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Abstract; plan
We present some recent results of the author and his
collaborators on discrete approximations in fractional calculus
starting from the matrix approximations to (generalized)
fractional integrals and derivatives and going over to the rates
of convergence of CTRWs (continuous time random walks) to
the solutions of fractional partial differential equations.

Main point: approximations preserving all structures: Markov
generator, semigroup properties, etc.

Part 1: Approximations to (generalised) fractional integrals
and derivatives. (Inspired by works of I. Podlubny)
Part 2: Approximations to semigroup generated by fractional
derivatives (functional CLT with stable limit). Monte-Carlo
approximations for space-fractional PDEs.
Part 3: CTRWs approximations to fractional in time
evolutions. Rates: Nothing during 60 years of development!
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Part 1

Powers via semigroups (Balakrishnan, A.V.): for f ∈ D(A)

(−A)αf =
1

Γ(−α)

∫ ∞

0

t−1−α(Tt − 1)fdt,

(−A)−αf =
1

Γ(α)

∫ ∞

0

tα−1Ttfdt,



Rates of convergence Theorem: assumptions

Suppose Tt Feller semigroup in C∞(Ω) with generator A
having invariant core B that is itself a Banach space under
norm ∥.∥B ≥ ∥.∥sup and

∥Ttf ∥B ≤ c(t)∥f ∥B .

Suppose T h
t Feller semigroups in Ωh with generators Ah:

∥(Ahπh − πhA)f ∥ ≤ ω(h)∥f ∥B .



Rates of convergence Theorem: result

Then, if c(t) = Memt , then

∥((−Ah)
απh − πh(−A)α)f ∥ ≤ C∥f ∥B(− lnω(h))−α,

and if c(t) = M(1 + tp) with p > 0, then

∥((−Ah)
απh − πh(−A)α)f ∥ ≤ C∥f ∥B(ω(h))α/(p+1).



Part 1

Powers via resolvents (Balakrishnan, A.V.): for f ∈ D(A)

(−A)αf = −sin(απ)

π

∫ ∞

0

λα−1R(λ,A)Afdt,

if ∥λR(λ,A)∥ < M < ∞ for λ > 0.
Analogous estimates for

∥((−Ah)
απh − πh(−A)α)f ∥.



Examples

We use it for A = d/dx with matrix approximations Ah

two-diagonal with 1s and (-1)s: explicit calculations of powers;

and Af = f ′(x)/g ′(x) (derivative with respect to a function)
with matrix approximation two-diagonal again, but different
entries: again explicit calculations.

These are in some sense canonical approximations, as they are
Markovian (Kolmogorov’s Q-matrix) and respect the structure
of powers;

and non-monotone g leading to fraction of Stiltjes integrals
over signed measures.



Examples: partial differential operators

Fractional power of the Poisson bracket:

LS(x , p) = {H , S} =
∂H

∂p

∂S

∂x
− ∂H

∂x

∂S

∂p

for a Hamiltonian function H(x , p) as the operator

(−L)αf =
1

Γ(−α)

∫ ∞

0

t−1−α
(
f ((X ,P)x ,p(t))− f (x , p)

)
dt.



Examples: fractional quantum mechanics

Fractional power of the Heisenberg bracket LHγ = −i [H , γ] in
the Heisenberg picture of quantum mechanics:

∂γ

∂t
= −i [H , γ].

for a Hamiltonian function H(x , p) as the operator

(−LH)
αf =

1

Γ(−α)

∫ ∞

0

t−1−α
(
e−iHtγe iHt − γ

)
dt.

And now
∂γ

∂t
= (LH)

βγ.



Part 2. Distances between distributions

If B ⊂ C (Rd) is a Banach space with the norm ∥.∥B , define
distance between distributions of r.v. X ,Y , by the equation

dB(X ,Y ) = sup{|Ef (X )− Ef (Y )| : ∥f ∥B ≤ 1}. (1)

In general they were introduced and studied by Zolotarev.
If B = C k , k ∈ N, the corresponding metrics dC k are often
referred to as the smooth Wasserstein metrics.

Most handy are the intermediate metrics defined by using the
spaces of Hölder functions Hα as the subspace B . For the
space H1 the corresponding metric is referred to as the
bounded Lipschitz metric or as the (standard) Wasserstein
1-distance and it is usually denoted W1.



Distances between distributions

The Kolmogorov distance

dKol(X ,Y ) = sup
z

|P(X ≤ z)− P(Y ≤ z)|. (2)

When one of variables, say Y , has a continuous density, p(y),
the Kolmogorov distance can be estimated by Zolotarev’s
distances. In particular, for any α ∈ (0, 1],

dKol(X ,Y ) ≤ (M + 1)[dHα(X ,Y )]1/(α+1), (3)

dKol(X ,Y ) ≤ (M + 3/2)[dH1,α(X ,Y )]1/(α+2), (4)

where M = supy p(y).



Result for d = 1, β < 1: assumptions

Let τi , i ∈ N, be a sequence of i.i.d. real-valued random
variables with a bounded probability density p, and let

Φh
t =

[t/h]∑
i=1

h1/βτi , (5)

be the corresponding scaled random walk (where we set

Φh
t = 0 for t < h). We shall denote by V

[t/h]
h the transition

operators of the discrete Markov chain Φh
t .



Result for d = 1: assumptions

Power tail for large (not necessarily infinite) distances.

Condition (P): The probability density p(y) on R is bounded
and such that

p(y) = Ay−1−β(1 + ϵ(y)y−1) for y ∈ [Bm,BM ],

p(y) ≤ Ay−1−β(1 + ϵ0y
−1) for y ≥ BM ,

and p(y) = 0 for y ≤ −B , where ϵ(y) is a measurable
function on R+ such that |ϵ(y)| ≤ ϵ0, with some constants
ϵ0,B ≥ 0, A, β > 0, BM > Bm > 0 such that βBβ

m > A. No
additional assumptions on the behavior of p(y) on the interval
[−B ,Bm] are made.



Result for d = 1: assumptions

The generator of a one-sided stable Lévy process of index
β ∈ (0, 2) (or, fractional derivative operator of order β) is

Lβf (x) =

∫ ∞

0

f (x + y)− f (x)

y 1+β
dy , β ∈ (0, 1),

Lβf (x) =

∫ ∞

0

f (x + y)− f (x)− f ′(x)y

y 1+β
dy

=

∫ ∞

0

∫ y

0

(f ′(w + x)− f ′(x))dw
dy

y 1+β
, β ∈ [1, 2).

Let T t
β be the Feller semigroup of the β-stable Lévy process

Σβ
t in R generated by the operator Lβ.



Analytical counterpart

Feller semigroup T t -resolving operator for the Cauchy
problem

∂f

∂t
= Lβf .

Two (opposite) objectives for the theory: approximation to use
in both sides.
Extension: equations with variable coefficients

∂f

∂t
=

∫ ∞

0

a(x)
f (x + y)− f (x)− f ′(x)y

y 1+β(x)

with a(x) > 0, β(x) ∈ (1, 2).



Case d = 1, β < 1: statement of theorem

Let β ∈ (0, 1) and the probability density p(y) satisfy the
assumption (P). (i) If β < 1/2 and h ∈ [(βBβ

M)−1/2, 1], then

sup
s≤t

∥(V [s/h]
h − TAs

β )f ∥ ≤ htC0∥f ∥Lip, (6)

where

C0 = 4A(1 +
ϵ0
BM

) + 2ϵ0 + B +
Bm

1− β
+

4A2

β2(1− β)(1− 2β)
,

which in terms of the Wasserstein 1-distance rewrites as

sup
s≤t

W1(Φ
h
s ,Σ

β
As) ≤ C0ht. (7)



Case d = 1, β < 1: statement of theorem

(ii) If β ≥ 1/2 and h ∈ [(βBβ
M)−β, 1], then

sup
s≤t

∥(V [s/h]
h − TAs

β )f ∥ ≤ th(1−β)/(2−β)C1∥f ∥Lip, (8)

where

C1 = 4A(1 +
ϵ0
BM

) + 2ϵ0 + B +
Bm

1− β
+

6A2

β2(1− β)2
,

which in terms of the Wasserstein 1-distance rewrites as

sup
s≤t

W1(Φ
h
s ,Σ

β
As) ≤ C1th

(1−β)/(2−β) (9)



Corollary

In case (i) and (ii), for any t0 ≤ t,

sup
s∈[t0,t]

dKol(Φ
h
s ,Σ

β
As) ≤

(
1 +

1

2
(At0)

−1/2β

)√
C0ht, (10)

sup
s∈[t0,t]

dKol(Φ
h
s ,Σ

β
As) ≤

(
1 +

1

2
(At0)

−1/2β

)√
C1th

(1−β)/2(2−β),

(11)
respectively.



Corollary for sums (quasi-attraction)
Let β ∈ (0, 1) and the probability density p(y) satisfy the

assumption (P). (i) If β < 1/2 and n <
√

βBβ
M , then

W1

(
τ1 + · · ·+ τn

n1/β
,Σβ

A

)
≤ C0/n,

dKol

(
τ1 + · · ·+ τn

n1/β
,Σβ

A

)
≤

(
1 +

1

2
A−1/2β

)√
C0/n,

(ii) If β ≥ 1/2 and n < (βBβ
M)β, then

W1

(
τ1 + · · ·+ τn

n1/β
,Σβ

A

)
≤ C1n

−(1−β)/(2−β),

dKol

(
τ1 + · · ·+ τn

n1/β
,Σβ

A

)
≤

(
1 +

1

2
A−1/2β

)√
C1n

−(1−β)/2(2−β).



Compare

For non-functional results and exact convergence (when
BM = ∞) our results can be compared with the estimates
from P. Chen and L. Xu. Approximation to stable law by the
Lindeberg principle. J. Math. Anal. Appl. 480 (2019), they
also operate with smooth Wasserstein and make the same
assumptions on the densities of τ .

Using Hölder spaces, we obtain estimates in terms of C 1-
functions for β ∈ (0, 1) and C 2 for β ∈ (1, 2) (unlike C 2 and
C 3, respectively, in Chen and Xu).

Other: e.g. Klebanov et al, Bening et al, describe τ in terms
of ch. f., – difficult to compare.



Canonical matrix approximations for

space-fractional equations

Recall Lβ = (−D)β. Take Af (x) = f ′(x)/g ′(x) on C [0,∞)
and consider

∂f

∂t
= (−A)βf (x). (12)

Approximate A by a matrix Ah and then (−A)β by (−Ah)
β.

Then random walk solving

∂f

∂t
= (−Ah)

βf (x)

provides a Monte-Carlo approximation to (12).
We provide rates of convergence.



Case d = 1, β ∈ (1, 2); theorem

Let β ∈ (1, 2), the probability density p(y) satisfy assumption
(P), and h ≥ h̃0 = [(β − 1)B̃β−1

M ]−β, where B̃ = B +m,
B̃m = max(m,Bm), B̃M = BM −m, ϵ̃0 = ϵ0 + (m+ ϵ0)(1 + β).
(i) If β ∈ (1, 3/2), then

sup
s≤t

∥(V [s/h]
h − TAs

β )f ∥ ≤ C2th
(2−β)/(3−β)∥f ′∥Lip, (13)

where

C2 = 4A(1+
ϵ̃0

B̃M

)+
βB̃mϵ̃0
(β − 1)

+
B̃2

2
+

B̃2
m

(2− β)
+

12A2

(3− 2β)(β − 1)2
.



Case d = 1, β ∈ (1, 2); theorem

(ii) If β ∈ [3/2, 2), then

sup
s≤t

∥(V [s/h]
h − TAs

β )f ∥ ≤ C3th
(2−β)/β∥f ′′∥Lip, (14)

where

C3 = 4A(1+
ϵ̃0

B̃M

)+
βB̃mϵ̃0
(β − 1)

+
B̃2

2
+

B̃2
m

(2− β)
+

9A2

2(2− β)2(β − 1)2
.



Case d > 1: assumptions
Let τi , i ∈ N, be a sequence of i.i.d. Rd -valued r. v. with a
bounded probability density p, d > 1. The random walk Φh

t

and its transition operator V
[t/h]
h are defined as above in case

d = 1.
Condition (Pd): With given constants ϵ0 ≥ 0, β > 0,
BM > Bm > 0,

p(y) = A(ȳ)|y |−d−β(1 + ϵ(y)|y |−1) for |y | ∈ [Bm,BM ],

p(y) ≤ A(ȳ)|y |−d−β(1 + ϵ0|y |−1) for |y | ≥ BM ,

where ȳ = y/|y |, ϵ(y) is a measurable function on Rd such
that |ϵ(y)| ≤ ϵ0, and A(ȳ) is a continuous non-negative
function on the sphere Sd−1 such that

A =

∫
Sd−1

A(ȳ)dȳ < βBβ
m.



Case d > 1: assumptions

The generator of a d-dimensional stable Lévy process of index
β ∈ (0, 2) with a spectral measure specified by the density
function A(ȳ) is defined by the formulas

Lβf (x) =

∫
Rd

f (x + y)− f (x)

|y |d+β
A(ȳ) dy , β ∈ (0, 1), (15)

Lβf (x) =

∫
Rd

f (x + y)− f (x)− f ′(x)y

|y |d+β
A(ȳ) dy

=

∫
Rd

∫ 1

0

(y , f ′(x + wy)− f ′(x))dw
A(ȳ)dy

|y |d+β
, β ∈ [1, 2).

(16)



Theorem

One-dimensional results above are presented in a way that
they extend literally to the d-dimensional case.

For instance, for β ∈ (1, 2) we get the following.

Estimates (6) and (8) and estimates (13) and (14) still hold in
d-dimensional case, for densities p satisfying condition (Pd),
where one has to plug in the semigroup generated by (16) in
place of TAt

β .



Cascading asymptotics: different regimes for large

and ”very large” n

Let β = 3/4, BM a positive constant, A = β/(1− B−β
M ), and

p(y) =

{
Ay−1−β, y ∈ [1,BM ]

0, y /∈ [1,BM ].
(17)

Let BM ≥ 27, so that 1− B
−2/3
M ∈ [8/9, 1) and thus

A ∈ (2/3, 3/4].
A random variable τ with distribution p(y) satisfies the
requirement of Theorem above with Bm = 1 and

C1 =
4β

1− B−β
M

+
1

1− β
+

6

(1− β)2(1− B−β
M )2

≤ 67



Cascading asymptotics

But p(y) has finite moments

µ = Eτ = 3A(B
1/3
M − 1),

σ2 = Var(τ) =
3

4
A(B

4/3
M − 1)− [3A(B

1/3
M − 1)]2 ≥ B

4/3
M /6,

ρ = E|τ − Eτ |3 ≤ A

∫ BM

1

[y 4/3 + (3A)3BMy−5/3]dy ≤ 12B
7/3
M .

Hence we can apply the Berry-Essen theorem.



Cascading asymptotics: Proposition

For a sequence of i.i.d. random variables τi distributed like τ
with the distribution p(y) given above, with BM ≥ 27, it
follows that

dKol

(
τ1 + · · ·+ τn

n3/2
,Σ

2/3
A

)
≤ 2

√
C1n

−1/8,

for n ≤ B
4/9
M /2. On the other hand, for all n,

dKol

(
(τ1 − µ) + · · ·+ (τn − µ)

σn1/2
,N(0, 1)

)
≤ C

ρ

σ3
n−1/2 ≤ 174CB

1/3
M n−1/2,

where C is the Berry-Essen constant and N(0, 1) is a standard
normal random variable.



Cascading asymptotics

Roughly speaking, for the Gaussian regime we must have
n ≫ B

2/3
M .

Thus the interval n ∈ [B
4/9
M ,B

2/3
M ] is the switching region,

where the (quasi) 2/3-stable asymptotics is transferred to the
normal CLT.

If BM is sufficiently large, so that observations for n beyond
the level of B

4/9
M are not available or feasible, random variable

τ looks like belonging to the domain of attraction of the
3/2-stable law and its true asymptotics cannot be revealed.



Part 3. Functional central limit for scaled CTRWs

and fractional PDEs
Assume that τi , i ∈ N, is a sequence of positive i.i.d. random
variables having probability density p(y) on R+ such that
p(0) = 0, p(x) is continuously differentiable, and
p(y) = y−1−β for y ≥ B with some β ∈ (0, 1) and B > 0 such
that βBβ > 1.

Let

Φh
t =

[t/h]∑
i=1

h1/βτi ,

be the corresponding scaled random walk (where we set
Φh

t = 0 for t < h).

V
[t/h]
h – transition operators for discrete Markov chains Φh

t .



Scaled CTRWs

The inverse process:

Nh
K = sup{t : Φh

t ≤ K}.

Suppose X h
1 ,X

h
2 , · · · is a sequence of i.i.d. random variables in

Rd , such that the distribution of each X h
i is given by a

probability measure µh
space(dx), that depends on h.

The standard (scaled) continuous time random walk (CTRW)
is a random process given by the random sum

Nh
t /h∑
j=1

X h
i .



Scaled CTRWs: position dependent
In position dependent CTRW the jumps X h

i are not
independent.

Let On
h (x) be a family of discrete-time Markov chains in Rd ,

independent of the sequence {τi}, with transition operator

Uhf (x) = EO1
h(x) =

∫
f (y)µh

space(x , dy), (18)

with some µh
space(x , dy).

The discrete-time process

O
Nh
t /h

h (x) (19)

is a generalized scaled (position dependent) continuous time
random walk (CTRW).



Scaled CTRWs: limits

Let
σy = max{t : Σ̂β

t ≤ y}

be the inverse process to the stable subordinator Σ̂β
t .

As was discovered by physicists: if (Uh − 1)/h converge to an
operator L, which generates a Feller process Xt(x) with a

Feller semigroup Ft , then the CTRWs O
Nh

t /h
h (x) converge in

distribution to the time-changed Markov process Xσt (x). And
the distributions of Xσt (x) solve a fractional in time PDE.

The following is the first ever result supplying the rates of
convergence for this scaling limit.



Theorem

Let Ft = etL be a Feller semigroup in the Banach space
B = C∞(Rd), generated by an operator L, having a core D,
which is itself a Banach space with a norm ∥.∥D ≥ ∥.∥B such
that ∥Lf ∥B ≤ l∥f ∥D for a constant l and all f ∈ D.

Let Ft be also a bounded semigroup in D such that

max
s∈[0,t]

∥Ft∥D→D ≤ emt ,

with a constant m ≥ 0 (the growth rate of the semigroup).



Theorem (cont.)

Let Uh be a family of contractions in B , and let

∥
(
Uh − 1

h
− L

)
f ∥B ≤ ϵh∥f ∥D , (20)

∥
(
Fh − 1

h
− L

)
f ∥B ≤ κh∥f ∥D , (21)

with ϵh + κh = hω with some ω > 0.



Theorem (cont.)

Then, if m > 0, then

sup
x

|Ef (ONh
t /h

h (x))− Ef (Xσt (x))| = ∥EUNh
t /h

h f − EFσt f ∥

≤ 4(1 + max(1,m/ω))(1 + t + t−1) ln(1/h)−1∥f ∥D , (22)

for all t > 0, f ∈ D, and h ≤ h0 with sufficiently small h0
(depending on β,B).



Theorem (cont.)

If m = 0 (e.g. the limiting process is Brownnian motion or a
Lévy process), then the convergence rates on the r.h.s. of (22)
can be improved to the power-type estimate

sup
x

|Ef (ONh
t /h

h (x))−Ef (Xσt (x))| ≤ C (β)(1+t+t−1)hκ(β)∥f ∥D ,

(23)
with some C (β) and κ(β) ∈ (0, 1). For instance, if
β ≥ (1− β)/β, then

κ(β) = min

{
ω

β + 1
,
β(1− β)2

1 + β + β2

}
.



Fractional in time PDEs

The subordinated limiting evolution described by the operators
Ef (Xσt (x)) = EFσt f (x) solves fractional in time differential
equations: the function ft(x) = E(Fσt f )(x) satisfies the
equation

Dβ
0+⋆ft(x) = Lft(x), f0(x) = f (x),

where Dβ
0+⋆ is the Caputo-Djerbashyan derivative of order β

acting on the variable t, and the operator L acts on the
variable x .

Thus the Theorem provides the rates of convergence for the
CTRW approximations of the solutions to fractional equations.



Fractional PDEs

Diffusion operators

Ldif f (x) =
1

2
tr

(
G (x)

∂2f

∂x2
(x)

)
=

1

2

∑
ij

Gij(x)
∂2f

∂xi∂xj
(x), x ∈ Rd ,

generators of stable-like processes

Lβstf (x) =

∫
Sd−1

|(s,∇f (x))|βµ(x , s) ds, x ∈ Rd ,

In particular, if µ(x , s) = 1, Lβst = σ|∆|β/2 becomes a standard
fractional Laplacian.

In both cases, if the coefficients are sufficiently smooth, one
can take the space D = C∞(Rd) ∩ C 4(Rd), for which the
assumptions of the Theorem hold with κh = ϵh = h.



Thank you


