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PART I
Warm Up: δ-point interactions in 1D

J. Behrndt Landau Hamiltonian with delta-potential



δ-point interactions in one dimension

Give a meaning to −∆ + αδy where y ∈ R and α ∈ R

Definition

Hδ,α = −∆ = −d2/dx2

dom Hδ,α =

{
ψ ∈ H2(R\{y}) :

ψ(y+) = ψ(y−)
αψ(y) = ψ′(y+)− ψ′(y−)

}
Hδ,α unbounded selfadjoint operator in L2(R)
Hδ,0 unperturbed Laplacian; σ(Hδ,0) = σess (Hδ,0) = [0,∞)
Hδ,α rank one perturbation of Hδ,0:

σess (Hδ,α) = [0,∞), σp(Hδ,α) =

{
∅ α ≥ 0
−α2/4 α < 0

Hδ,α corresponds to closed semibounded form on H1(R):

aδ[ψ, φ] := (ψ′, φ′) + αψ(y)φ(y) = (Hδ,αψ, φ).
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Why is Hδ,α a δ-interaction with strength α ?

dom Hδ,α =

{
ψ ∈ H2(R\{y}) :

ψ(y+) = ψ(y−)
αψ(y) = ψ′(y+)− ψ′(y−)

}

“Proof”
Integrate −ψ′′(x) + αδy (x)ψ(x) = Eψ(x) over (y − ε, y + ε):∫ y+ε

y−ε
−ψ′′ + α

∫ y+ε

y−ε
δy (x)ψ(x) dx = E

∫ y+ε

y−ε
ψ

which gives

−ψ′(y + ε) + ψ′(y − ε) + αψ(y) = E
∫ y+ε

y−ε
ψ(x) dx

For ε→ 0 we obtain the boundary condition:

−ψ′(y+) + ψ′(y−) + αψ(y) = 0
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Why is Hδ,α a δ-interaction with strength α ?

Theorem

Hδ,α = −∆ = −d2/dx2

dom Hδ,α =

{
ψ ∈ H2(R\{y}) :

ψ(y+) = ψ(y−)
αψ(y) = ψ′(y+)− ψ′(y−)

}
is the norm resolvent limit of

Hn = −∆ + Vn, where supp Vn → {y},

and Vn is suitable locally scaled family of L1-potentials.

Some references on δ-point interactions:
Berezin, Faddeev [1961]
Albeverio, Gesztesy, Hoegh-Krohn, Holden [2nd ed., 2005]
Albeverio, Kurasov [2000]
many, many other contributors....
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Aim of this talk

Instead of −∆ = − d2

dx2 we consider 2D Landau Hamiltonian

(i∇+ A)2, A(x1, x2) =
B
2

(
−x2
x1

)
, B > 0

Instead of singular point potential δy we consider

δΣ supported on closed compact curve Σ in R2

Instead of α ∈ R we consider

α ∈ L∞(Σ) real

Main issues

Aα = (i∇+ A)2 + αδΣ in L2(R2)

Rigorous definition, domain, selfadjointness
Spectral properties
Justification as model for localized potentials
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PART II
Landau Hamiltonian with δ-potential

J. Behrndt Landau Hamiltonian with delta-potential



2D (unperturbed) Landau Hamiltonian

Consider magnetic gradient

∇A := i∇+ A, A(x1, x2) =
B
2

(
−x2
x1

)
, B > 0,

and the nonnegative closed quadratic form (in L2(R2)):

a0[f ,g] = (∇Af ,∇Ag), dom a0 = H1
A(R2) =

{
f ∈ L2 : ∇Af ∈ L2}.

Landau Hamiltonian A0

is the selfadjoint operator in L2(R2) corresponding to a0:

A0f = ∇2
A f = (i∇+ A)2f , dom A0 = H2

A(R2).

Moreover, A0 = Q∗Q + B (creation/annihilation operators) and

σ(A0) = σp(A0) = σess(A0) =
{

B,3B,5B,7B, ....
}
,

where Λq = B(2q + 1), q ∈ N0, Landau levels.
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2D Landau Hamiltonian with δ-potential

Ωi ⊂ R2 bounded C1,1-domain, Ωe = R2 \ Ωi and

Σ := ∂Ωi = ∂Ωe common boundary (interface)

For α ∈ L∞(Σ) consider the form

aα[f ,g] = (∇Af ,∇Ag) + (αf |Σ,g|Σ)L2(Σ), dom aα = H1
A(R2).

Theorem

aα is closed semibounded form, selfadjoint operator in L2(R2):

Aαf = ∇2
A f =

(
∇2

A fi
∇2

A fe

)
,

dom Aα =

{
f =

(
fi
fe

)
∈ H3/2

∆,A(R2\Σ) :
fi|Σ = fe|Σ

αf |Σ = ∂ν fe|Σ − ∂ν fi|Σ

}
.

Notation: Aα = ∇2
A + αδ
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Extension theory point of view on Aα = ∇2
A + αδ

Different (and useful) way to introduce Aα is as follows:
1 Landau Hamiltonian A0 = ∇2

A selfadjoint in L2(R2)

2 Restrict A0 from dom A0 = H2
A(R2) by interface condition

S = A0 �
{

f ∈ H2
A(R2) : f |Σ = 0

}
3 S symmetric operator in L2(R2) with infinite defect numbers
4 dom S is contained in

dom Aα =

{
f =

(
fi
fe

)
∈ H3/2

∆,A(Rn\Σ) :
fi|Σ = fe|Σ

αf |Σ = ∂ν fi|Σ − ∂ν fe|Σ

}
5 Aα and A0 are both selfadjoint extensions of S
6 Aα and A0 are both selfadjoint restrictions of S∗

7 Aα and A0 restrictions of S∗ by boundary conditions

Approach allows to use boundary triples and Weyl functions !
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PART III
Spectral theory and approximation
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Boundary integral operators to express (Aα − λ)−1

Gλ Greens function (explicitely known) of A0:

((A0 − λ)−1f )(x) =

∫
R2

Gλ(x , y)f (y)dy , λ ∈ ρ(A0).

Definition

The γ-field ρ(A0) 3 λ 7→ γ(λ) : L2(Σ)→ L2(R2) is

(γ(λ)ϕ)(s) =

∫
Σ

Gλ(s, t)ϕ(t)dσ(t), ϕ ∈ L2(Σ), s ∈ R2.

The Weyl function ρ(A0) 3 λ 7→ M(λ) : L2(Σ)→ L2(Σ) is

(M(λ)ϕ)(s) =

∫
Σ

Gλ(s, t)ϕ(t)dσ(t), ϕ ∈ L2(Σ), s ∈ Σ.

γ(λ) and M(λ) boundary integral operators, f = γ(λ)ϕ
solves ∇2

A f = λf , fe|Σ = fi|Σ, ∂ν fe|Σ − ∂ν fi|Σ = ϕ
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Qualitative spectral properties of Aα = ∇2
A + αδ

Theorem
If λ ∈ ρ(A0) then: λ ∈ σp(Aα)⇔ −1 ∈ σp(αM(λ))

If λ ∈ ρ(A0) ∩ ρ(Aα) then

(Aα − λ)−1 = (A0 − λ)−1 − γ(λ)
(
1 + αM(λ)

)−1
αγ(λ̄)∗

and γ(λ)
(
1 + αM(λ)

)−1
αγ(λ̄)∗ ∈ Sp(L2(R2)), p > 1

3

σess(Aα) = σess(A0) = σ(A0) =
{

Λq = B(2q + 1) : q ∈ N0
}

Problem: What about accumulation of σp(Aα) to Λq, q ∈ N0 ?

Classical potential of definite sign [Raikov, CPDE 1990]
Exterior problem with Dirichlet, Neumann, Robin bc’s:
Goffeng, Kachmar, Persson Sundqvist, Pushnitski,
Rozenblum
Related results in 3D: Bony, Bruneau, Raikov, Sambou
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Accumulation of eigenvalues of Aα = ∇2
A + αδ

σess(Aα) =
{

Λq = B(2q + 1) : q ∈ N0
}

Theorem
If α(x) ≥ 0 then (Λq − ε,Λq) ∩ σ(Aα) = ∅;
If α(x) > 0 then ](Λq,Λq + ε) ∩ σ(Aα) =∞;
If α(x) ≥ 0 and α 6≡ 0 then ](Λ0,Λ0 + ε) ∩ σ(Aα) =∞.

Theorem
If α(x) ≤ 0 then (Λq,Λq + ε) ∩ σ(Aα) = ∅;
If α(x) < 0 then ](Λq − ε,Λq) ∩ σ(Aα) =∞;
If α(x) ≤ 0 and α 6≡ 0 then ](Λ0 − ε,Λ0) ∩ σ(Aα) =∞.

Method: Show for λ0 ∈ R and Pq : L2(R2)→ ker (A0 − Λq) that

Pq
[
γ(λ0)

(
1 + αM(λ0)

)−1
αγ(λ0)∗

]
Pq

is infinite rank operator.
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Asymptotics of eigenvalues of Aα = ∇2
A + αδ

σess(Aα) =
{

Λq = B(2q + 1) : q ∈ N0
}

Theorem
If Σ is C∞-smooth and α(x) > 0then ](Λq,Λq + ε) ∩ σ(Aα) =∞
and

lim
k→∞

(
k !(λk − Λq)

) 1
k =

B
2

Cap (Σ)2

Theorem
If Σ is C∞-smooth and α(x) < 0 then ](Λq − ε,Λq)∩ σ(Aα) =∞
and

lim
k→∞

(
k !(Λq − λk )

) 1
k =

B
2

Cap (Σ)2

Here the logarithmic capacity of Σ is

Cap(Σ) = sup
{

e−I(µ): µ ≥ 0 measure on R2, suppµ ⊂ Σ, µ(Σ) = 1
}
,

where I(µ) =
∫
R2

∫
R2 ln 1

|x−y |dµ(x)dµ(y) logarithmic energy.
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Proofs inspired by [Pushnitski Rozenblum, 2007].
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Fate of Landau levels Λq under δ-perturbations

Theorem
ker (Aα − Λ0) = {0}
If Γ = suppα is contained in a nodal set of eigenfunction in
ker (A0 − Λq) then

ker (Aα − Λq) 6= {0}

Remark
In stark contrast to [Klopp Raikov, IMRN 2009] for classical
potential V ≥ 0 (or V ≤ 0) with 0 < ‖V‖L∞ < 2B one has:

ker (A0 + V − Λq) = {0}

Proposition
If Σ is a circle Cr and α ≥ c+ > 0 (or α ≤ c− < 0) on Σ then

dim ker (Aα − Λq) <∞.

There are∞-many r > 0 with ker (Aα − Λq) 6= {0} for some q.
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Approximation of Aα by regular Landau Hamiltonians

Fix V ∈ L∞(R2) real supported in tubular neighborhood Σε,

Vε(x) =

{
1
εV
(
xΣ + 1

ε tν(xΣ)
)
, if x = xΣ + tν(xΣ) ∈ Σε,

0, if x /∈ Σε,

and
Hε = A0 + Vε, dom Hε = dom A0 = H2

A(R2).

Theorem ∥∥(Hε − λ)−1 − (Aα − λ)−1∥∥ ≤ Cλε,

where

α(xΣ) =

∫ 1

−1
V (xΣ + tν(xΣ))dt , xΣ ∈ Σ.

In particular, Hε → Aα in norm resolvent sense as ε→ 0.
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