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Introduction and Motivation

Our Problem
We investigate higher regularity for degenerate elliptic PDEs
—divA(x, u, Du) = B(x,u,Du) in Q CR"

Model equation: The p-Laplacian

~Apu=f, Apu:=div(|DulP~>Du)

Novel feature: The datum f enjoys minimal integrability (Morrey space)

felbMNQ) where n—1<A<n
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Introduction and Motivation

Historical Context

Classical theory: (L” data)
@ De Giorgi—-Nash—Moser: Holder continuity
@ Ladyzhenskaya—-Uraltseva: Local C%“ regularity for homogeneous equations

@ Extensions to source terms under suitable integrability assumptions

Regularity under weaker assumptions: (NON LP data)
@ Morrey (1938): Pioneered the use of low integrability spaces

o Known results: If p = 2 (linear equations) u € C2% with f € L1 for
n—2<A<n

o Gradient regularity under additional conditions on the leading coefficients

Linear case p = 2: Local C*® regularity for n — 1 < XA < n. The proof uses
Green function techniques
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Main result

Main result: Local C1'® regularity
for weak solutions to —A,u = f where f € LYA(Q), n—1 < X\ < n:

ue Cllcf(Q)

where exponent « is

. 2
min (’y,)\—i—l—?"), A+1 <p<L2
mn@fﬂf), 2<p<n
€ (0,1): regularity exponent for the homogeneous equation

Key tool: The Fefferman—Phong inequality
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Morrey Spaces

Definition

Let 1 < p < ooand 0 <\ < n. The Morrey space LP*(Q) consists of those
functions satisfying:

1/p
1
fller) == sup ~ If(y)[P dy < o0
x€Q ™ Jans,(x)
0<r<diam(Q) s

Remarks
o LPO(Q) =LP(Q)
e [PM(Q) = L>(Q)
e A>n= LPNQ) = {0}

@ Banach space under the above norm. Hilbert if p = 2.
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Function Spaces

Properties of Morrey Spaces

Theorem (Embedding)
If1<p<gq<ooand pe€|0,n] satisfy

n—u _n—>A

<
q p

then L9#(R) C LP(Q) and

1fller@) < cllfllon(e)

for suitable constant c.

Interpretation: Local control of integrability with scale-dependent weight
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Function Spaces

Stummel-Kato Classes

Definition

Let f € L}(), 1 < p < n. The Stummel-Kato modulus for f is given by:

n(r) =np(f,r) = SUP/mB( DL,

x€eN ) |X - y|n—p

o feS5,(Q)ifn(r) <ooandlim_on(r)=0
o f e 5,(Q) if n(r) is bounded for small r

Connection with Morrey spaces:

Lemma

Ifl1<p<nandn—p<X\<n, then
LYA(Q) € 5,(R) € 5,(Q) € LY"P(Q)

with n(r) < c r)""+P||f||L1,A(Q) A
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Fefferman—Phong Inequality

Theorem

Ifl<p<nandfe §p(Q), there exists ¢ > 0 such that for every ball B C Q
with radius r > 0:

/ IFlll” dx < cn(2r) / IDglP dx
B B

for all o € W) P(B).

Special case: Morrey spaces

Corollary
Iffel*(Q), n—p<A<n:

/B Ll dx < o) ] ey / |DglP dx

Origin: Fefferman (1983), initially for eigenvalue distributions and connectit A
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Function Spaces

Campanato—Meyers Characterisation

Theorem

Let 1 < p<ooand0 <y <1. If there exists c > 0 such that

1 1/p
(n/ |Du — (Du),|P dx) <ecr?
r~Je

for every ball B C Q with radius r > 0, then u € G27(Q).

v

Here (Du), denotes the integral average of Du over B.

Idea: Campanato condition provides an integral criterion for Holder continuity.
UNIVERSITA
degli STUDI
di CATANIA

The 12t of March 2026 Seminar on Analysis, Diffe
(R DT =TT - i VT TPV N VRO T T M BB dEH igher Holder Regularity for Degenerate Elliptic PDEs 10 /26




Weak Solutions

Definition

letl<p<nn—1<A<n, fel Q).
A function u € WHP(Q) is a weak solution to —A,u = f if

/Q |DulP~2Du - Dy dx = /Q fodx, Vo€ W, P(Q)

Justification: The right-hand side is finite thanks to Fefferman—Phong inequality!
For v € C§°(B):

[ 1Fllolde < a2 flsllplluns < oc
B

since/\+1—g>0
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Main Result

Main Theorem

Theorem (Di Fazio, Teymurazyan, Urbano)

Letn—1< X< n, felY*Q). Let v € (0,1) be the regularity exponent for the
homogeneous equation.

If u is a weak solution to —A,u = f, then

where

min(v,)\—l—l—%’), AZJ:’1<p§2

o =
min (’y, 7’\;;;”) , 2<p<n
.
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Main Result

Comparison Result

Lemma (Solution to homogeneous equation)
For u € WYP(Q), the problem

—div(|Dv|[P=2Dv) =0 in Q
v—ue W, P(Q)

admits a unique solution v € CL7(Q) for some ~ € (0,1).

v
Reference: Ladyzhenskaya—Uraltseva (1968)
Strategy: Compare u with v to inherit regularity
o Sront
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Outline of the Proof

To apply Campanato—Meyers Theorem, we estimate for each ball B C Q:

(/B|Du— (Du),|pdx>1/p

Step 1: Decomposition via homogeneous solution

1/p
(/ |DU—(DU)r|de> §/1—|—I2+I3
B

1/p
h = (/ |Du — Dv|P dx)
B
1/p
L= </ |Dv — (Dv),|P dx)
B

ls = |(Dv), — (Du).| - |BI"/?

where
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Ideas of the Proof

Estimates for /, and &

Estimate for /;: Since v € Cli’g, Campanato characterisation yields

1/p
L= (/ |Dv — (Dv),|P dx) < Crytn/e
B

Estimate for /5: Holder inequality gets
Iy = |(Dv), — (Du),| - |B["/P

1
B|/ |Dv — Dul dx - |B|*P
B

, 1/p
crr/p (/ |Du — Dv|de)
B

IN

IN
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Estimate for /; - Case p > 2

We take u — v as a test function:

/ (|DulP~2Du — |Dv|P~2Dv) - D(u — v) dx = / f(u—v)dx
B B
If p > 2 we are using the elementary inequality:

(IelP=2¢ = [nlP~2n) - (€ —n) = Clg —nl?

Hence:
/|Du—Dv|de§C/|fHu—v\dx
B B
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Estimate of the Right-Hand Side - Case p > 2

Employing Holder's inequality and Fefferman—Phong we get:

1/p 1/p
/|f|\u—v|dx§ (/|f|dx) </|f|u—v|pdx>
B B B

< CHf”i{f\ VI ||f‘|il/ﬁ (A+p=n)/p

1/p
X (/ |Du — Dv|P dx)
B

1/p
= crMIP| || o (/ |Du — Dv|P dx)
B

We conclude:

1/p'
</ |Du — Dv|de> < CAEP ] o
B
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Case p < 2 - Structural Inequality

For )\2—+”1 < p < 2, we employ the elementary inequality:

(I€P2 = nlP=*n) - (€ —n) = CPLMZ_
(€] + [nl)>=
Holder inequality with exponents 2/p and 2/(2 — p) yields:

p/2
/ |Du — Dv|P dx < [/ (|Du| 4 |Dv|)P~2|Du — Dv/|? dx}
B

(2-p)/2
« U (|Du| + |Dv])? dx]

BE

p/2
<c U IFllu— | dx]
B
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Case p < 2 - Conclusion

As before:

1/p
/ [f]lu = v]dx < cr*"P||f | s (/ |Du — Dv|pdx)
B B

Therefore:

1/p 1/p p/2
(/ |Du — Dv|de> < C [P ] o (/ |Du — Dv|”dx>
B B

1/2
— C,~(>\+1—n/p)P/2H]c”!lfl/,ZA </ |Du — Dv|P dx)
B

Whence:
1/p
(f1po- o an) " < covrmmmmrry,,
B

Since p > )ifl, we have (A+1—n/p)p—n>0
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Ideas of the Proof

Combination of Estimates

Combining Iy, h, I5:

1/p
</ |Du — (Du),|? dx) < Crotn/p
B

where
min(mA-ﬁ-l—%")a >\27+n1<P§2
a =
min (7, 2137), 2<p<n
By Campanato—Meyers: u € Cﬁ,’:(Q) -
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Sharpness of the Result

The functions
ux) =Ix", 0<y<1

solve —Apu = f in By with
F =27 (= 1)(p— 1) — 1+ x|
We have f € LY*(By) for A=(y—1)(p—1)—1+n<n-1

Conclusion: The hypothesis A > n — 1 cannot be relaxed in the Morrey space
scale.
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Extensions and Remarks

General Case - Quasilinear Operators

The result naturally extends to:
—div A(x, u, Du) = B(x, u, Du)
Structural conditions on A:
Z fc,c, > G(r+ [€)P2(¢ P

0A;

Gk + €))7

%
op

+

< G(r + [E))P¢]

8A-
Z ‘ axj
1J
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Extensions and Remarks

General Source Term

Condition on B:

|B(x, u,€)] < h(x)[EP™H + g (x)|ulP~" + £(x)

with
helPMNQ), g,fel'MQ), n—1<A<n

Theorem

Under above assumptions, if u is a weak solution to
—div A(x, u, Du) = B(x, u, Du)
then

ue Gl Q)

loc

with « given by the same formula.

b
S
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Concluding Remarks

Key points:
The result is sharp in the Morrey space scale
The Fefferman—Phong inequality is the crucial tool

The result is a linear case natural extension

The technique adapts to general quasilinear operators

Future research:
o Elliptic systems
Parabolic case

Fractional operators

Obstacle problems
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Extensions and Remarks
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