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Functional equations and symmetry in
the problem of wave scattering on a
regular polygon with third-kind
(Robin-type) boundary conditions
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Figure 1: Paccesnue BoIH Ha MPaBUIbHOM MHOTOYTOMbHHUKE, 2P = =

Formulation.
The stationary wave field U solves the equation in (2, in the
exterior of a regular polygon R?\ Q, (Fig. 1),

(A + KU (21, 22) =0, (1)
and is the sum of the incident wave U; and the scattered U, waves,
U(z1,z2) = Us(21, 22) + Us(21, 72),

where U; = exp(ik < W/, Z >) is a plane wave, ¥ = (z1,22), and k is a
positive wave number.

oU
(3]\/ 1k;77U)gj:0, j=0,1,...n—1, (2)
U(Z) =c¢; + O(p?-), pj — 0, (3)
where p; is the distance in () from the vertex A;, j=0,1,...,n—1,

c; are constants.

eikR+i7r/4

V2rkR

—1kU,

(1+O(1/kR)), (4)

ds — 0, R — oc.
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Figure 2: The choice of the coordinate system in the cell £
1 Symmetry and transformation to a problem on a cell

The exterior of a regular polygon remains invariant under the
action of the cyclic group of rotations C, = {1,s...,s" 1}, defined
by the generator s — a rotation by an angle ¢, = 27/n.

For an arbitrary function v = u(w), w = (R, ¢) € Q on a symmet-
ric domain, we define the action 7'(-) of the rotation group C, as
follows:

1 21
T(s)ule) = uls™ ) = (R0 +40) g0 = —
Let’s take into account the explicit form of the operators in the
equation (1) and the boundary condition (2)

1 0 0 1 0?

A= Raror T oy
0 . 0 . 1 0
(w)gj =< N,V > |Uj, V = R(CU)@ + e¢(w)}—za—¢

The following holds:

Jlemma 1. The differential operators in equation (1) and the boundary con-
dition (2) commute with the action of the group.



Let’s introduce the function v on a finite group C), by the for-

mula (g, = 27”

v(jiw) =U(s7w)=U (R, ¢+ jgn), j=0,1,....n—1. (5)

Such a group has a complete system of irreducible representations
of degree one. This allows us to introduce the Fourier transform

A

F  Ly(C,) — Lo(C,) of functions defined on the group by known
simple formulas.

= (6)

The second line defines the inverse F~! : Ly(C,) — Lo(Cy). Tt is
easy to see that

u(l; R, ¢) = e u(l; R, ¢ + 2m/n),

- (7)
gu(l; R,¢) = ! gu(l; R, ¢+ 2m/n).

¢ 0l
[=0,...,n—1. Similar formulas hold for U; = exp(—ikR cos[¢p — ¢y]),
1 n—1
wiliw) = —= U (R, ¢+ jg,) e",
n -
1 = (8)
vi(jiw) = — w;(m; w) e imi,
n
m=0

U; = exp(ik < W,z >)
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Figure 3: The cell of periodicity, 2& = 2{—?

IIpennoxenue 1. The classical solution U to problem (1)-(4) exists if and
only if there exist classical solutions u(m; R, ¢), m = 0,...,n — 1, to the
problem on the cell Q, related to U by formulas (6) and (5), v(j;w) =
U(s™w).

(A + E)u(m; R, ¢) =0, w € Qy, 9)
u(m; R, @) = u;(m; R, @) + us(m; R, @),
a .
(%_iknu(m;w))weao :0’ sz,l,...n—l, (10)

u(m;w)l, = e u(miw)l, ,

(11)

0 - 0
—u(m;w)| = " —u(m;w)| ,
90 (m;w) . 90 (m; w) .
u(m;w) = ¢+ O0([p)®), pp— 0, p=0,1, & >0, (12)
eikR+i7r/4

us(m;w) = d(m; ¢) (1+O(1/kR)), R — oo, (13)

V2rkR

where d(m; @) is the scattering amplitude for the problem in the cell,



Figure 4: Sommerfeld contours and poles are transformants on the real axis, which intersect when the
contour is deformed v4 U~_ in the passable v, U~y_,

2 Sommerfeld integrals and functional equations

We introduce new polar coordinates relative to the points Ay, A1,
namely (7,¢), (p,«). The solution to the problem on the cell will
be represented by integrals

1 .
u(m;w) = W(m;r,p) = o— [ dz e OS2 f(my 2+ ) — f(m; —z+ )],
T+
(14)
if —® <<,
1 _—
ulm:o) = Vmepra) = 2 [ dze 0 [g(msz 40) — glom: 2 + o)
17T
Y+

(15)
if b, < o < ® and m = 0,...,n — 1. In Sommerfeld’s integral
representations. (14), (15) the integration contour ~; is shown in
Fig. 3.



Let us define the class of meromorphic functions f € M such
that
|f(2) — f(£ioo)| < C|exp{%idpz}|, z — Lico

along the imaginary axis. Furthermore, f is holomorphic when
|$(z)| > b for some b > 0. Difference

is holomorphic in the strip z + ¢ € 14, which is bounded by the
saddle contours 7., in Fig. 3. Thus, all poles of f(z + ¢) are
located in this strip on the real axis.

IIpennoxxkenune 2. Let the transforms f and g be solutions to the system
of functional equations (16), (17), (18), (19) and belong to the class M.
Then the Sommerfeld integral representations provide a classical solution to
equation (9) and satisfy the conditions (10)-(12). (Bernard, 2006; Lyali-
nov, Zhu 2021)

flz4+@) = f(—z+ @) = ""[g(z + 03) — g(—2z + D3)],  (16)
fz+®) 4 f(—2+ @) =" [g(z 4+ Dg) + g(—2z + 2)],  (17)

(sinz — sin B)[f(z — ®) — e*¥Cg(z — d)] =
| (18)
(—sinz —sin ) [f(—z — @) — kG g(_» _ )],
(sin z + sin 0)[g(z + @) — 4G f(5 4 P)] =
. _ (19)
(—sinz +sinf)[g(—z + @) — e*des) f(—z 4+ D).
It is convenient to eliminate the transformant g from the system
by means of .
g(z) =" f(z — Oy + D)
and consider functional equations only for f. Not having

(sinz +sin@)f(z+ ®+ & — &) — (—sinz +sind)[f(—z+ P+ & — &y)] =

e 1nm ks [ (gin 2 4 sin ) f(z + ) — (—sin z + sin ) f(—z + )],
(20)
(sinz —sinf)f(z — @) — (—sinz —sind)[f(—z — P)] =

eldnmHikdeos(2) [(gin 2 — sin ) f(z — ®y) — (—sin z — sin ) f(—z — y)].
(21)



3 Connection with integral equations. Fredholm property

For an unknown transformant f, the representation is valid

. . n-l al" /4
fz) = F(2) + F'(2), F'(2)=) —m—>~ (22)

n ()

ico

i\ dr si —ig,m+ikd cos(T)
104 (2) / T sin 7 ¢ Vi (r) + w(r)
8y [ cospr —sinpz \ V(1 + 1)

1lIlf(Z) / dr sin Wt eiqnm—l—ikdcos(T)
Sw COS ILLT —|— Sin 'uz \I]f(,r . ¢)

—ioco

Vi )+ upn) .

(23)
this representation is valid in the band |R(z)| < 1,

Ui(z) = Myjo(z+m/2—=0)My)o(z — /2 +0),

D — 20+ D — D,

=T Ve 2 '

New unknowns solve integral equations on an imaginary semi-
axis, in Ly(iRy) @ L2(iRy) we have

a

Vi =KV +V}, (24)
where

ico

(KV))() = [ dr k(=) Vy(o)

0
ICH(Z 7') IC12(Z 7')) ( V+ > ; ( VH_ )
IC Y - ’ ’ Y V - f— ) VZ = fZ— Y
(Z T) (’Cgl (Z, 7') ]CQQ(Z, ’7') f Vf f Vf
Jlemma 2. Let’s assume that for some k the integral equation (24) has a
solution of L2(iRy) & Lo(iRy), then the Sommerfeld transformants f and

i)F) into (22) defined by the expression (23) for —m + &3 < R(z) < P,
moreover f(z) = f.(z + a).
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Figure 5: Domain Q)

3.1 Fredholm property

On the plane of the complex variable k, where k is the wave
number, we introduce an open rectangle (), the base of which
coincides with the segment I, = (0, ¢,) for an arbitrary positive ¢,
and the height is ¢;, where ¢; > 0 arbitrary and large enough.

U, (z + sin ur e—iqnnL+ideOST
KV (2)|]” = / < sz 4 ) a +
4o Ue(T + x) cospur —sinp (2 + x)

2
< JEPIVILar)

—ig,m+ikd cos T

Us(z—x) sinure . )V(T)
U (T + x) cos pur +sinp (2 — x)
where |J(z)| < C,(k) e 230

Jlemma 3. Launch k € Q. The operator K is the Hilbert-Schmidt operator,
and an estimate holds true

Ry(z)

||| < Cuhyem2500,
where Cy(k) is bounded by k for any compact in Q.

It is obvious that C.(k), generally speaking, grow at (k) — 0+.
By Lemma 3 operatorK is compact and with sufficiently large
S(kd) about compression, the resolution (i — K(k))™! limited for
such k.



It follows from Fredholm’s analytical alternative

Jdemma 4. If k € Q, then the resolvent (I — K (k))™! of the equation (24)
1s a meromorphic operator-function, i.e., with the exception of the set of
poles in k € Q, the resolvent is a bounded operator, and the equation (24)
1s uniquely solvable.

Continuity of K (k) up to the real axis k. € Iy C R;),
|K (ki +iE) — K(k)|| = 0, E—=0+.

IIpennoxenne 3. The equation (24) is Fredholm, in particular, for all
k € IgUQ with the exception of the set of Lebesque measure zero it is
uniquely solvable, and the operator is (i — K (k)) ™! it is limited in the norm.

4 Meromorphic continuation and formula for the diagram

The Sommerfeld transformant in (14) is calculated as an integral
(23) in the expression (22) is superfluous in the band |R(z2)/ < ¢ =

—2(1’*2’_@2 for f.(z)=f (z + —@_2@2)

JIlemma 5. The Sommerfeld transformant f, admits a meromorphic contin-
uation along z from the band |R(z)/ < ¢ = m, where it is defined in
the previous section by the representation (14), (23), on the entire complex
plane using functional equations (20), (21).



The asymptotics of the Sommerfeld integral at » — o) in (14)
is calculated by the SD method the pass points coincide with 4,
and the pass contours with vy, in Fig. 3,

eik;r—|—iﬂ'/4
ulm;w) = f(m;p—m) — f(m; o+ 1+ 0O /kr)), r— .

(i) = [ (mi ¢ =) = f(mip+ 7)) = (14 O(1/kr)

(25)
Let’s find the expression for the diffraction coefficient in (13) in
the cell problem (2,

d(m; ¢) = [f(m; ¢t —m) = f(m; d+p.+7)] exp{hy cos[p—p.]+hs sinfp—p.]}.
Finally, for the diffraction coefficient in the problem (9)—(13), we
obtain the expression

D) = =3 d(m; ¢).

m=0

ik
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Figure 6: (a) Symmetric star graph L = U?:o l; with three leads, (b) six leads, L = U?:o li, (¢) n
leads L = J~,
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