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1 Introduction

We consider the area measure dm = drdy on C and an
open subset O C C,

(in the following mostly O =D :={z € C: |z| < 1}).
A weight v on O is a continuous map O —|0, co|.

For measurable f on O put

= ([ \f<z>\pv<z>dm<z>)l/p 1< p < oo,

[ fllv0o = esssug\f(z)\v(z) and

ze

LY ={f: 0O — C measurable : || f||,, < oo},
H? ={h € L : h holomorphic }.

For each zy € O there is a constant ¢(zy) > 0 such that
every h € H? satisfies |h(z0)] < c(20)||h]]v.2.
Hence there is a unique K,, € H2 with

heo) = (K = [ BT Eu(e)dm(z),

called the reproducing kernel.



Let P, : L? — H? be the orthogonal projection, called
Bergman projection, i.e.

Rio)(0) = [ g(IREuieim(z), 20 € 0, ge L2

For measurable f and holomorphic A let

Ti(h)(20) = Po(fh)(20) = /O F(2)h(2) Ky (2)v(2)dm(z)

be the Toeplitz operator whenever the preceding integral

exists.
Questions:

e [or which f and v is Ty a bounded operator
HYX — HX7?

e For which weights v, and 1 < p < o0 is P; a
bounded operator LY — HP?



2 Toeplitz operators

2.1.Definition. A weight v on D is a standard weight
if v(z) =v(|z]), z € D, v(s) < v(r) whenever
0<r<s<1andlim,;v(r)=0.

Examples for v(r), 0 < r < 1: (1 —log(1 — 7))~}
(1 —7)7 for some v > 0, exp(—a(l — r)~") for some
a, 5> 0.

For a standard weight v we obtain

o

1 27
K. (z)= 0 .
o(2) 27 kz:; fol r2i+ly(r)dr
In particular K, is bounded and ¢, with d.,(h) = h(z)
is a bounded linear functional on H2°,

ie 0, € (HX)"

2.2. Theorem. Letv be a standard weight on D and
let f:ID — C be holomorphic. Then

Ty is a bounded operator H)®° — H)° < f is bounded.

Proof. 7 < 7: Here, for h € H.°, fh € H and

B (fR)]|v,00 = |[FR]lv0e < sup; [ f(2)] - [|R]]o,00-
" =7 Here we have T}0, = f(2)d., Le.

[F) = T30/ 110 DI] < [IT¢ ]| = [Ty < 00,2 € D.
(]



2.3. Theorem. There is a bounded harmonic func-
tion f on D such that for NO standard weight v on D

the Toeplitz operator Ty is a bounded operator H.° —



Sketch of proof. Let

f(Z) _ - (_1)J (Z2j—|—1 + 22j+1)
— 27 + 1 ’
3=0
i.e. f(e'?)
-3, else
4dm 4m
Put  h,(z2) = © = 4Z , m=1,2,...,
25" |o00  Timv(Tam)

if 7, is & maximum point of r +— r"™v(r).
We have ||hp||veo = 1 for all m. Moreover we obtain



A computation shows there are 3, ; > 0 with

Ti(ha)(z)= ) (=1 Bzt

0<2)j+1<4m
(_1)] Z2j+1
_|_ T .
Z (2]' +1—4m ) \ri™v(ry,)

Am+1<2j+1
Cancelling the summands with negative coefficients yields

L (T ) (2) = iT5 () (i2)) = ST et

2 0<4j+1<4m
1 Z4j+1
- 3 (=) ()
dm1<djr1 N Am U\ dm
For z = 1y, this yields
T4m 1 Iy A A
Tdm _ DAm N dm m
5 Og(1—r;fm) 5 ; K _kZ:OéLkJrl
bz ( L ) P 0(14m)
AmA1<4j4+1 4 —m)+1 iV (Tam)
1 . :
< 5Ty (un)(ram) = Ty () (i743m) )0 (r4m)
< ||T¢(hm)||v.co = 00 while ||An]]p00 = 1.



Theorem 2.3. is no longer true on other open subsets of

C. Let

G={weC:Imw>0} (upper half plane) .

2.4.Theorem. Let v(w) = (Im w)?, w € G, for
some~y > 0. If f: G — C s measurable and bounded
then Ty is a bounded operator H° — H*.



2.5.Definition. A standard weight v on D is normal if

v(l—27")
< d
s R

1 — 2—n—k
3 limsup 2 )
n—00 U(l - 2—n)

("The decay of v(r) for r — 1 is not too slow and not
too fast”.)

< 1.

Examples. 1/(1 —log(1—r)) is not normal (too slow).
(1—7)7 for v > 0is normal, exp(—a/(1—7)") for a, B >
0 is not normal (too fast).



Remark. One can show that normal weights and ex-
ponential weights satisfy the following condition (B)
("inner regularity condition”):

Let 7, be point of absolute maximum of r — r™wv(r),
0<r<l1, form>0. Then

Vb > 1dby > 1dec>0Vm,n > 0:

(T—m> olrm) <b; and m,n,|n—m|>c
rn ) v(ry)

2.6.Theorem (L. 2006). Let v be a standard weight
on ID. Then there are only two isomorphism classes
of HX as Banach spaces, namely

H® ~ 1% if and only if v satisfies (B)
and

H* ~ H*® ={h :D — C : h holomorphic, bounded}
if and only if v does not satisfy (B).

Remark. Normal weights and exponential weights sat-
isfy (B). (1 —log(1 —7))~! does not satisfy (B).
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In contrast to Theorem 2.3. we have

2.7.Theorem Let v be normal. If f is a trigono-

metric polynomial on D then T 1s a bounded operator
HX — HX.
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In the following we consider Toeplitz operators with ra-
dial symbols f:

2.8.Theorem. Let f be radial, i.e. f(z)= f(|z|) for
z € D, and satisfy fol | f(r)|rdr < co.

Then Ty 1s a bounded operator H.° — H.° provided
that one of the following conditions is satisfied:
(i) v is a normal weight on D and

limsup | f(r)] - [log(1 —r)| < o0,

r—1

(ii) v is a normal weight on D and f(r) is
well-defined on r € [0,1] and is differentiable in 1,

(iii) v(r) = exp(—a/(1 —r)%), 0 < r < 1,
limsup | f(r)| - |1 — r| 7?7 < .

r—1

Ty 1s compact on H)° if
e v 1s normal and f satisfies
lim [ f(r)] - |log(1 —7)| = 0
or
e v(r) =exp(—a/(1 —1r)’) and f satisfies
lim | f(r)] - |1 —r|7V/27P4 = 0,
r—1
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Main ingredient of the proof.

Let h(z) = Y12 brz" for some by, € C. Since f is radial
we obtain

00 . fo 2kt 1y, (r)dr
Ti(h))(z) = br.z" with =
(Ty(h))(2) ;:0: VkOk = fo r%ﬂv(r)dr

i.e. Ty is a "multiplier”.
(ii): We have
Ty =Ty )+ Tyy = Ty + f()idus

and limsup,_,; |f(r) — f(D)] - [log(1 — r)| < oo (due to
differentiability). Hence (ii) follows from (i). O
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3 Bergman projections for exponential weights.

Let v, v be standard weights on ID. Recall, the Bergman
projection Py is the orthogonal projection L2 — H2.

Question. Let 1 < p < oo. Under which condition is
P; a bounded projection L — HP?

Dostanic: Let v(r) = o(r) = exp(—a/(1 — r)?) for
some «, 3 > 0. Then P, is bounded on L? if and only if
p = 2.

Consequence of Theorem 2.3.: For any standard

weight v on D the Bergman projection P, is unbounded
on L;°.
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In the following we consider
o

o(r) = exp (—m> and (1) = exp (-(1 i)g)
for v, &, B, 8 > 0.

3.1.Theorem (Arroussi, Constantin, Pelaez).

Let B = 0.

(i) Assume that 1 < p < oo. If & = 2a/p then P; is
a bounded projection LY — HP.

(i1) If & = 2a then Py is a bounded projection
Ly — HX*.
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3.2.Theorem (BLT).
(i) If B =5 and & # 2a/p then P; is unbounded on
LY for all 1 < p < o0.

(i) If B = B and & # 2a then Pj is unbounded on
L.
(iii) If B # B then P; is unbounded on L for all p
and all a, e > 0.

Sketch of proof of (ii) if a > «.
Put gi(re’?) = e'*¢ /v(r) for k € N.
Then g € L and ||gk||v.00 = 1.

A calculation shows
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1
A k+1 —a .
Hpv(gk)Hv,oo > /0 rvTexp ((1 — r)ﬁ) dr

. fol rftlexp(—(a — a)(1 — r)P)dr

fol r2ktlexp(—a(l —r)=F)dr

> ¢1 exp (c2 1.8/ (B+1).

QBTGB _ ql3+D) _ (5 _ q)1/5+D)

-~

=:f(@)
for constants c1,co > 0. We have f(a) > 0 < a # 2a.
So, if a # 2ac then

Ps(gi)| |y = 16X @f&kﬁ/(ﬁﬂ) — 00 as k — 0.
[P (gi) o, p

Hence P; is unbounded.
If & = 2a then f(&) = 0. Hence ||Ps(gr)||v.co = €1
777 But here Theorem 3.1. says that P; is bounded.

17



Summing up:

~

e [fl1<p<ooand f=0:
P; is a bounded projection L — HP
& a=22a/p.
e I[fp=o0c and § = B:
P; is a bounded projection L° — H°

& o= 20.

o If B F# B then P; is never bounded on Lb.

Final Remark. The preceding assertions remain true
if we replace H? by

hY .= {g € LP : g harmonic }.
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THANK YOU !
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