquely solvable. If
for some q the condition (26) fail, that is Sq¢(o,7) = 0,
then the homogeneous problem (25), (4) has nonzero
solution, which is a polynomial of order q + 2, and the
inhomogeneous problem has a solution if the boundary
functions satisfy one orthogonality condition. Thus, the
defect numbers of the problem (25), (4) are equal to



the quantity of the S;(o, ) for which the condition (26)
fails.

1+ 30
3+ 30

Sp(o, 7)) =0 & 7=

Se(o,7) =0 = 186%+3303+330°+130+3=0

o= —-0254+0.322749i = Ki;=K,=2



OPEN PROBLEMS

1. We consider the determinants:
©, = det(S — M?SLY),

where S is a non-singular matrix, and M and L are
defined in (14). If j — oo, we have M7 — 0 and LJ — O.
We must show, that if ©;,, = 0 for some m > N + 1
then ©; = 0 for all j > m.



2. We see, that the defect numbers of the problem (1),
(4) are determined by the formula

@)
Ki=Ky= > (2N —rank$)).
I=N+1

We know, that these numbers are finite, but what values
they may have? For second order equation (if N = 1)
it’s well-known that the problem (1), (4) is uniquely
solvable (hence K; = K» = 0). For fourth order equations
(if N = 2) in all known cases these numbers may be
equal zero and one only. T herefore, it may be supposed,
that for fourth order equation the defect numbers may
be equal at most one. In general, it's interesting to
prove (or reject) that the defect numbers of the problem
(1), (4) at most may be equal to N — 1.



3. The definition of the defect numbers of the problem
(1), (4) is reduced to the determination of the roots
of the polynomials €25. The examples considered show,
that for some N and s the polynomials €25 are palindromic
(the polynomial P,(z) = ag + a1z + ... + anz™ is a
palindromic if a; = a,_; for all j =0,...,n). If N = 2,
then by the proof of the theorem 2 we have, that (2
are palindromic for arbitrary s. We get:
5—3 5—3
—Qs(2) = 3 Cpyaz’ +C12" 2+ 3 G
k=0 k=0
It will be interesting to prove (or reject) that for arbitrary
N and s the determinants 25 are palindromic. Why it
IS interesting?” We know two facts about palindromic
polynomials: first, that the odd-order palindromic polynomial
has a root z = —1, therefore, are divisible by (z +



1); second, that the even-order palindromic polynomial
may be represented by the form Py.(z) = 2FQr(z+271),
where @ is a polynomial of order k. These properties
helps us to simplify the 25 which is useful for investigation
of the following problem. As was shown, if for some s
we have Qs = 0, then the homogeneous problem (1),
(4) has a non-trivial solution, which is a polynomial of
order s+ N — 1. Let’s fix u, v and, therefore, z. The
question is following: how many determinants €25 may
be zero for this z7 Or, in another way. Can we show,
that if for the given z for some sg we have 25, = O,
then for all s > sg determinants 25 differ from zero? For
N = 2 this question partly was considered in [Babayan,
Veziryan 2024] and it was shown that in all considered
cases answer to this question affirmative.



REFERENCES

1. Nevanlinna R., Uber Eine Erweiterung des Poissonschen
Integrals. Suom. Tiedeakademian Kustantama, v.24,
N4, 1925, p.1-14.

2. Tovmasyan N. E., On an existence and unigueness
of the Dirichlet problem for Laplace equation in the
space of functions with singularities on the boundary.
Sib. Math. Journal, v.2, N4, 1961, p.25-57 (in Russian).

3. Tovmasyan N.E. New statement and investigatin of
the I, the II and the III boundary problems for two
second order elliptic strongly bounded systems of differential
equations. Izvestiva AN Arm.SSR, Matemetika, 3, 6,
1968, p.497-521 (in Russian).



4. Babayan A.O. Dirichlet problem for properly elliptic
equation in unit disk. Izvestiva NAN Armenii, Matemetika,
38, 6 (2003), 1-10.

5. Tovmasyan N.E., Babayan A.H., Boundary value problems
in the half-space for the second order elliptic equations

in the class of functions of the polynomial growth. Non-
classical problems of mathematical physics, Novosibirsk,
2007, p. 273—283 (in Russian)

6. Soldatov A.P., Generalized potentials of double layer
for second order elliptic systems. Nauchnye Ved. BelGU,
N13(68), is.17/1, 2009, p.103-109.

7. Hayrapetyan H.M., Babayan V.A., On a Dirichlet
problem in the space of functions continuous with weight.



Nauchnye Ved. BelGU, Ser. Math. Phys., N17(112),
is.24, 2011, p.5-16 (in Russian).

8. Hardy G.H., Rogosinski W.W., Fourier Series. Cambridge
University Press, 1956.

9. N. E. Tovmasyan. Non-Regular Differential Equations
and Calculations of Electromagnetic Fields. World Scientific.
Publishing Co. Ltd. Singapore, N.-J., London, Hong-
Kong, 1998.

10. J.-L. Lions, E. Magenes. Problemes aux limites non
homogenes et applications. Vol. I. Dunod. Paris. 1968.

11. Babayan A.H. On a Dirichlet problem for fourth
order partial differential equation in the case of double



roots of characteristic equation. Mathematica Montisnigri.
2015; 32: 66—80.

12. Babayan A.H., Abelyan S.0O., On a Dirichlet Problems
for One Sixth Order Elliptic Equation. Reports of Enlarged
Sessions of the Seminar of I. Vekua Institute of Applied
Mathematics, V,31, 2017, pp. 7-10.

13. Babayan A.H., Abelyan S.0O., Defect Numbers of
the Dirichlet Problem for a Properly Elliptic Sixth-Order
Equation. Mathematical Notes, 2018, Vol. 104, No. 3,
pp. 339-347.

14. A.H. Babayan, On a Boundary Value Problem for
an Elliptic Equation in the Unit Disk. Analysis 26, 2,
R.Oldenbourg Verlag, Munchen 2006, pp.273-286.



15.A.H. Babayan, On a Dirichlet problem for fourth
order improperly elliptic equation. Non-classical equations

of mathematical physics. Proceedings of the international
conf. dedicated to 100-anniversary of I.N. Vecua "Differential
equations, theory of functions and applications'. Novosibirsk,
2007, pp.56-69. (in Russian)

16. N. E. Tovmasyan, T he Dirichlet problem for properly
elliptic equations in multiconnected domains. Izvestija
NAN Armenii. Mathematika. v.37, B,—6, 2002, pp. 5-40

17. N. E. Tovmasyan, An effective method of the Dirichlet
problem solution for second order systems of differential
equations with constant coefficients in the domains,
bounded by ellipse. Differential equations, 5:1, 1969,
pp. 60-71



18. Babayan A.H. On a Dirichlet Problem for Properly

Elliptic Equation in the Space of Continuous Functions.

LLobachevskii Journal of Mathematics. 2024; 45:2: 6011—
6026

19. V.P. Burskii, Methods of investigation of boundary
value problems for general differential equations. Kiev,
Naukova Dumka, 2002

20. V.P. Burskii, K.A. Burjachenko, Some questions of
non-trivial solvability of homogeneous Dirichlet problem
for even order linear equations in the disk. Math. ZametKki,
77, is. 4, 2005, pp. 498-508

21. A.H. Babayan, R.M. Veziryan, On an efficient solution
of the Dirichlet problem for properly elliptic equation in



the elliptic domain. Journal of Contemporary mathematical
Analysis, 2024, Vol. 59, No. 2, pp. 77-87.

22. A.P. Soldatov, The Dirichlet problem for elliptic
systems on the plane. Izvestija NAN Armenii. Mathematika.
v.40, B,—6, 2005, pp. 54-70

23. R.A. Alexandryan, The spectral properties of the
operators generated by the systems of the S.L.. Sobolev
type differential equations. Trudy MMQO, 9, 1960, pp.
455-505

24. F. John, The Dirichlet Problem for a Hyperbolic
Equation, American J. of Math., 63(1), 1941, p. 141—
155.



25. Bourgin D.G., Duffin R., The Dirichlet problem for
the vibrating string equation. Bull. AMS, 45, 1939, p.
851- 859

26. M. Chamberland, D. Siegel, Polynomial solutions
to Dirichlet problem. Proceedings of AMS, 129, B,—1,
2000, p. 211-217

27. Rahman Q.I., Schmeisser G., Analytic Theory of
Polynomials. Oxford University Press, 2002.

28. Gohberg I, Krein M. Fundamental aspects of defect
numbers, root numbers and indexes of linear operators.
Uspekhi Math. Nauk [Russian Math. Surveys]. 1957;
12:2(74): 43-118.



29. Tovmasyan N.E. The general boundary value problem
for second order elliptic systems with constants coefficients.
Differencialnye Uravneniya. 1966; 2:1: 3-23.

30. Tovmasyan N.E. The general boundary value problem
for second order elliptic systems with constants cefficients
II. Differencialnye Uravneniya. 1966; 2:2: 163-171.

31. Begehr H.G.W. Complex Analytic Methods for Partial
Differential Equations: an Introductory Text. Singapure:
World Scientific; 1994.

32. Begehr H, Kumar A. Boundary value problems for
the in-homogeneous poly-analytic equation. I, Analysis.
2005; 25:1, b5—-71.



33. Soldatov AP. A function theory method in boundary
value problems in the plane. I. The smooth case. Math.
of the USSR - Izvestiya. 1992;39(2): 1033—1061.

34.Soldatov AP. A function theory method in elliptic
problems in the plane. II. The piece-wise smooth case.
Russian Acad. of Sciences, Izvestiya, Mathematics. 1993;40(3):
529-563.

35. Babayan A.H., On a Dirichlet Problem for a Properly
Elliptic Equation in the Space of Continuous Functions,

in the Case of Multiple Roots. In: Avetisyan, Z., Ruzhansky,

M., Vagharshakyan, A. (eds) Analysis, PDEs, and Applications.
GMG 2024. Trends in Mathematics, vol 13. p. 75-82,
Springer (2025)



The general solution of (1) may be represented in the
form:

m qr—1
U =3 Y (5) Prale+md)+
k=1 a=0
b
LY S ( ) Wi+ i) (27)
7=1 b=0

Let |u| < 1 and & is analyticin D(p) ={z+uz: |z| < 1}
function from the class C{®(D(u)). Then for 2| =
the function ®(z 4+ puz) may be represented in the form

®(z + pz) = o(2) + p(uz), (z)= Y Dpzf. (28)
n=0

The function & is uniquely determined by the function



2_4 _ 2_4
o) — o c+¢<2 AT ¢<2 1) (a0)

Here ¢ € D(u) and we get such a branch of the root,

that g—l\/<2 — 4, — 1 for ¢ — co. We have that Fj €
C(IN), therefore, the Fourier series is not converges to
this function. But, if we get

S0 : 1 /7 :
Fp®) = Y dpMe, a =~ /_WFk(H)e_ZkedQ

j=—00

then ([Hardy, Rogosinskii])

F,.(0) = F.(6), r—1—0. (30)

Hence, at first, we solve the problem (5), (6) were
instead of the functions Fj we get Fj, and obtain,



(N 1) (N 1)

that the combination of functions &, and W,
from the solution (27) are contlnuous in the closed
disc. In the case when the domain g is a unit disc, the
mean convergence boundary conditions are determined

in following way:
okU
ork

I (re®y—f.(0)]| -0, r—1-0, k=0,N —1. (31)



In the case, when all roots of the equation (3) are
different the matrices A, B, M, N has following form

M = diag(p1,...,pN), N =diag(vi,...,vN),

(M2 32 M
/R H2 SRR o\ 7
\ 1 1 1 1)
( 1 1 1 \
B — V1 1%, VN
KV{V_]' Vév_l Vﬁ_lj



Theorem Enestrom-Kakeya.

n .

We have the polynomial Qn(z) = > pjz? with positive
J=0

coefficients pj- The roots of this polynomial satisfy

inequality

min ( bj > < |z < max( bj ) : (32)
I \Pj+1 J \Pj+1



Let N =1, i.e. (1) has following form:

If this equation is properly elliptic, the complex form of
this equation is following:

5 o\/8H O
A I AL I § OV gy DT,
(az H az) <8z "az) (2)=0, z¢€ (33)

Here |u| < 1, |v| < 1, the solution U belongs to the
class C2(DH)Nc@) (DT Yr). On the boundary I the
solution satisfy to Dirichlet condition:

Ur=f©0), zeTl, (34)

where f is a given HOlder continuous function, f €
c(9)(Ir). The general solution of the (33) represented
in the form:

U= ®(z+ pz) + V(z+rvz), (35)



where ® and W are the functions, analytic in the domains
D(u) and D1 (v) respectively. Let’s substitute this general
solution in the boundary condition (34):

S(z4uz) +VGE+rvz)=Ff0), z2=%cr, (36)

Let's represent the functions ® and W on the [ by
analytic in the unit disc functions:

(2 + pz) = w(z) +w(pz), V(z+vz) =p(z)+ p(vz),

(37)
where w and p are analytic in D functions. We represent
the functions w and p by the Taylor series, and the
boundary function f by the Fourier series:

oo
w(z) = Y A",
k=0



oo

o(:)= 3 B, f(O0)= S FeF, ser,  (38)
k=0 k=—00

and substituite these representations in (37). We get:

o0 o0 o0
Z Akzk —|— Z Ak,,ukz_k —|— Z Bkz_k—l—
k=0 k=0 k=0

@) ©.@)
+ Z Bkl/kzk = Z szk, zel. (39)
k=0

The Fourier coefficients are determined uniquely, therefore,
equating the coefficients of the same powers z* and z—%,
we get the equations for the determination unknown
coefficients A, and B;. If Kk = 0 we have one equation:

2(Ag + Bp) = Fp, (40)



and for k > 1 we have the system for the determination
Ak and Bk:

{ Ay + VP By, = Fy, (41)

prAL 4+ By = F_
The determinant of the system (41) differs from zero:

1 vk
phoo1
because |u| < 1 and |v| < 1, therefore, the coefficients
A, and B, are determined uniquely (for k > 0). The
formula (35) implies also, that for k — oo we have A, —
1, hence, the rate of decreasing of the coefficients A,
and B, exactly the same, as for the coefficient F;, (more
exactly if k — oo then A ~ Fp, B, ~ F_}).

Ay = =1- (w)"#0, (42)




Now, let's consider the case of the improperly elliptic
equation

That is A1, Ao the roots of the chracteristic equation
Ao+ A1)\ + Ap)?2 = 0, are satisfy the condition

IA1 >0, S > 0.

This condition implies that the complex form of the
equation (1) is following:
o, 9, o, o,
- _ — U 7_ — O7 - D+ 43
<az “1az> (az “28z> (2,2) © (43)
where |u;| < 1, 7 = 1,2. Thus, we should solve the

boundary value problem (36), (34), where the given
boundary function f satisfies the HOlder condition, f €




c(@)(). let's suppose, that ui # po. In this case the
general solution of the (43) is represented in the form:

U=®1(z+ p12) + Po(z + w7, ze€DV.  (44)

Let’'s substitute this function in the boundary condition
(34). We get:

®1(z4p12) + Po(z+p22) = f(6), z=¢"er. (45)

Then, we use the considerations analogous to the case
of properly elliptic equation. Using the main lemma, we
represent the functions d; in the form:

®;(z 4 1jz) = wi(z) +wi(wz), z=¢€%€er, j=1,2

(46)
where w; are analytic in DT functions. We expand the
functions Wi, J = 1,2, in Taylor series, and the boundary



function f represent by Fourier series:

k=—00

©.@) ©.@)
wi(z) = Y A2t fO)= Y R, ozer. (47)
k=0
Let's substitute these representations in (34):

- E L N ko—k | o k
D Ap1zt+ Y AppazT 4 Y Apoz ™+
k=0 k=0 k=0

@) ©.@)
+ N ApoustF = Y Ff zer (48)
k=0 k=—o0

Equating coefficients of the corresponding powers z¥
and z_k, we get the system for the determination of
the unknown coefficients Akj. If Kk = 0, we have one
equation:

2(Ap1 + Ag2) = Fo, (49)



and for k£ > 1 we have the system for the determination
Akj
A Arr = Fp.,
{ y k1l + ka k . (50)

p1Ag1 + HpAge = F g,
The determinant of the system (50) has the following

form:

1 1
A = ' k k :Hg_ﬂlf- (51)
M1 M2

M.Chamberland, D.Siegel 2000 The Dirichlet problem

Au(z,y) =0, (z,y) € R?,

ulr = f(z,y), T ={(z,y) :¢(z,y) = 0}.



