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Convex Sets and Convex Hull. De�nitions

Let X be a real vector space.

De�nition. A nonempty subset C of X is said to be convex,
whenever for any arbitrary vectors x and y and 0 < λ < 1
one has λx+ (1− λ)y ∈ C.
De�nition. A convex hull (denoted by co(A)) of A ⊂ X is
the smallest (with respect to inclusion) convex set that
includes A:

co(A) :=
⋂
{C ⊂ X : A ⊂ C, C is convex}.

Proposition. The following representation holds:

co(A) =

{ n∑
i=1

λixi : xi ∈ A, λi ≥ 0,

n∑
i=1

λi = 1, n ∈ N
}
.
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Extreme Points. De�nitions

Let X be a vector space, and C ⊂ X a convex subset in it.

De�nition. An arbitrary vector x ∈ C is called extreme
point, if x is not the inner point of any line segment in C.

We denote by a symbol ext(C) the set of all extreme points
of a convex set C.
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Classical Kre��n�Mil'man Theorem

Kre��n�Mil'man Theorem (1940). A compact convex subset of a
Hausdor� locally convex topological vector space coincides with
the closed convex hull of its extreme points:

C is convex and compact =⇒ C = co(ext(C)).

By symbol co(·) we denote the topological closure of the
convex hull co(·): co(A) := co(A).

De�nition. A subset C ⊂ X is called locally compact, if
every point of C has a compact neighborhood.
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Extreme Rays: De�nition

Let C be a subset of a linear vector space X.

De�nition. An extreme ray of C is an open half-line ρ ⊂ C
such that any line segment [x, y] ⊂ C lies entirely on ρ
provided that λx+ (1− λ)y ∈ ρ for some 0 < λ < 1.

The set of extreme rays of C is denoted by extr(C).

Illustration.
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Krein-Milman Type Theorem

Theorem (Klee, 1958). Let C be a closed convex locally compact
subset of a Hausdor� locally convex topological vector space.
Suppose C contains no straight lines, then

C = co(ext(C) ∪ extr(C)).

Klee V.L. Extremal structure of convex sets. II //
Mathematische Zeitschrift. 1958. V. 69. P. 90�104.

Illustration.
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Problem

Starting from 1960s an increasing interest is paid to the
following question:

What can be said if the convex set C consists of linear operators,
that is C ⊂ L(X,Y ) with X and Y Banach spaces?

More precisely:

Under what additional conditions a convex set of operators
A ⊂ L(X,Y ):

The Existence and Description Problem: has extreme
points? and what is their analytical description?
The Recovery Problem: can be recovered from it's extreme
points and rays?
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Motivation

Interest in Kre��n�Mil'man type terms for convex sets of linear
operators was initiated by a series of papers published by Phelps
and his co-authors in the 1960s:

Phelps R. R. Extreme positive operators and
homomorphisms // Trans. Amer. Math. Soc. 1963.V. 108.
P. 265-274.

Blumenthal R. M., Lindenstrauss J. and Phelps R. R.
Extreme operators into C(K) // Paci�c J. Math. 1965. V.
15. P. 747-756.

Phelps R R. Theorems of Krein�Milman type for certain
convex sets of functions operators // Annales de institut
Fourier. 1970. V. 20, N 2. P. 45-54.

Morris P. D., Phelps R. R. Theorems of Kre��n-Mil'man
type for certain convex sets of operators // TAMS. 1970.
V.150. P. 183-200.
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A Krein�Mil'man Type Result

Theorem (Morris, Phelps, 1970). If K is totally disconnected
then the unit ball B of L(X,C(K)) is the pointwise norm
closure of the operator convex hull of its extreme points:

B = coΛ(ext(B)).

Here X is a Banach space, C(K) the space of continuous
real functions on the compact Hausdor� space K, and
L(X,C(K)) denotes the space of linear bounded operators
from X to C(K).
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Motivation

Oates D. K. A non-compact Krein � Milman theorem //
Paci�c J. Math. 1971. V. 36, N 3. P. 781-788.

Rubinov A.M. Sublinear operators and operator-convex sets
// Sib. Math. J. 1976. V. 17, N 2. P. 289-296.

Kutateladze S.S. The Krein-Mil'man theorem and its
inverse // Sib. Math. J. 1980. V. 21, N 1. P. 97-103.

Kutateladze S.S. Caps and faces of sets of operators //
Soviet Math. Dokl. 1985. V. 31, N 1. P.66-68.
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Vector Lattices. De�nition

De�nition. A real vector space E equipped with an order
relation ≥, which satis�es the following two axioms:

X If x ≥ y, then x+ z ≥ y + z holds for all z ∈ E
X If x ≥ y, then αx ≥ αy holds for all α ≥ 0

is a vector lattice if and only if for any pair x, y ∈ E there exist:

X x ∨ y := sup{x, y}, the supremum,
X x ∧ y := inf{x, y}, the in�mum.

Examples. Classical Banach spaces are vector lattices:

C(Q), Lp, lp(1 ≤ p ≤ ∞), co, c

An order relation is introduced point-wise in function
spaces and coordinate-wise in sequences spaces.
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Vector Lattices: Main Example

Main Example. Consider σ-�nite measure space (Q,Σ, µ).
Denote

L0(µ) := L0(Q,Σ, µ)

the space of all (equivalence classes of) measurable almost
everywhere �nite real-valued functions on Q.
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Vector Lattices: Some Necessary Notions

Here are some necessary de�nitions, which we need in the sequel:

Recall that the absolute value (modulus) in a vector lattice
is de�ned as |x| := x ∨ (−x).

The positive cone E+ of a vector lattice E is de�ned as
E+ := {x ∈ E : x ≥ 0}.

We say that a set B in a vector lattice E is order bounded
if B ⊂ [a, b] := {x ∈ E : a ≤ x ≤ b} for some a, b ∈ E.
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Homogeneous Polynomials: De�nition

De�nition. Let X and Y be vector spaces, 1 ≤ n ∈ N. A
mapping P : X → Y is said to be an n-homogeneous
polynomial if for some multilinear (n-linear) operator

ϕ : Xn = X

n times︷ ︸︸ ︷
× · · ·×X → Y the representation holds:

P (x) = ϕ(x, . . . , x) (x ∈ X).

The multilinear operator ϕ is called generating.

There is exactly one symmetric multilinear operator,
generating P ; it is called associated and denoted by P̌ .

De�nition. A polynomial P is said to be positive, if

0 ≤ x1, . . . , xn ∈ E ⇒ P̌ (x1, . . . , xn) ≥ 0.
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Homogeneous Polynomials: Example and Notation

Notation. P(nX,F ) denotes the vector space of all
n-homogeneous polynomials from X to F ; P(nX,F )+ is
the part of P(nX,F ) consisting of positive polynomials.

De�nition. P(nX,F ) is ordered by P(nX,F )+ as

P ≥ Q df⇐⇒ P −Q ∈ P(nX,F )+.

Example (F = L0). Let T : X → L0 be a linear operator
and de�ne a mapping P : X → L0 as

P (x) = T (x)n (x ∈ X).

Then P is an n-homogeneous polynomial from X to L0,
whose associated multilinear operator P̌ ∈ L(Xn, L0) is:

P̌ (x1, . . . , xn) = T (x1) · . . . · T (xn).
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Some More De�nitions

De�nition. Vector lattice F is said to be Dedekind
complete, if given ∅ 6= A ⊂ F with A ⊂ [a, b] for some
a, b ∈ F (≡ A is order bounded), there exist sup(A) ∈ F
and inf(A) ∈ F .
De�nition. Let X be a vector space and F a Dedekind
complete vector lattice. A set Ω in P(nX,F ) is called:

pointwise order bounded, if the set Ω(x) := {P (x) : P ∈ Ω}
is order bounded in F for all x ∈ X.
point-wise order closed (o-closed), if for every net (Pi) in Ω
and for every polynomial P ∈ P(nX,F ) from the fact that
(Pix) o-converges to Px for all x ∈ X it follows that P ∈ Ω.
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Operator Convex Hulls

De�nition. The subset Ω of P(nX,L0) is called operator
convex (or Λ-convex, Λ := L0), if λ1P1 + λ2P2 ∈ Ω for all
P1, P2 ∈ Ω and λ1, λ2 ∈ Λ+ with λ1 + λ2 = 1.

De�nition. The smallest (by inclusion) operator convex set
in P(nX,L0), containing A, is called operator convex hull
(or Λ-convex hull) of A and is denoted by coΛ(A).

It can be easily seen, that coΛ(Ω) consists of all Λ-convex
combinations, i.e. the following holds:

coΛ(Ω) =

{ m∑
i=1

λiPi : P1, . . . , Pk ∈ Ω, λ1, . . . , λk ∈ Λ+,

k∑
i=1

λi = IY , k ∈ N
}
.

where Λ := Orth(F ) := {ϕ 7→ λϕ (ϕ ∈ F )}.
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The First Main Result

Theorem 1 (Krein-Milman's Type Theorem for Homogeneous
Polynomials). Let X be an arbitrary vector space, F a Dedekind
complete vector lattice (for ex. F = L0) and Λ:= Orth(F ). If
Ω ⊂ P(nX,F ) is point-wise order bounded, operator convex and
point-wise order closed set, then the following representation
holds:

Ω = o- cl(coΛ(ext(Ω))).

[Kusraeva Z.A. Extremal structure of cones of positive
homogeneous polynomials // Journal of Mathematical
Analysis and Applications. 2024.V. 532, N 1.]

In linear case, when n = 1, the result was proved by S.S.
Kutateladze in 1982.
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Orthogonally Additive Polynomials

Let E and F be vector lattices.

De�nition. A polynomial P : E → F is called orthogonally
additive if P is additive on any pair of disjoint elements, i.e.

|x| ∧ |y| = 0 ⇒ P (x+ y) = P (x) + P (y).

Denote by Po(nE,F ) the space of all n-homogeneous
orthogonally additive polynomials acting between E and F .

De�nition. Po(nX,F ) is ordered by Po(nX,F )+ as

P ≥ Q df⇐⇒ P −Q ∈ Po(nX,F )+.
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Lattices Homomorphisms

Let E and F be vector lattices.
De�nition. A linear operator T : E → F is said to be lattice
homomorphism, if T (|x|) := |T (x)| for x ∈ E.

Example: A typical example of a lattice homomorphism is
a weighted-shift operator T : E → F de�ned as

(Tx)(t) = w(t)x(ϕ(t)) (x ∈ E),

where E ⊂ L0(Ω1,Σ1, µ1), 0 ≤ w ∈ F ⊂ L0(Ω2,Σ2, µ2),
and ϕ : Ω2 → Ω1 is a measurable mapping.

Denote by:

H(E,F ) the set of lattice homomorphisms from E to F ;
E∼ := L∼(E,R) the space of regular functionals on E;
L∼(E,F ) the space of regular linear operators from E to F .
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The Second Main Result

Notation. If E ⊂ L0, then E(p) := {fp ∈ L0 : f ∈ E}.
Theorem 2. For a vector lattice E with total E∼, the following
conditions are equivalent:(

E(n)

)∼
+
is the σ

(
E∼

(n), E(n)

)
-closed convex hull of

extr
(
(E(n))

∼
+

)
.

Po(nE)+ is the point-wise closed convex hull of the set
{ϕn : ϕ ∈ extr(E∼

+)}.
For each Dedekind complete vector lattice F (for ex.
F = L0), the cone Po(nE,F )+ is the point-wise order
closed convex hull of the set {Tn : T ∈ H(E,F(1/n))},
symbolically:

Po(nE,F )+ = o- cl coΛ({Tn : T ∈ H(E,F(1/n))}).

[Kusraeva Z.A. Extremal structure of cones of positive
homogeneous polynomials Journal of Mathematical
Analysis and Applications. 2024.V. 532, N 1.]
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Extremal Structure of Cones of Operators

In linear case, when n = 1, we have

Corollary. For a vector lattice E with total E∼, the
following conditions are equivalent:(

E
)∼

+
is the σ

(
E∼, E

)
-closed convex hull of extr

(
(E)∼+

)
.

For each Dedkind complete vector lattice F , the cone
L(E,F )+ is the point-wise order closed convex hull of
H(E,F ):

L(E,F )+ = o- cl coΛ(H(E,F )).

A similar result was proved by Wickstead in 1981.

[Wickstead, A. W. Extremal structure of cones of
operators // Quart. J. Math. Oxford. 1981. N.2, V. 32.
P. 239-253.]
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Product of Powers of Linear Operators

For the rest �x n, ν, k1, . . . , kν ∈ N with n = k1 + · · ·+ kν ≥ 2.

De�nition. For linear T1, . . . , Tν : E → F (= L0) de�ne

Q := T k11 · . . . · T
kν
ν : E 3 x 7→ T1(x)k1 · . . . · Tν(x)kν ∈ F,

where n, ν, k1, . . . , kν ∈ N and k1 + . . .+ kν = n.

This Q is an n-homogeneous polynomial, generated by

Q̌(x1, . . . , xn) =

T1(x1) · . . . · T1(xk1) · T2(xk1+1) · . . . · T2(xk1+k2) · . . . · Tν(xn).

Lemma. The polynomial Q is orthogonally additive if and
only if there exist a lattice homomorphism T : E → F and
a multiplication operator γ such that

Q(x) = γT (x)n (x ∈ E).
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Third Main Result

The third main result deals with necessary and su�cient
conditions under which the following holds:

P(nE,F )+ =

o- cl co{T k11 · . . . · T
kν
ν : T1, . . . , Tν ∈ H(E,F(1/n))}.

Theorem 3. Let E be a vector lattice with total E∼, and
F � for Dedekind complete vector lattices (for ex. L0).
Then the following conditions are equivalent:

E∼
+ is the σ(E∼, E)-closed convex hull of extr(E∼

+ ).
P(nE,R)+ is the point-wise closed convex hull of the set{

ϕk11 × · · · × ϕkνν : ϕ1, . . . , ϕν ∈ extr(E∼
+ )
}
.

P(nE,F )+ is the point-wise order closed convex hull of

{T k11 · . . . · T kνν : T1, . . . , Tν ∈ H(E,F(1/n))}.

[Kusraeva Z.A. Extremal structure of cones of positive
homogeneous polynomials. Part II. // J. of Math. Anal.
and Appl. submitted in August, 2024].
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Further Motivation

The above presented 3 theorems are the generalization of Klee's
and Krein-Milman's theorems for homogeneous polynomials.

WHAT NEXT?

Theorem (Choquet,1962). If a closed convex cone in a
locally convex topological vector space is well-capped, then
it is the closed convex hull of its extremal rays.

[Choquet G. Les c�ones convexes faiblement complets dans
l'analyse // Proc. Internat. Congress Math. Stockholm,
1962. P. 317-330].

De�nition. A cap C of a closed convex set X is a compact
convex subset of X such that X\C is convex.
De�nition. The set Z is well-capped, if it is the union of its
caps.
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Generalization

Theorem (Azimov, 1969). A well-capped convex closed set in a
locally convex space is a convex closure of a set of its extreme
points and extreme rays.

And the nearest problem to be solved is to obtain the
analogues of Azimov's theorem for homogeneous
polynomials, which will generalizes Krein-Milman's Type
Theorem, Klee's Type and Choquet's Type Theorems for
Homogeneous Polynomials.
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The End

THANK YOU FOR ATTENTION!
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The Very End

Dear OTHA people, dear Friends!
All the best wishes for you and your families this Christmas!
Be happy, healthy and blessed not just on Christmas day,

but thought the whole year!
Wish you a Merry Xmas and a Happy New 2025 Year!

Zalina A. Kusraeva zali13@mail.ru Regional Mathematical Center of Southern Federal University Southern Mathematical Institute of Vladikavkaz Scienti�c Center of RASGeometry of Convex Sets in Spaces of Homogeneous Polynomials


