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Motivation
oeo

Implicit material response linear in strain

The implicit material response!® of elastic bodies between the Cauchy stress o
and the deformation gradient F accounting for the mass density p:

S(p,o,F)=0

cannot be inverted to express stress as a function of strain, and vice versa

The Cayley—Hamilton theorem for isotropic § and the left Cauchy—Green
deformation tensor B = FFT reveals the constitutive equation
2l + a10 + B + azo? + ayB? + a5(6eB + Bo)

+ a5(6°B + Ba?) + a7(6B? + B%0) + ag(6’B? + B*6?) = 0
where 1 is the matrix of ones, o;(p) depend on the traces tro, trB, tro?, trB2,
tra?, t1B3, tr(oB), tr(a’B), tr(cB?), tr(c?B?)

For small Vu and the linearized strain € = (Vu+Vu')/2 ~ (BT —1)/2 yields
Bo€+ (B1+B26)1+ (B3 + Ba€) o+ (85 + Be€)0” + B7(oe+€0) + fs(0 e+ €0”) = 0

where I is identity, 3;(p) depend on the invariants: tro, (trc — tro?)/2, deto

The model is
1K.R. Rajagopal, On implicit constitutive relations, Appl. Math. 48 (2003), 279-319
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Motivation
[e]e] J

Nonlinear constitutive model linear in strain

If B4 = ... = Bs =0, then a subclass of the material response?:

(Bo + B2)e+ B1l + B30 =0 (MR)
can be inverted for strain in term of stress e.g. deviatoric and spherical parts:
e:io'*+ o I U:U*thr—o-l

24 9B(tro) ™’ 3

where Lamé constant p = E/(2(1 + v)), Young modulus E > 0, Poisson ratio
v € (0,0.5), bulk modulus depends on the mean stress tro, e.g. for polymers:

2
B(¢) = K(1+ s+ = arctan(c1{ + c2)), K,c1 >0
v

—&2 7T (1 + C
The model is nonlinear in stress a1 2 ( )

2K.R. Rajagopal, G. Saccomandi, The mechanics and mathematics of the effect of pressure on
the shear modulus of elastomers, Proc. R. Soc. A 465 (2009), 38593874
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Mot ion
[ ]

Constitutive model linear in both stress and strain

A subclass of the constitutive relation (M R) which is also o

1+ Altreo_* i 1+ M\tre

1+ A3t =
(1+ Astro)e o Yie

(tro)I (LBSS)

with A1, A3, A4 free moduli, on taking the trace:

1 A4
tre — 37Ktr0' + ()\3 — 37[() (tre)tra’ = O

For A1 = A3 = 0 the explicit relations:
o using tre = tro /(3K — M\tro) invert for strain in term of stress:

1 1
=—0"+———(tro)l |
¢ 2;;0- * 3(3K — )\4tr0')( 1) (polymer)
o using 1/(1 + Astre) =~ 1 — Agtre invert for stress in term of strain:
o =2pue" + K(1 — M\tre)(tre)I (porous)

The balance of mass: pgr = p(detF) when linearized: pr = p(1 4 tre) makes
the response of porous materials when tre is replaced by pr/p — 1 for density

3K.R. Rajagopal, An implicit constitutive relation for describing the small strain response of
porous elastic solids whose material moduli are dependent on the density, Math. Mech. Solids 26
(2021), 1138-1146
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Motivation
L]

Regularization by thresholding

REGULARIZATION BY THRESHOLDING
For lower and upper thresholds 0 < M < 1 < M the cut-off function:
M, if 1—XA/(BK)C <M
B(() =K {1-X\/BK)(, if M <1-X/BK)(<M
M, if 1 —X\/(BK) > M
the thresholding equation: tre = tro/(3B(tro)) and

tro tro
— ——— 1, o+ —1 TE
25" T 9Bwe) ° ° 3 TE)

[ tre tre
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Motivation
L Je]

Analytical solution under uniform triaxial loading

ANALYTICAL SOLUTION UNDER UNIFORM TRIAXIAL LOADING

The cube Q = (0,1)3 is loaded by the force:

—t
o=tI on 0N

look for the displacement with unknown wu:

1
_t _t u= gux + Rx, €= §UI

e . ) 3x3
where Rx is rigid displacement for R € R’

e the nonlinear elastic equation for stress:

o t
3K e T K -t
e the thresholding equation:

€

t/(KM), if 1 —\y/Kt <M
€= 3IBme) = Y= Ban - t/(K —M\t), f M <1-X\/Kt<M
t/(KM), if 1 —X\y/Kt>M
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Motivation

o] ]
Graphs of dilatation versus loading

Graphs of the dilatation u versus the loading ¢:
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T
[ ]

Quasi-linear viscoelastic model

Q['ASI—LH\'EAR VISCOELASTIC MODEL J

For the constitutive equation given by nonlinear operator F e.g.:
e=E(||o7||)o* + Ex(tro)(tro)] := [Flo (CE)
consider the quasi-linear viscoelastic equation with linear operator Z:
e(t)=1[Z(t)]e, t>0
given e.g. by nonlinear in time hereditary integral with aging memory*:

[Z(t)]e = I(t, t)e(t) — /O (%J(t,s))e(s) ds (HE)

where J isotropic tensorial kernel and scalar J implies the Volterra equation:

[Z(t)]e = J(t, t)e(t) — / t( aas (t, s)) (s)ds

the integral operator Z cannot be inverted

4A.S. Wineman, Nonlinear viscoelastic solids- a review, Math. Mech. Solids 14 (2009), 300-366
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Linear hereditary integrals

o the time-shift approach implies the constitutive response:

[Z(t)]e = Joe(t) + /Ot J(/St(;)u dT) (Sio)ue(s) ds

» convolution equation for the Prony’s series with Ji,...,Jn, 71,...7n > 0O:

N t
[I(t)]e = J()E(t) T Z %:/0 @*(tfs)/fne(s) s

n=1

(PS)

on differentiating (PS) as N =1 and Jy = 0 implies Kelvin—Voigt model:

1€ +€=J€

twice differentiating as N = 2 yields the Burgers material:

.o . J JoNT. T
TIE + €= J()T16+ [J()-f—’ﬁ(fl + i>:|€+ fIG
1 T2 1

o the fractional derivative v € (0,1) using the Liouville-Weyl integral:

RO
R

[Z(t)]e = Joe(t) + c/

— 00

Southern Fed Univ 13.06.2024 10 / 22
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Geometric configuration

Given: | body force f = (f1,...
boundary force g = (g1, ..

The solid body occupies

the bounded domain 2 C R?
with Lipschitz boundary 052
and normal n = (nq,...,nq)
comprising two parts I'y, I'p
Fort € (0,7), x = (z1,...,%q)
cylinder QT = (0,T) x Q with
side surfaces I'y = (0,T) x I'x
and TL = (0,T) x I'p

, fa)(t,x) € C([0,T]; L?(2 : RY)) in QT
,94)(t,x) € O([0,T); L*(Tx; RY)) | at T

continuous response multi-valued function F : ngxn‘f = Rg;rr‘f
continuous creep function Z € C([0,T1), Z(t) : REE = REX4

Victor A. Kovtunenko

(KFU-Graz)
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Theorj
o]

Governing viscoelastic relations

GOVERNING VISCOELASTIC RELATIONS [

The symmetric stress tensor o (t,x) = (04;)f,_, € RE<T and displacement
u(t,x) = (u1,...,uq) build the linearized strain e(t,x) = (g;;){ =, € RE<:
e(u) := %(Vu + V') (LS)
satisfy the equilibrium equation:
—V.-o=f inQf (FE)
the viscoelastic constitutive equation:
e(t) = [Z(t)o Flo fort e (0,T) (VE)
and the mixed homogeneous Dirichlet—Neumann boundary condition:
u=0 onTY], on=g onTk (BC)
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Theory
[ ]

Variational formulation of the problem

The variational solution:
ue C([0,T]; H, (BRY), o € C((0,T]; L (% RE)) (VS)
defined in the Sobolev space:
HE (R = {v(x) = (v1,...,v4) € H'(4RY)| v=0onTp}

satisfies the variational equation for all test functions v € Hp_(9; R%):

/0'~5(v)dX:/f~vdx+/ g - vdSx (VEE)
Q Q I';

where dot stands for the scalar product of tensors: o - € = ij:l 0ij€ij

and the viscoelastic constitutive equation (V' E) given in the form of selection:
(0,e(u)) € 8(t), tel0,T] (5)

on the time-dependent graph between stress and strain:

&(t) = {(0,€) € (RG)?| €=[I(t)o Flo} (@)
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Theorem on existence of variational solution
Assume continuous Z(t) o F, t € [0,T] in (G): (i) The graph includes the origin:

(0,0) € &(t)
(ii) The graph is coercive with uniform estimate for all (o, €) € &(¢):
€-o > M|o|®+ Me||?, M, My >0, MM, <1/4
(iii) The graph is monotone for all pairs (o!,&') and (a2,€2) € &(¢):
(' —€?)- (6! —0%) >0
Réxd

(iv) The graph is maximal monotone: for (o',e') € (REXY)?

if (' —€?)- (6! —0?) >0 forall (62 €?) € &(t), then (o', e') € B(2)

Then there exists solution (o, u) to the viscoelasticity problem (VEE) and (.5)

based on Galerkin approximation and Browder—Minty fixed point theorem?®

5M. Bulitek, J. Mdlek, E. Siili, Existence of global weak solutions to implicitly constituted
kinetic models of incompressible homogeneous dilute polymers, Commun. Part. Diff. Eq. 38
(2013), 882-924
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The corresponding nonlinear elastic problem

THE CORRESPONDING NONLINEAR ELASTIC PROBLEM [

The elastic stress o° and displacement u® satisfy the equilibrium equation:
~V.o¢=f inQ
and the mixed homogeneous Dirichlet—Neumann boundary condition:
uw=0 onll, o°n=g onT%

expressed by the variational equation for all test functions v € H%D (S RY):

/0'°~€(v)dx:/f~vdx+/ g-vdSx
Q Q I'n

The constitutive equation:

holds in the form of selection:

on the graph:
6 ={(0,€) € Ry)?| e=[Flo}

sym
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iational solution

Theorem on existence of variational solution

Assume F is continuous such that: (i) The graph & includes the origin:
(0,0) € &
(ii) The graph is coercive with uniform estimate for all (o, €) € &:
€-o > Mo|*+ Me€||?, My, My >0, MMy <1/4

where the Frobenius norm ||o|| = /o - o

(iii) The graph is monotone for all pairs (o', €!) and (02, €?) € &:

(' —€*) (e —a?)>0
1

(iv) The graph is maximal monotone: for (o', €l) € (ngxn‘f)

if (' —€?)- (o' —a?) >0 forall (6% €) €&, then (o',€')c®

Then there exists the variational solution to the nonlinear elasticity problem:

u® € C([0,T]; Hy, (BRY)),  o° € C([0, T]; L% REGL))

sym
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The thresholding equation

For the thresholding equation (T'E):

1 tro

*

L
€= 2.7 T 9B(uo)

(i) The graph & includes the origin: (0,0) € &
(ii) For all (o, €) € & the graph is coercive:

e o> Mio|? + Mye]?

where the factors are

1 1 1 KM*
M, = = mln( d ), My = = Inin(Z/,L7 972)
2 21" 9K 2 M d

(iii) For all pairs (o', €!), (02, €?) € & the graph is monotone:

(e =€) (e —0%) >0
(iv) For (o', €t) € (jon‘f) the graph is maximal monotone:

if (¢! —€?)- (o' —a?) >0 forall (6%, €*) € &, then (o' €e') c®
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The correspondence principle

THE CORRESPONDENCE PRINCIPLE [

Let there exist solution (®,u®) to the nonlinear elasticity problem:

/o-c~€(v)dx:/f~vdx+/ g-vdSx
Q Q I'n

e(u®) = [Flo°
If operator Z(t) commutes with the strain tensor e:
[Z(t)]e(w) = e([Z(t)]u) (@)
then solution to the corresponding viscoelastic problem is given by formula:

o=0° u=[Z(t)u

since in this case: e([Z(¢)]u®) = [Z(t)]e(u®) = [Z(t) o Flo°
(C) holds for arbitrary Z(t) prescribing the Volterra equation:

[Z(t)]e = J(t, t)e(t) — / t( 839 (t, s)) (s) ds
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Semi-analytical solution for isotropic extension or compression

SEMI-ANALYTICAL SOLUTION FOR ISOTROPIC EXTENSION OR COMPRESSION

For d = 3 consider isotropic extension or compression independent of x:
c"=€"=0, o=-pt), e=u(t)/31

the Volterra convolution equation:

tre(t) = [Z(t)]u = / ) gy (s) ds

0o 71

on the grid 0 =ty < t; < ... <ty =T the piecewise-affine approximation:
uM(t) = u(tkfl) + (t - tk,l)éuk ast e [tkfl, tk]

u(ty) — u(trp—1)

where Jduy := 5 ,
k

Oty =t —tp_1, k=1,...,. M
the numerical quadrature:

i)

e~ =)/ Ty (s) ds
71

M th
tren(t) = [Z(t)]up = > I, I = /
k=1 o1

where I,iw/Jl = (u(tk) — Tl5uk)e(t’“7t)/ﬁ — (u(tk_l) - 715uk)e(t“—17t)/71

i
v
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Discussion
(o] J

eep test by monotone loading and maintained-removed p

(a) monotone pressure (b) unlimited response (c) thresholding response
T T
-0.005 | -0.005 |
4 -0.01 ! -0.01 !
— I |
S F------ -0.015 -0.015
%3 / < I < I
e I S -002 | S -0.02 \
5 ] g
3 ! & 0025 | & -0.025 |
g2 | 3 5
g ‘ -0.03 | -0.03 |
s \ -0.035 ! -0.035 !
| |
| -0.04 i -0.04 |
0 L -0.045 -0.045
0 05 1 15 0 05 1 15 0 05 1 1.5
time (h) time (h) time (h)

Creep test by monotone loading- p(t) =3.3t | p(t) =2.9 | p(¢t) =0
-maintained-removed pressure: t€]0,09] | t€]0.9,2] | t €[2,3]

() maintained-removed (b) unlimited response (c) thresholding response
5 - 0 : 0 T
! ~0.01 ‘ ~0.01 ‘
4 | | |
_ | ~0.02 | -0.02 [
& 1 l |
G3 T T T § 003 \ S -0.03 N
-1 £ g ~
2 ‘ £ o0 ‘ £ 004 ‘
g2 | s | ° |
&
! -0.05 | -0.05 |
1 | | I
| -0.06 | -0.06 |
0 1 1 ~ 1
0 1 2 3 0 1 2 3 0 1 2 3

time () time (h) time (h)




Conclusion

CONCLUSION [

The constitutive relation stems from implicit material response between
the histories of the stress and the deformation gradient of a body

(4]

A-priori thresholding is enforced through the mean pressure that ensures
that the solution does not blow-up in finite time

Well-posedness for the resulting mixed variational problem is established
within the theory of coercive and maximal monotone graphs

[

The quasi-linear viscoelastic constitutive model is prescribed by tensorial
hereditary integrals with aging or convolution memory kernels

For scalar Volterra equation, the correspondence principle provides
formula of viscoelastic solution from the nonlinear elastic problem

[

For isotropic extension or compression, numerical solution is given for
monotone loading and creep test by maintained-removed pressure
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