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Slide 1. Topic and aim of the talk

Let d, s ∈ N.
We study �nite sets of points on the unit Euclidean sphere

Sd = {x ∈ Rd+1 : |x| = 1},

called spherical s-designs.
We denote by N(d, s) the minimum possible number of points in a spherical s-design on Sd.
The main aim is to explain a new asymptotic lower bound

2d

2/d!
lim inf
s→∞

N(d, s)

sd
≥ 2(0.5990...+o(1))d, d → ∞.

Plan of the talk:

� one-dimensional case: uniform nodes on the circle;

� spherical designs on Sd;

� classical lower bounds;

� connection with LP bounds for sphere packing density;

� outline of the proof of the new result.
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Slide 2. One-dimensional case: integration over the circle

To get some intuition, consider the unit circle S1 = {eiθ : 0 ≤ θ < 2π}.
Suppose that we need to numerically integrate a smooth function f(eiθ), using only its

values at �nitely many points:

1

2π

∫ 2π

0

f(eiθ) dθ ≈ 1

N

N−1∑
j=0

f(eiθj).

x

y

Unit circle S1

(1, 0)

(0, 1)

θ

z = eiθ

Question: how should we choose the nodes eiθj , and how many of them are needed?
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Slide 3. Regular polygon

A natural choice is the set of vertices of a regular (s+ 1)-gon:

zj = e2πij/(s+1), j = 0, . . . , s.

These points are uniformly distributed on the circle.

x

y

0

j = 0

j = 1

j = 2

j = 3

j = s

j = s− 1

Regular (s+ 1)-gon

Why this choice? A smooth function on the circle can be approximated by a trigonometric
polynomial. Therefore it is enough to learn how to integrate trigonometric polynomials.
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Slide 4. Exact formula for trigonometric polynomials

Take a trigonometric polynomial of degree at most s:

T (z) =
s∑

m=−s

cmz
m, z ∈ S1.

For the uniform nodes
zj = e2πij/(s+1), j = 0, . . . , s,

we have the following key formula: for |m| ≤ s,

1

2π

∫ 2π

0

eimθ dθ =
1

s+ 1

s∑
j=0

zmj =

{
1, m = 0,

0, 1 ≤ |m| ≤ s.
(*)

Hence, by linearity,
1

2π

∫ 2π

0

T (eiθ) dθ =
1

s+ 1

s∑
j=0

T (zj).

Roots of unity appear in many di�erent problems. In particular, (*) underlies the discrete
Fourier transform.
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Slide 5. Optimality in the one-dimensional case

The number s+ 1 is optimal. One cannot take fewer nodes for a given degree s.
Suppose that there are N ≤ s nodes, and let them be z1, . . . , zN ∈ S1. Consider the

polynomial

Q(z) =
N∏
j=1

(z − zj).

The function T (eiθ) = |Q(eiθ)|2 is a trigonometric polynomial of degree N ≤ s. It vanishes at
all nodes, so the discrete average of T is zero. However, the integral of T over S1 is strictly
positive. This gives a contradiction.

Thus,
N(1, s) = s+ 1.
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Slide 6. Passage to the multidimensional sphere

A spherical s-design is a multidimensional analogue of a regular (s+ 1)-gon.

� On S1, exactness is checked on trigonometric polynomials or, equivalently, on eimθ.

� On Sd, the role of exponentials is played by spherical harmonics.

� The role of the space of trigonometric polynomials of degree ≤ s is played by the space of
spherical polynomials Πd

s.

� The idea remains the same: a �nite set of points reproduces the average value of all polynomials
of degree at most s.

Sphere Sd

X ⊂ Sd

spherical design
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Slide 7. De�nition of a spherical design

A �nite set X ⊂ Sd is called a spherical s-design if

1

|Sd|

∫
Sd
P (x) dx =

1

|X|
∑
x∈X

P (x), ∀P ∈ Πd
s.

Here
Πd

s = {P |Sd : P (x1, . . . , xd+1) is an algebraic polynomial of degree ≤ s}.

We will use that

dimΠd
s =

(
d+ s

d

)
+

(
d+ s− 1

d

)
= (2/d!) sd(1 +O(s−1)), s → ∞.

Thus, an s-design is an equal-weight quadrature formula exact on Πd
s.

In the one-dimensional case d = 1, this is exactly the formula for the regular (s+ 1)-gon.
Many �good� con�gurations of points on the sphere, especially highly symmetric ones, often

turn out to be designs. Therefore, spherical designs are important not only for numerical
integration.
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Slide 8. Harmonic criterion

The design condition can be written in terms of spherical harmonics. We shall use the following
zonal form of this criterion:

X is an s-design ⇐⇒
∑
x,y∈X

R
(d/2−1)
l (⟨x, y⟩) = 0, 1 ≤ l ≤ s. (*)

Here R
(d/2−1)
l are Gegenbauer polynomials normalized by the condition R

(d/2−1)
l (1) = 1.

Recall that zonal functions depend only on the angle θ = arccos⟨x, y⟩. For such functions,

R
(d/2−1)
l (cos θ) form an orthogonal basis:∫ π

0

R
(d/2−1)
l (cos θ)R(d/2−1)

m (cos θ) sind−1 θ dθ = d−1
l δlm. (**)

The weight sind−1 θ corresponds to the spherical measure on Sd for zonal functions.
We note that (*) and (**) are analogues of the key formula for exponentials on the circle.

However, in general we do not know the distribution of {⟨x, y⟩ : x, y ∈ X}.
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Slide 9. Minimum number of points

One of the fundamental problems in the theory of spherical designs is to determine

N(d, s) = min{|X| : X ⊂ Sd, X is a spherical s-design}.

Exact values of N(d, s) are known only in special cases:

� in the one-dimensional case N(1, s) = s+ 1;

� for arbitrary d: N(d, 0) = 1, N(d, 1) = 2, N(d, 2) = d + 2 (vertices of a regular simplex),
N(d, 3) = 2d+ 2 (vertices of a cross-polytope);

� for s ≥ 4, minimal designs are known only in exceptional cases (d, s): tight designs

(2, 5), (5, 4), (6, 5), (7, 7), (21, 4), (22, 5), (22, 7), (23, 11),

and the only non-tight case
(3, 11),

which is realized by the 120 vertices of the regular 600-cell (Andreev, 2000);

� some interesting open cases: 10 ≤ N(2, 4) ≤ 12, 22 ≤ N(2, 7) ≤ 24.

We will be interested in the asymptotics of N(d, s) as s → ∞ and in its dependence on the
dimension d.
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Slide 10. Existence

The existence of spherical designs of the correct order was proved by Bondarenko, Radchenko,
and Viazovska: for all d and s,

N(d, s) ≤ Cds
d.

The result is nonconstructive; no explicit estimates for Cd are known for d ≥ 2.
In contrast, an explicit bound is available for weighted s-designs:

1

|Sd|

∫
Sd
P (x) dx =

∑
x∈X

λxP (x), λx > 0,
∑
x∈X

λx = 1, ∀P ∈ Πd
s.

In this case, Chakalov (1957) proved that one can choose X so that

|X| ≤ dimΠd
s.

It will be convenient to compare N(d, s) with dimΠd
s/2

d. Since we consider the case of
large s, put

Ninf(d) = lim inf
s→∞

2dN(d, s)

dimΠd
s

, Nsup(d) = lim sup
s→∞

2dN(d, s)

dimΠd
s

.

We have Ninf(1) = Nsup(1) = 1.
By the existence theorem,Nsup(d) < ∞. Hardin and Sloane (1996) conjectured thatNsup(2) ≤

2. My conjecture is that Nsup(d) ≤ 2d−1.

11



Slide 11. The quantity Ninf(d)

The classical bound of Delsarte�Goethals�Seidel (1977) gives

N(d, s) ≥

{(
d+k
d

)
+
(
d+k−1

d

)
, s = 2k,

2
(
d+k
d

)
, s = 2k + 1,

=

{
dimΠd

k, s = 2k,
2d+2k
d+2k

dimΠd
k, s = 2k + 1.

Designs for which equality is attained here are called tight designs. Many works are devoted
to their classi�cation (Bannai, Boyvalenkov, etc.).

Therefore, the bound for tight designs implies

Ninf(d) ≥ 1.
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Slide 12. Yudin's bound and the new result

Yudin (1997) substantially strengthened the asymptotic bound for tight designs. His result
implies

Ninf(d) ≥ (4/e)d(1+o(1)), d → ∞.

Equivalently,
Ninf(d) ≥ 2(0.5573...+o(1))d.

Our main result:

Ninf(d) ≥ 2(0.5990...+o(1))d.

The improvement is exponential in the dimension.
To obtain it, we use linear programming bounds for spherical designs on Sd and for sphere

packings in Rd+1.
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Slide 13. Why sphere packing appears

For many points, local point con�gurations on the sphere become similar to point con�gurations
in Euclidean space Rd.

Therefore it is natural to use results for Rd. We will need the density ∆d of a packing by
equal balls. It is the maximal fraction of space occupied by non-overlapping equal balls.

Sphere packing
equal balls in Rd

∆d

The problem of determining ∆d is a multidimensional version of the celebrated Kepler
problem. It has been solved for d = 1, 2, 3, 8, 24. For d = 8 and d = 24, the solution was
obtained using the linear programming bound

∆d ≤ ∆LP
d , d ∈ N.

The case d = 8 was solved by Viazovska (2017), and the case d = 24 by Cohn, Kumar, Miller,
Radchenko, and Viazovska (2017).
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Slide 14. Linear programming bound for designs

Consider functions on [0, π] with a Fourier�Gegenbauer series

f(θ) =
∞∑
l=0

dlf̂lR
(d/2−1)
l (cos θ), dl = ∥R(d/2−1)

l ∥−2
2 . (*)

Introduce the class F(d, s) ⊂ C[0, π] of functions such that

f(θ) ≥ 0, f̂0 > 0, f̂l ≤ 0, l ≥ s+ 1.

It is proved that these conditions guarantee the absolute convergence of the series (*).
Let

NLP(d, s) = sup
f∈F(d,s)

f(0)

d0f̂0
.

Then the Delsarte linear programming bound (1977) holds:

N(d, s) ≥ NLP(d, s).

Note that the above results were obtained from estimates for NLP(d, s).
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Slide 15. Linear programming bound for packings

In what follows, cd denotes explicit constants that may change, and jd/2−1(t) is the normalized
Bessel function. For radial functions f(x) = f0(|x|), x ∈ Rd, the Fourier transform reduces to a
Bessel transform:

f̂(ξ) = Bd(f0)(|ξ|) = cd

∫ ∞

0

f0(t)jd/2−1(2π|ξ|t)td−1 dt, ξ ∈ Rd.

Let

∆LP
d = vol(Bd

1/2) inf
f(0)

f̂(0)
,

where the in�mum is taken over all radial Schwartz functions f(x) such that

f(x) ≤ 0 |x| ≥ 1, f̂(ξ) ≥ 0, f̂(0) > 0.

Then
∆d ≤ ∆LP

d .

Today this inequality is called the Cohn�Elkies LP bound (2003). For bandlimited functions,
it was proved by me (2000).

Result Bound Comment

Gorbachev (2000), Cohn (2002) ∆LP
d ≤ 2−(0.5573...+o(1))d Implies Levenshtein's bound (1979)

Cohn�Zhao (2014) ∆LP
d ≤ 2−(0.5990...+o(1))d Follows from the Kabatiansky�

Levenshtein bound (1978)

For comparison, the best known lower bounds still have the exponential rate∆d ≥ 2−(1+o(1))d;
the Torquato�Stillinger conjecture predicts ∆d ≥ 2−(0.7786...+o(1))d.

Cohn and Y. Zhao proved a connection between the functions in the LP bounds for spherical
and Euclidean packings. In the case of designs, such a connection turned out to be more
complicated.
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Slide 16. Main theorem

Theorem. For d ≥ 2, as s → ∞,

2d−1d!NLP(d, s)

sd(1 + o(1))
≥ 1

e
(
∆LP

d+1

)d/(d+1)
.

For d = 1, 3, a more precise form is available:

1

∆LP
d

.

Since
2d−1d!

sd
∼ 2d

dimΠd
s

,

together with the Cohn�Zhao and Gorbachev�Cohn bounds from the previous slide we obtain
Corollary. We have

Ninf(d) ≥ 2(0.5990...+o(1))d,

which is stronger than Yudin's bound

2(0.5573...+o(1))d.
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Slide 17. Outline of the proof

The proof is rather technical.
The key fact is a formula connecting harmonic analysis on the sphere Sd (the Fourier�

Gegenbauer transform) with harmonic analysis in the Euclidean space Rd+1 (the Fourier�Bessel
transform), given by the following key identity:

R
(d/2−1)
l (cos θ) sind−2 θ = cd(2 sin

θ
2
)d−1

∫ ∞

0

j(d−1)/2(2t sin
θ
2
)J2

(d−1)/2+l(t)t dt. (*)

The formula is derived from an identity in Watson's classical book (1949) on Bessel functions,
which I found by chance.

Next, the idea is to construct a �good� admissible function g in the problem NLP(d, s), using
a �good� admissible function G from the problem ∆LP

d+1. Formula (*) is used to prove ĝl ≤ 0,
l ≥ s+ 1.

Unfortunately, a connection with admissible functions for∆LP
d , which would be more natural,

was obtained only for d = 1 and d = 3. We used the identities

cos lθ = R
(−1/2)
l (cos θ) = j−1/2(lθ),

sin((l + 1)θ)

l + 1
= R

(1/2)
l (cos θ) sin θ = j1/2((l + 1)θ)θ.

In the general case, we tried to use Hilb's formula, but this did not lead to success.

18



Slide 18. Steps of the proof

Step 1. Take R ≫ 1. We show that there exists a function f admissible in the problem ∆LP
d+1

such that f̂(ξ) = F (|ξ|), where

0 ≤ F (t) ≤ F (0) = 1, t ≥ 0, suppF ⊂ [0, R], Bd+1(F )(r) ≤ 0, r ≥ 1,

and

cd+1

∫ ∞

0

F (t)td dt = (1 + εR)∆
LP
d+1, εR → 0, R → ∞.

Step 2. Take L ≥ R/2. Put G(t) = F (Lt). Then

G(t) = 0, t ≥ R/L, Bd+1(G)(r) ≤ 0, r ≥ L.

Since R/L ≤ 2, one can de�ne a smooth zonal function on [0, π] by

g(θ) = G(2 sin θ
2
).

Step 3. We start checking the properties of g. The property g ≥ 0 follows from F ≥ 0.
Also, g(0) = 1.

Step 4. By the key identity,

ĝl = cd

∫ ∞

0

U(t)td+2l dt, U(t) = Bd+1(G)( t
2π
)
(J(d−1)/2+l(t)

t(d−1)/2+l

)2

,

where U is an even Schwartz entire function of exponential type at most 2τ := R/L + 2.
Moreover, U(t) ≤ 0 for t ≥ 2πL.

Step 5. We apply the Frappier�Olivier quadrature formula with nodes at the zeros 0 <
qν,1 < qν,2 < . . . of Jν(t), where ν = (d− 1)/2 + l:∫ ∞

0

U(t)t2ν+1 dt =
∞∑
k=1

γkU(
qν,k
τ
), γk = γν,k(τ) > 0, qν,1 = ν +O(ν1/3).

It is valid for integrable entire functions of exponential type at most 2τ .
Since U(

qν,k
τ
) ≤ 0 whenever

qν,k
τ

≥ 2πL, we get

ĝl ≤ 0, l ≥ π(R + 2L)− (d− 1)/2.

Step 6. As a result, g ∈ F(d, s) for s := π(R + 2L)− (d− 3)/2. It remains to estimate

ĝ0 =

∫ π

0

g(θ) sind−1 θ dθ ≤ L−d

∫ ∞

0

F (t)td−1 dt

Since the LP bound in dimension d+ 1 involves the weight td dt, we prove that

≤ L−d d+ 1

d

(∫ ∞

0

F (t)td dt

)d/(d+1)

≤ cd(1 + εR)(∆
LP
d+1)

d/(d+1).

Final step. Collecting all estimates, we obtain

1

NLP(d, s)
≤ d0ĝ0

g(0)
≤ cd(2πL)

−d(1 + εR)(∆
LP
d+1)

d/(d+1).

We now put R =
√
s. With this choice, 2πL ∼ s. The constant cd has the required form.

QED.

Thank you!
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