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Abstract—An analog of the classical Young’s inequality for convolutions of functions is proved
in the case of general global Morrey-type spaces. The form of this analog is different from
Young’s inequality for convolutions in the case of Lebesgue spaces. A separate analysis is
performed for the case of periodic functions.
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1. INTRODUCTION. GENERAL MORREY-TYPE SPACES

Over the last three decades, the general local and global Morrey-type spaces have been in the
focus of many studies (see, e.g., [12, 16, 17, 19, 21, 24, 25, 29, 30, 37]).

In particular, for a certain range of the numerical parameters 0 < p1, p2, θ1, θ2 ≤ ∞ of the general
local Morrey-type spaces LMp1θ1,w1(·) and LMp2θ2,w2(·), necessary and sufficient conditions on the
functional parameters w1 and w2 have been obtained under which the maximal operator [11–13],
the fractional maximal operator [7, 14, 16], the Riesz potential [8, 15, 17], genuine singular integral
operators [18, 19], and the Hardy operator [20, 22] are bounded as operators acting from the space
LMp1θ1,w1(·) to the space LMp2θ2,w2(·). In those studies, only natural assumptions—ensuring that the
spaces LMp1θ1,w1(·) and LMp2θ2,w2(·) are nontrivial—have been initially made about the functions
w1 and w2.

The recent survey papers [3, 23, 28, 34–36] describe in detail the present state of the operator
theory in general Morrey-type spaces and various applications of this theory.

One of the most common definitions of general Morrey-type spaces is as follows. Let B(x, r)
denote the open ball in R

n of radius r > 0 with center at a point x ∈ R
n.

Definition 1. Let 0 < p, θ ≤ ∞, and let w be a nonnegative Lebesgue measurable function
on the half-axis (0,∞) that is not equivalent to zero. The local Morrey-type space LMpθ,w(·) ≡
LMpθ,w(·)(R

n) is the space of all Lebesgue measurable functions f on R
n with finite quasinorm

‖f‖LMpθ,w(·) =
∥∥w(r)‖f‖Lp(B(0,r))

∥∥
Lθ(0,∞)

.

The global Morrey-type space GMpθ,w(·) ≡ GMpθ,w(·)(R
n) is the space of all Lebesgue measurable

functions f on R
n with finite quasinorm

‖f‖GMpθ,w(·) = sup
x∈Rn

‖f(x+ ·)‖LMpθ,w(·) = sup
x∈Rn

∥∥w(r)‖f‖Lp(B(x,r))

∥∥
Lθ(0,∞)

.

Remark 1. If the function w is equivalent to zero (in short, w ∼ 0) on (t,∞) for some t > 0,
then we set

b = inf{t > 0: w ∼ 0 on (t,∞)}.
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If w(r) = 0 and ‖f‖Lp(B(x,r)) = ∞, then we assume that w(r)‖f‖Lp(B(x,r)) = 0. Under this agree-
ment,

‖f‖LMpθ,w(·) =
∥∥w(r)‖f‖Lp(B(0,r))

∥∥
Lθ(0,b)

, ‖f‖GMpθ,w(·) = sup
x∈Rn

∥∥w(r)‖f‖Lp(B(x,r))

∥∥
Lθ(0,b)

.

In the case of local Morrey-type spaces (in contrast to global Morrey-type spaces), the finiteness
of ‖f‖LMpθ,w(·) does not impose any constraints on the behavior of the function f for |x| ≥ b. For
definiteness, we assume that f(x) = 0 for |x| ≥ b.

If θ = ∞ and w(·) ≡ 1, then LMp∞,1 = GMp∞,1 = Lp(R
n), while if θ = ∞ and w(r) = r−λ,

0 ≤ λ ≤ n/p, then
GMp∞,r−λ ≡ Mλ

p

is the classical Morrey space and
LMp∞,r−λ ≡ LMλ

p

is a local version of the Morrey space.
The spaces Mλ

p are nontrivial (i.e., they consist not only of functions equivalent to zero on R
n)

if and only if 0 ≤ λ ≤ n/p. The spaces LMλ
p are nontrivial if and only if λ ≥ 0. For λ = 0, we have

LM0
p = M0

p = Lp. For λ = n/p, we have M
n/p
p = L∞.

Let us discuss the relationship between the Morrey spaces Mλ
p and the Nikol’skii spaces Hλ

p

(1 ≤ p ≤ ∞, λ > 0) consisting of all Lebesgue measurable functions on R
n such that

‖f‖Hλ
p
= ‖f‖Lp + ‖f‖Ḣλ

p
< ∞,

where
‖f‖Ḣλ

p
= sup

h∈Rn, h �=0
|h|−λ‖Δσ

hf‖Lp ;

here Δσ
hf is the difference of the function f of order σ ∈ N with step h ∈ R

n and σ > λ. (These
definitions for different σ > λ are equivalent.)

Note that for 1 ≤ p ≤ ∞ and 0 < λ < n/p,

Hλ
p ⊂ Mλ

p

(the inclusion is strict); moreover, for any ε > 0,

Hλ
p 
⊂ Mλ+ε

p .

See Nikol’skii’s paper [31] as well as his survey paper [32] for details. (For n = 1, see [26]; regarding
generalizations, see [2, 4–6, 9, 10, 27].) A detailed account of the theory of the spaces Hλ

p can be
found in the books [1, 33, 38].

We will say that f ∈ (Hλ
p )

loc if fη ∈ Hλ
p for any infinitely continuously differentiable function η

with compact support.
In some cases, the parameter λ of the spaces Mλ

p and LMλ
p behaves like the smoothness param-

eter λ of the spaces Hλ
p ; for example,

‖f(εx)‖LMλ
p
= ελ−n/p‖f(x)‖LMλ

p
, ‖f(εx)‖Mλ

p
= ελ−n/p‖f(x)‖Mλ

p
,

‖f(εx)‖Ḣλ
p
= ελ−n/p‖f(x)‖Ḣλ

p

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 293 2016



AN ANALOG OF YOUNG’S INEQUALITY FOR CONVOLUTIONS 109

for all ε > 0, and for α ∈ R

|x|α ∈ LMλ
p ⇔ |x|α ∈ Mλ

p ⇔ |x|α ∈ (Hλ
p )

loc ⇔ α ≥ λ− n

p

under appropriate assumptions on the parameters p and λ.
The first natural question concerning general Morrey-type spaces is to find out for what func-

tions w the spaces LMpθ,w(·) and GMpθ,w(·) are nontrivial. To answer this question, we need the
following definition.

Definition 2. Let 0 < p, θ ≤ ∞. Then Ωθ is the set of all functions w that are nonnegative,
Lebesgue measurable on (0,∞), not equivalent to zero, and are such that

‖w(r)‖Lθ(t,∞) < ∞ (1.1)

for some t > 0. Further, Ωpθ is the set of all functions w that are nonnegative, Lebesgue measurable
on (0,∞), not equivalent to zero, and are such that

‖w(r)rn/p‖Lθ(0,t) < ∞, ‖w(r)‖Lθ(t,∞) < ∞ (1.2)

for some t > 0, or, which is equivalent,∥∥∥w(r)( r

t+ r

)n/p∥∥∥
Lθ(0,∞)

< ∞ (1.3)

for some t > 0.
Note that if condition (1.2) (and, hence, condition (1.3)) holds for some t > 0, then it holds for

all t > 0.
Let

a = inf
{
t > 0: ‖w‖Lθ(t,∞) < ∞

}
.

Note that if w ∈ Ωpθ, then a = 0.
Lemma 1 [13, 20]. Let 0 < p, θ ≤ ∞, and let w be a nonnegative Lebesgue measurable function

on (0,∞) that is not equivalent to zero.
The space LMpθ,w(·) is nontrivial if and only if w ∈ Ωθ, and the space GMpθ,w(·) is nontrivial

if and only if w ∈ Ωpθ.
Moreover, if w ∈ Ωθ, then the space LMpθ,w(·) contains all functions f ∈ Lp(R

n) that vanish
on B(0, t) for some t > a.

If w ∈ Ωpθ, then Lp(R
n) ∩ L∞(Rn) ⊂ GMpθ,w(·).

Let w ∈ Ωθ or w ∈ Ωpθ; suppose that the function w is not equivalent to zero on the in-
terval (t,∞) for any t > 0. It may happen that the function w is equivalent to zero on some
subintervals of the interval (a,∞), which is inconvenient for some applications. One can overcome
this disadvantage by replacing the function w with another function w̃ that is positive on (a,∞) and
is such that the quasinorms ‖f‖LMpθ,w(·) and ‖f‖LMpθ,w̃(·) , as well as ‖f‖GMpθ,w(·) and ‖f‖GMpθ,w̃(·) ,
differ little from each other. More precisely, the following statement is valid.

Let Ω+
θ and Ω+

pθ be the sets of all functions w ∈ Ωθ and w ∈ Ωpθ, respectively, that are positive
on (0,∞).

Theorem 1 [37]. Let 0 < p, θ ≤ ∞ and w ∈ Ωθ; suppose that the function w is not equivalent
to zero on the interval (t,∞) for any t > 0.

If θ < ∞, then, for any ε > 0, there exists a function wε ∈ Ω+
θ such that wε ≥ w on (0,∞),

LMpθ,wε(·) = LMpθ,w(·), and

‖f‖LMpθ,w(·) ≤ ‖f‖LMpθ,wε(·)
≤ (1 + ε)‖f‖LMpθ,w(·)

for all f ∈ LMpθ,w(·).
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If θ = ∞, then there exists a function w̃ ∈ Ω+
∞ such that w̃ ≥ w on (0,∞), LMp∞,w̃(·) =

LMp∞,w(·), and
‖f‖LMp∞,w̃(·) = ‖f‖LMp∞,w(·) (1.4)

for all f ∈ LMp∞,w(·). Moreover, there exists a function w ∈ Ω+
∞ such that w ≥ w almost

everywhere on (0,∞), w does not increase and is continuous on the right on (a,∞), LMp∞,w(·) =
LMp∞,w(·), and equality (1.4) with w instead of w̃ is satisfied.

A similar statement is valid if the classes Ωθ and Ω+
θ are everywhere replaced with Ωpθ

and Ω+
pθ and the local Morrey-type spaces LMp∞,w(·) are replaced with the global Morrey-type

spaces GMp∞,w(·).
In the present study we prove an analog of the classical Young’s inequality for convolutions in

the case of general global Morrey-type spaces. The form of this analog is different from Young’s
inequality for convolutions in the case of Lebesgue spaces. Section 2 is of auxiliary character. The
main result is contained in Section 3. In Section 4, we present inequalities for truncated convolutions.
The case of periodic functions is considered in Section 5.

2. ANALOG OF A MULTIPLICATIVE INEQUALITY FOR GENERAL
LOCAL AND GLOBAL MORREY-TYPE SPACES

In the case of Lebesgue spaces, the following well-known multiplicative inequality is valid:

‖f‖Lp(Ω) ≤ ‖f‖α1

Lp1 (Ω)
‖f‖α2

Lp2 (Ω)
(2.1)

for all f ∈ Lp1(Ω) ∩ Lp2(Ω), where Ω is a measurable set in R
n and

0 ≤ α1, α2 ≤ 1, α1 + α2 = 1, 0 < p1, p2, p ≤ ∞,
α1

p1
+

α2

p2
=

1

p
. (2.2)

The following inequalities are analogs of inequality (2.1) for local and global Morrey-type spaces.
Lemma 2. Let condition (2.2) hold and let, in addition,

0 < θ1, θ2, θ ≤ ∞,
α1

θ1
+

α2

θ2
=

1

θ
, (2.3)

and
w(r) = wα1

1 (r)wα2
2 (r), r > 0. (2.4)

Then
(1) w ∈ Ωθ for all w1 ∈ Ωθ1 and w2 ∈ Ωθ2 , and the inequality

‖f‖LMpθ,w(·) ≤ ‖f‖α1
LMp1θ1,w1(·)

‖f‖α2
LMp2θ2,w2(·)

(2.5)

is valid for all f ∈ LMp1θ1,w1(·) ∩ LMp2θ2,w2(·);

(2) w ∈ Ωpθ for all w1 ∈ Ωp1θ1 and w2 ∈ Ωp2θ2 , and the inequality

‖f‖GMpθ,w(·) ≤ ‖f‖α1
GMp1θ1,w1(·)

‖f‖α2
GMp2θ2,w2(·)

(2.6)

is valid for all f ∈ GMp1θ1,w1(·) ∩ GMp2θ2,w2(·); in particular, for 0 ≤ λ1 ≤ n/p1 and
0 ≤ λ2 ≤ n/p2,

‖f‖
M

α1λ1+α2λ2
p

≤ ‖f‖α1

M
λ1
p1

‖f‖α2

M
λ2
p2

.

Proof. 1. Let w1 ∈ Ωθ1 and w2 ∈ Ωθ2 . According to Definition 2, for some t1, t2 > 0 we have
‖w1‖Lθ1

(t1,∞) < ∞ and ‖w2‖Lθ2
(t2,∞) < ∞. Let t = max{t1, t2}. Using conditions (2.2) and (2.3),
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we apply inequality (2.1) in which p, p1, and p2 are replaced by θ, θ1, and θ2. Then

‖w‖Lθ(t,∞) ≤ ‖w1‖α1

Lθ1
(t1,∞)‖w2‖α2

Lθ2
(t2,∞) < ∞.

Thus, w ∈ Ωθ.
Next, let f ∈ LMp1θ1,w1(·) ∩ LMp2θ2,w2(·). Applying inequality (2.1) with Ω = B(0, r), equal-

ity (2.4), and then taking into account condition (2.3) and Hölder’s inequality with exponents θ,
θ1/α1, and θ2/α2, we obtain

‖f‖LMpθ,w(·) =
∥∥w(r)‖f‖Lp(B(0,r))

∥∥
Lθ(0,∞)

≤
∥∥w(r)‖f‖α1

Lp1 (B(0,r))‖f‖
α2

Lp2 (B(0,r))

∥∥
Lθ(0,∞)

=
∥∥(

w1(r)‖f‖Lp1 (B(0,r))

)α1
(
w2(r)‖f‖Lp2 (B(0,r))

)α2
∥∥
Lθ(0,∞)

≤
∥∥(

w1(r)‖f‖Lp1 (B(0,r))

)α1
∥∥
Lθ1/α1

(0,∞)

∥∥(
w2(r)‖f‖Lp2 (B(0,r))

)α2
∥∥
Lθ2/α2

(0,∞)

=
∥∥w1(r)‖f‖Lp1 (B(0,r))

∥∥α1

Lθ1
(0,∞)

∥∥w2(r)‖f‖Lp2 (B(0,r))

∥∥α2

Lθ2
(0,∞)

= ‖f‖α1
LMp1θ1,w1(·)

‖f‖α2
LMp2θ2,w2(·)

,

which implies inequality (2.5).
2. Now, let w1 ∈ Ωp1θ1 and w2 ∈ Ωp2θ2 . Let us verify condition (1.3) for the function w. Using

condition (2.3), we apply Hölder’s inequality with exponents θ, θ1/α1, and θ2/α2. Then

∥∥w(r)( r

t+ r

)n/p∥∥∥
Lθ(0,∞)

=
∥∥∥(

w1(r)
( r

t+ r

)n/p1)α1
(
w2(r)

( r

t+ r

)n/p2)α2
∥∥∥
Lθ(0,∞)

≤
∥∥∥w1(r)

( r

t+ r

)n/p1∥∥∥α1

Lθ1
(0,∞)

∥∥∥w2(r)
( r

t+ r

)n/p2∥∥∥α2

Lθ2
(0,∞)

< ∞.

Thus, w ∈ Ωpθ.
Next, let f ∈ GMp1θ1,w1(·) ∩GMp2θ2,w2(·). According to inequality (2.5),

‖f‖GMpθ,w(·) = sup
x∈Rn

‖f(x+ ·)‖LMpθ,w(·) ≤ sup
x∈Rn

(
‖f(x+ ·)‖α1

LMp1θ1,w1(·)
‖f(x+ ·)‖α2

LMp2θ2,w2(·)

)
≤

(
sup
x∈Rn

‖f(x+ ·)‖LMp1θ1,w1(·)

)α1
(

sup
x∈Rn

‖f(x+ ·)‖LMp2θ2,w2(·)

)α2

= ‖f‖α1
GMp1θ1,w1(·)

‖f‖α2
GMp2θ2,w2(·)

. �

Remark 2. In Section 3, we will make use of inequality (2.6) in the case when w1 = w2 =
w ∈ Ωθ1 ∩ Ωθ2 .

3. ANALOG OF YOUNG’S INEQUALITY FOR CONVOLUTIONS OF FUNCTIONS
IN THE CASE OF GENERAL GLOBAL MORREY-TYPE SPACES

Let f1 and f2 be measurable functions and

(f1 ∗ f2)(x) =
∫
Rn

f1(x− y)f2(y) dy, x ∈ R
n,

be the convolution of these functions.
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In this section, we formulate and prove an analog of Young’s inequality for convolutions in
Lebesgue spaces:

‖f1 ∗ f2‖Lp ≤ ‖f1‖Lp1
‖f2‖Lp2

(3.1)

for all fk ∈ Lpk , k = 1, 2, where

1 ≤ p1, p2 ≤ p ≤ ∞,
1

p1
+

1

p2
=

1

p
+ 1. (3.2)

If 1 ≤ p2 = p ≤ ∞, then the inequality takes the form

‖f1 ∗ f2‖Lp ≤ ‖f1‖L1‖f2‖Lp . (3.3)

Applying the generalized Minkowski inequality for integrals twice, we can easily prove that if
1 ≤ p, θ ≤ ∞ and w ∈ Ωpθ, then

‖f1 ∗ f2‖GMpθ,w(·) ≤ ‖f1‖L1‖f2‖GMpθ,w(·) (3.4)

for all f1 ∈ L1 and f2 ∈ GMpθ,w(·); in particular, for any 0 ≤ λ ≤ n/p and all f1 ∈ L1 and f2 ∈ Mλ
p ,

‖f1 ∗ f2‖Mλ
p
≤ ‖f1‖L1‖f2‖Mλ

p
. (3.5)

These are direct analogs of Young’s inequality (3.3) (Lp is replaced by GMpθ,w(·) and Mλ
p , respec-

tively).
Indeed, for all x ∈ R

n,

‖f1 ∗ f2‖Lp(B(x,r)) =

∥∥∥∥∥∥
∫
Rn

f2(x− y)f1(y) dy

∥∥∥∥∥∥
Lp(B(x,r))

≤
∫
Rn

‖f2(x− y)‖Lp(B(x,r))|f1(y)| dy

=

∫
Rn

‖f2‖Lp(B(x−y,r))|f1(y)| dy

and

‖f1 ∗ f2‖GMpθ,w(·) = sup
x∈Rn

∥∥w(r)‖f1 ∗ f2‖Lp(B(x,r))

∥∥
Lθ(0,∞)

≤ sup
x∈Rn

∥∥∥∥∥∥
∫
Rn

w(r)‖f2‖Lp(B(x−y,r))|f1(y)| dy

∥∥∥∥∥∥
Lθ(0,∞)

≤ sup
x∈Rn

∫
Rn

∥∥w(r)‖f2‖Lp(B(x−y,r))

∥∥
Lθ(0,∞)

|f1(y)| dy ≤ ‖f1‖L1‖f2‖GMpθ,w(·) .

Remark 3. In inequality (3.4), one cannot replace the global space GMpθ,w(·) by the local
space LMpθ,w(·) even if one adds a constant factor independent of f1 and f2 to the right-hand side.
In particular, for any 0 < p ≤ ∞, λ > 0, and any A > 0, the inequality

‖f1 ∗ f2‖LMλ
p
≤ A‖f1‖L1‖f2‖LMλ

p
(3.6)

with arbitrary f1 ∈ Lp and f2 ∈ LMλ
p fails, as is shown in the following example.1

1This example was proposed by E.D. Nursultanov.
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Let n = 1 and
f1k = χ[−k−1,−k], f2k = χ[k,k+1], k ∈ N.

Then
‖f1k‖L1 = 1, ‖f2k‖Lp = 1, ‖f2k‖LMλ

p
≤ sup

r≥k
r−λ‖f2k‖Lp(−r,r) ≤ k−λ.

On the other hand, for 0 ≤ x ≤ 1/2,

(f1k ∗ f2k)(x) =
∫
Rn

f1k(x− y)f2k(y) dy =

∫
[k,k+1]∩(x−[−k−1,−k])

dy =

∫
[k+x,k+1]

dy ≥ 1

2

and, for all k ∈ N,

‖f1k ∗ f2k‖LMλ
p
≥ sup

r≥1
r−λ‖f1k ∗ f2k‖Lp(0,r) ≥ ‖f1k ∗ f2k‖Lp(0,1/2) ≥ 2−1−1/p.

Replacing f1 with f1k and f2 with f2k in (3.6), we see that this inequality is impossible.
Remark 4. Note that in the case of the spaces Hλ

p , for any λ > 0 and any p1, p2, and p
satisfying condition (3.2), the following direct analog of Young’s inequality holds:

‖f1 ∗ f2‖Ḣλ
p
= sup

h∈Rn, h �=0
|h|−λ‖Δσ

h(f1 ∗ f2)‖Lp = sup
h∈Rn, h �=0

|h|−λ‖f1 ∗Δσ
hf2‖Lp

≤
(

sup
h∈Rn, h �=0

|h|−λ‖Δσ
hf2‖Lp2

)
‖f1‖Lp1

= ‖f1‖Lp1
‖f2‖Ḣλ

p2

(it is assumed here that σ ∈ N and σ > λ). However, in the case of the global spaces GMpθ,w(·), for
any p1, p2, and p satisfying condition (3.2), the direct analog of Young’s inequality

‖f1 ∗ f2‖GMpθ,w(·) ≤ ‖f1‖Lp1
‖f2‖GMp2θ,w(·)

fails for p1 > 1 even if one adds a constant factor independent of f1 and f2 to the right-hand side.
In particular, for any A > 0, the inequality

‖f1 ∗ f2‖Mλ
p
≤ A‖f1‖Lp1

‖f2‖Mλ
p2

(3.7)

with arbitrary f1 ∈ Lp1 and f2 ∈ Mλ
p2 fails to hold.

This is obvious if n/p < λ ≤ n/p2. Indeed, it follows from (3.7) that f1 ∗ f2 ∈ Mλ
p with λ > n/p,

which implies that the convolution f1 ∗ f2 is equivalent to zero on R
n for all f1 ∈ Lp1 and f2 ∈ Mλ

p2 ,
but this is impossible.

For n = 1 and any 0 < λ ≤ 1/p, this is confirmed by the following example.2 Let α = 1/(λp2) and

f1 =

∞∑
k=2

k−1/p1(ln k)−2/p1χ[−kα−1,−kα+1], f2 =

∞∑
k=2

χ[kα,kα+1].

It is obvious that f1 ∈ Lp1 and f2 /∈ Lp2 . Let us prove that f2 ∈ Mλ
p2 . Indeed, if x < −2r, then

‖f2‖Lp2 (x−r,x+r) = 0. If r < 1, then, for all x ∈ R,

r−λ‖f2‖Lp2 (x−r,x+r) ≤ r−λ(2r)1/p2 ≤ 2.

2This example was also proposed by E.D. Nursultanov.
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If r > 1 and x > 2r, then x − r − 1 > 0 and, since aλp2 − bλp2 ≤ (a − b)λp2 for a ≥ b ≥ 0 because
of the inequality λp2 ≤ 1, we have

r−λ‖f2‖Lp2 (x−r,x+r) ≤ r−λ

( ∑
kα+1>x−r, kα<x+r

1

)1/p2

= r−λ

( ∑
(x−r−1)λp2<k<(x+r)λp2

1

)1/p2

= r−λ
(
(x+ r)λp2 − (x− r − 1)λp2 + 1

)1/p2 ≤ r−λ
(
(2r + 1)λp2 + 1

)1/p2 ≤ (3λp2 + 1)1/p2 ≤ 4.

Finally, if r > 1 and −r ≤ x ≤ 2r, then

r−λ‖f2‖Lp2 (x−r,x+r) ≤ r−λ‖f2‖Lp2 (0,3r)
≤ r−λ

( ∑
kα<3r

1

)1/p2

≤ r−λ
(
(3r)λp2 + 1

)1/p2 ≤ (3λp2 + 1)1/p2 ≤ 4.

Thus,

‖f2‖Mλ
p2

= sup
x∈R

sup
r>0

r−λ‖f2‖Lp2 (x−r,x+r) < ∞.

At the same time, for 0 ≤ x ≤ 1 and kα ≤ y ≤ kα + 1, we have −kα − 1 ≤ x − y ≤ −kα + 1;
therefore,

(f1 ∗ f2)(x) =
∞∑
k=2

kα+1∫
kα

f1(x− y) =
∞∑
k=2

k−1/p1(ln k)−2/p1 = ∞.

Hence, ‖f1 ∗ f2‖Mλ
p
= ∞ and, more generally, ‖f1 ∗ f2‖Mν

q
= ∞ for all 0 < q ≤ ∞ and 0 ≤ ν ≤ 1/q.

For this reason, in the following statement we additionally assume that f1 ∈ Lp1 and f2 ∈ Lp2 .
Theorem 2. Let

1 ≤ p1, p2 ≤ p ≤ ∞,
p1p2
p

≤ θ1, θ2 ≤ ∞, 0 ≤ α1, α2 ≤ 1, (3.8)

and
1

p1
+

1

p2
=

1

p
+ 1,

α1

p1
+

α2

p2
=

1

p
,

α1

θ1
+

α2

θ2
=

1

θ
. (3.9)

Let, next, w1 ∈ Ωp1θ1 , w2 ∈ Ωp2θ2 , and

w(r) = wα1
1 (r)wα2

2 (r), r > 0. (3.10)

Then w ∈ Ωpθ; for all fk ∈ GMpkθk,wk(·) ∩ Lpk , k = 1, 2, the convolution f1 ∗ f2 exists almost
everywhere on R

n; and

‖f1 ∗ f2‖GMpθ,w(·) ≤ ‖f1‖α1
GMp1θ1,w1(·)

‖f1‖1−α1
Lp1

‖f2‖α2
GMp2θ2,w2(·)

‖f2‖1−α2
Lp2

. (3.11)

Let us distinguish the following particular cases of inequality (3.11).

1. If α1 = 0 and p1 = 1, then p2 = p, α2 = 1, θ2 = θ, and w2(·) = w(·), and this is
inequality (3.4). In this case, it suffices to assume that f2 ∈ GMpθ,w(·). (For p ≥ 1, the additional
assumption f2 ∈ Lp is redundant.)
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2. If α1 = 0 and p1 > 1, then p2 < p, α2 = p2/p, and θ2 = (p2/p)θ, where p1 ≤ θ ≤ ∞,
w2(·) = wp/p2(·), and

‖f1 ∗ f2‖GMpθ,w(·) ≤ ‖f1‖Lp1
‖f2‖p2/pGM

p2,(p2/p)θ,w
p/p2 (·)

‖f2‖1−p2/p
Lp2

(3.12)

for w ∈ Ωpθ.
3. If θ1 = θ2 = θ = ∞, 0 ≤ λ1 ≤ n/p1, 0 ≤ λ2 ≤ n/p2, w1(r) = r−λ1 , and w2(r) = r−λ2 , then

w(r) = r−(α1λ1+α2λ2) and

‖f1 ∗ f2‖Mα1λ1+α2λ2
p

≤ ‖f1‖α1

M
λ1
p1

‖f1‖1−α1
Lp1

‖f2‖α2

M
λ2
p2

‖f2‖1−α2
Lp2

. (3.13)

According to this inequality, for fixed p1, p2, λ1, and λ2, the maximum value of the parameter λ for
which f1 ∗ f2 ∈ Mλ

p is equal to max{p1λ1/p, p2λ2/p} (the maximum is attained either for α1 = 0
or for α2 = 0).

4. If θ1 = θ2 = ∞, α1 = 0, α2 = p2/p, and w2(r) = r−λ2 , then θ = ∞, w(r) = r−(p2/p)λ2 , and

‖f1 ∗ f2‖M (p2/p)λ2
p

≤ ‖f1‖Lp1
‖f2‖p2/p

M
λ2
p2

‖f2‖1−p2/p
Lp2

(3.14)

for 0 ≤ λ2 ≤ n/p2.

Proof of Theorem 2. 1. The fact that w ∈ Ωpθ was verified in the proof of Lemma 2.

2. Below, without loss of generality, we will assume that f1 and f2 are nonnegative functions.
First, we prove inequality (3.12). Note that the condition w ∈ Ωpθ implies the inclusion

wp/p1 ∈ Ωp1,(p1/p)θ. Since p2/p + p2/p
′
1 = 1 according to (3.9), applying Hölder’s inequality with

the exponents p1 and p′1 yields3

(f1 ∗ f2)(z) = (f2 ∗ f1)(z) =
∫
Rn

f2(z − y)f1(y) dy =

∫
Rn

(
f1(y)f2(z − y)p2/p

)
f2(z − y)p2/p

′
1 dy

≤
∥∥f1(y)f2(z − y)p2/p

∥∥
Lp1,y(R

n)

∥∥f2(z − y)p2/p
′
1
∥∥
Lp′

1
,y(R

n)

=
∥∥f1(y)f2(z − y)p2/p

∥∥
Lp1,y(R

n)
‖f2‖

p2/p′1
Lp2 (R

n) (3.15)

for all z ∈ R
n.

Since p1 ≤ p, we can apply the generalized Minkowski inequality for integrals and find that

‖f1 ∗ f2‖Lp(B(x,r)) ≤
∥∥‖f1(y)f2(z − y)p2/p‖Lp1,y(R

n)

∥∥
Lp,z(B(x,r))

‖f2‖1−p2/p
Lp2 (R

n)

≤
∥∥‖f2(z − y)p2/p‖Lp,z(B(x,r))f1(y)

∥∥
Lp1,y(R

n)
‖f2‖1−p2/p

Lp2 (R
n)

=
∥∥‖fp2/p

2 ‖Lp(B(x−y,r))f1(y)
∥∥
Lp1,y(R

n)
‖f2‖1−p2/p

Lp2 (R
n)

=
∥∥‖f2‖p2/pLp2 (B(x−y,r))f1(y)

∥∥
Lp1,y(R

n)
‖f2‖1−p2/p

Lp2 (R
n) (3.16)

for all x ∈ R
n and r > 0. (If r = ∞, this inequality coincides with inequality (3.1), and we obtain

its short proof.)
3As usual, p′1 denotes the conjugate exponent of p1 (1/p1 + 1/p′1 = 1).
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Since p1 ≤ θ, another application of the generalized Minkowski inequality for integrals yields∥∥w(r)‖f1 ∗ f2‖Lp(B(x,r))

∥∥
Lθ(0,∞)

≤
∥∥∥w(r)∥∥‖f2‖p2/pLp2 (B(x−y,r))f1(y)

∥∥
Lp1,y(R

n)

∥∥∥
Lθ,r(0,∞)

‖f2‖1−p2/p
Lp2 (R

n)

=
∥∥∥∥∥(

w(r)p/p2‖f2‖Lp2 (B(x−y,r))

)p2/pf1(y)∥∥Lp1,y(R
n)

∥∥∥
Lθ,r(0,∞)

‖f2‖1−p2/p
Lp2 (R

n)

≤
∥∥∥∥∥(

w(r)p/p2‖f2‖Lp2 (B(x−y,r))

)p2/pf1(y)∥∥Lθ,r(0,∞)

∥∥∥
Lp1,y(R

n)
‖f2‖1−p2/p

Lp2 (R
n)

=
∥∥∥∥∥w(r)p/p2‖f2‖Lp2 (B(x−y,r))

∥∥p2/p

L(p2/p)θ,r
(0,∞)

f1(y)
∥∥∥
Lp1,y(R

n)
‖f2‖1−p2/p

Lp2 (R
n)

≤
(
sup
u∈Rn

∥∥w(r)p/p2‖f2‖Lp2 (B(u,r))

∥∥
L(p2/p)θ,r

(0,∞)

)p2/p

‖f1(y)‖Lp1,y(R
n)‖f2‖

1−p2/p
Lp2 (R

n)

= ‖f1‖Lp1 (R
n)‖f2‖

p2/p
GM

p2,(p2/p)θ,w
p/p2 (·)(R

n)‖f2‖
1−p2/p
Lp2 (R

n) (3.17)

for all x ∈ R
n, which implies inequality (3.12).

3. Let

β1 =
α1p

p1
, β2 =

α2p

p2
, η1 =

θ1p

p1
, η2 =

θ2p

p2
, v1(r) = w

p1/p
1 (r), v2(r) = w

p2/p
2 (r), r > 0.

By virtue of (3.9) and (3.10),

β1 + β2 = 1,
β1
η1

+
β2
η2

=
1

θ
, vβ1

1 (r)vβ2
2 (r) = w(r), r > 0.

Using inequality (2.6) with p1 = p2 = p, the parameters θ1 and θ2 replaced by η1 and η2, the
parameters α1 and α2 replaced by β1 and β2, and the functions w1(r) and w2(r) replaced by v1(r)
and v2(r), we obtain

‖f1 ∗ f2‖GMpθ,w(·) ≤ ‖f1 ∗ f2‖β1

GMpη1,v1(·)
‖f1 ∗ f2‖β2

GMpη2,v2(·)
.

Now, applying inequality (3.12) with θ replaced by η2 and w replaced by v2 to the second factor
and the same inequality with f1 and f2 interchanged, θ replaced by η1, and w replaced by v1 to the
first factor, we see that

‖f1 ∗ f2‖GMpθ,w(·) ≤
(
‖f2‖Lp2

‖f1‖p1/pGM
p1,p1η1/p,v

p/p1
1

(·)
‖f1‖1−p1/p

Lp1

)α1p/p1

×
(
‖f1‖Lp1

‖f2‖p2/pGM
p2,p2η2/p,v

p/p2
2

(·)
‖f2‖1−p2/p

Lp2

)α2p/p2

=
(
‖f2‖Lp2

‖f1‖p1/pGMp1θ1,w1(·)
‖f1‖1−p1/p

Lp1

)α1p/p1(
‖f1‖Lp1

‖f2‖p2/pGMp2θ2,w2(·)
‖f2‖1−p2/p

Lp2

)α2p/p2

= ‖f1‖α1
GMp1θ1,w1(·)

‖f1‖1−α1
Lp1

‖f2‖α2
GMp2θ2,w2(·)

‖f2‖1−α2
Lp2

,

since in view of (3.9) we have(
1− p1

p

)
α1p

p1
+

α2p

p2
= 1− α1,

α1p

p1
+

(
1− p2

p

)
α2p

p2
= 1− α2. �
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If f ∈ GMpθ,w(·) (in particular, if f ∈ Mλ
p ), then this does not generally imply that f ∈ Lp. For

example, if 0 < λ < n/p, then |x|λ−n/p ∈ Mλ
p , but |x|λ−n/p /∈ Lp.

In this connection, consider the modified global Morrey-type spaces

ĜMpθ,w(·) = GMpθ,w(·) ∩ Lp

with the quasinorm
‖f‖

ĜMpθ,w(·)
= max

{
‖f‖GMpθ,w(·) , ‖f‖Lp

}
,

including the spaces
M̂λ

p = Mλ
p ∩ Lp

with the quasinorm
‖f‖

M̂λ
p
= max

{
‖f‖Mλ

p
, ‖f‖Lp

}
.

Corollary 1. Under the hypotheses of Theorem 2,

‖f1 ∗ f2‖ĜMpθ,w(·)
≤ ‖f1‖ĜMp1θ1,w1(·)

‖f2‖ĜMp2θ2,w2(·)
. (3.18)

Proof. It suffices to notice that according to inequalities (3.11) and (3.1),

‖f1 ∗ f2‖GMpθ,w(·) ≤ ‖f1‖ĜMp1θ1,w1(·)
‖f2‖ĜMp2θ2,w2(·)

and
‖f1 ∗ f2‖Lp ≤ ‖f1‖ĜMp1θ1,w1(·)

‖f2‖ĜMp2θ2,w2(·)
. �

If θ1 = θ2 = θ = ∞, 0 ≤ λ1 ≤ n/p1, 0 ≤ λ2 ≤ n/p2, w1(r) = r−λ1 , and w2(r) = r−λ2 , then
inequality (3.18) takes the form

‖f1 ∗ f2‖M̂α1λ1+α2λ2
p

≤ ‖f1‖M̂λ1
p1

‖f2‖M̂λ2
p2

. (3.19)

Note that the space M̂λ
p possesses the monotonicity property with respect to the parameter λ:

if 0 ≤ λ ≤ μ ≤ n/p, then

M̂μ
p ⊂ M̂λ

p and ‖f‖
M̂λ

p
≤ ‖f‖

M̂μ
p
.

Indeed,

‖f‖M̂λ
p
= max

{
sup
r>0

sup
x∈Rn

r−λ‖f‖Lp(B(x,r)), ‖f‖Lp(Rn)

}

= max

{
sup

0<r≤1
sup
x∈Rn

r−λ‖f‖Lp(B(x,r)), sup
r>1

sup
x∈Rn

r−λ‖f‖Lp(B(x,r)), ‖f‖Lp(Rn)

}

≤ max

{
sup

0<r≤1
sup
x∈Rn

r−μ‖f‖Lp(B(x,r)), ‖f‖Lp(Rn)

}
= ‖f‖

M̂μ
p
.

Therefore, the “best” inequality among those of the form (3.19) is the inequality

‖f1 ∗ f2‖M̂λ
p
≤ ‖f1‖M̂λ1

p1

‖f2‖M̂λ2
p2

with λ = max

{
p1λ1

p
,
p2λ2

p

}
.
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For comparison, we present an analogous inequality for the Nikol’skii spaces. For any p1, p2,
and p satisfying condition (3.2) and for any λ1, λ2 > 0,

‖f1 ∗ f2‖Hλ1+λ2
p

≤ ‖f1‖Hλ1
p1

‖f2‖Hλ2
p2

. (3.20)

It is assumed that in the definition of the Nikol’skii spaces, σ1 > λ1 and σ2 > λ2 on the right-hand
side and σ = σ1 + σ2 on the left-hand side. Inequality (3.20) is obtained by an application of
Young’s inequality for convolutions (3.1) to the equality Δσ1+σ2

h (f1 ∗ f2) = (Δσ1
h f1) ∗ (Δσ2

h f2).

4. ANALOG OF YOUNG’S INEQUALITY FOR TRUNCATED CONVOLUTIONS
IN THE CASE OF GENERAL GLOBAL MORREY-TYPE SPACES

Let Ω ⊂ R
n be an open set and 0 < p, θ ≤ ∞. For a function f defined on Ω, we will denote

by f◦ its extension by zero to R
n. For w ∈ Ωθ, by definition, f ∈ LMpθ,w(·)(Ω) if f◦ ∈ LMpθ,w(·)(R

n)
and, accordingly, for w ∈ Ωpθ, f ∈ GMpθ,w(·)(Ω) if f◦ ∈ GMpθ,w(·)(R

n). In this case,

‖f‖LMpθ,w(·)(Ω) ≡ ‖f◦‖LMpθ,w(·)(Rn) =
∥∥w(r)‖f‖Lp(Ω∩B(0,r))

∥∥
Lθ(0,∞)

and
‖f‖GMpθ,w(·)(Ω) ≡ ‖f◦‖GMpθ,w(·)(Rn) = sup

x∈Rn

∥∥w(r)‖f‖Lp(Ω∩B(x,r))

∥∥
Lθ(0,∞)

.

In the case of local spaces LMpθ,w(·)(Ω), it is assumed that 0 ∈ Ω.
Note that if the set Ω is bounded, then

LMpθ,w(·)(Ω) ⊂ GMpθ,w(·)(Ω) ⊂ Lp(Ω)

and

‖f‖Lp(Ω) ≤
‖f‖LMpθ,w(·)(Ω)

‖w‖Lθ(r1,∞)
, ‖f‖Lp(Ω) ≤

‖f‖GMpθ,w(·)(Ω)

‖w‖Lθ(r2,∞)
, (4.1)

where

r1 = inf{r > 0: Ω ⊂ B(0, r)}, r2 = diamΩ = inf
x∈Ω

inf{r > 0: Ω ⊂ B(x, r)}.

Consider a “truncated” convolution

(f1 ∗ f2)Ω2(x) =

∫
Ω2

f1(x− y)f2(y) dy

for x ∈ Ω1, where Ω1,Ω2 ⊂ R
n are measurable sets, f2 is a measurable function on Ω2, and f1 is a

measurable function on Ω1 − Ω2 = {x− y : x ∈ Ω1, y ∈ Ω2}.
Let f◦

2 be the zero extension of f2 to R
n \Ω2 and f◦

1 be the zero extension of f1 to R
n \ (Ω1 − Ω2).

Then, for x ∈ Ω1,

(f1 ∗ f2)Ω2(x) =

∫
Ω2

f1(x− y)f2(y) dy =

∫
Ω2

f◦
1 (x− y)f2(y) dy =

∫
Rn

f◦
1 (x− y)f◦

2 (y) dy = (f◦
1 ∗ f◦

2 )(x).

Since

‖f◦
1 ‖Lp1 (R

n) = ‖f1‖Lp1 (Ω1−Ω2), ‖f◦
1 ‖GMpθ,w(·)(Rn) = ‖f1‖GMpθ,w(·)(Ω1−Ω2),

‖f◦
2 ‖Lp1 (R

n) = ‖f1‖Lp1 (Ω2), ‖f◦
2 ‖GMpθ,w(·)(Rn) = ‖f2‖GMpθ,w(·)(Ω2),

and
‖(f1 ∗ f2)Ω2‖GMpθ,w(·)(Ω1) = ‖f◦

1 ∗ f◦
2 ‖GMpθ,w(·)(Ω1) ≤ ‖f◦

1 ∗ f◦
2‖GMpθ,w(·)(Rn),
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it follows that under the hypotheses of Theorem 2, for all f1 ∈ GMp1θ1,w1(·)(Ω1 − Ω2) ∩ Lp1(Ω1 − Ω2)
and f2 ∈ GMp2θ2,w2(·)(Ω2) ∩ Lp2(Ω2), the convolution (f1 ∗ f2)Ω2 exists almost everywhere
on Ω1 and

‖(f1 ∗ f2)Ω2‖GMpθ,w(·)(Ω1) ≤ ‖f◦
1 ∗ f◦

2‖GMpθ,w(·)(Rn)

≤ ‖f◦
1 ‖α1

GMp1θ1,w1(·)(R
n)
‖f◦

1 ‖1−α1

Lp1 (R
n)
‖f◦

2 ‖α2

GMp2θ2,w2(·)(R
n)
‖f◦

2 ‖1−α2

Lp2 (R
n)

= ‖f1‖α1

GMp1θ1,w1(·)(Ω1−Ω2)
‖f1‖1−α1

Lp1 (Ω1−Ω2)
‖f2‖α2

GMp2θ2,w2(·)(Ω2)
‖f2‖1−α2

Lp2 (Ω2)
. (4.2)

If the sets Ω1 and Ω2 are bounded, then inequalities (4.2) and (4.1) imply that there exists a
c > 0, depending only on θ1, θ2, diamΩ1, diamΩ2, w1, and w2, such that the following inequality
is valid for all f1 ∈ GMp1θ1,w1(·)(Ω1 − Ω2) ∩ Lp1(Ω1 − Ω2) and f2 ∈ GMp2θ2,w2(·)(Ω2) ∩ Lp2(Ω2):

‖(f1 ∗ f2)Ω2‖GMpθ,w(·)(Ω1) ≤ c‖f1‖GMp1θ1,w1(·)(Ω1−Ω2)‖f2‖GMp2θ2,w2(·)(Ω2). (4.3)

If α1 = p1/p, α2 = 0, θ1 = (p1/p)θ, and w1(·) = wp/p1(·), then inequality (4.2) takes the form

‖(f1 ∗ f2)Ω2‖GMpθ,w(·)(Ω1) ≤ ‖f1‖p1/pGM
p1,(p1/p)θ,w

p/p1 (·)(Ω1−Ω2)
‖f1‖1−p1/p

Lp1 (Ω1−Ω2)
‖f2‖Lp2 (Ω2). (4.4)

Tracing the proof of Theorem 2, we can sharpen this estimate.

Theorem 3. Let Ω1,Ω2 ⊂ R
n be measurable sets,

1 ≤ p1, p2 ≤ p ≤ ∞,
1

p1
+

1

p2
=

1

p
+ 1, p2 ≤ θ ≤ ∞,

and w ∈ Ωpθ.
Then the convolution (f1 ∗ f2)Ω2 exists almost everywhere on Ω1 and

‖(f1 ∗ f2)Ω2‖GMpθ,w(·)(Ω1)

≤
(

sup
y∈Ω2

‖f1‖GM
p1,(p1/p)θ,w

p/p1 (·)(Ω1−y)

)p1/p(
sup
x∈Ω1

‖f1‖Lp1 (x−Ω2)

)1−p1/p

‖f2‖Lp2 (Ω2) (4.5)

for all measurable functions f1 on Ω1 − Ω2 and f2 on Ω2 for which the right-hand side of this
inequality is finite.

Proof. Just as in the proof of Theorem 2, we assume without loss of generality that f1 and f2
are nonnegative functions.

Instead of inequality (3.15), we obtain

(f1 ∗ f2)Ω2(z) =

∫
Ω2

f1(z − y)f2(y) dy ≤
∥∥f2(y)f1(z − y)p1/p

∥∥
Lp2,y(Ω2)

∥∥f1(z − y)p1/p
′
2
∥∥
Lp′

2
,y(Ω2)

=
∥∥f2(y)f1(z − y)p1/p

∥∥
Lp2,y(Ω2)

‖f1‖
p1/p′2
Lp1 (z−Ω2)

. (4.6)

Since

(Ω1 ∩B(x, r))− y = (Ω1 − y) ∩ (B(x, r)− y) = (Ω1 − y) ∩B(x− y, r),
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instead of inequality (3.16) we obtain

‖(f1 ∗ f2)Ω2‖Lp(Ω1∩B(x,r)) ≤
∥∥∥∥∥f2(y)f1(z − y)p1/p

∥∥
Lp2,y(Ω2)

‖f1‖1−p1/p
Lp1 (z−Ω2)

∥∥∥
Lp,z(Ω1∩B(x,r))

≤
∥∥‖f2(y)f1(z − y)p1/p‖Lp2,y(Ω2)

∥∥
Lp,z(Ω1∩B(x,r))

(
sup
z∈Ω1

‖f1‖Lp1 (z−Ω2)

)1−p1/p

≤
∥∥‖f1(z − y)p1/p‖Lp,z(Ω1∩B(x,r))f2(y)

∥∥
Lp2,y(Ω2)

sup
z∈Ω1

‖f1‖1−p1/p
Lp1 (z−Ω2)

=
∥∥‖f1‖p1/pLp,z((Ω1−y)∩B(x−y,r))f2(y)

∥∥
Lp2,y(Ω2)

sup
z∈Ω1

‖f1‖1−p1/p
Lp1 (z−Ω2)

. (4.7)

Finally, instead of inequality (3.17), we find that for all x ∈ R
n∥∥w(r)‖(f1 ∗ f2)Ω2‖Lp(Ω1∩B(x,r))

∥∥
Lθ(0,∞)

≤
∥∥∥∥∥(

w(r)p/p1‖f1‖Lp,z((Ω1−y)∩B(x−y,r))

)p1/pf2(y)∥∥Lp2,y(R
n)

∥∥∥
Lθ,r(0,∞)

sup
z∈Ω1

‖f1‖1−p1/p
Lp1 (z−Ω2)

≤
∥∥∥∥∥w(r)p/p1‖f1‖Lp,z((Ω1−y)∩B(x−y,r))

∥∥p1/p

L(p1/p)θ,r
(0,∞)

f2(y)
∥∥∥
Lp2,y(Ω2)

sup
z∈Ω1

‖f1‖1−p1/p
Lp1 (z−Ω2)

≤ sup
y∈Ω2

(
sup
u∈Rn

∥∥w(r)p/p1‖f1‖Lp((Ω1−y)∩B(u,r))

∥∥
L(p1/p)θ,r

(0,∞)

)p1/p

‖f2(y)‖Lp2,y(Ω2) sup
z∈Ω1

‖f1‖1−p1/p
Lp1 (z−Ω2)

=

(
sup
y∈Ω2

‖f1‖GM
p1,(p1/p)θ,w

p/p1 (·)(Ω1−y)

)p1/p(
sup
z∈Ω1

‖f1‖Lp1 (z−Ω2)

)1−p1/p

‖f2‖Lp2 (Ω2), (4.8)

which implies inequality (4.5). �
Remark 5. Since

(f1 ∗ f2)Ω2(x) =

∫
x−Ω2

f2(x− y)f1(y) dy, (4.9)

this does not allow us to obtain a variant of inequality (4.5) in which Ω1, f1 and Ω2, f2 are
interchanged.

Remark 6. Theorem 3 remains valid if we define the global Morrey-type spaces GMpθ,w(·) as
the spaces of all measurable functions f on Ω such that

‖f‖(1)GMpθ,w(·)(Ω) = sup
x∈Ω

∥∥w(r)‖f‖Lp(Ω∩B(x,r))

∥∥
Lθ(0,∞)

< ∞.

In the proof, only the arguments used in the derivation of inequality (4.8) should be slightly
changed. In this case, for all x ∈ Ω1,∥∥w(r)‖(f1 ∗ f2)Ω2‖Lp(Ω1∩B(x,r))

∥∥
Lθ(0,∞)

≤ sup
y∈Ω2

(
sup

u∈Ω1−y

∥∥w(r)p/p1‖f1‖Lp,z((Ω1−y)∩B(u,r))

∥∥
L(p1/p)θ,r

(0,∞)

)p1/p

sup
z∈Ω1

‖f1‖1−p1/p
Lp1 (z−Ω2)

‖f2(y)‖Lp2,y(Ω2)

=

(
sup
y∈Ω2

‖f1‖(1)GM
p1,(p1/p)θ,w

p/p1 (·)(Ω1−y)

)p1/p(
sup
z∈Ω1

‖f1‖Lp1 (z−Ω2)

)1−p1/p

‖f2‖Lp2 (Ω2), (4.10)
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which implies inequality (4.5) with(
sup
y∈Ω2

‖f1‖(1)GM
p1,(p1/p)θ,w

p/p1 (·)(Ω1−y)

)p1/p

instead of
(

sup
y∈Ω2

‖f1‖GM
p1,(p1/p)θ,w

p/p1 (·)(Ω1−y)

)p1/p

.

Remark 7. All the results of this section remain valid if we replace the balls B(0, r) and
B(x, r) in Definition 1 of the spaces LMpθ,w(·) and GMpθ,w(·) with the cubes Q(0, r) and Q(x, r) =
{y ∈ R

n : |xj − yj| < r}, respectively.

5. ANALOG OF YOUNG’S INEQUALITY FOR MORREY-TYPE
SPACES OF PERIODIC FUNCTIONS

Definition 3. Let 0 < p, θ ≤ ∞ and T > 0, and let w be a nonnegative Lebesgue measurable
function on the interval (0, T/2). The periodic global Morrey-type space GM∗

pθ,w(·) is the space of
all Lebesgue measurable T -periodic functions f on R

n with finite quasinorm

‖f‖∗GMpθ,w(·)
= sup

x∈QT

∥∥w(r)‖f‖Lp(Q(x,r))

∥∥
Lθ(0,T/2)

,

where QT ≡ Q(0, T/2).
It is assumed that w ∈ Ω∗

pθ. This means that the zero extension w◦ of w to (T/2,∞) belongs
to Ωpθ.

Note that

‖f‖∗GMpθ,w(·)
≥

∥∥w(r)‖f‖Lp(Q(εT/4,r))

∥∥
Lθ(T/4,T/2)

≥ ‖f‖Lp(Q(εT/4,T/4))‖w‖Lθ(T/4,T/2),

where ε = (ε1, . . . , εn) and εj = 1 or −1 for all j = 1, . . . , n, which implies that

‖f‖∗Lp
≡ ‖f‖Lp(QT ) =

( ∑
ε : εj∈{−1,1}

‖f‖pLp(Q(εT/4,T/4))

)1/p
≤ 2n/p‖w‖−1

Lθ(T/4,T/2)
‖f‖∗GMpθ,w(·)

. (5.1)

Lemma 3. For all 0 < p, θ ≤ ∞, T > 0, w ∈ Ω∗
pθ, and f ∈ GM∗

pθ,w(·),

‖f‖∗GMpθ,w(·)
= ‖f‖∗∗GMpθ,w(·)

≡ sup
x∈Rn

∥∥w(r)‖f‖Lp(Q(x,r))

∥∥
Lθ(0,T/2)

. (5.2)

Proof. The inequality ‖f‖∗GMpθ,w(·)
≤ ‖f‖∗∗GMpθ,w(·)

is obvious. Let us prove the inequality
‖f‖∗∗GMpθ,w(·)

≤ ‖f‖∗GMpθ,w(·)
. To this end, for any ξ ∈ R

n, set

I(ξ) =
∥∥w(r)‖f‖Lp(Q(ξ,r))

∥∥
Lθ(0,T/2)

.

If ξ ∈ QT , then we obviously have I(ξ) ≤ ‖f‖∗GMpθ,w(·)
. Now, let ξ ∈ ∂QT . Consider a sequence of

points ξk ∈ QT , k ∈ N, such that ξk → ξ as k → ∞. Then, for any function f ∈ GM∗
pθ,w(·) and any

0 < r ≤ T/2, we have
lim
k→∞

‖f‖Lp(Q(ξk ,r)) = ‖f‖Lp(Q(ξ,r))

and, since the function f is periodic,

‖f‖Lp(Q(ξk,r)) ≤ ‖f‖Lp(Q(ξk ,T/2)) = ‖f‖Lp(QT )
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for all k ∈ N. Since w ∈ Lθ(ε, T/2) for every 0 < ε < T/2, we can apply Lebesgue’s dominated
convergence theorem to obtain

lim
k→∞

∥∥w(r)‖f‖Lp(Q(ξk,r))

∥∥
Lθ(ε,T/2)

=
∥∥w(r)‖f‖Lp(Q(ξ,r))

∥∥
Lθ(ε,T/2)

.

Hence, for all ξ ∈ ∂QT ,

I(ξ) = sup
0<ε<T/2

∥∥w(r)‖f‖Lp(Q(ξ,r))

∥∥
Lθ(ε,T/2)

≤ sup
0<ε<T/2

sup
k∈N

∥∥w(r)‖f‖Lp(Q(ξ,r))

∥∥
Lθ(ε,T/2)

≤ sup
k∈N

∥∥w(r)‖f‖Lp(Q(ξ,r))

∥∥
Lθ(0,T/2)

≤ sup
x∈QT

∥∥w(r)‖f‖Lp(Q(ξ,r))

∥∥
Lθ(0,T/2)

= ‖f‖∗GMpθ,w(·)
.

This implies that
sup
x∈QT

I(ξ) ≤ ‖f‖∗GMpθ,w(·)
. (5.3)

Let, finally, ξ /∈ QT . Let k = (k1, . . . , kn) with integers kj such that −T/2 ≤ ξj + kjT ≤ T/2;
hence, ξ + kT ∈ QT . Since f is periodic,

‖f(y)‖Lp(Q(ξ,r)) = ‖f(y + kT )‖Lp(Q(ξ,r)) = ‖f(z)‖Lp(Q(ξ+kT,r));

therefore, for any ξ /∈ QT ,
I(ξ) = I(ξ + kT ) ≤ sup

x∈QT

I(x).

This and inequality (5.3) imply that

‖f‖∗∗GMpθ,w(·)
= sup

ξ∈Rn
I(ξ) ≤ ‖f‖∗GMpθ,w(·)

. �

Let us present analogs of the results of the previous section for the convolution of T -periodic
functions f1 and f2:

(f1 ∗ f2)(x) =
∫
QT

f1(x− y)f(y) dy, x ∈ R
n.

Theorem 4. Suppose that the hypotheses of Theorem 2 concerning the numerical parameters
p1, p2, p, θ1, θ2, θ, α1, and α2 are satisfied. Let, next, w1 ∈ Ω∗

p1θ1
, w2 ∈ Ω∗

p2θ2
, and

w(r) = wα1
1 (r)wα2

2 (r), 0 < r ≤ T

2
. (5.4)

Then w ∈ Ω∗
pθ; for all fk ∈ GM∗

pkθk,wk(·) ∩ L∗
pk
, k = 1, 2, the convolution f1 ∗ f2 exists almost

everywhere on R
n; and

‖f1 ∗ f2‖∗GMpθ,w(·)
≤

(
‖f1‖∗GMp1θ1,w1(·)

)α1
(
‖f1‖∗Lp1

)1−α1
(
‖f2‖∗GMp2θ2,w2(·)

)α2
(
‖f2‖∗Lp2

)1−α2 . (5.5)

Proof. We will follow the scheme of proof of Theorem 2. First, we prove an analog of inequal-
ity (3.12) for T -periodic functions f1 and f2, namely,

‖f1 ∗ f2‖∗GMpθ,w(·)
≤

(
‖f1‖∗GM

p1,(p1/p)θ,w
p/p1 (·)

)p1/p(
‖f1‖∗Lp1

)1−p1/p‖f2‖∗Lp2
. (5.6)

Without loss of generality, we will assume that the functions f1 and f2 are nonnegative.
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To obtain an analog of inequality (3.15), we should replace R
n by QT and take into account

that for periodic functions∥∥f1(z − y)p1/p
′
2
∥∥
Lp′

2
,y(QT )

= ‖f1‖
p1/p′2
Lp1 (z−QT ) = ‖f1‖

p1/p′2
Lp1 (QT ) =

(
‖f1‖∗Lp1

)p1/p′2 .
As a result, we obtain

(f1 ∗ f2)(z) ≤
∥∥f2(y)f1(z − y)p1/p

∥∥
Lp2,y(QT )

(
‖f1‖∗Lp1

)p1/p′2 .
To get an analog of inequality (3.16), we should replace B(x, r) by Q(x, r) and R

n by QT ; this
leads to the inequality

‖f1 ∗ f2‖Lp(Q(x,r)) ≤
∥∥‖f1‖p1/pLp(Q(x−y,r))f2(y)

∥∥
Lp2,y(QT )

(
‖f1‖∗Lp1

)1−p1/p.

Finally, to obtain an analog of inequality (3.17), we should replace B(x, r) by Q(x, r), Rn by QT ,
and Lθ(0,∞) by Lθ(0, T/2). Then, for all x ∈ QT , we have∥∥w(r)‖f1 ∗ f2‖Lp(Q(x,r))

∥∥
Lθ(0,T/2)

≤
∥∥∥∥∥w(r)p/p1‖f1‖Lp(Q(x−y,r))

∥∥p1/p

L(p1/p)θ,r
(0,T/2)

f2(y)
∥∥∥
Lp2,y(R

n)

(
‖f1‖∗Lp1

)1−p1/p

≤
(

sup
u∈Q2T

∥∥w(r)p/p1‖f1‖Lp(Q(u,r))

∥∥
L(p1/p)θ,r

(0,∞)

)p1/p

‖f2(y)‖∗Lp2

(
‖f1‖∗Lp1

)1−p1/p

≤
(
‖f1‖∗GM

p1,(p1/p)θ,w
p/p1 (·)

)p1/p(
‖f1‖∗Lp1

)1−p1/p‖f2‖∗Lp2

according to Lemma 3, which implies inequality (5.6).
For measurable T -periodic functions f1 and f2, equality (4.9) reduces to

(f1 ∗ f2)Ω2(x) =

∫
QT

f2(x− y)f1(y) dy;

therefore, we can interchange f1 and f2 in inequality (5.6). This allows us to obtain inequality (5.5)
by using step 3 in the proof of Theorem 2. The only change is that we should apply inequality (5.6)
instead of (3.12). �

Corollary 2. There exists a c > 0, depending on p1, p2, θ1, θ2, α1, α2, w1, and w2, such that
under the hypotheses of Theorem 4

‖f1 ∗ f2‖∗GMpθ,w(·)
≤ c‖f1‖∗GMp1θ1,w1(·)

‖f2‖∗GMp2θ2,w2(·)
(5.7)

for all f1 ∈ GM∗
p1θ1,w1(·) and f2 ∈ GM∗

p2θ2,w2(·).

Proof. It suffices to apply inequality (5.1) to inequality (5.5); this yields inequality (5.7) with

c = 2n‖w1‖α1−1
Lθ1

(T/4,T/2)‖w2‖α2−1
Lθ2

(T/4,T/2). �

Consider separately the periodic Morrey space (Mλ
p )

∗, where 0 ≤ λ ≤ n/p and 0 < p ≤ ∞,
which consists of all T -periodic functions f ∈ Lloc

p (Rn) such that

‖f‖∗Mλ
p
= sup

x∈QT

sup
0<r≤T/2

r−λ‖f‖Lp(Q(x,r))

is finite.
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Note that

‖f‖∗Mλ
p
≥

(
T

2

)−λ

‖f‖Lp(Q(0,T/2));

hence,

‖f‖∗Lp
≡ ‖f‖Lp(QT ) ≤

(
T

2

)λ

‖f‖∗Mλ
p
. (5.8)

In addition, (Mλ2
p )∗ ⊂ (Mλ1

p )∗ for 0 ≤ λ1 < λ2 ≤ n/p, and

‖f‖∗
M

λ1
p

≤
(
T

2

)λ2−λ1

‖f‖∗
M

λ2
p
.

For the spaces (Mλ
p )

∗, we obtain the following results.
Corollary 3. Let

1 ≤ p1, p2 ≤ p ≤ ∞,
1

p1
+

1

p2
=

1

p
+ 1, 0 ≤ λ1 ≤

n

p1
, 0 ≤ λ2 ≤

n

p2
,

0 ≤ α1, α2 ≤ 1,
α1

p1
+

α2

p2
=

1

p
.

Then, for all f1 ∈ (Mλ1
p1 )

∗ and f2 ∈ (Mλ2
p2 )

∗, the convolution f1 ∗ f2 exists almost everywhere
on R

n and
‖f1 ∗ f2‖∗

M
α1λ1+α2λ2
p

≤ c‖f1‖∗
M

λ1
p1

‖f2‖∗
M

λ2
p2

, (5.9)

where

c =

(
T

2

)λ1(1−α1)+λ2(1−α2)

≤ max

{
1,

(
T

2

)n}
.

Proof. Inequality (5.9) follows from inequalities (5.5) and (5.8). If T ≤ 2, then obviously
c ≤ 1, while if T > 2, then, according to the assumptions on the parameters,

c ≤
(
T

2

) n
p1

(1−α1)+
n
p2

(1−α2)

=

(
T

2

)n
(

1
p1

+ 1
p2

−
(

α1
p1

+
α2
p2

))
=

(
T

2

)n

. �

Corollary 4. Let

1 ≤ p1, p2 ≤ p ≤ ∞,
1

p1
+

1

p2
=

1

p
+ 1, 0 ≤ λ1 ≤

n

p1
, 0 ≤ λ2 ≤

n

p2
.

Then (
Mλ1

p1

)∗ ∩ (
Mλ2

p2

)∗ ⊂ (
Mλ

p

)∗
, (5.10)

where

λ = max

{
λ1p1
p

,
λ2p2
p

}
. (5.11)

Proof. It suffices to apply inequality (5.9) and take into account that the maximum of the
expression α1λ1 + α2λ2 under the conditions 0 ≤ α1, α2 ≤ 1 and α1/p1 + α2/p2 = 1/p is equal to
λ1p1/p if λ1p1 ≥ λ2p2 (it is attained for α1 = p1/p and α2 = 0) and to λ2p2/p if λ2p2 ≥ λ1p1 (it is
attained for α1 = 0 and α2 = p2/p). �
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