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THE C LOT H O I D (NOT FORGETTING: J BERNOULLI, CURVATURA LAMINAE ELASTICAE, 1694)

There are 3 names for this famous spiral:

The Euler spiral, ~ 1741
The Cornu spiral (in Optics), 1874

The Clothoid (similar to Clotho (K Awr&)), proposed by Cesaro, 1890

In 1994, Schwartzman, in his book “The Words of Mathematics” [1], mentions
the following:

Clotho was the youngest of the “moirai”, the three sisters in charge of
the human life in Greek mythology. She was responsible of the twists
and turns of the thread of life of any human being.

In the case of Cesaro, it is also believed that he was inspired by the similarity of this
spiral with a rotating wheel. We think that the most appropriate name is the Cornu
spiral because it was him the first to draw it with its 2 foci.
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DRAWINGS OF THE CLOTHOID SPIRAL BY EULER AND BY CORNU
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EFFECTIVE DEFINITION OF THE CLOTHOID F

F in the Argand plane,
F=X+iY,

where X andY, the 2 Fresnel integrales

C(z2) = /()zcos(gsz>ds =X, (1)

S(z) = /Oz sin (£52) ds = v, @)

In Optics, the squared modulus, | F|?> = C?(2) + S?(2), is the intensity of
light in a given point of a diffraction pattern.
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CESARO’S FORMULA

The clothoid (Cornu) spiral := the 2D curve for which the curvature is linear with the
arclength, which means that the radius of curvature p(t) multiplied by the arclength s(t)
is constant at each point of the curve.

e Cesaro’s formula:

p(t) =

¢ = 1/+/w for Fresnel integrals in standard form.

e The shape of the clothoid can be explained by the asymptotics of Fresnel’s integrals.
For s — oo, both go to 1/2; this makes the curve to rotate towards the point (%, %) in
the first quadrant, and because both integrals are odd functions, the curve rotates
towards <f%, f%) in the third quadrant.
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STRUIK'S BOOK: PAGE 201 (SOME PROBLEMS AND PROPOSITIONS) s

Find the cartesian equation of the curve with natural equations Rs=a” (a, constant) and,
using the point of inflection as origin and the tangent as X axis, show that the asymptotic
points are given by x=y = (a/2)V/w and x =y=—(a/2)V/=, respectively. See, E. Cesaro,
Nattirliche Gecometrie, 1901, p 15.

Figure 1: The clothoid and its square of edge length = a /7.
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USAGE OF CLOTHOIDS IN TECHNOLOGY

0 Road connections between straight and curved sections or two curved sections
[4. 5].

This is one of the most important applications because the radius of curvature
diminishes inverse proportional with the travelled distance along the curve. This
allows the driver to smoothly change the trajectory of his vehicle.

2 Controled trajectories of robots [5]
3 Design of roller coasters [6]
4 Esthetic forms of industrial products [7]
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CLOTHOIDAL LOOP OF A ROLLER COASTER
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GENERALIZATIONS OF CORNU'S SPIRAL

There are various generalizations in the literatura [8-11]. One of them can be
found in Gray'book:

Alfred Gray

4

Modern -
Differential
Geometry of

Curves and
Surfaces

with Mathematica®

Third Edition by
Elsa Abbena and Simon Salamon
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IN GRAY'S BOOK

MATHEMATICA®:

clothoid[n,a](t) (fo sin ( > du, fo cos ( ) du)
thus:

clothoid[1,a](t)= standard clothoid.
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GENERALIZED CLOTHOIDS IN GRAY'S BOOK

=1ga5;

Figure 2.19: clothoid([1, 1] and clothoid(2, 1]
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FRENET-SERRET (FS) FORMULAS (3D)

Standard FS formulas (~ 1850):
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The 2 FS invariants, curvature and torsion, enter as
coefficients. The FS system can be also written in matrix form

0 x 0
-k 0 T
O - 0
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EXCERPT FROM ARTICLE OF FRENET (JMPA 1852) «:

PURES ET APPLIQUEES. 437

WA e

SUR LES COURBES A DOUBLE COURBURE,

Par M. F. FRENET,

Professeur 2 la Faculté des Sciences & Lyon.

Exuait d’une Thése présentée a Ja Faculté des Seciences de Toulouse, le 10 juillet 1847 ;
P! 7

En un point M d'une courbe d double courbure on peut considérer trois droites,
sont: la tangente, la normale principale, c’est-a-dire celle qui est dirigée suivant
ayon de courbure, et la perpendiculaire au plan osculateur qui sera désignée sim-
nent sous le nom d’aze. Les cosinus des angles que les directions de ces droites
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EXCERPT FROM ARTICLE OF SERRET (JMPA 1851) «is

PURES ET APPLIQUEES. 19:

SUR QUELQUES FORMULES
RELATIVES

A LA THEORIE DES COURBES A DOUBLE COURBURE
Par M. J.-A. SERRET.

Quelques-uns des résultats contenus dans I'article qu'on va lire
font partie d’'une Lettre que Jai écrite, il y a prés de deux ams, :
M. Liouville, et qu’il m’a fait 'honneur d’insérer dans une de:
Notes qu’il vient de publier avec la cingniéme édition du chef.
d'ceuvre de Monge, I’ Application de I’ Analyse a la Géomeétrie.
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THE FS SYSTEM AS A 4th-ORDER DIFFERENTIAL EQUATION K14

X"V—<2K+T> u/+<ﬁ2+72_m@ —22I§}2>X//+<I€_T
BT K Kk T
Using y:x/:

’ ’ //7 /2 ,
y (2”+T>y +<52+¢2'm22'€>y+<
K T K
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FROM THE THIRD ORDER ODE TO THE RICCATI

EQUATION AND BACK

Fresnel integrals satisfy the linear third order ode [17]

2w — W'+ 7r223w/ =0, (6)

which can be reduced by using w’(z) = v(z) to
v”—%v’-ﬁ-nzzzv:o. )

and further to the harmonic oscillator by letting z2 = ¢

ad?v T\ 2
F (3) v=o0. ®
Thus, the solution for (7) is
v(z) = c; cos (gzz) + ¢ sin (gzz> , (9)

and by one integration the solution to (6) is

w(2) = ¢1C(2) + c2S(2) + w(0) (10)
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On the other hand, using y(z) =

, (7) becomes the Riccati equation

y’+y2:;y—7r222 (11)

with particular solution
Yp(2) = inz. (12)

Since v(z) = ¢ye/ %%, then a particular solution for (7) is
/%z2

Vp(2) = cre ) (13)

which can be also obtained from (9) by setting ¢, = icy.

Thus, the particular solution of (6) for w(0) = 0 is

wp(2) = ¢ [ZeF5ds. (14)
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THE GENERAL RICCATI SOLUTION

When a particular solution yp is known, the general solution of Riccati equation is
constructed by the Bernoulli Ansatz

1
2)=yp(2) + — , 15
Y@ = %(2) + 5 (15)
where u satisfies the linear equation
u’+(;—2yp)u:1. (16)
The solution of (16) is
? 1u(s)ds
u(z) = 1 Jo S (17)
w(z)

where p(z) is the integrating factor
U(Z) — 2972 J ¥p(2)dz , (18)

which gives the general solution

w(z) (19)

¥g(2) = yp(2) + W )

and ~y arbitrary.
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GENERAL RICCATI SOLUTION FOR THE CLOTHOID

In the Fresnel (clothoid) case, the integrating factor is
P2
u(z) = ze='m% . (20)

So, the general solution of Riccati equation is

. 2
yg(z):ﬂ'Z <I+[J,-(27r'y—[)e’ﬂ'22> o (21)

By redefining the constant v = ’“;jﬁ, (21) takes the simpler form
2
e’ —1
Z)=inz| ———— | |- 22
Yo(2) = im (eengH) (22)
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For the limiting cases of 6 — 0, and 6 — oo

Yg(2) = —imz, and yg(z) — inz

respectively.
When 6 — 1,and 6§ — —1,

7Z? 7zZ?
Yg(z) » —mztan - ) and yg(z) — mzcot -
respectively.

To find the general solution for (7), we use vg4(2) = R el ¥a(2)dz to obtain

vg(2) =R (e"%z2 + 96'%22> . (23)

By one integration, assuming w(0) = 0 and using Euler’s formula, the deformed
solution of (6) is given by

wg(z) = R[(1 +6)C(z2) + i(—1+ 0)S(2)] . (24)
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By writing the solution as

wg(2) = wr(2) + iwz(2) (25)

and letting & = a+ ib, we obtain

wr(2) = Rl(a+ 1)C(2) — bS(2)],

wz(x) = RIbC(z) + (a— 1)S(2)]. )

The Argand plots Y = wz(z), X = wg(2) are presented in the next slide
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ARGAND PLOTS FOR THE RICCATI DEFORMED CORNU SPIRALS (1)
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ARGAND PLOTS FOR THE RICCATI DEFORMED CORNU SPIRALS (2)

Figure: The up centre: nonparametric susy partner Cornu spiral; all the others:
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FACTORIZATION OF EQ. (7) AND SUPERSYMMETRIC

APPROACH

Equation (7) can be written in the factorized form
A”Atv =0
using the differential operators given by

At = 22 4 7y/Ztan ’“22
e @

A = &7z — m/Ztan T

Proceeding like in supersymmetric quantum mechanics, the supersymmetric partner
equation of (7) is

ATA- W =v" — %w’ L (ﬂ2z2 L ADarb(z)) v=0. (28)
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The extra term in (28) with respect to (7) given by

3 wz2 mz2
Apys(2) = —2722% + yr mtan - - 272 7% tan? - (29)

is the Darboux distortion of (7).

To find out the 2nd-order linear ODE that corresponds to the parametrically-deformed
Cornu spirals, we first write the general Riccati solution in the trigonometric form

2 .
Yo(2) = —mztan (”; i ¢>> . 0= %e@ , (30)

and simply substitute it instead of the particular Riccati solution in the factorization (28)

L YQ(Z)} {di 1 (2
Z

e 22 & 22 ¥ =0 @
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EQUATION OF THE DEFORMED CORNU SPIRALS 11

One obtains the equation

~ 1~ ~

V= U 4 (1228 + Boun(2:9)] U =0, (32)
with the Darboux distortion depending parametrically on the phase shift ¢

ADarb(z; Cb) = *271’222 + 3 _ xtan (7-rTz2 + (b)

4z2

—2n272 tan? (”TZZ + ¢> . (33)

To find the general solution to (32), we let A-V = O, thus the homogenous equation
At® = 0 has solution

= 7'('22
®(z; ¢) = by cos (2 + ¢>> . (34)
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By solving the nonhomogeneous equation A=W = & we obtain the general solution of
(32)

v vz be+2biz + V/2by [cos 2¢ C(V/2z) — sin2¢ S(\@z)]
V(z;0) = — .
4 cos (—"52 + ¢)

Denoting
C(z;¢) = / cos(ns? 4 2¢)ds (36)
0

and choosing the arbitrary constants to be by = 2, b, = 0, (35) takes the compact form

Vz z+ C(z; 9) . (37)

e = cos ("Tzz + ¢)
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The factorization patterns discussed here unravel the Darboux transform origin of this
deformation, which is a counterpart of the same construction in supersymmetric
quantum mechanics, where parametric families of supersymmetric isospectral
potentials have been obtained with the property that all the members of those families
have the same supersymmetric partner potential [12,13,15]. The initial potential and its
supersymmetric partner are reproduced for extremal values of the parameters.

In the case of the Cornu spiral, our parametrization has been chosen such that when a
and b are nought the supersymmetric partner spiral is obtained, whereas the standard
Cornu spiral is obtained when a — oo and b = 0.

This is graphically demonstrated in the figure in the next slide, where even for the
rather small value of a = 10 and b = 0, the spiral is very close to the standard one as
known from textbooks [2].
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SUPERSYMMETRIC PARTNER CLOTHOIDS

wi(2)

Figure: The Cornu supersymmetric partner spiral, a = 0, b = 0, from the centre of Fig. (4) and the parametric
Cornu spiral for a = 10, b = 0 which is already very close to the standard Cornu spiral. Notice also that in the limit

a — oo the supersymmetric partner spiral is the image of the standard spiral under real axis reflection.

Haret C. Ros DARBOUX PARAMETRIC DEFORMATIONS



GENERALIZATION (GRAY-TYPE)

We consider the following trigonometric functions

cos (Bz") , (38)

= (39)

S1ie] D\U

sin (

where p > 1 is an arbitrary positive constant, which can be chosen as p = 7. The
spirals, Fp, are defined through the Argand plane representation, 7, = Xp + iYn, with
Xn and Y, as the following integrals

Co(2) = Xn(2) = /0 zcos(%s”) ds, (40)

Sn(2) = Ya(z) = /0 sin (%s”) ds, (41)
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In principle, n can be any positive integer, but here we will discard the cases n = 0,
which is the logarithmic spiral, and n = 1 since the spiral F is the circle.

For the case n =2 and p = 7, C2(z) and S»(z) are the Fresnel integrals and the spiral
F> is the Cornu spiral.

The planar curves are characterized by the relationship between the curvature and the
arc length (Cesaro formula),

In the case of the generalized Cornu spirals, the Cesaro equation has the form
p(s)=s""/p,
For n = 1 one obtains the constant radius of curvature of the circle, and for n = 0, the

radius of curvature is proportional to the arc length which yields to the logarithmic
spiral.
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THE F, SPIRALS: THE 3'd AND 2'nd ORDER ODES

AND THE RICCATI EQ.

zw!! — (n _ 1)W” + p222n71wl =0 (42)

is satisfied by the generalized Fresnel integrals Cn(z) and Sp(z), and so the general
solution can be written as the superposition

w(2) = aCn(2) + BSn(2) + w(0) . (43)

In addition, (42) can be reduced to the second order ODE

_ 2
v — (n 1)v/ A (pz”“) v=0 (44)
z
by using w/(2) = v(z), with’ = %. Letting z" = ¢, we obtain the simple harmonic
oscillator equation
d?v D 2
T@+(E) v=0. (45)
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Thus, the solution for (44) is

_ P _n (P _n
v(z) = ¢ cos(nz )+czsm(nz ) , (46)
and by one integration, one obtains the solution (43).

On the other hand, using the logarithmic derivative y(z) =
Riccati equation

‘f//((zz)) , (44) becomes the

n—1 _
Y +yi= - pP? (47)
with particular solution
Yp(2) = ipz"". (48)

To construct the general solution of Riccati equation (47) using yp, we write the
Bernoulli ansatz 1
z)=yp(2) + — , 49
¥9(2) = yp(2) + w2 (49)

where u satisfies the linear equation

1
vt ("7—2yp)u:1. (50)
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GENERAL SOLUTIONS

the general Riccati solution
9e?i5" _ 4
o n—1
¥g(2) = ipz" g : (51)
06?7?41

We then find a polar form of the general solution for (44) using vg(z) = Re/ ¥s(2)% to

obtain
P

vg(2) = R (757 + 0¢/77") (52)

By one integration, assuming w(0) = 0 and using Euler’s formula, the deformed
solution of (42) is given by

wg(z; n) = R[(1 + 0) Cn(2) + i(—1+ 0) Sn(2)] (53)
and letting @ = a + ib # 0, we obtain

w :n)=R|(a+1)Cn —bSh s
w§(§ n)): R[[tgcn(z))+ ((5 a 1)sn((zz))]] . )
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THE GENERALIZED FRESNEL INTEGRALS

To find the analytical expressions of the generalized Fresnel integrals for n > 2,
together with their foci corresponding to z — +oo, we proceed as follows. First, we let
¢(s) = 25", and we notice that dy = -9, and by inverting we find

t=n p(s)’
p(p) = 4—¢ 7 , thus (40) and (41) become
pﬂ
nu Za
n —n
Cn(z*) = 7 / @ cospdyp, (55)
pn 0
nPTn 25y
g .
@) = T [ ¢ sing e, (56)
pn 0

with the upper limit given by z* = %z". These integrals can now be found in closed
form in terms of the hypergeometric function, as they are

1 2
nzx\n 1 1 1 z*
Cn(Z*) = ( D ) 1F2 |:2n;2,1+2n;—(2) :| 5 (57)
1
. z* nz*x\ n
Sn(z*) = 1+n(p) (58)

1 1\ 3 1 1 7%\ ?
Fl-(1+=-):z.2(8+—=):i— (=
122(+n>22(+n) (2)
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LOCATION OF THE FOCI

The location of the foci of the generalized undeformed spirals are obtained from (57)
and (58) by letting z* — +o0. The focus in the first quadrant has the coordinates given

by
Xz, = (g) r (1 Ak %) cos (%) s (59)

(g)% r (1 + %) sin (%) , (60)

whereas the second focus can be found in the second quadrant at (—x_, ¥ ) if nis
odd and in the third quadrant at (—x, , —y,) if nis even. Both foci lie on the circle of

radius ;
() ()
p n \n

Moreover, for n > 1, we use the expansion

1 1 w2\ 1 1
r(—)~n- —[¥+—|=-+0(=),
(n) ’Y+2<7+6>n+ (n2>
where = 0.577 is the Euler-Mascheroni constant, and the limit (/") =1,to

showthaty, ~— 0andx, — 1. Consequently, at ever increasing n, these spirals
are stretched more and more along the [-1,1] segment of the abscissa axis with the two

foci at the end points.
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COORDINATES OF DEFORMED FOCI

Concerning the deformed spirals, the coordinates of the foci are related to the
undeformed foci through (54)

x4 = Rl(@a+1)xs, —bys], 61)
v = R[bxy, +(@-1)ys], (62)

or in matrix form
x;Zn _ [ cosé —siné C 1 oa [ *7n (63)
yd )~ \ siné  coss Ve, /212 S\ Yz

with cos § = a/v/ & + b2, sind = b/+/ a2 + b?, and o3 the Pauli z-spin-flip matrix
showing the rotation part and the flip part of the deformation.
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THE ODD CASEn=3

To illustrate these results, we choose the odd case n = 3. Using the value of z* for
n=3andp =, (57) and (58) are

C3(Z) = Z1F2 {;;;,;;-( g ) :| 5 (64)

S3(z) = %2415 2:;2:—(7%23)2} (65)
with the following coordinates of the foci

vy = 2 () r(4) ~xome2, 69

by = ()0 (L) om0 o
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DARBOUX-DEFORMED F3 SPIRALS FN-10

Py
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GENERALIZED FRESNEL INTEGRALS FORn =3
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Figure: GFI for same values of the parameters a and b as given in the
previous figure.
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CONCLUSIONS

e A parametric deformation of the Cornu spiral and its generalizations has been
introduced based on the usage of the corresponding general Riccati solution in the
Darboux transformation method.

e Geometrically, the origin of this kind of deformation lies in the two independent shifts,
a and b, along the two orthogonal axes of the plane in which the spiral is plotted. These
shifts can generate not only the deformation of the rolls of the spiral but also its global
rotation as seen in the plots.

e Foreseen applications are in the same range as those of the standard Cornu spiral.
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A less known result, but not less important, has been obtained towards the end of the
19th century, by S. Lie and G. Darboux, who devised a method by which

the spatial curves could be described by a first-order nonlinear equation of
Riccati type with coefficients expressed in terms of the curvature and
torsion.

The Lie-Darboux (LD) method is mentioned in some classic textbooks in differential
geometry, such as Eisenhardt’s treatise [1] and Struik’s lectures [2].

Goal here: to introduce a more general presentation of the method, which generates
two Riccati equations associated with the change of sign of the torsion.
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THE STANDARD LD METHOD 4

To have an appropriate understanding of the LD method, one should
first recall the so-called spherical indicatrix mapping associated to a
spatial curve in three-dimensional Euclidean space E2 [1].

Spherical indicatrix mapping (SIM) := a one-to-one mapping between
a spatial curve and a corresponding curve lying on the unit sphere
centered at the origin.

SIM is constructed by joining all the extremities of the radii parallel to
the positive directions of the tangents to the given spatial curve.

By this means one reduces the study of spatial curves in E® to the
study of curves on S?.

For an arbitrary spherical indicatrix curve, its tangent, normal, and
binormal unit vectors satisfy the Frenet-Serret linear system (1) and
also the algebraic equation of the unit sphere S?

P+ +=1. (5)
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THE IDEA OF THE LD METHOD 5

To turn this additive definition of S? into the factored form

(a+iB)(a—iB)=(1+7)(1-7) (6)
and introduce the complex conjugate functions w and —z~'
_a+if 147y
11—y  a-ig’
1 a—-if  1+7v

z 1—~v a+iB’

from which one can obtain the tangent, normal, and binormal in
rational forms in terms of the functions w and z
1 —wz 14+ wz w+Zz

= :' = . 7
a=——0 K f=i—F, 1=— (7)
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Likewise in the case of the FS system, one may be interested in the
evolution in the arclength variable of the functions w and —1/z. For
the derivative of w, we have

P : -
W,:a+lﬁ a—'—’ﬁzy’:—imw—i—rl’y BW,
T—y (-9 1T—7

(8)

where in the last step the derivatives from the FS system has been
used. The trick in order now is to get « from the first definition of w
and substitute it in the second definition. In the resulting equation,
one solves for 5 and substitute it in the last equation in (8). The
surprising result of the trick is that  is eliminated from the equation
which becomes

w = —ikw + %TWz - éf : (9)

which is a Riccati equation in which the torsion provides both the free
term and the coupling to the nonlinearity.
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THE SECOND PART OF THE LD METHOD 7

Obtaining the parametric equations of the curve starting from the
Riccati equation (9) — by integrating the three components of the
unit tangent vector in (7). The most convenient expression for these
Riccati solutions is the rational form

7Cf1+f2 Z*df1+f2
_Cf3+f47 _df3+f4’

(10)

c and d are constants that should fulfill the orthogonality relations of
the FS vectors written in terms of w and z, and the f; are functions of
the arc length s. The formulas for the components of the unit tangent
have been first obtained by G. Scheffers [3]:

_ (B-B)-(B-F)

M= TahhRR)
_ (BB (1)
e (=T (11)
_ hih—fb
a3 = (hh—hh) -
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The parametric equations of the curve are then obtained by
integrating these «; along the curve

X(S):/sa1(a)da, y(S):/sag(a)da, z(s):/ ag(o)dor .
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A MORE GENERAL APPROACH o

Instead of (5), we consider now the more general algebraic equation
K2a® + K2R2 + K22 =1, (13)

which for k; = ko = k3 = k is the equation of the sphere of radius k'
in the Euclidean space E2. Its factored form is

(kia + ikef)(kia — iko8) = (1 + k37)(1 — k37) -
The function w is defined in the two ways

_ ki + ik B . 1+ K3y
- 1—k3’y 7k104—l'k2ﬂ7

and derivating the first definition, we obtain

W — ki o + I'kgﬁ/ (k101 aF I'kgﬂ)kg’y/
1— k3 (1 — ksv)?
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Substituting the derivatives of «, 3, and v from the Frenet-Serret
system and using (14) we obtain

;s k2a+ik15 I'kg’y*k;;ﬂw
W = —IkK 1— key + 7 1 ke

One can see that we should take k1 = ko = k to obtain

iky — k3w

w = —ikw
KW + T 1—k3'y

(135)
On the other hand, we can also obtain « from the first definition of w
in equation (14)

w(1 — ksy) — ik = ko,
o)

ws WOk =ik _ (1 k), ;.
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Substituting this expression of « in the second definition of w from
equation (14), we obtain

W 1+ kg _ 14 kg
KO w —jg) — kg (1 = key)w —2iKB

Thus
(1 — ksy)w? — 2ikfw = 1 + Kz .
So, we obtain S as

5_1+k37—(1—k37)W2 _i(tky) i1k
N —2ikw 2 kw 2 k ’

which upon substitution in equation (15), and after a few easy
calculus steps, gives

i iky o iT 2K?y — k3(1 + k3v)
w = mW—&—TZKW —|—2 k(1—k3’y) .

Q
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Taking k3 = k, we obtain Q = —1, which leads to the Riccati equation

W/:—ifiW-l-éTWQ—%. (16)

On the other hand, if we take ks = —k, then Q = 1, which leads to the
Riccati equation ' '

i — iy — L2 4 1T

w' = —ikw 2TW +2 . (17)

P. Lemus-Basilio & H.C. Rosu arXiv:2305.07547 The Darboux-Lie Method for the helices



EXAMPLE: CYLINDRICAL HELICES

simplest case of curves of constant slope, i.e., curves having the ratio
k/T = const. For such curves, the Riccati equations are separable
and can be used to show how the LD method works.

The case k3 = k

The Riccati equation corresponding to this case has the form

aw
ds

where £ = k/7 = a/b is a constant.
Using separation of variables and integrating, one obtains

|n(:‘:;>:iz /ST(a)da—l—an (19)

where wy = £ + /&2 + 1 and wo = £ — /&2 + 1 are the roots of
2_2tw—1=0, c=+a + b2, and the arbitrary integration
constant has been written as In K for convenience.

( w2 —2¢w — 1), (18)
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Solving for w, one obtains

Kwoe's () — wy

Kelso(s) 1 ' ¢(S)=/ 7(s')ds’, (20)

from where the set of functions f;, j = 1,2,3,4, is

fi =woe5%) = _wy, =659 f=_1.
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This set leads to the following expressions for the three components

aj,

ig(s) _ (Wit —i§¢(3)
wi—1 €° <w2271)e ;8 c
= —= n

a1(S) Wi — Wo 2 b (a C) SI k (b ¢(S)) ’
ic w2 —1 _ @

o) w2 1 €50 + (w;2—1)e 50 2 (a 008 (E d)(s))

2 o wy — Wo 2 a bc k b ’
(21)
1 b
az(§) = ———==——,

where sing (£ ¢(s)) = M,
)

2i
ig o) ig 9(s)
cosk (£ 9(s)) = LG and ¢y = M= = 2k
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Solving for x, y, z, according to equation (12), we find,

X(s) = i%(a—c) /ssink (9 o(s)) ds’ .
y(s) = /%(a— C) /s cosk( (s)) (22)
1 ,_ s
_/ JET \/52+1 osle).

where the integration constants have been taken zero for simplicity.
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Further ‘easy’ calculations only if 7(s) = 7, so ¢ = 7S, and one can
write

x(s) = ii(a — ) /S sing (% Ts’) ds = —ig(a— c)cosk (s/c) ,

y(s) = ibic(a —-0) /S COSk (g rs’) as’ = —i%(a— c)sing (s/c) ,
(23)
2(s) = ——=— = —b(s/c) ,

N

where the constant torsion has been chosen as 7 = b/c? in the last
step. Using sin2 (s/c) + cos? (s/c) = Cx, one finds that

Xtt+yP=2a, (24)

which together with the expression of z(s) above shows that the helix
is a cylindrical one.
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THE CASE k3 = —Kk

In this case, the Riccati equation (17) reads

dI7V iT ~ D -

= 26w —1) . 2

4 = (W 26w —1) (25)
Notice that wy » = —w» 1 that we shall use in the expressions for the
functions f;, j = 1, ..., 4 as inferred from equation (25),

fi = —wy e”% ¢(s) , b =ws g fz = e”f ¢(s) g fh=—1.

When these functions are used to calculate the components «; for
this case, they provide the same results as (23). Therefore the
parametric coordinates obtained in the two cases k3 = +k coincide.
This fact confirms a statement of Struik that the sign of torsion cannot
be determined from the parametric equations of the curve and one
should use the defining differential equations to set the sign ambiguity
of the torsion.
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APPLICATIONS

Moving to physical applications, one should consider material
equivalents of the ideal geometric concept of curve, such as
filaments, ribbons, rods, and waveguides.

Fig. 6. A filament with noncircular cross-section, showing the basis vec-
tors d; and ds. The vector d; is tangent to the central axis curve X(s, £).
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We notice that the two Riccati equations that differ by the sign of the
torsion could enter the discussion of the interesting phenomenon of
helix hand reversal, i.e., the spontaneous switching of a single helical
structure of one handedness to its mirror image, as studied in the
context of tendrils of climbing plants.
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Fig. 4. Clim
(with perver
Botanica [1

(right-handed) wit
wn by Linnae in Phi

Fig, 5. Tendsil perversion as drawn by Darwin [14].
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NANOHELICES OF ZNS

Hierarchical Structured Nanohelices of ZnS
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