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Ernesto Cesaro (1859 Naples - 1906 Torre Annunziata)



Cesaro’s main contributions are in the field of differential geometry.
Lessons of intrinsic geometry, written in 1894, explains in particular
the construction of a fractal curve. After that, Cesaro also studied
the "snowflake curve” of von Koch, continuous but not
differentiable in any of its points.

Among his other works are Introduction to the mathematical
theory of infinitesimal calculus (1893), Algebraic analysis (1894),
Elements of infinitesimal calculus (1897). He proposed a possible
definition of a limit of divergent sequence, known today as
"Cesaro's sum,” given by the limit of the mean of the sequence
partial terms’ sum.



Cesaro died in tragic circumstances. His seventeen year old son
went swimming in the sea near Torre Annunziata and got into
difficulties in rough water. Cesaro went to rescue his son but
sustained injuries which led to his death.










Zoel Garcia de Galdeano (1846, Pamplona - 1924, Zaragoza)
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E. Cesaro, Sur la multiplication des series. Bull. Sci. Math. 14,
114-120 (1890).




The Cesaro operators

(f(n))n>0 + C(f) *7Zf(k)
(F(2))sen > C(F)(2) = i/o lf(_WV)VdW, zeD,
(F(£)em0 — C(F)(t) = 1/; f(s)ds,  t>0,

A large numbers of mathematicians.... a nice survey W.T. Ross.

A fruitful tool: composition semigroups and Cesaro operators.
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3272 Ifp>1,f(x)=20,and F(x)= r f()dt, then
0

(9.8.2) f: (g)ﬁ dx < (p%i)p J:O frdex,

unless f=0. The constant is the best possible.
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For 1 < p < oo, f € LP(RY),

(/Ooo‘i/otf(s)ds

p 1/p
p
< —||f|l,.
dt) Ll
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For 1 < p < oo, f € LP(RY),

(/Ooo‘i/otf(s)ds

p 1/p
p
< —||f|l,.
dt) Ll

The so-called Cesaro transformation C, defined by

COF)(t) = l/t f(s)ds, t>0,
0

t

is a bounded operator on LP(R™) with ||C|| = 5o for 1 < p < oo
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[HLP]
329. Ifp>1,r>0, and
(9.9.4) e I CL
then

©.95 [ —*?’dx«“{ﬂr * frda,
by

unless f=0. If
(9.9.6) )= [ e=wrywa
then o

o) [ 4 M{PE"(Z)“ @/ da,

unless f=0. In each case the constant is the best possible.
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For >0, 1<p<oo, felLP(RT),

PoNYP T(B+1)F(1-2
dt) SRR Gt TR

TorB+1-13)

</0°° ‘ti /Ot(t — 5)7 1 (s)ds
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For >0, 1<p<oo, felLP(RT),

([7]2 [ oea dt)l/p R ;)’1’) £l
00 004 — x)B-1 P » T(B+1r %
(/0 ﬁ/x (ttﬁ)f(t)dt dx> <r</j+},<>>fp‘



Introduction
The operators Cg, Cj, defined by

t ] _ \ps-1
Cof(t) == ti/o (t—s)P1f(s)ds, Chf(s) ;:5/ (ttsﬁ)f(t)dt,

are bounded operators on LP(R™), C; =C and Cj = C*.



Introduction

The operators Cg, Cj, defined by

Csf(t) B/ t—s)°"1f(s)ds, Cgf(s)::ﬁ/oo(t_t?ﬁlf(t)dt

are bounded operators on LP(R™), C; =C and Cj = C*.

By Fubini theorem, the dual operator of Cg on LP(R™) is Cjon
L7 (RY),

/ T Cof(t)g(t)dt = / T Hs)Cig(s)ds,  felP(RY), ge lP(RY)
0 0

where1<p,p/<ooand%+§:1.
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The operators Cg, Cj, defined by

Csf(t) B/ t—s)°"1f(s)ds, Cgf(s)::ﬁ/oou_t?ﬁlf(t)dt

are bounded operators on LP(R™), C; =C and Cj = C*.

By Fubini theorem, the dual operator of Cg on LP(R™) is Cjon
LP'(RY),
/O Cof(1)g(t)dt = /0 F(s)Cie(s)ds,  felP(RY), gelP(RY)

where1<p,p/<ooand%+§:1.

Other properties in [Br-Ha-Sh], [Bo], [Mo].
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Introduction

ABSTRACT

For 3 > 0 and p > 1, the generalized Cesiro operator

t
Caf(t) = Eﬁ f (t—s)""1f(s)ds
[§]

Lt

and its companion operator %3 defined on Sobolev spaces ,_“ZD(”) (t*) and ._'?,,(") (J¢]™)
(where & > 0 is the fractional order of derivation and are embedded in LP(RT)
and L*(R) respectively) are studied. We prove that if p > 1, then %4 and ‘u"_g
are bounded operators and commute on .'J”},{"](t‘."} and 7, "}(|t|"). We calculate
explicitly their spectra o(%)) and o(%}) and their operator norms (which depend
on p). For 1 < p < 2, we prove that €s(f) = € (f} and ‘g;‘ f) = ‘ﬁ;(}?) where F
denotes the Fourier transform of a function f € LP(R),
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X Banach space, a Cp-semigroups,, (T(t))r>0 C B(X),
u(t) = T(t)x = e*x, are solutions of the Cauchy problem
(T(t)es0— U'(t) = Au(t), t>0,
u(0) = x.

Theorem
For 1 < p the family of operators (T¢ p)tcr defined by

Tepf(s):=e rf(e7ts),  feLP(RT),
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X Banach space, a Cp-semigroups,, (T(t))r>0 C B(X),
u(t) = T(t)x = e*x, are solutions of the Cauchy problem

(T(t)es0 = U'(t) = Au(t), t>0,
u(0) = x.

Theorem
For 1 < p the family of operators (T¢ p)tcr defined by

Tepf(s):=e rf(e7ts),  feLP(RT),

is a Co-group of isometries on LP(R™) whose infinitesimal
generator A is given by

(AF)(s) = —sF'(s) — ;f(s),

with domain D(A) := {f € LP(R") : tf' € LP(RT)}.
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Theorem
The operator Cg is a bounded operator on LP(R™) and

rs+1ra-1/p)
re+1-1/p) ’

1Csll =

p>1land g >0.
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Theorem
The operator Cg is a bounded operator on LP(R™) and

rs+1ra-1/p)
re+1-1/p) ’

p>1land B>0. If f € LP(RT), then

1Csll =

Caf( 5/ (1—e ") teA=YPT, f(t)dr, t>0.
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Theorem
The operator Cg is a bounded operator on LP(R™) and

rs+1ra-1/p)
re+1-1/p) ’

1Csll =

p>1land B>0. If f € LP(RT), then

Caf( 5/ (1—e ") teA=YPT, f(t)dr, t>0.

1 00
B(u, v):/ r“l(l—r)"ldr:/ (1— e5)u-le s
0 0
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Theorem
Let 1 < p < oo, and Cg : LP(RT) — LP(R™) the generalized
Cesaro operator. Then

B rQ—4+it)
o(Cp) = T(B+1) TCsEe e tcR
P
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Theorem
Let 1 < p < oo, and Cg : LP(RT) — LP(R™) the generalized
Cesaro operator. Then

1 -
r(]. — E+It)
(6+1—%+h

o(Cs) = I‘(5+1){ - jote ]R} = BB(B,1—1/p + iR).
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Theorem
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Theorem
The operator C} is a bounded operator on LP(R™) and
ey = (B +IrA/p)
T +1p)

p>1land g >0.
If f € LP(RT), then

ﬂ/ ﬁ 1,—r(1-1/p— )Tr’pf(t)dn t > 0.
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Theorem
The operator C} is a bounded operator on LP(R™) and

b rB+1/p) ’
p>1and 5> 0.
If f € LP(RT), then
ﬂ/ ﬁ 1,—r(1-1/p— )Tr’pf(t)dn t > 0.

The dual operator of Cg on LP(RT) is Cj on LP(RT), where
5 + / i ]-

(Csf,8)a = (f,Ch8)a felP(RT), gelP(R").
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Theorem

Let #>0,1<p<oo,andCj: LP(RT) — LP(RT) the
generalized dual Cesaro operator. Then

N r(z+i)
U(Cﬁ)—r(ﬁ‘f'l) m s teR
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Theorem

Let #>0,1<p<oo,andCj: LP(RT) — LP(RT) the
generalized dual Cesaro operator. Then

L
o(C3) =T (B +1) M . teRS = BB(B,1/p + iR).
g r(B+1+it)



Composition semigroups on D: A wonderful review [Si]

TaBLE 1. Examples of semigroups

Giz)

hiz) (=)
=10 —ze, Re >0 z o
—z{1—z) = Tl:_;%_-i-i
—(1—z)log - log 11 1—(1—-2)"
b=1 -2 log 1= etz et
efl —z)%, Re =0 = “—_r%%
I Llog 12 i
Lo e (m1,1] | o (1= 3 = 1) | 1= (1= &)=L 4 )75




Composition semigroups on D: A wonderful review [Si]

TaBLE 1. Examples of semigroups

Giz)

hiz) n(2)
b=0 —ze, Re > 0 z et
t
- = e
i 1 1 F ot
—(1—2)loz log 11 1—(1-2)
—z(1 — ) = et
{ St i b (e —1)zn 4 |;I-.
—L log 12 g Lk (e gy
7 log =2 log +£2 R
=1 1—2 |0g1; Aty gt
efl —z)%, Re =0 : (l-etiz=14et
: U = e itet

3(1-2%)

3 log 1=

(1+e 1z —14e"
—ixef)=titer

(1

—z)"
Sra i 0E (—-1,]]

e (-2t -

1)

(S e




For t > 0, we define the maps (semiflows) in the unit disc

b=0, oe(z): = ez, (elliptic)
etz
Pe(2) 1 = m,
b=1, ¢e(z): = e fz+1—ef, (parabolic)
t -1 t
Ve(z) - (1+e)z re (hyperbolic).

(-1+et)z+1+et’
(In Ph. Thesis$ J. Oliva-Maza, [AGMO1], [AGMO?2]).

QUESTION zeDw—r>0
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Abstract
In this paper, we consider three different semiflows (¢h; );=0, ()0 and (g;);=0 on
the real half-line given by

- 4 e'r (1+er—14¢
rH=e¢'r+1—e", =—_— )y=—,—,— ———
(1 er e, Yulr) T -1 W (r —lterrite



(...) They argue that in spite of the success of holomorphic
semiflows, real semi-flows have not considered so for. But this is
not true. In the Springer LN edited by R. Nagel: One parameter-
semigroups of positive operators, in Part B, a whole chapter is
devoted to such semigroup and further literature is given in the
notes. Moreover, much has been done under the notion of
Koopman operators, another name for composition operators. But
this does not matter at all, since the results of the paper under
review are centainly new. (...)



1. Semiflows in the real half-line
For t > 0, we define the maps in the real half-line

de(r): = e fr+l—et,
etr
vl = ey

(I+ef)r—1+¢f

elr) (—1+et)r+1+et’ r>0
Note
N 6dr) = i )= B ) =1 o)

i.e. the value {1} is an attractive fixed point of these mappings and
=01 =) =¢i(1) =1,  t€[0,00).
These semigroups (semiflows) have more fixed points

lim ¢¢(r) = +oo0, ¥:(0) =0, and pe(-1)=-1,t>0.

r—-+oo



1. Semiflows in the real half-line

Proposition
Given the inner maps ¢;, 9, or, RT — R for t > 0. Then

(1) 0t(@s) = drys, Vi(¥s) = Viys, 0t(@s) = prys for t,s > 0.

(ii) . .
oe(=) = be(r)’ r>0.

r

(i) éx([0,11) = 1~ €1] and ox{[1,¢]) = [1, o).

(iv) Ye(o0) = ef - Then ¥¢([0,1]) = [0, 1] and
Ye([1, oc]) = [1, 9e(00)).

(V) pt(o0) := € +1 . Then ¢+([0,1]) = [50 (=) ,1] and
%([1700)) [1 ¢t(00)).




1-— §(r)

We consider the weight we(r) := T Note that
wo(r) = e,
1 2
wy(r) we(r) =

:l—i-r(et—l)’ et+1+r(et—1)

(wt)e>0 is a semicocycles if wp =1 and wiys = wi(ws 0 &¢).



Lemma
Take f € C((R*T) ne N and my +2my + --- + nm, = n and
k=mi+---+ my,. Then

LF0l) = e FOG(0),

dn

drn( ( f(r))): t )
Wi, (r)(1—e")" Z f(k)(wt( ))w L‘Jt(r) <1iet) ,

A0 (155) Z o e 0 (12—>k
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2. Fractional Sobolev spaces defined on R
The Weyl fractional integral of order a > 0 is defined by

WooF(t) = r(la) /too(s _ 0o lf(s)ds,  teRE



2. Fractional Sobolev spaces defined on R
The Weyl fractional integral of order a > 0 is defined by
1 o
WZf(t ::/ s — t)* 1 (s)ds, teRT.
+ ( ) r(a) . ( ) ( )

The Weyl fractional derivative of order « is defined by

dn

WEr(e) i= (~1)" 2o W

(=e)f(e), teRT,

where n = [a] 4 1, and [«] denotes the integer part of «.



2. Fractional Sobolev spaces defined on R
The Weyl fractional integral of order a > 0 is defined by

1

W f(t) = () /too(s — t)*"f(s)ds, t € RT.

The Weyl fractional derivative of order « is defined by

dn
dt"

CF(e) = (-1 W (), teRY,

where n = [a] 4 1, and [«] denotes the integer part of «.
It is proved that

> W‘”ﬂ Wa(Wﬂ) for any o, 8 € R.
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1

W f(t) = () /too(s — t)*"f(s)ds, t € RT.

The Weyl fractional derivative of order « is defined by

dn
dt"

CF(e) = (-1 W (), teRY,

where n = [a] 4 1, and [«] denotes the integer part of «.
It is proved that
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> (-1)"W] = dt" holds with n € N. W9 = Id is the identity
operator.

> 1f A >0, A(r) := F(Ar), then WoF, = A*(WSF)




2. Fractional Sobolev spaces defined on R
The Weyl fractional integral of order a > 0 is defined by
1 o
WZf(t ::/ s — t)* 1 (s)ds, teRT.
+ ( ) r(a) . ( ) ( )

The Weyl fractional derivative of order « is defined by

dn

WEr(e) i= (~1)" 2o W

(=e)f(e), teRT,

where n = [a] 4 1, and [«] denotes the integer part of «.
It is proved that
> W‘”ﬂ Wa(Wﬂ) for any o, 8 € R.

> (-1)"W] = dt" holds with n € N. W9 = Id is the identity
operator.

> 1f A >0, A(r) := F(Ar), then WoF, = A*(WSF)

More details in [Mi-Ro] and [Sa-Ki-Ma].



Lemma
Takea € R, t >0and f € S;. Then

(i) ForaeR andt >0,
WE(F(pe))(r) = e (WEF) (6e(r)),  r>0.
(i) Fora>0,v>a,and t >0,
efta

W;a(wzf(@/)t))(r) = (th(oo))'yfaflw?fl(r) X

) (u = () (We(o0) —wp et
/wt(r) (o) e







Definition
For a > 0 let be the Banach space 7;,(0)(t°‘) defined as the
completion of the Schwartz class Sy in the norm

1 & P
fllap = = WF(t)|PtPdt
1l = gy ([ 1WEAEIPEet)
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Definition
For a > 0 let be the Banach space 7;,(0)(t°‘) defined as the
completion of the Schwartz class Sy in the norm

1 0 P
fllap = = WF(t)|PtPdt
1l = gy ([ 1WEAEIPEet)

If a = 0, then T.0(t°) = LP(R™).
The case p =1 and a € N where introduced in [Ar-Ke].
For a > 0 in [Ga-Mi].
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Proposition
> T(P) = TV (™) = LP(RY).  (B>a >0)



Proposition
> T(P) = T () = (PRY). (B> >0)
> Ta (1) « L) = Ti(17) for 1 < p < oo



Proposition
> TE() > TE() = P(RY). (8= a20)
> TR (%) « T (82) o TE(t%) for 1 < p < o0
» The operator DY : 77,(0‘)(1“0‘) — LP(R™) is an isometry, where

Df(t) = F(a1+ 1)t"‘Wﬁf(t).




Proposition
> TE() > TE() = P(RY). (8= a20)
> TR (%) « T (82) o TE(t%) for 1 < p < o0
» The operator DY : 77,(a)(t°‘) — LP(R™) is an isometry, where

1

Df(t) = ot D)

EWOF (L),

» If p > 1 and p’ satisfies %4— ﬁ =1, then
(7)) = (),

(f,8)a = I'(a—H/ W F(t)Wig(t)e** dt.

In fact, |

+fHPa <f7g>a: <D-(‘,X-fa D—?-g>0



Examples

_ $)\c—1
(i) Functions TX(OJ)(L“) € 7;(04)(1%1) if and only if
c>a+1-— %.
(i) t9(1—1t)x1)(t) € 77,(m)(t’") for R > %1 and Rc > m— %.
(t—1)° (m)

(i) b X(1,00)(t) € Tp 7 (t™) for Ra > m — % and
Rb>Ra+ 1.

We introduce in the next definition a decomposition of 7;(a)(ta).

Definition
Given a > 0, p > and the Banach space 77,(a)(t°‘). We introduce
the following subspaces

To = {feTi"(t*) | supp(f) [0, 1]},
i = {fe 7;,(a)(ta) | supp(f) C [1,00)}.

The subspaces 7y and 77 are closed and 77,(a)(ta) =To+ T1.



Bernard O. Koopman (1900-1981)

Bernard Osgood Koopman



Bernard O. Koopman (1900-1981)

A French-born American mathematician, known for his work in
ergodic theory, the foundations of probability, statistical theory and
operations research.

(-)

Son of Augustus Koopman (painter) and Louise Osgood,
cousin of Harvard mathematician William F. Osgood. William
F. Osgood. His father died in 1914. Come back to New
England.

In 1922 he graduated, summa cum laude, highest honors in
mathematics in Harvard with Marshall Stone.

We became very close friends, studying together and enjoying
various social activities. Koopman had a special interest in
dynamics and mathematical physics. His dissertation was
written under George D. Birkhoff and was devoted to
dynamics. My interests did not include classical dynamics, but
in the fields of differential equations and Fourier analyses we
were both interested and took some courses together.



Bernard O. Koopman (1900-1981)

In March of 1931, Koopman published a note in the National
Academy Proceedings, transforming the problem into one dealing
with one parameter unitary groups in Hilbert space. Since these
groups may be represented by self-adjoint transformations and
since they were known to have a particularly decent structure, the
door was open to rapid extension. Koopman communicated his
ideas to von Neumann, who, in a short time, gave a proof of the
ergodic theorem in a Hilbert space sense, establishing convergence
in the mean but not actual convergence. In a state of considerable
excitement Koopman told von Neumann'’s result to Birkhoff, who
worked feverishly and succeeded in proving the theorem,
establishing point-wise convergence almost everywhere.



Bernard O. Koopman (1900-1981)

Vou. 17, 1931 MATHEMATICS: B. 0. KOOPMAN a1h

HAMILTONIAN SYSTEMS AND TRANSFORMATIONS IN
HILBERT SPACE

By B. O. KcoPMaN
DEFARTMENT OF MATHEMATICS, Corumera UNiversITY

Communicated March 23, 1031

318 MATHEMATICS: B. 0. KOOPMAN Proc. N. A, 8.

UFlen oo ...) = FlUigy, U, .-.),

an equation which plays an impertant part in the developments of our
theory.



Bernard O. Koopman (1900-1981)

DYNAMICAL SYSTEMS OF CONTINUOUS SPECTRA

By B. O. KooPMAN aND J. v. NEUMANN

DEPARTMENTS OF MATHEMATICS, CoLUMBLA UNIVERSITY AND I'RINCETON UNIVERSITY

Communicated Japuary 21, 1532




Koopman operators and semigroups

(i)

In [LNM 1184, 1986] a general study about positive
semigroups in lattice spaces (C(K) and Co(X) where K is
compact and X locally compact) is developed. A
characterization of continuous flows on K is given in terms of
semigroups of composition operators and its infinitesimal
generators on C(K).

For a measure space X = (X, X, pu) and 1 < p < o0, a
operator T : LP(X) — LP(X) is called a Koopman operator if
there exists a measurable function ¢ : X — X such that ¢!
maps null-sets into null-sets and Tf = f o ¢ for all f € LP(X).
A nice treatment of Koopman operators (with applications to
ergodicity) in LP(X) may be found in [EFHN, 2015] for
measure-preserving system (X, ¢).



Koopman operators and semigroups

(iii)

A Koopman semigroup (T(t))s>0 is a Co-semigroup of
operators on LP(X) such that for each t > 0 the operator
T(t) is a Koopman operator. For a finite measure space, a
characterization of Koopman semigroups on LP(X) is
presented in [EGK, 2019] for measure-preserving semiflows.
An equivalence result between measure-preserving flows on
standard probability spaces and continuous flow on compact
Borel probability space in also shown in [EGK].

The continuous Denjoy-Wolff theorem: if ({¢)¢>0 is a
semigroup (not hyperbolic rotations) of holomorphic self-maps
on the unit disc, then there exists a unique point 7 € ID such
that

thoo Ce(z) =, zeD.
The point 7 is called the Denjoy-Wolff point of ({¢)¢>0-
However a similar result of Denjoy-Wolff theorem for arbitrary
semiflows in Lebesgue space is unknown.



3. Koopman semigroups in the fractional Sobolev spaces

Definition
Given p > 1 and a function f € &, we define functions T; ,f,

S¢pf and R/ ,f by

Tepf(r) = e 7 F(9u(r) =7 fle 'r+1-e),
1o (r) = erw] (r)F(1e(r))
—(L+4g—1»ﬁ<1+4a—10’
RY,F(r) == 02 (N F(elr))
2'Ye tr—p) (1+ef)r+et—1
f <et—|—1+r(ef— 1))

(et +1+r(ef—1))

and t > 0. Note that Tg,f = Sapf = R&pf =f.



3.1 The Koopman semigroup (Tt.p)¢>0

Theorem
Takep>1, a>0andt>0. Then

I Tepfllap < Ifllaps  FETIV(E?).

Moreover subspaces T; are (Tt p)eo-invariant, i.e., T p(T;) C T;
for i € {0,1} and

ITepfllap < e “flap,  f€To, t>0.

The restriction of (T¢p)¢>0 on the subspace T1 are extended for
t € R and

I Tepfllap < max{e™™ 1} fllap,  FET, teR



Theorem
For p>1 and o > pu > 0, the family of operators (Tt p)t>0 is a

contractive Co-semigroup on 7;,(0‘)( t*) whose infinitesimal
generator A is given by

(AF)(s) == (1 - 5)F'(s) - ;f(sx

with domain D(A) = {f € T2 (t%) |((1 = s)f)’ € TA*(+*)}, and

{f e TR IF € TE(e)} € D(A).



Theorem
For1 < p < oo we have

(i) {z€ C |R(2) < —a} C op(A).
(il) The set p(A) C C* and

ROVAYF(r) = — / o1 (s)ds, f e T (%),

Ir— 1M I,
for N € C* and 1, :=(1,r) whenr > 1 and Ty, :=(r,1) in
the case 0 < r < 1.

(iii) o(A) ={z € C |R(z) < 0}.



3.2 The Koopman semigroup (SZP)DO

Theorem
Take p > 1, mENU{O},’yZ%anthO. Then

1S, Fllmp < Collfllimyps £ € TA™(E™).

Moreover subspaces T; are (Szp)t>o—invariant, ie., 5%(77) cT;
for i € {0,1}. The restriction of (S/,)t>0 on the subspace T is
extended for t € R and

157 oFllmp < Crmax{e ™D 1}|flmp, FETo, teR
The restriction of (5,_7 p)t>0 on the subspace T holds
2
1S2pflmp < Cme 78 fllmp,  FETH, t>0,

where the constant C,, is independent on t and f.



Theorem
Takep>1, me NU{0}, p > % and t > 0. Then the family of

operators (S, p)t>0 Is a contractive Co-semigroup on 773(m)(t’")
whose infinitesimal generator B is given by

(BF)(r) = r(1 — )f'(r) + (; —Af(r), >0,

with domain
D(B) = {f € T\™(t™) |(r(1 = r)f) — (v = 2)rf € TA™ (™)}, and

(f e X" @™ 1o 2F e T (™)) ¢ D(B).



Theorem
Take p>1, me NU{0}, p> % and the Co-semigroup (S; ,)t>0
whose infinitesimal generator is (B, D(B)). Then
(i) {z€CR(z) < ~(m+~ = 35)} C op(B).
(il) The set p(B) c C* and

A—1 Ay—1-1
rp |s — 1 P
R(\, B)f(r) = - / - f(s)ds, r >0,
r—17% Jr, et

for \€ C* and Ty, = (1,r) whenr >1and Ty, = (r,1) in
the case 0 < r < 1.

(i) o(B) = {z € C |R(z) < 0}.



3.3 The Koopman semigroup (R/,)¢=0

Theorem
Take p>1,me NU{0}, v > % and t > 0. Then for

fe T3 (™)
IREpllm,p < Conl|llm.p-

Theorem

Take p > 1 and v > <. Then the family of operators (R ,)t>0 is a

> 2
p’
Co-semigroup on ’7;( )( ™) whose infinitesimal generator C is
given by

(€)= (=2 =r) F0)+ 50- ()

with domain
D(C) = {f e T\(E™) | (1 — A)F) — (v — 2)rf € T (£™)),
and {f € TS ()| £ e TS (™)} € D(C).



Theorem
Forl<p<oo, me NU{0}, p> % and the Co-semigroup
(R ,)e=0 whose infinitesimal generator is (C, D(C)). Then

(i) {ze C|Rz < —m} C 0p(C).
(i) o(C) = {z € C|R(z) < 0.
(iii) The set p(C) C C" and f € 7}(m)(tm),

A— 'y-i-
1 _ _1_ 1_
’r+ | / s+1) M7 s—1 M () ds,

RN, O)f(r) = 20—
=1 Jn,

forr >0, A€ Ctandly1,=(1,r) ifr>1andly,=(r,1) when
0<r<iL



A

Co-semigroups, u(t) = T(t)x = e™x, are solutions of the Cauchy

problem

(T(t))e=0— U (t) = Au(t),

Differential equations

du(t,r)
ot

ov(t,r

(SZp)t>0 — (8t )

ow(t,r)
ot

( Tt,p)t>0 =

(Rzp)t>0 —> 2

t>0,
u(0) = x
du(t,r) 1
(1= N2 - 2 u(en),
(102D 4 )
ow(t,r) 2
1= -2 (e,



4. Cesaro-like operators subordinated to composition
semigroups
Given u, v € R, we consider the integral operators
Conf(r) = 1/ s — 1A~ r — s~ LF(s)ds
oy |r _ 1|;,L+V—1 r )

1,r

rH |s — 1ptr—1 .
y o Y,
(1) = s /r el s (),

— -1

Y R ‘r+1’# 7 ‘5_1VL -1

Clhl’f(r) = 2 ’r_ ]_|u+y—1 r ‘S-i- ]_|u+u_'y ‘F—S’V f(S)dS,
1,r

for r > 0 whenever this integral converges and I'; , := (1, r) for
r>1landly,:=(r,1)inthecase 0 <r <1,



4.1 Cesaro-like operators subordinated to (T p)¢~0

Theorem
Forp>1, u,v>0,

(i) Iff € 7;(a)(t0‘), then
C#Jr%,yf(r) = /0 e M(1— e )T, ,f(r)dt, r>0.

(ii) the operator Cu+% is a bounded operator on 7;(a)(ta) for

« >0 and

vV

B+ a,v) < 11C,1 || < Bl v).

pt v
For a =0, on LP(R™), the equality ||C,, 1 || = B(u,v) holds.
P7
(iif)

o(Chy1,)= {B(,u+z,1/) : Rz > 0}.



Imaginary axis

—_— ==
— =2 =1
+ Real axis H=

— p=v=2

Drawings of o(Cy,14), 0(Cy, 1 1) and o(C, 1 ,).
p’ p’ p’



4.2 Cesaro-like operators subordinated to (S;,)¢=0

Theorem
Takep>1, p,v >0, v > % and f € 7;,(m)(t’”).
(i)
H_, S )—/ e M(1— ety IS] f(r)dt, r>0,

(it) The operator Q:Z , Is a bounded operator on 7;,(m)(t’") and

P’

2
B(u+m+7—;w)§!\@ H<sup||5 pllB(1s; v).

2
On LP(RY), and v = 2, the equality |\¢;7%7V\| = B(u,v)
holds.

(ii)) o€, ) = {B(,u—i—z,y) L Rz > o}.

P’




4.3 Cesaro-like operators subordinated to (R;,)¢=0

Theorem
Forp>1, p,v>0and~ >

(i)

%. Iff € 77,(m)(t’") then

CZJF%’Vf(r) = /O e M (1—e )R] f(r)dt, r>0,

(i) The operator CZHrl , s a bounded operator on 77,(m)(tm) and

P’

B(u+mv) <|[|C) 1 |l <sup||R{,[B(u,v).
KoV t>0

2
On LP(RY), and v = %, the equality HC:;Jrl = B(u,v)
holds. ’

(iii) o(C},) = {B(;H—z, V) Rz > o}.




TWO KOOPMAN SEMIGROUPS ON DISCRETE LEBESGUE SPACES

PEDRO J. MIANA

To my dear father Francisco Minnae Garein

ApsTRACT. In this paper we are interested to connect Koopman semigroups in Lebesgue
funcion spaces LY(RT) and Ch-semigroups in Lebesgue sequence spaces 7 for | < p < oc.
To get this we use certain Poisson transformation P ¢ LP[RT) — £ and its adjoint
P* which allows carry semigroup properties from one space to the other one. Two
Koopman semigroups on 7 are presented and linked to the standard Koopman semigroup
Tuit) fir) == r'_%f(r""r'] and S,(t)f(r) = r.'_r_:f((.'_zr+ 1—e ') for &,r > 0on LPRT).
In the last section we introduce Cesaro-like operators subordinated to these Koopman
semigronps on (7,




5. The discrete Lebesgue space (P

For 1 < p < o0, the Banach space (¢, | ||,) are formed by
f = (f(n))n>0 C C such that

1
.~ P
Hpr: = (Z’f(n)\p> < 00, 1< p<ox;
n=0

Ifllo : = supl|f(n)] < oo.
n>0

(t s 0P £, (¢P) = ¢P" with T 4+ L =1 for 1 < p < o0 and
p=1and p' = 0.



1. Introduction

In the case that f € /! and g € (P, then f x g € (P where
(fxg)(n): an— n>0,

and ||f x g|l, < ||fll1llgllp for 1 < p < oo. Note that (¢}, %) is a
commutative Banach algebra with unit (we write do = x{o})-



5. The discrete Lebesgue space (P

We recall that the spectrum of ¢}, A(¢') ~ D and the Giielfand
transform Z : ¢* — C(D) is the discrete Zeta-transform,

Z(f)(z2): Zf , ze€D.
n>0

Note that
IZ2(F)lloo < IIfll1, £ € Lh.

Z(fxg)(z) = Z2(f)(2)Z(g)(2), zeD, f,gelt

We recall that the spectrum of f, denoted as o, (f) = C\ppu(f), is

defined by
pa(f):={AeC : (Mo — )"t et}

Note that o1 (f) = Z(f)(D), for f €}, D={ze€C;|z|] <1}.



5. The discrete Lebesgue space (P

The forward difference operator A(a)(n) := a(n+1) — a(n) is a
bounded operator on /P, ||A|| =2 and

o ,
J

(e?2a)(n) = e 2 E a(j + n)j—', aelP, 1<p<x
j=0 '

The backward difference operator V(a)(n) := a(n — 1) — a(n) for

n>1 and V(a)(0) := —a(0) is also a bounded operator on ¢,
|IV] =2 and
n n—j
(eVa)(n) =e* Y alj) =,  a€f’, 1<p<os
= (=)



5. The discrete Lebesgue space (P
For 1 < p < o0, the left translation semigroup ( Tjef(t))t>o0,
Trer(t)f(s) :==f(s+t), s,t>0, f € LP(RT).

The infinitesimal generator is the usual derivation (-4, D(%)),

d
—f(s) := f'(s), fe D(E) ={f e P(RT) : f € LP(RM)}.
The right translation Co-semigroup ( Tyight(t))e>0 on LP(RT),
1 < p < o0, defined by

f(s—1), s>t
0, 0<s<t.

Tright()f(s) := {

Its infinitesimal generator is the derivation (Z—z, D(‘;—Z)),

d° d°
s)i=—f(s), f € D(--) = {f € LP(RT) : f' € LP(R), £(0) = 0}.



6. The Poisson transform

a—1

t
Take jo(t) =

. Th
M) o

5@ (t —5)f1

o+ i)(® = [ oy e = dnsol®)

n

t
Take a;(n) = — . Then
n!

(ae# 2)(n) = 3 S = aeas(n)

=07’



6. The Poisson transform

Definition
Take 1 < p < co. We introduce the operator P : LP(RT) — (P
defined by

P(F)(n) = /OOO f(t)e_t;—,;dt, n>0, felP(RY). (1)

Duality, we consider the operator P* : /P — LP(R™) given by

n

P*(a)(t) = e_tZa(n)%, teRY, a=(a(n))nso € (.
n=0 ’
(2)



6. The Poisson transform



6. The Poisson transform

Examples.(i) We write by ey(t) := e~ for R\ > 0. Then

_ [T et 1 S
Plex)(n) /Oe =Gy 120 0

Take A € C with |[A| <1 and ax(n) := A" for n > 0. Then

Pr(an)(t) = et A _ e s

n!
n=0

a—1

M(a)

Pli)(n) = /0 N ﬁ?a) Lt —Wzka(n), >0

(i) Take also ju(t) :=

for a,t > 0. Then




6. The Poisson transform

Theorem
Take 1 < p < oo and operators P and P* . Then

(i) The map P : LP(R*) — (P is a bounded and |P|| = 1.
(i) P(f xg) = P(f) * P(g) for f € LP(RT) and g € LL(RY).

(i) Forl < p < oo, the map P* : (P — LP(R™) is the adjoint
operator of P and ||P*|| =1 for1 < p < oo.

(iv) P*(01 * (a* b)) = P*(a) » P*(b) for a € {P and b € (*.



6. The Poisson transform

Theorem

Let (Tiere(t))e>0 and (Trighe(t))e>0 be the translations Co

semigroups defined on LP(R") and the Cy-semigroups (e2)>0

and (ezv)tzo on {P for1 < p < oo. The following equalities hold.
(i) V(P(f)) = —P(f') for f € D(%).

(”) VoP="Po Tr/ght( ) fort > 0.

(i) P*(A(a)) = (P*(a)) forae (P.

(iv) P*(et®) = P*(Tier(t)) for t > 0.

[P(RY) I yr



7. Some Koopman semigroups on LP(R*) and ¢P

On LP(R™), we consider the Co-group of isometries, (Tp(t))¢>o0,
defined by

To(t)f(r) = e »f(e"tr), r>0, teR. (4)
Its infinitesimal generator (Ap, D(Ap)) is given by
Ao(F)(r) = —rF(r) - ;f(r), r>o0,
and D(Ap) = {f € LP(R™) | rf'(r) € LP(RT)}.

We denote by T, (t) := T,(t) and T, (t) := Tp(—t) for t > 0; A,
and —A, are its infinitesimal generator, respectively.



7. Some Koopman semigroups on LP(R*) and ¢P

Now we consider (¥(t))¢>0 and (S(t))¢>0 acting on ¢P with
1 < p < o0, where

Tl

Tp(t)a(n) = e

2_% (7)e v - eyiati

Sovaln) = & Uy (T)a- ety (9

for n € Np and a € /P. Respectively its infinitesimal generators are

A(a)(n) = AV(a)n) ~ aln) > 1
A,(2)(0) = —;aw):
Bo(a)(n) = (n+1)A)(n) + ;a(n), n>0.

forae D(Ap) = D(B,) ={b € (P ;(n+1)A(b) € ¢P}. In fact,
ITa(t)]], [Sp(t)l| < 1 and (Ap)* = By on £7" ([AM]).



7. Some Koopman semigroups on LP(R*) and ¢P

Theorem

Take the one-parameter families (Tp(t)):er defined on LP(RT) in

(4) and (Tp(t))e>0 and (Sp(t))e>0 defined on ¢P in (6) for
1< p<oo. Then

(i) Bp(P(f)) = P(=Np(f)) for f € D(Ap).

(i) Gp(t)o P =Po T, (t) fort>0.

(iii) P*(Ap(a)) = Ap(P*(a)) for a € D(Ap).

(iv) P*oZp(t) = TS (t) o P* fort > 0.



7. Some Koopman semigroups on LP(R*) and ¢P

Theorem
Take the one-parameter families (Tp(t)):er defined on LP(RT) in
(4) and (Tp(t))e>0 and (Sp(t))e>0 defined on ¢P in (6) for
1< p<oo. Then
(i) Bp(P(F)) = P(=No(f)) for f € D(Ap).
(i) Gp(t)o P =Po T, (t) fort>0.
(iii) P*(Ap(a)) = Np(P*(a)) for a € D(2Ap).
(iv) P*oZp(t) = TS (t) o P* fort > 0.

Corollary

Take 1 < p < oo. Then

(i) (V+Bp)(P(f)) = P((—Ap + L)(f)) for f € D(A,) N D(%)-
(iii) P*((Ap + A)(a)) = (A, + ds (P*(a)) for a € D(,).



8. Perturbations of Koopman semigroups on (P

Definition
Take a € #P for 1 < p < oo and t > 0. We define the operators
Tap(t)a(l) =
t —t ! — e t)yn—J
DY C.)(l — ety el Z Qe )™ ),
= (n—J)!
Sv p(t)a(l) =
e—(t<1—%)+1—e*f)z (1(—e o' ‘”Z( > (1— e 8" a(n),

Jj=0

for I > 0.



8. Perturbations of Koopman semigroups on (P

Theorem

Let (Tp p(t))es0 and (Sv p(t))e>0 operators given in Definition
21. Then

(i) |1Tap(t)| <1fort>0and1l<p<oo.
(i) I6v,p(t)]| <1fort>0and1l<p<oo.

(iii) (TA,p(t))* = Gv’p/(t) and (Gvyp(t))* = TAJJ/(t) on (P for
1§p<ooand%—|—%:1.



8. Perturbations of Koopman semigroups on (P
(IMP]) Given 1 < p < cc and f € LP(R"),

Sp(t)f(s)i=e? flets+1—et),  s>0, (6)

and t > 0, and its infinitesimal generator (Ap, D(Ap)) is defined by

(Apf)(s>:=(1—s)f’(s)—;f(s), feD(A), s>0,

D(Ap) = {f € LP(R*) | Apf € LP(RT)}, and Aof = (A, + Z)f.



8. Perturbations of Koopman semigroups on (P
(IMP]) Given 1 < p < oo and f € LP(RT),
Sp(t)f(s)i=e? flets+1—et),  s>0, (6)
and t > 0, and its infinitesimal generator (Ap, D(Ap)) is defined by
1

(Apf)(s) == (1 —s)f'(s) — 59 feDA), s>0,
D(A,) = {f € LP(R") | A,f € LP(RT)}, and Apf = (A, + L)f.
Similarly, we consider R,(t)f defined by

Ro(t)F(s) = erf(els +1— ey eton)(s)y >0, (7)
and t > 0. Operators (R,(t))>0 is a contractive Cp-semigroup and

its generator is

(Bo)(s) = (s = DF(9) +f(s). £ € D(Ap), 50

D(B,) = {f € LP(R") | Bpf € LP(RT)}, and B,f = (—A, + %)f.



8. Perturbations of Koopman semigroups on (P

Theorem

Take 1 < p < 00, (Sp(t))e=0 and (Ry(t))e>o defined on LP(R™)
and (Ta p(t))e>0 and (Sv p(t))e>0 defined on ¢P. Then
(i) Gy p(t)oP =PoRy(t) fort>0.

(i) P*oZp p(t) = Sp(t) o P* for t > 0.



8. Perturbations of Koopman semigroups on (P

Theorem

Take 1 < p < 00, (Sp(t))e=0 and (Ry(t))e>0 defined on LP(RT)
and (Ta p(t))e>0 and (Sv p(t))e>0 defined on ¢P. Then

(i) Gy p(t)oP =PoRy(t) fort>0.
(i) P*oZp p(t) = Sp(t) o P* for t > 0.

Theorem

Take 1 < p < 0o. The one-parameter families (T p(t))t>0 and

(&v p(t))e>0 defined on €P are contractive Co-semigroups. Then

(i) the generator of (Ta p(t))e>0 is Anp = Ap + A.

(i) the generator of (&v p(t))t>0 is Byv,p = Bp+ V.

(iii) operators Ap , and By » and semigroups (T p(t))e>0 and
(Sv,p(t))e>0 are adjoint to each other, i.e., (App)* = By
and (Sa p(t))* = Sy p(t) on P, 1/p+1/p' =1 and t > 0.



8. Perturbations of Koopman semigroups on (P

Corollary

Take 1 < p < 00, a € LP and (Ta p(t))e>0 and (Sv p(t))e>0 the
contractive Cy-semigroups defined on (P in Definition 21.

(i) Fort >0 and n> 0, we have that

Tap(t)(a)(n) = Tp(t)(a)(")Jr/O Tp(t=5)A (Ta,p(s)(a))(n)) ds
(i) Fort >0 and n> 1, we have that

Sv.p(t)(a)(n) = Gp(t)(a)(n)+/0 Sp(t—5)V (Sv,p(s)(a)(n)) ds,

and

Sv.,(1)(2)(0) / &5t — )G ap(5)(2)(0)d.



8. Perturbations of Koopman semigroups on (P
Theorem

Take 1 < p < o0, Ap p and By , the infinitesimal generators of
(Tap(t))e>0 and (Gv p(t))e>0 on £P, 1 < p < oo respectively.
(i) Then opoint(An,p) = (0 and Tpoint(Bv,p) = C_.

(i) The following equalities hold o(Aa p) = o(Bv,p) = C_.

(iii) For RA >0, and a = (a(n))n>0 € €P, we have that

N <= a(n) 1 Y
;() 3 (n—j)!Bl(A+p+J’ +1-2j+1),

/ 0o

1 1
E .Y <,7>a(n)IB%1()\+1—+j,n+l—2j+1),
= =) J p

n=j

where By (u, v) := fol(l —t)41tvletdt, u,v € CT.



Summary



Summary

Table: Cp-semigroups and its infinitesimal generators on LP(R™)

T(t) T(t)f(s) A
T/eft(t) f(S + t) %
Trigne(t) || f(s — t)X(t,oo)(s) ZITZ

To(t) | e rf(etr) A

Sp(t) er fleTts+1—et) Ao+ 4
Ro(t) || e f(efs+1—et) X erm)(s) | —Ap+ %




Summary



Summary

Table: Cp-semigroups and its infinitesimal generators on £P

T(t) T(t)a(n) A
otA et 7;0 (j+n)Jt-—J! A
etV e " 2250 30) Gy JJ), | v
T(t) | e *Xo0() _“(1 —e )"a()) Ap
Gp(t) 7t(t17*) —ttn yah (n)(l o e—t)j—na(j) %p
Tap(t) e ptle )>< A, + A
I\ — I—j o=t (1—e )"
ZJ:o (J)( ) € Z n=j (-1 _ a(n)
Sv p(t) | e (O t)x B, + V
1—e~t n—i
Sho S e I ()1 e )" a(n)




9. Cesaro-like operators on (P

Let (X,| |I) be a Banach space and T = (T(t))t>0 a uniformly
bounded Co-semigroup on (X,| ||). Then we define

T . < t —tyv—1
Cup(x) = /0 e M (1—e )" T(t)(x)dt, xe X, mu,v>0.

Let R > 0, consider the Cesaro-Hardy operator of order «,
S
Caf(s) = & / (s — u)*~1f(u) du
s=Jo
= a/ (1- e_t)“_le_t(l_%)T:(t)f(s) dt, s >0,
0

and the dual Cesaro-Hardy operator of order o given by

Cf(s) = a/m (=9

ua
- a/ (1— et Lle 5 To(0)f(s)dt,  s>0,
0

where (T (t))t>0 and T, (t))e>0 are defined above.



9. Cesaro-like operators on (P

Now we consider the generalized discrete Cesaro operator of order
a > 0 given for

Qfaa(n) = kO“H Z kO‘ n _
¢Cra(n) = . W‘J}l(j)ka(j - n)a(j),
J=n

for n € No, a € £P and (k*(n))ns>0 are the Cesaro numbers.
Remind that for a € /P and n € Np, we have that

Coa(n) = a/o (1— e ) e 0T (t)a(n) dt, 1< p< oo,

ea(n) = a/ (1= e ) le 56 (t)a(n)dt, 1< p< o
0



9. Cesaro-like operators on (P

Corollary

Take o > 0. Then

(i) PoCl=CoP forl <p < oc.
(i) P* o€y =CqoP* forl < p< 0.



9. Cesaro-like operators on (P

Corollary

Take o > 0. Then

(i) PoCl=CoP forl <p < oc.
(i) P* o€y =CqoP* forl < p< 0.

Remark Take o > 0, Then do(€,) = 0(C,) due to

Ma+D)r(it+1-1

(r ) : 1p),t€R}
(a+it+1-17)

Ma+M(z+1-3)
Mat+z+1-1)

o(Ca) = {

o(Cy) = { :ZGC+UiR},

for 1 < p < 0.



9. Cesaro-like operators on (P
Theorem

Take 1 < p < 00, a = (a(n))n>0 € P and Cy-semigroups
(Tap(t))e>0 and (&v p(t))e>0 on £P. Now we define

cﬁ’lf’a(l) = /000 e M1 — e_t)”_l‘IA,p(t)a(/)dt,
Feal) = [ e ey e e)alne
0

for R, Rv > 0 and | > 0. Then

%05

1
(u+p+1,u+n+l—21)

1
Z IZ()a(nﬂBlu—l—l—+j,1/—|—n—|—/—2j)



9. Cesaro-like operators on (P

Theorem
o) A,p V.p /P
perators ¢, and ¢}, are bounded on (P,

Pl ey 2l < B(Rp, Rv),
and (Cﬁ’vp)* = C;Y,’up/ for1 < p < oo and % + % =1.

The spectrum of ¢i and ¢y on B((P) is the set

o(28) = o(cTP) = {B(M Czv) Rz o}.



9. Cesaro-like operators on (P

On LP(RT) with 1 < p < 0o, we consider S, = (Sp(t))¢>0 and
Ry, = (Rp(t))t>0 and define Cesaro-like operators by

S, 1 +1-1 -1
Cof(r) = ) — s|""1f(s)d
T A(r) yr—w+é+v—1/rl,,‘s P s (s)ds,
_ 1/—11
ciur) = -1 [ )
M s — 17t

forr>0and Iy, :=(1,r) for r >1and ', :=(r,1) in the case

0<r<landly,:=(r,+o0)forr>1andly, :=(r,1)inthe
case 0 <r<1

Corollary

Take oo > 0, Ry, and Rv > 0. Then

(i) PoClt =P oP forl < p< .
(i) P*ocih = ,WOP* for1 < p < 0.
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