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Ernesto Cesàro (1859 Naples - 1906 Torre Annunziata)



Cesàro’s main contributions are in the field of differential geometry.
Lessons of intrinsic geometry, written in 1894, explains in particular
the construction of a fractal curve. After that, Cesàro also studied
the ”snowflake curve” of von Koch, continuous but not
differentiable in any of its points.

Among his other works are Introduction to the mathematical
theory of infinitesimal calculus (1893), Algebraic analysis (1894),
Elements of infinitesimal calculus (1897). He proposed a possible
definition of a limit of divergent sequence, known today as
”Cesàro’s sum,” given by the limit of the mean of the sequence
partial terms’ sum.



Cesàro died in tragic circumstances. His seventeen year old son
went swimming in the sea near Torre Annunziata and got into
difficulties in rough water. Cesàro went to rescue his son but
sustained injuries which led to his death.







Zoel Garćıa de Galdeano (1846, Pamplona - 1924, Zaragoza)





E. Cesàro, Sur la multiplication des series. Bull. Sci. Math. 14,
114-120 (1890).



The Cesàro operators

(f (n))n≥0 7→ C (f )(n) =
1

n + 1

n∑
k=0

f (k),

(f (z))z∈D 7→ C (f )(z) =
1

z

∫ z

0

f (w)

1− w
dw , z ∈ D,

(f (t))t>0 7→ C (f )(t) =
1

t

∫ t

0
f (s)ds, t > 0,

A large numbers of mathematicians.... a nice survey W.T. Ross.

A fruitful tool: composition semigroups and Cesàro operators.
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For 1 < p <∞, f ∈ Lp(R+),(∫ ∞
0

∣∣∣∣1t
∫ t

0
f (s)ds

∣∣∣∣p dt

)1/p

≤ p

p − 1
||f ||p.

The so-called Cesàro transformation C, defined by

C(f )(t) =
1

t

∫ t

0
f (s)ds, t > 0,

is a bounded operator on Lp(R+) with ||C|| = p
p−1 for 1 < p <∞.
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For β > 0, 1 < p <∞, f ∈ Lp(R+),

(∫ ∞
0

∣∣∣∣ βtβ
∫ t

0
(t − s)β−1f (s)ds

∣∣∣∣p dt

)1/p

≤
Γ(β + 1)Γ(1− 1

p )

Γ(β + 1− 1
p )
‖f ‖p,

(∫ ∞
0

∣∣∣∣β ∫ ∞
x

(t − x)β−1

tβ
f (t)dt

∣∣∣∣p dx

) 1
p

≤
Γ(β + 1)Γ

(
1
p

)
Γ
(
β + 1

p

) ‖f ‖p.
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The operators Cβ, C∗β, defined by

Cβf (t) :=
β

tβ

∫ t

0
(t−s)β−1f (s)ds, C∗βf (s) := β

∫ ∞
s

(t − s)β−1

tβ
f (t)dt,

are bounded operators on Lp(R+), C1 = C and C∗1 = C∗.

By Fubini theorem, the dual operator of Cβ on Lp(R+) is C∗β on

Lp′(R+),∫ ∞
0
Cβf (t)g(t)dt =

∫ ∞
0

f (s)C∗βg(s)ds, f ∈ Lp(R+), g ∈ Lp′(R+),

where 1 < p, p′ <∞ and 1
p + 1

p′ = 1.

Other properties in [Br-Ha-Sh], [Bo], [Mo].
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Introduction
X Banach space, a C0-semigroups

”
(T (t))t≥0 ⊂ B(X ),

u(t) = T (t)x = etAx , are solutions of the Cauchy problem

(T (t))t>0 7→ u′(t) = Au(t), t > 0,

u(0) = x .

Theorem
For 1 ≤ p the family of operators (Tt,p)t∈R defined by

Tt,pf (s) := e−
t
p f (e−ts), f ∈ Lp(R+),

is a C0-group of isometries on Lp(R+) whose infinitesimal
generator Λ is given by

(Λf )(s) := −sf ′(s)− 1

p
f (s),

with domain D(Λ) := {f ∈ Lp(R+) : tf ′ ∈ Lp(R+)}.
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Theorem
The operator Cβ is a bounded operator on Lp(R+) and

||Cβ|| =
Γ(β + 1)Γ(1− 1/p)

Γ(β + 1− 1/p)
,

p > 1 and β > 0.

If f ∈ Lp(R+), then

Cβf (t) = β

∫ ∞
0

(1− e−r )β−1e−r(1−1/p)Tr ,pf (t)dr , t ≥ 0.

B(u, v) =

∫ 1

0
ru−1(1− r)v−1dr =

∫ ∞
0

(1− e−s)u−1e−vsds
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Theorem
Let 1 < p <∞, and Cβ : Lp(R+)→ Lp(R+) the generalized
Cesàro operator. Then

σ(Cβ) = Γ(β+1)

{
Γ(1− 1

p + it)

Γ(β + 1− 1
p + it)

: t ∈ R

}

= βB(β, 1− 1/p + iR).
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〈Cβf , g〉α = 〈f , C∗βg〉α, f ∈ Lp(R+), g ∈ Lp(R+).
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For t > 0, we define the maps (semiflows) in the unit disc

b = 0, φt(z) : = e−ctz , (elliptic)

φt(z) : =
e−tz

z(e−t − 1) + 1
,

b = 1, φt(z) : = e−tz + 1− e−t , (parabolic)

ψt(z) : =
(1 + et)z − 1 + et

(−1 + et)z + 1 + et
, (hyperbolic).

(In Ph. Thesiśs J. Oliva-Maza, [AGMO1], [AGMO2]).

QUESTION : z ∈ D 7→ r > 0



Index
1. Semiflows in the real half-line

2. Fractional Sobolev spaces defined on R+

3. Koopman semigroups in the fractional Sobolev spaces
3.1 The Koopman semigroup (Tt,p)t>0

3.2 The Koopman semigroup (Sγt,p)t>0

3.3 The Koopman semigroup (Rγ
t,p)t>0

4. Cesàro-like operators subordinated to composition semigroups
4.1 Cesàro-like operators subordinated to (Tt,p)t>0

4.2 Cesàro-like operators subordinated to (Sγt,p)t>0

4.3 Cesàro-like operators subordinated to (Rγ
t,p)t>0

5. The discrete Lebesgue space `p

6. The Poisson transform

7. Some Koopman semigroups on Lp(R+) and `p

8. Perturbations of Koopman semigroups on `p

9. Cesàro-like operators on `p
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(...) They argue that in spite of the success of holomorphic
semiflows, real semi-flows have not considered so for. But this is
not true. In the Springer LN edited by R. Nagel: One parameter-
semigroups of positive operators, in Part B, a whole chapter is
devoted to such semigroup and further literature is given in the
notes. Moreover, much has been done under the notion of
Koopman operators, another name for composition operators. But
this does not matter at all, since the results of the paper under
review are centainly new. (...)



1. Semiflows in the real half-line
For t > 0, we define the maps in the real half-line

φt(r) : = e−tr + 1− e−t ,

ψt(r) : =
etr

1 + r(et − 1)
,

ϕt(r) : =
(1 + et)r − 1 + et

(−1 + et)r + 1 + et
, r > 0.

Note

lim
t→+∞

φt(r) = lim
t→+∞

ψt(r) = lim
t→+∞

ϕt(r) = 1, r ∈ [0,∞).

i.e. the value {1} is an attractive fixed point of these mappings and

e−t = φ′t(1) = ψ′t(r) = ϕ′t(1) = 1, t ∈ [0,∞).

These semigroups (semiflows) have more fixed points

lim
r→+∞

φt(r) = +∞, ψt(0) = 0, and ϕt(−1) = −1, t ≥ 0.



1. Semiflows in the real half-line

Proposition

Given the inner maps φt , ψt , ϕt , R+ → R+ for t > 0. Then

(i) φt(φs) = φt+s , ψt(ψs) = ψt+s , ϕt(ϕs) = ϕt+s for t, s > 0.

(ii)

φt(
1

r
) =

1

ψt(r)
, r > 0.

(iii) φt([0, 1]) = [1− e−t , 1] and φt([1,∞]) = [1,∞).

(iv) ψt(∞) := et

et−1 . Then ψt([0, 1]) = [0, 1] and
ψt([1,∞]) = [1, ψt(∞)).

(v) ϕt(∞) := et+1
et−1 . Then ϕt([0, 1]) = [ 1

ϕt(∞) , 1] and

ϕt([1,∞)) = [1, ϕt(∞)).



We consider the weight ωξ(r) :=
1− ξ(r)

1− r
. Note that

ωφt (r) = e−t ,

ωψt (r) =
1

1 + r(et − 1)
, ωϕt (r) =

2

et + 1 + r(et − 1)
.

(ωt)t>0 is a semicocycles if ω0 = 1 and ωt+s = ωt(ωs ◦ ξt).



Lemma
Take f ∈ C (n)(R+) n ∈ N and m1 + 2m2 + · · ·+ nmn = n and
k = m1 + · · ·+ mn. Then

dn

drn
(f (φt(r))) = e−nt f (n)(φt)(r),

dn

drn
(f (ψt(r))) =

ωn
ψt

(r)(1− et)n
∑ n!

m1! · · ·mn!
f (k)(ψt(r))ωk

ψt
(r)

(
et

1− et

)k

,

dn

drn
(f (ϕt(r))) =

ωn
ϕt

(r)

(
1− et

2

)n∑ n!

m1! · · ·mn!
f (k)(ϕt(r))ωk

ϕt
(r)

(
2et

1− et

)k

.



2. Fractional Sobolev spaces defined on R+

The Weyl fractional integral of order α > 0 is defined by

W−α
+ f (t) :=

1

Γ(α)

∫ ∞
t

(s − t)α−1f (s)ds, t ∈ R+.

The Weyl fractional derivative of order α is defined by

W α
+ f (t) := (−1)n

dn

dtn
W
−(n−α)
+ f (t), t ∈ R+,

where n = [α] + 1, and [α] denotes the integer part of α.
It is proved that

I W α+β
+ = W α

+(W β
+) for any α, β ∈ R.

I (−1)nW n
+ = dn

dtn holds with n ∈ N. W 0
+ = Id is the identity

operator.

I If λ > 0, fλ(r) := f (λr), then W α
+ fλ = λα(W α

+ f )

More details in [Mi-Ro] and [Sa-Ki-Ma].
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More details in [Mi-Ro] and [Sa-Ki-Ma].



2. Fractional Sobolev spaces defined on R+

The Weyl fractional integral of order α > 0 is defined by

W−α
+ f (t) :=

1

Γ(α)

∫ ∞
t

(s − t)α−1f (s)ds, t ∈ R+.

The Weyl fractional derivative of order α is defined by

W α
+ f (t) := (−1)n

dn

dtn
W
−(n−α)
+ f (t), t ∈ R+,

where n = [α] + 1, and [α] denotes the integer part of α.
It is proved that

I W α+β
+ = W α

+(W β
+) for any α, β ∈ R.

I (−1)nW n
+ = dn

dtn holds with n ∈ N. W 0
+ = Id is the identity

operator.

I If λ > 0, fλ(r) := f (λr), then W α
+ fλ = λα(W α

+ f )

More details in [Mi-Ro] and [Sa-Ki-Ma].



Lemma
Take α ∈ R, t > 0 and f ∈ S+. Then

(i) For α ∈ R and t > 0,

W α
+(f (φt))(r) = e−tα

(
W α

+ f
)

(φt(r)), r > 0.

(ii) For α > 0, γ > α, and t > 0,

W−α
+ (ωγt f (ψt))(r) =

e−tα

(ψt(∞))γ−α−1ωα−1
t (r)

×

∫ ψt(∞)

ψt(r)

(u − ψt(r))α−1(ψt(∞)− u)γ−α−1

Γ(α)
f (u)du



Definition
For α > 0 let be the Banach space T (α)

p (tα) defined as the
completion of the Schwartz class S+ in the norm

||f ||α,p :=
1

Γ(α + 1)

(∫ ∞
0
|W α

+ f (t)|ptαpdt

) 1
p

.

If α = 0, then T (0)
p (t0) = Lp(R+).

The case p = 1 and α ∈ N where introduced in [Ar-Ke].

For α > 0 in [Ga-Mi].
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Proposition

I T (β)
p (tβ) ↪→ T (α)

p (tα) ↪→ Lp(R+). (β ≥ α ≥ 0)

I T (α)
p (tα) ∗ T (α)

1 (tα) ↪→ T (α)
p (tα) for 1 ≤ p <∞

I The operator Dα
+ : T (α)

p (tα)→ Lp(R+) is an isometry, where

Dα
+f (t) =

1

Γ(α + 1)
tαW α

+ f (t).

I If p > 1 and p′ satisfies 1
p + 1

p′ = 1, then

(T (α)
p (tα))′ = T (α)

p′ (tα),

〈f , g〉α =
1

Γ(α + 1)2

∫ ∞
0

W α
+ f (t)W α

+g(t)t2αdt.

In fact, ‖f ‖α,p = ‖Dα
+f ‖p, 〈f , g〉α = 〈Dα

+f ,Dα
+g〉0.
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Examples

(i) Functions
(1− t)c−1

Γ(c)
χ(0,1)(t) ∈ T (α)

p (tα) if and only if

c > α + 1− 1
p .

(ii) tβ(1− t)cχ(0,1)(t) ∈ T (m)
p (tm) for <β > −1

p and <c > m− 1
p .

(iii)
(t − 1)a

tb
χ(1,∞)(t) ∈ T (m)

p (tm) for <a > m − 1
p and

<b > <a + 1
p .

We introduce in the next definition a decomposition of T (α)
p (tα).

Definition
Given α ≥ 0, p ≥ and the Banach space T (α)

p (tα). We introduce
the following subspaces

T0 := {f ∈ T (α)
p (tα) | supp(f ) ⊂ [0, 1]},

T1 := {f ∈ T (α)
p (tα) | supp(f ) ⊂ [1,∞)}.

The subspaces T0 and T1 are closed and T (α)
p (tα) = T0 + T1.
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Bernard O. Koopman (1900-1981)

A French-born American mathematician, known for his work in
ergodic theory, the foundations of probability, statistical theory and
operations research.

(-) Son of Augustus Koopman (painter) and Louise Osgood,
cousin of Harvard mathematician William F. Osgood. William
F. Osgood. His father died in 1914. Come back to New
England.

(-) In 1922 he graduated, summa cum laude, highest honors in
mathematics in Harvard with Marshall Stone.
We became very close friends, studying together and enjoying
various social activities. Koopman had a special interest in
dynamics and mathematical physics. His dissertation was
written under George D. Birkhoff and was devoted to
dynamics. My interests did not include classical dynamics, but
in the fields of differential equations and Fourier analyses we
were both interested and took some courses together.



Bernard O. Koopman (1900-1981)

In March of 1931, Koopman published a note in the National
Academy Proceedings, transforming the problem into one dealing
with one parameter unitary groups in Hilbert space. Since these
groups may be represented by self-adjoint transformations and
since they were known to have a particularly decent structure, the
door was open to rapid extension. Koopman communicated his
ideas to von Neumann, who, in a short time, gave a proof of the
ergodic theorem in a Hilbert space sense, establishing convergence
in the mean but not actual convergence. In a state of considerable
excitement Koopman told von Neumann’s result to Birkhoff, who
worked feverishly and succeeded in proving the theorem,
establishing point-wise convergence almost everywhere.
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Bernard O. Koopman (1900-1981)



Koopman operators and semigroups

(i) In [LNM 1184, 1986] a general study about positive
semigroups in lattice spaces (C (K ) and C0(X ) where K is
compact and X locally compact) is developed. A
characterization of continuous flows on K is given in terms of
semigroups of composition operators and its infinitesimal
generators on C (K ).

(ii) For a measure space X = (X ,Σ, µ) and 1 ≤ p <∞, a
operator T : Lp(X)→ Lp(X) is called a Koopman operator if
there exists a measurable function φ : X → X such that φ−1

maps null-sets into null-sets and Tf = f ◦ φ for all f ∈ Lp(X).
A nice treatment of Koopman operators (with applications to
ergodicity) in Lp(X) may be found in [EFHN, 2015] for
measure-preserving system (X , φ).



Koopman operators and semigroups

(iii) A Koopman semigroup (T (t))t≥0 is a C0-semigroup of
operators on Lp(X) such that for each t ≥ 0 the operator
T (t) is a Koopman operator. For a finite measure space, a
characterization of Koopman semigroups on Lp(X) is
presented in [EGK, 2019] for measure-preserving semiflows.
An equivalence result between measure-preserving flows on
standard probability spaces and continuous flow on compact
Borel probability space in also shown in [EGK].

(iv) The continuous Denjoy-Wolff theorem: if (ζt)t≥0 is a
semigroup (not hyperbolic rotations) of holomorphic self-maps
on the unit disc, then there exists a unique point τ ∈ D such
that

lim
t→+∞

ζt(z) = τ, z ∈ D.

The point τ is called the Denjoy-Wolff point of (ζt)t≥0.
However a similar result of Denjoy-Wolff theorem for arbitrary
semiflows in Lebesgue space is unknown.



3. Koopman semigroups in the fractional Sobolev spaces

Definition
Given p ≥ 1 and a function f ∈ S+, we define functions Tt,pf ,
Sγt,pf and Rγ

t,pf by

Tt,pf (r) := e
−t
p f (φt(r)) = e

−t
p f (e−tr + 1− e−t),

Sγt,pf (r) := e
t
pωγψt

(r)f (ψt(r))

=
e

t
p

(1 + r(et − 1))γ
f

(
etr

1 + r(et − 1)

)
,

Rγ
t,pf (r) := et(γ− 1

p
)
ωγϕt

(r)f (ϕt(r))

=
2γ et(γ− 1

p
)

(et + 1 + r(et − 1))γ
f

(
(1 + et)r + et − 1

et + 1 + r(et − 1)

)
,

and t ≥ 0. Note that T0,pf = Sγ0,pf = Rγ
0,pf = f .



3.1 The Koopman semigroup (Tt,p)t>0

Theorem
Take p ≥ 1, α ≥ 0 and t ≥ 0. Then

‖Tt,pf ‖α,p ≤ ‖f ‖α,p, f ∈ T (α)
p (tα).

Moreover subspaces Ti are (Tt,p)t>0-invariant, i.e., Tt,p(Ti ) ⊂ Ti
for i ∈ {0, 1} and

‖Tt,pf ‖α,p ≤ e−tα‖f ‖α,p, f ∈ T0, t > 0.

The restriction of (Tt,p)t≥0 on the subspace T1 are extended for
t ∈ R and

‖Tt,pf ‖α,p ≤ max{e−tα, 1}‖f ‖α,p, f ∈ T1, t ∈ R.



Theorem
For p ≥ 1 and α ≥ µ ≥ 0, the family of operators (Tt,p)t≥0 is a

contractive C0-semigroup on T (α)
p (tα) whose infinitesimal

generator A is given by

(Af )(s) := (1− s)f ′(s)− 1

p
f (s),

with domain D(A) = {f ∈ T (α)
p (tα) |((1− s)f )′ ∈ T (α)

p (tα)}, and

{f ∈ T (α)
p (tα+1) |f ′ ∈ T (α)

p (tα)} ⊂ D(A).



Theorem
For 1 ≤ p <∞ we have

(i) {z ∈ C |<(z) < −α} ⊂ σp(A).

(ii) The set ρ(A) ⊂ C+ and

R(λ,A)f (r) =
1

|r − 1|λ+ 1
p

∫
Γ1,r

|s−1|λ+ 1
p
−1f (s)ds, f ∈ T (α)

p (tα), r > 0,

for λ ∈ C+ and Γ1,r := (1, r) when r > 1 and Γ1,r := (r , 1) in
the case 0 < r < 1.

(iii) σ(A) = {z ∈ C |<(z) ≤ 0}.



3.2 The Koopman semigroup (Sγt,p)t>0

Theorem
Take p ≥ 1, m ∈ N ∪ {0}, γ ≥ 2

p and t ≥ 0. Then

‖Sγt,pf ‖m,p ≤ Cm‖f ‖(m),p, f ∈ T (m)
p (tm).

Moreover subspaces Ti are (Sγt,p)t>0-invariant, i.e., Sγt,p(Ti ) ⊂ Ti
for i ∈ {0, 1}. The restriction of (Sγt,p)t≥0 on the subspace T0 is
extended for t ∈ R and

‖Sγt,pf ‖m,p ≤ Cm max{e−t(m+γ− 2
p

)
, 1}‖f ‖m,p, f ∈ T0, t ∈ R.

The restriction of (Sγt,p)t≥0 on the subspace T1 holds

‖Sγt,pf ‖m,p ≤ Cme−t(γ− 2
p

)‖f ‖m,p, f ∈ T1, t > 0,

where the constant Cm is independent on t and f .



Theorem
Take p ≥ 1, m ∈ N ∪ {0}, p ≥ 2

γ and t ≥ 0. Then the family of

operators (Sγt,p)t≥0 is a contractive C0-semigroup on T (m)
p (tm)

whose infinitesimal generator B is given by

(Bf )(r) := r(1− r)f ′(r) + (
1

p
− γr)f (r), r > 0,

with domain
D(B) = {f ∈ T (m)

p (tm) |(r(1− r)f )′− (γ− 2)rf ∈ T (m)
p (tm)}, and

{f ∈ T (m+1)
p (tm+1) |rf , r 2f ′ ∈ T (m)

p (tm)} ⊂ D(B).



Theorem
Take p ≥ 1, m ∈ N ∪ {0}, p ≥ 2

γ and the C0-semigroup (Sγt,p)t≥0

whose infinitesimal generator is (B,D(B)). Then

(i) {z ∈ C |<(z) < −(m + γ − 2
p )} ⊂ σp(B).

(ii) The set ρ(B) ⊂ C+ and

R(λ,B)f (r) =
rλ−

1
p

|r − 1|λ+γ− 1
p

∫
Γ1,r

|s − 1|λ+γ− 1
p
−1

sλ−
1
p

+1
f (s)ds, r > 0,

for λ ∈ C+ and Γ1,r = (1, r) when r > 1 and Γ1,r = (r , 1) in
the case 0 < r < 1.

(iii) σ(B) = {z ∈ C |<(z) ≤ 0}.



3.3 The Koopman semigroup (Rγ
t,p)t>0

Theorem
Take p ≥ 1,m ∈ N ∪ {0}, γ ≥ 2

p and t ≥ 0. Then for

f ∈ T (m)
p (tm)

‖Rγ
t,pf ‖m,p ≤ Cm‖f ‖m,p.

Theorem
Take p ≥ 1 and γ ≥ 2

p . Then the family of operators (Rγ
t,p)t≥0 is a

C0-semigroup on T (m)
p (tm) whose infinitesimal generator C is

given by

(Cf )(r) :=
1

2

(
γ − 2

p
− γr

)
f (r) +

1

2
(1− r 2)f ′(r)

with domain
D(C ) = {f ∈ T (m)

p (tm) | ((1− r 2)f )′ − (γ − 2)rf ∈ T (m)
p (tm)},

and {f ∈ T (m+1)
p (tm+1) | f ′ ∈ T (m)

p (tm))} ⊂ D(C ).



Theorem
For 1 ≤ p <∞, m ∈ N ∪ {0}, p ≥ 2

γ and the C0-semigroup

(Rγ
t,p)t≥0 whose infinitesimal generator is (C ,D(C )). Then

(i) {z ∈ C | <z < −m} ⊂ σp(C ).

(ii) σ(C ) = {z ∈ C | <(z) ≤ 0}.

(iii) The set ρ(C ) ⊂ C+ and f ∈ T (m)
p (tm),

R(λ,C )f (r) = 2
|r + 1|λ−γ+ 1

p

|r − 1|λ+ 1
p

∫
Γ1,r

|s+1|−λ+γ− 1
p
−1|s−1|λ+ 1

p
−1f (s)ds,

for r > 0, λ ∈ C+ and Γ1,r = (1, r) if r > 1 and Γ1,r = (r , 1) when
0 < r < 1.



C0-semigroups, u(t) = T (t)x = etAx , are solutions of the Cauchy
problem

(T (t))t>0 7→ u′(t) = Au(t), t > 0,

u(0) = x .

Differential equations

(Tt,p)t>0 7→
∂u(t, r)

∂t
= (1− r)

∂u(t, r)

∂r
− 1

p
u(t, r),

(Sγt,p)t>0 7→
∂v(t, r)

∂t
= r(1− r)

∂v(t, r)

∂r
+ (

1

p
− γr)v(t, r),

(Rγ
t,p)t>0 7→ 2

∂w(t, r)

∂t
= (1− r 2)

∂w(t, r)

∂r
+ (γ − 2

p
− γr)w(t, r),



4. Cesàro-like operators subordinated to composition
semigroups

Given µ, ν ∈ R, we consider the integral operators

Cµ,ν f (r) :=
1

|r − 1|µ+ν−1

∫
Γ1,r

|s − 1|µ−1|r − s|ν−1f (s)ds,

Cγµ,ν f (r) :=
rµ

|r − 1|µ+ν+γ−1

∫
Γ1,r

|s − 1|µ+γ−1

sµ+ν
|r − s|ν−1f (s)ds,

Cγµ,ν f (r) := 2ν
|r + 1|µ−γ

|r − 1|µ+ν−1

∫
Γ1,r

|s − 1|µ−1

|s + 1|µ+ν−γ |r − s|ν−1f (s)ds,

for r > 0 whenever this integral converges and Γ1,r := (1, r) for
r > 1 and Γ1,r := (r , 1) in the case 0 < r < 1.



4.1 Cesàro-like operators subordinated to (Tt,p)t>0

Theorem
For p ≥ 1, µ, ν > 0,

(i) If f ∈ T (α)
p (tα), then

Cµ+ 1
p
,ν f (r) =

∫ ∞
0

e−µt(1− e−t)ν−1Tt,pf (r)dt, r ≥ 0.

(ii) the operator Cµ+ 1
p
,ν is a bounded operator on T (α)

p (tα) for

α ≥ 0 and

B(µ+ α, ν) ≤ ||Cµ+ 1
p
,ν || ≤ B(µ, ν).

For α = 0, on Lp(R+), the equality ||Cµ+ 1
p
,ν || = B(µ, ν) holds.

(iii)

σ(Cµ+ 1
p
,ν) =

{
B(µ+ z , ν) : <z ≥ 0

}
.



Drawings of σ(C1+ 1
p
,1), σ(C2+ 1

p
,1) and σ(C2+ 1

p
,2).



4.2 Cesàro-like operators subordinated to (Sγt,p)t>0

Theorem
Take p ≥ 1, µ, ν > 0, γ ≥ 2

p and f ∈ T (m)
p (tm).

(i)

Cγ
µ− 1

p
,ν

f (r) =

∫ ∞
0

e−µt(1− e−t)ν−1Sγt,pf (r)dt, r ≥ 0,

(ii) The operator Cγ
µ− 1

p
,ν

is a bounded operator on T (m)
p (tm) and

B(µ+ m + γ − 2

p
, ν) ≤ ||Cγ

µ− 1
p
,ν
|| ≤ sup

t≥0
‖Sγt,p‖B(µ, ν).

On Lp(R+), and γ = 2
p , the equality ||C

2
p

µ− 1
p
,ν
|| = B(µ, ν)

holds.

(iii) σ(Cγ
µ− 1

p
,ν

) =

{
B(µ+ z , ν) : <z ≥ 0

}
.



4.3 Cesàro-like operators subordinated to (Rγ
t,p)t>0

Theorem
For p ≥ 1, µ, ν > 0 and γ ≥ 2

p . If f ∈ T (m)
p (tm) then

(i)

Cγ
µ+ 1

p
,ν

f (r) =

∫ ∞
0

e−µt(1− e−t)ν−1Rγ
t,pf (r)dt, r ≥ 0,

(ii) The operator Cγ
µ+ 1

p
,ν

is a bounded operator on T (m)
p (tm) and

B(µ+ m, ν) ≤ ||Cγ
µ+ 1

p
,ν
|| ≤ sup

t≥0
‖Rγ

t,p‖B(µ, ν).

On Lp(R+), and γ = 2
p , the equality ||C

2
p

µ+ 1
p
,ν
|| = B(µ, ν)

holds.

(iii) σ(Cγµ,ν) =

{
B(µ+ z , ν) : <z ≥ 0

}
.





5. The discrete Lebesgue space `p

For 1 ≤ p ≤ ∞, the Banach space (`p, ‖ ‖p) are formed by
f = (f (n))n≥0 ⊂ C such that

‖f ‖p : =

( ∞∑
n=0

|f (n)|p
) 1

p

<∞, 1 ≤ p <∞;

‖f ‖∞ : = sup
n≥0
|f (n)| <∞.

`1 ↪→ `p ↪→ `∞, (`p)′ = `p
′

with 1
p + 1

p′ = 1 for 1 < p <∞ and

p = 1 and p′ =∞.



1. Introduction

In the case that f ∈ `1 and g ∈ `p, then f ∗ g ∈ `p where

(f ∗ g)(n) :=
n∑

j=0

f (n − j)g(j), n ≥ 0,

and ‖f ∗ g‖p ≤ ‖f ‖1 ‖g‖p for 1 ≤ p ≤ ∞. Note that (`1, ∗) is a
commutative Banach algebra with unit (we write δ0 = χ{0}).



5. The discrete Lebesgue space `p

We recall that the spectrum of `1, ∆(`1) ' D and the Güelfand
transform Z : `1 → C(D) is the discrete Zeta-transform,

Z(f )(z) :=
∑
n≥0

f (n)zn, z ∈ D.

Note that
‖Z(f )‖∞ ≤ ‖f ‖1, f ∈ `1.

Z(f ∗ g)(z) = Z(f )(z)Z(g)(z), z ∈ D, f , g ∈ `1.

We recall that the spectrum of f , denoted as σ`1(f ) = C\ρ`1(f ), is
defined by

ρ`1(f ) := {λ ∈ C : (λδ0 − f )−1 ∈ `1}.

Note that σ`1(f ) = Z(f )(D), for f ∈ `1, D = {z ∈ C ; |z | ≤ 1}.



5. The discrete Lebesgue space `p

The forward difference operator ∆(a)(n) := a(n + 1)− a(n) is a
bounded operator on `p, ‖∆‖ = 2 and

(ez∆a)(n) = e−z
∞∑
j≥0

a(j + n)
z j

j!
, a ∈ `p, 1 ≤ p ≤ ∞.

The backward difference operator ∇(a)(n) := a(n − 1)− a(n) for
n ≥ 1 and ∇(a)(0) := −a(0) is also a bounded operator on `p,
‖∇‖ = 2 and

(ez∇a)(n) = e−z
n∑

j≥0

a(j)
zn−j

(n − j)!
, a ∈ `p, 1 ≤ p ≤ ∞.



5. The discrete Lebesgue space `p

For 1 ≤ p <∞, the left translation semigroup (Tleft(t))t>0,

Tleft(t)f (s) := f (s + t), s, t > 0, f ∈ Lp(R+).

The infinitesimal generator is the usual derivation ( d
ds ,D( d

ds )),

d

ds
f (s) := f ′(s), f ∈ D(

d

ds
) = {f ∈ Lp(R+) : f ′ ∈ Lp(R+)}.

The right translation C0-semigroup (Tright(t))t>0 on Lp(R+),
1 ≤ p <∞, defined by

Tright(t)f (s) :=

{
f (s − t), s ≥ t,

0, 0 ≤ s < t.

Its infinitesimal generator is the derivation (d
0

ds ,D(d
0

ds )),

d0

ds
f (s) := −f ′(s), f ∈ D(

d0

ds
) = {f ∈ Lp(R+) : f ′ ∈ Lp(R+), f (0) = 0}.



6. The Poisson transform

Take jα(t) =
tα−1

Γ(α)
. Then

(jα ∗ jβ)(t) =

∫ t

0

sα−1

Γ(α)

(t − s)β−1

Γ(β)
ds = jα+β(t).

Take at(n) =
tn

n!
. Then

(at ∗ as)(n) =
n∑

j=0

t j

j!

sn−j

(n − j)!
= at+s(n).



6. The Poisson transform

Definition
Take 1 ≤ p ≤ ∞. We introduce the operator P : Lp(R+)→ `p

defined by

P(f )(n) :=

∫ ∞
0

f (t)e−t
tn

n!
dt, n ≥ 0, f ∈ Lp(R+). (1)

Duality, we consider the operator P∗ : `p → Lp(R+) given by

P∗(a)(t) := e−t
∞∑
n=0

a(n)
tn

n!
, t ∈ R+, a = (a(n))n≥0 ∈ `p.

(2)



6. The Poisson transform

Examples.(i) We write by eλ(t) := e−λt for <λ > 0. Then

P(eλ)(n) =

∫ ∞
0

e−(λ+1)t tn

n!
dt =

1

(1 + λ)n
, n ≥ 0. (3)

Take λ ∈ C with |λ| < 1 and aλ(n) := λn for n ≥ 0. Then

P∗(aλ)(t) := e−t
∞∑
n=0

(λt)n

n!
= e−(1−λ)t , t ≥ 0.

(ii)Take also jα(t) :=
tα−1

Γ(α)
for α, t > 0. Then

P(jα)(n) =

∫ ∞
0

tα−1

Γ(α)
e−t

tn

n!
dt =

Γ(n + α)

Γ(α)n!
= kα(n), n ≥ 0.



6. The Poisson transform

Examples.(i) We write by eλ(t) := e−λt for <λ > 0. Then
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= e−(1−λ)t , t ≥ 0.

(ii)Take also jα(t) :=
tα−1

Γ(α)
for α, t > 0. Then

P(jα)(n) =

∫ ∞
0

tα−1

Γ(α)
e−t

tn

n!
dt =

Γ(n + α)

Γ(α)n!
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6. The Poisson transform

Theorem
Take 1 ≤ p ≤ ∞ and operators P and P∗ . Then

(i) The map P : Lp(R+)→ `p is a bounded and ‖P‖ = 1.

(ii) P(f ∗ g) = P(f ) ∗ P(g) for f ∈ Lp(R+) and g ∈ L1(R+).

(iii) For 1 < p ≤ ∞, the map P∗ : `p → Lp(R+) is the adjoint
operator of P and ‖P∗‖ = 1 for 1 ≤ p ≤ ∞.

(iv) P∗(δ1 ∗ (a ∗ b)) = P∗(a) ∗ P∗(b) for a ∈ `p and b ∈ `1.



6. The Poisson transform

Theorem
Let (Tleft(t))t>0 and (Tright(t))t>0 be the translations C0

semigroups defined on Lp(R+) and the C0-semigroups (et∆)t≥0

and (ez∇)t≥0 on `p for 1 ≤ p ≤ ∞. The following equalities hold.

(i) ∇(P(f )) = −P(f ′) for f ∈ D(d
0

ds ).

(ii) et∇ ◦ P = P ◦ Tright(t) for t ≥ 0.

(iii) P∗(∆(a)) = (P∗(a))′ for a ∈ `p.

(iv) P∗(et∆) = P∗(Tleft(t)) for t ≥ 0.

Lp(R+)
P−→ `py− d

ds

y∇
Lp(R+)

P−→ `p



7. Some Koopman semigroups on Lp(R+) and `p

On Lp(R+), we consider the C0-group of isometries, (Tp(t))t≥0,
defined by

Tp(t)f (r) := e−
t
p f (e−tr), r ≥ 0, t ∈ R. (4)

Its infinitesimal generator (Λp,D(Λp)) is given by

Λp(f )(r) = −rf ′(r)− 1

p
f (r), r ≥ 0,

and D(Λp) = {f ∈ Lp(R+) | rf ′(r) ∈ Lp(R+)}.
We denote by T +

p (t) := Tp(t) and T−p (t) := Tp(−t) for t ≥ 0; Λp

and −Λp are its infinitesimal generator, respectively.



7. Some Koopman semigroups on Lp(R+) and `p

Now we consider (T(t))t≥0 and (S(t))t≥0 acting on `p with
1 ≤ p ≤ ∞, where

Tp(t)a(n) := e−
t
p

n∑
j=0

(
n

j

)
e−tj(1− e−t)n−ja(j),

Sp(t)a(n) := e−t(1− 1
p

)e−tn
∞∑
j=n

(
j

n

)
(1− e−t)j−na(j), (5)

for n ∈ N0 and a ∈ `p. Respectively its infinitesimal generators are

Ap(a)(n) := n∇(a)(n)− 1

p
a(n), n ≥ 1,

Ap(a)(0) := −1

p
a(0);

Bp(a)(n) := (n + 1)∆(a)(n) +
1

p
a(n), n ≥ 0,

for a ∈ D(Ap) = D(Bp) = {b ∈ `p ; (n + 1)∆(b) ∈ `p}. In fact,
‖Tp(t)‖, ‖Sp(t)‖ ≤ 1 and (Ap)∗ = Bp′ on `p

′
([AM]).



7. Some Koopman semigroups on Lp(R+) and `p

Theorem
Take the one-parameter families (Tp(t))t∈R defined on Lp(R+) in
(4) and (Tp(t))t≥0 and (Sp(t))t≥0 defined on `p in (6) for
1 ≤ p ≤ ∞. Then

(i) Bp(P(f )) = P(−Λp(f )) for f ∈ D(Λp).

(ii) Sp(t) ◦ P = P ◦ T−p (t) for t > 0.

(iii) P∗(Ap(a)) = Λp(P∗(a)) for a ∈ D(Ap).

(iv) P∗ ◦ Tp(t) = T +
p (t) ◦ P∗ for t > 0.

Corollary

Take 1 ≤ p ≤ ∞. Then

(i) (∇+ Bp)(P(f )) = P((−Λp + d0

ds )(f )) for f ∈ D(Λp)∩D(d
0

ds ).

(iii) P∗((Ap + ∆)(a)) = (Λp + d
ds )(P∗(a)) for a ∈ D(Ap).



7. Some Koopman semigroups on Lp(R+) and `p

Theorem
Take the one-parameter families (Tp(t))t∈R defined on Lp(R+) in
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Take 1 ≤ p ≤ ∞. Then

(i) (∇+ Bp)(P(f )) = P((−Λp + d0

ds )(f )) for f ∈ D(Λp)∩D(d
0

ds ).

(iii) P∗((Ap + ∆)(a)) = (Λp + d
ds )(P∗(a)) for a ∈ D(Ap).



8. Perturbations of Koopman semigroups on `p

Definition
Take a ∈ `p for 1 ≤ p ≤ ∞ and t > 0. We define the operators

T∆,p(t)a(l) :=

e−( t
p

+1−e−t)
l∑

j=0

(
l

j

)
(1− e−t)l−je−tj

∞∑
n=j

(1− e−t)n−j

(n − j)!
a(n),

S∇,p(t)a(l) :=

e−(t(1− 1
p

)+1−e−t)
l∑

j=0

(1− e−t)l−j

(l − j)!
e−tj

∞∑
n=j

(
n

j

)
(1− e−t)n−ja(n),

for l ≥ 0.



8. Perturbations of Koopman semigroups on `p

Theorem
Let (T∆,p(t))t>0 and (S∇,p(t))t>0 operators given in Definition
21. Then

(i) ‖T∆,p(t)‖ ≤ 1 for t > 0 and 1 ≤ p ≤ ∞.

(ii) ‖S∇,p(t)‖ ≤ 1 for t > 0 and 1 ≤ p ≤ ∞.

(iii) (T∆,p(t))∗ = S∇,p′(t) and (S∇,p(t))∗ = T∆,p′(t) on `p for
1 ≤ p <∞ and 1

p + 1
p′ = 1.



8. Perturbations of Koopman semigroups on `p

([MP]) Given 1 ≤ p ≤ ∞ and f ∈ Lp(R+),

Sp(t)f (s) := e
−t
p f (e−ts + 1− e−t), s > 0, (6)

and t ≥ 0, and its infinitesimal generator (Ap,D(Ap)) is defined by

(Apf )(s) := (1− s)f ′(s)− 1

p
f (s), f ∈ D(Ap), s > 0,

D(Ap) = {f ∈ Lp(R+) | Apf ∈ Lp(R+)}, and Apf = (Λp + d
ds )f .

Similarly, we consider Rp(t)f defined by

Rp(t)f (s) := e
t
p f (ets + 1− et)χ(1−e−t ,∞)(s), s > 0, (7)

and t ≥ 0. Operators (Rp(t))t>0 is a contractive C0-semigroup and
its generator is

(Bpf )(s) := (s − 1)f ′(s) +
1

p
f (s), f ∈ D(Ap), s > 0,

D(Bp) = {f ∈ Lp(R+) | Bpf ∈ Lp(R+)}, and Bpf = (−Λp + d
ds )f .



8. Perturbations of Koopman semigroups on `p
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p
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ds )f .



8. Perturbations of Koopman semigroups on `p

Theorem
Take 1 ≤ p ≤ ∞, (Sp(t))t>0 and (Rp(t))t>0 defined on Lp(R+)
and (T∆,p(t))t>0 and (S∇,p(t))t>0 defined on `p. Then

(i) S∇,p(t) ◦ P = P ◦ Rp(t) for t > 0.

(ii) P∗ ◦ T∆,p(t) = Sp(t) ◦ P∗ for t > 0.

Theorem
Take 1 ≤ p <∞. The one-parameter families (T∆,p(t))t>0 and
(S∇,p(t))t>0 defined on `p are contractive C0-semigroups. Then

(i) the generator of (T∆,p(t))t>0 is A∆,p = Ap + ∆.

(ii) the generator of (S∇,p(t))t>0 is B∇,p = Bp +∇.

(iii) operators A∆,p and B∇,p′ and semigroups (T∆,p(t))t>0 and
(S∇,p′(t))t>0 are adjoint to each other, i.e., (A∆,p)∗ = B∇,p′

and (T∆,p(t))∗ = S∇,p′(t) on `p
′
, 1/p + 1/p′ = 1 and t > 0.



8. Perturbations of Koopman semigroups on `p
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(S∇,p′(t))t>0 are adjoint to each other, i.e., (A∆,p)∗ = B∇,p′

and (T∆,p(t))∗ = S∇,p′(t) on `p
′
, 1/p + 1/p′ = 1 and t > 0.



8. Perturbations of Koopman semigroups on `p

Corollary

Take 1 ≤ p <∞, a ∈ `p and (T∆,p(t))t>0 and (S∇,p(t))t>0 the
contractive C0-semigroups defined on `p in Definition 21.

(i) For t > 0 and n ≥ 0, we have that

T∆,p(t)(a)(n) = Tp(t)(a)(n)+

∫ t

0
Tp(t−s)∆ (T∆,p(s)(a))(n)) ds.

(ii) For t > 0 and n ≥ 1, we have that

S∇,p(t)(a)(n) = Sp(t)(a)(n)+

∫ t

0
Sp(t−s)∇ (S∇,p(s)(a)(n)) ds,

and

S∇,p(t)(a)(0) = Sp(t)(a)(0)−
∫ t

0
Sp(t− s)S∆,p(s)(a)(0)ds.



8. Perturbations of Koopman semigroups on `p

Theorem
Take 1 ≤ p <∞, A∆,p and B∇,p the infinitesimal generators of
(T∆,p(t))t>0 and (S∇,p(t))t>0 on `p, 1 ≤ p <∞ respectively.

(i) Then σpoint(A∆,p) = ∅ and σpoint(B∇,p) = C−.

(ii) The following equalities hold σ(A∆,p) = σ(B∇,p) = C−.
(iii) For <λ > 0, and a = (a(n))n≥0 ∈ `p, we have that

(λ−A∆,p)−1a(l) =
l∑

j=0

(
l

j

) ∞∑
n=j

a(n)

(n − j)!
B1(λ+

1

p
+j , n+l−2j+1),

(λ−B∇,p)−1a(l) =

l∑
j=0

1

(l − j)!

∞∑
n=j

(
n

j

)
a(n)B1(λ+ 1− 1

p
+ j , n + l − 2j + 1),

where B1(u, v) :=
∫ 1

0 (1− t)u−1tv−1e−tdt, u, v ∈ C+.



Summary

Table: C0-semigroups and its infinitesimal generators on Lp(R+)

T (t) T (t)f (s) A

Tleft(t) f (s + t) d
ds

Tright(t) f (s − t)χ(t,∞)(s) d0

ds

Tp(t) e−
t
p f (e−tr) Λp

Sp(t) e
−t
p f (e−ts + 1− e−t) Λp + d

ds

Rp(t) e
t
p f (ets + 1− et)χ(1−e−t ,∞)(s) −Λp + d0

ds



Summary

Table: C0-semigroups and its infinitesimal generators on Lp(R+)

T (t) T (t)f (s) A
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ds
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Tp(t) e−
t
p f (e−tr) Λp

Sp(t) e
−t
p f (e−ts + 1− e−t) Λp + d

ds

Rp(t) e
t
p f (ets + 1− et)χ(1−e−t ,∞)(s) −Λp + d0

ds



Summary

Table: C0-semigroups and its infinitesimal generators on `p

T (t) T (t)a(n) A

et∆ e−t
∑∞

j≥0 a(j + n) t
j

j! ∆

et∇ e−t
∑n

j≥0 a(j) tn−j

(n−j)! ∇
Tp(t) e−

t
p
∑n

j=0

(n
j

)
e−tj(1− e−t)n−ja(j) Ap

Sp(t) e−t(1− 1
p

)e−tn
∑∞

j=n

( j
n

)
(1− e−t)j−na(j) Bp

T∆,p(t) e−( t
p

+1−e−t)×∑l
j=0

(l
j

)
(1− e−t)l−je−tj

∑∞
n=j

(1−e−t)n−j

(n−j)! a(n)
Ap + ∆

S∇,p(t) e−(t(1− 1
p

)+1−e−t)×∑l
j=0

(1−e−t)l−j

(l−j)! e−tj
∑∞

n=j

(n
j

)
(1− e−t)n−ja(n)

Bp +∇
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p
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∑∞

n=j

(n
j
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9. Cesàro-like operators on `p

Let (X , ‖ ‖) be a Banach space and T = (T (t))t>0 a uniformly
bounded C0-semigroup on (X , ‖ ‖). Then we define

CT
µ,ν(x) :=

∫ ∞
0

e−µt(1− e−t)ν−1T (t)(x)dt, x ∈ X , mu, ν > 0.

Let <α > 0, consider the Cesàro-Hardy operator of order α,

Cαf (s) :=
α

sα

∫ s

0
(s − u)α−1f (u) du

= α

∫ ∞
0

(1− e−t)α−1e−t(1− 1
p

)T +
p (t)f (s) dt, s > 0,

and the dual Cesàro-Hardy operator of order α given by

C∗αf (s) := α

∫ ∞
s

(u − s)α−1

uα
f (u) du

= α

∫ ∞
0

(1− e−t)α−1e−
t
p T−p (t)f (s) dt, s > 0,

where (T +
p (t))t≥0 and T−p (t))t≥0 are defined above.



9. Cesàro-like operators on `p

Now we consider the generalized discrete Cesàro operator of order
α > 0 given for

Cαa(n) :=
1

kα+1(n)

n∑
j=0

kα(n − j)a(j),

C∗αa(n) :=
∞∑
j=n

1

kα+1(j)
kα(j − n)a(j),

for n ∈ N0, a ∈ `p and (kα(n))n≥0 are the Cesàro numbers.
Remind that for a ∈ `p and n ∈ N0, we have that

Cαa(n) = α

∫ ∞
0

(1− e−t)α−1e−t(1− 1
p

)
Tp(t)a(n) dt, 1 < p ≤ ∞,

C∗αa(n) = α

∫ ∞
0

(1− e−t)α−1e−
t
pSp(t)a(n) dt, 1 ≤ p <∞.



9. Cesàro-like operators on `p

Corollary

Take α > 0. Then

(i) P ◦ C∗α = C∗α ◦ P for 1 ≤ p <∞.

(ii) P∗ ◦ Cα = Cα ◦ P∗ for 1 < p ≤ ∞.

Remark Take α > 0, Then ∂σ(Cα) = σ(Cα) due to

σ(Cα) =

{
Γ(α + 1)Γ(it + 1− 1

p )

Γ(α + it + 1− 1
p )

: t ∈ R
}

σ(Cα) =

{
Γ(α + 1)Γ(z + 1− 1

p )

Γ(α + z + 1− 1
p )

: z ∈ C+ ∪ iR
}
,

for 1 < p ≤ ∞.
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9. Cesàro-like operators on `p

Theorem
Take 1 ≤ p <∞, a = (a(n))n≥0 ∈ `p and C0-semigroups
(T∆,p(t))t>0 and (S∇,p(t))t>0 on `p. Now we define

c∆,p
µ,ν a(l) :=

∫ ∞
0

e−µt(1− e−t)ν−1T∆,p(t)a(l)dt,

c∇,pµ,ν a(l) :=

∫ ∞
0

e−µt(1− e−t)ν−1S∆,p(t)a(l)dt,

for <µ,<ν > 0 and l ≥ 0. Then

c∆,p
µ,ν a(l) =

l∑
j=0

(
l

j

) ∞∑
n=j

a(n)

(n − j)!
B1(µ+

1

p
+ j , ν + n + l − 2j),

c∇,pµ,ν a(l) =

l∑
j=0

1

(l − j)!

∞∑
n=j

(
n

j

)
a(n)B1(µ+ 1− 1

p
+ j , ν + n + l − 2j).



9. Cesàro-like operators on `p

Theorem
Operators c∆,p

µ,ν and c∇,pµ,ν are bounded on `p,

‖c∆,p
µ,ν ‖, ‖c∇,pµ,ν ‖ ≤ B(<µ,<ν),

and (c∆,p
µ,ν )∗ = c∇,p

′
µ,ν for 1 < p <∞ and 1

p + 1
p′ = 1.

The spectrum of c∆,p
µ,ν and c∇,pµ,ν on B(`p) is the set

σ(c∆,p
µ,ν ) = σ(c∇,pµ,ν ) =

{
B(µ+ z , ν) : <z ≥ 0

}
.



9. Cesàro-like operators on `p

On Lp(R+) with 1 ≤ p <∞, we consider Sp = (Sp(t))t>0 and
Rp = (Rp(t))t>0 and define Cesàro-like operators by

C
Sp
µ,ν f (r) =

1

|r − 1|µ+ 1
p

+ν−1

∫
Γ1,r

|s − 1|µ+ 1
p
−1|r − s|ν−1f (s)ds,

C
Rp
µ,ν f (r) = |r − 1|µ−

1
p

∫
Γ′1,r

|r − s|ν−11

|s − 1|µ−
1
p

+ν
f (s)ds

for r > 0 and Γ1,r := (1, r) for r > 1 and Γ1,r := (r , 1) in the case
0 < r < 1 and Γ′1,r := (r ,+∞) for r > 1 and Γ′1,r := (r , 1) in the
case 0 < r < 1

Corollary

Take α > 0, <µ, and <ν > 0. Then

(i) P ◦ C
Rp
µ,ν = c∇,pµ,ν ◦ P for 1 ≤ p <∞.

(ii) P∗ ◦ c∆,p
µ,ν = C

Sp
µ,ν ◦ P∗ for 1 ≤ p <∞.
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4.2 Cesàro-like operators subordinated to (Sγt,p)t>0
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