
       Riccati equations 
 in the differential geometry of curves 

Haret C. Rosu
   hcr@ipicyt.edu.mx

IPICyT
San Luis Potosí

México

joint work with S.C. Mancas, C.-C. Hsieh, E. Flores-Garduño, P. Lemus Basilio y  J. de la 
Cruz (ArXiv: 1811.09328, 1803.01058, 2305.07547, 2604.xxxxx)

INTERNATIONAL BIWEEKLY ONLINE SEMINAR ON ANALYSIS,

DIFFERENTIAL EQUATIONS AND MATHEMATICAL PHYSICS

9/04/2026
Haret C. Rosu Riccati equations in the differential geometry of curves

of curves

método de Darboux-Lie para las hélices



CONTENTS 1

First part 

• Clothoid spirals and other basic concepts in the theory of
curves (as an introduction)

• Some results based on parametric Darboux  transformations

• Conclusions and references

Second part 

• The Darboux-Lie method

• Results related to the DL method

• Conclusions and literature

Haret C. Rosu DARBOUX PARAMETRIC DEFORMATIONS método de Darboux-Lie para las hélices



THE CLOTHOID (NOT FORGETTING: J BERNOULLI, CURVATURA LAMINAE ELASTICAE, 1694) K1

There are 3 names for this famous spiral:
1   The Euler spiral, ∼ 1741
2   The Cornu spiral (in Optics), 1874
3   The Clothoid (similar to Clotho (K λωτ ώ)), proposed by Cesàro, 1890

In 1994, Schwartzman, in his book “The Words of Mathematics” [1], mentions 
the following:

Clotho was the youngest of the “moirai", the three sisters in charge of 
the human life in Greek mythology. She was responsible of the twists 
and turns of the thread of life of any human being.

In the case of Cesàro, it is also believed that he was inspired by the similarity of this 
spiral with a rotating wheel. We think that the most appropriate name is the Cornu 
spiral because it was him the first to draw it with its 2 foci.
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DRAWINGS OF THE CLOTHOID SPIRAL BY EULER AND BY CORNU K2
218 DE VALORIBUS INTEGRALIUM [338-339

2. Obtulerunt se mihi autem quondam aliae huiusmodi formulae etiam

functiones transcendentes involventes, quarum valores desiderati omnes me-

thodos adhuc cognitas respuere videantur. Quaesiveram scilicet eam lineam

curvam, in qua radius osculi ubique reciproce

esset proportionalis arcui curvae, ita ut posito

arcu = s et radio osculi = r esset

rs == aa.

Hinc enim haud difficile est figuram curvae

libero quasi manus ductu describere, quando-

quidem ea talem habere debet figuram (Fig. 1).

Initio nimirum curvae in A constituto inde

curva continuo magis incurvabitur et tandem

post infinitas spiras in certum punctum 0 glomerabitur, quod polum huius

curvae appellare licebit. Propositum igitur mihi fuerat locum huius poli

accuratius investigare pro eoque quantitatem coordinatarum AC et CO

perscrutari.

3. Hune in finem introducta in calculum portionis cuiusvis A M = s

amplitudine = (p, ut sit r = g- fit

sds = aad(p

hincque ss = 2aacp et

s = aV2(p = 2cV(p.

Hinc iam prodit ds = unde posita abscissa pro hoc arcu AP = x et ap-

plicata P M = y colligitur fore

4. Hinc ergo pro polo 0 determinando requiruntur valores harum duarum

formularum integralium, postquam a termino <p = 0 usque ad cpoo fuerint

extensae. Initio quidem sum arbitratus hos valores aliter obtineri non posse

nisi approximando, dum utraque formula successive per partes evolvatur;

primo scilicet a rp = 0 usque ad cp= n, deinde a <p= n usque ad <p = 2n,

A

O

C

M

P

Figure 6: The figure from Euler’s “De valoribus integralium”, with modern reconstruction.

The curvature of the curve resulting from the original shape stressed by force P is equal to the original
curvature plus the moment Ps divided by the lamina’s stiffness Ek2. Since this resulting curve must be a
straight line with curvature zero, the solution for the curvature of the original curve is κ = −Ps(Ek2)−1.
Euler flips the sign for the curvature and groups all the force and elasticity constants into one constant
a for convenience, yielding 1/r = κ = s/aa.

From this intrinsic equation, Euler derives the curve’s quadrature (x and y as a function of the
arclength parameter s), giving equations for the modern expression of the curve (formatting in this case
preserved from the original):

x =
R
ds sin. ss

2aa
, & y =

R
ds cos. ss

2aa
(1)

Euler then goes on to describe several properties of the curve, particularly, “Now from the fact that
the radius of curvature continuously decreases the greater the arc am = s is taken, it is manifest that the
curve cannot become infinite, even if the arc s is taken infinite. Therefore the curve will belong to the
class of spirals, in such a way that after an infinite number of windings it will roll up a certain definite
point as a center, which point seems very difficult to find from this construction.” [9, §52]

Euler does give a series expansion for the above integral, but in the 1744 publication is not able
to analytically determine the coordinates of this limit point, saying “Therefore analysis should gain no
small advance, if someone were to discover a method to assign a value, even if only approximate, to
the integrals [of Equation 1], in the case where s is infinite; this problem does not seem unworthy for
geometers to exercise their strength.”

Euler also derived a series expansion for the integrals [9, §53], which still remains a viable method for
computing them for reasonably small s:

x =
s3

1 · 3 b2
− s7

1 · 2 · 3 · 7 b6
+

s11

1 · 2 · 3 · 4 · 5 · 11 b10
− s15

1 · 2 · ... · 7 · 15 b14
+&c.

y = s− s5

1 · 2 · 5 b4
+

s9

1 · 2 · 3 · 4 · 9 b8
− s13

1 · 2 · ... · 6 · 13 b12
+&c.

(2)

4 Euler finds the limits—1781

It took him about thirty-eight years to solve the problem of the integral’s limits. In his 1781 “On
the values of integrals extended from the variable term x = 0 up to x = ∞”5, he finally gave the
solution, which he had “recently found by a happy chance and in an exceedingly peculiar manner”, of
x = y = a√

2

p
π
2
. This limit is marked with a cross in Figure 1, as is its mirror-symmetric twin.

5“De valoribus integralium a terminus variabilis x = 0 usque ad x = ∞ extensorum”, presented to the Academy at Petrograd
on April 30, 1781, E675 in the Enneström index. Jordan Bell has recently translated this paper into English [10].

6

Figure 9: Cornu’s plot of the Fresnel integrals.

the spirit moves without effort.” Elaborating further in his sketch of Cornu in his 1910 Savants et
écrivains), “ Today, everyone, to predict the effect of an arbitrary screen on a beam of light, makes use
of the spiral of Cornu.” (translations from original French mine).

Since apparently two names were not adequate, Ernesto Cesàro around 1886 dubbed the curve
“clothoide”, after Clotho (Kλωθώ), the youngest of the three Fates of Greek mythology, who spun
the threads of life, winding them around her distaff—since the curve spins or twists about its asymptotic
points. Today, judging from the number of documents retrieved by keyword from an Internet search
engine, the term “clothoid” is by far the most popular8. However, as Archibald wrote in 1917 [2], by
modern standards of attribution, it is clear that the proper name for this beautiful curve is the Euler
spiral, and that is the name used here throughout.

7 Talbot’s railway transition spiral—1890

The third completely independent discovery of the Euler spiral is in the context of designing railway tracks
to provide a smooth riding experience. Over the course of the 19th century, the need for a track shape
with gradually varying curvature became clear. William Rankine, in his Manual of Civil Engineering
[24, p. 651], gives Mr. Gravatt credit for the first such curve, about 1828 or 1829, based on a sine curve.
The elastica makes another appearance, in a proposal about 1842 by William Froude to use circles for
most of the curve, but ”a curve approximating the elastic curve, for the purpose of making the change
of curvature by degrees.”

Charles Crandall [8, p. 1] gives priority for the “true transition curve” to Ellis Holbrook, in the

8As of 25 Aug 2008, Google search reports 17,700 results for “clothoid”, 5,660 hits for “Cornu spiral”, 935 hits for “Euler
spiral”, and 17,800 for “Fresnel integral”.
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EFFECTIVE DEFINITION OF THE CLOTHOID F K3

F in the Argand  plane,

F = X + iY ,

where X andY , the 2 Fresnel integrales 

C(z) =

∫ z

0
cos

(π
2

s2
)

ds ≡ X , (1)

S(z) =

∫ z

0
sin
(π

2
s2
)

ds ≡ Y , (2)

In Optics, the squared modulus, |F|2 = C2(z) + S2(z), is the intensity of
light in a given point of a diffraction pattern.
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CESÀRO’S FORMULA K4

The clothoid (Cornu) spiral := the 2D curve for which the curvature is linear with the
arclength, which means that the radius of curvature ρ(t) multiplied by the arclength s(t)
is constant at each point of the curve.

• Cesàro’s formula:

ρ(t) =
c2

s(t)

c = 1/
√
π for Fresnel integrals in standard form.

• The shape of the clothoid can be explained by the asymptotics of Fresnel’s integrals.
For s → ∞, both go to 1/2; this makes the curve to rotate towards the point

(
1
2 ,

1
2

)
in

the first quadrant, and because both integrals are odd functions, the curve rotates
towards

(
− 1

2 ,−
1
2

)
in the third quadrant.

Radmir Kokoulin arXiv:2504.17830 Self–Adjoint Time Operator in a Weighted Energy Space



STRUIK'S BOOK: PAGE 201 (SOME PROBLEMS AND PROPOSITIONS) K5

Find the cartesian equation of the curve with natural equations  R    s=a2 (a, constant) and, 
using the point of inflection as  origin and the tangent as X axis, show that the asymptotic 
points are given by x = y  = (a/2)

√
π and x = y = −(a/2)

√
π, respectively. See, E. Cesàro, 

Natürliche Geometrie, 1901, p. 15.

Figure 1: The clothoid and its square of edge length l = a
√
π.

1
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USAGE OF CLOTHOIDS IN TECHNOLOGY K6

1 RRoad connections between straight and curved sections or two curved sections
 [4, 5]. 

This is one of the most important applications because the radius of curvature 
diminishes inverse proportional with the travelled distance along the curve. This 
allows the driver to smoothly change the trajectory of his vehicle.

2 Controled trajectories of robots [5]

3 Design of roller coasters [6]

4 Esthetic forms of industrial products [7]
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CLOTHOIDAL LOOP OF A ROLLER COASTER K7
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GENERALIZATIONS OF CORNU'S SPIRAL K8

There are various generalizations in the literatura [8-11]. One of them can be 
found in Gray'book:

Haret C. Rosu DARBOUX PARAMETRIC DEFORMATIONS método de Darboux-Lie para las hélices



IN GRAY'S BOOK K9

0

 MATHEMATICAr: 

clothoid[n,a](t)=a 
(∫ t sin 

(
un+1 

)
du,

∫ t
0 cos

(
un+1

n+1

)
du
)

n+1

thus:

clothoid[1,a](t)=  standard clothoid.
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GENERALIZED CLOTHOIDS IN GRAY'S BOOK K10
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FRENET-SERRET (FS) FORMULAS (3D)
K11

Standard FS formulas (∼ 1850):

~̇T = κ · ~N
~̇N = −κ · ~T + τ · ~B
~̇B = −τ · ~N .

The 2 FS invariants, curvature and torsion, enter as 
coefficients. The FS system can be also written in matrix form


~̇T
~̇N
~̇B

 =

 0 κ 0
−κ 0 τ
0 −τ 0


 ~T

~N
~B

 . (3)
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EXCERPT FROM ARTICLE OF FRENET (JMPA 1852) K12
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EXCERPT FROM ARTICLE OF SERRET (JMPA 1851) K13
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THE FS SYSTEM AS A 4th-ORDER DIFFERENTIAL EQUATION K14

x iv−
(

2
κ
′

κ
+
τ
′

τ

)
x
′′′
+

(
κ2 + τ2 − κκ

′′ − 2κ
′2

κ2

)
x
′′
+

(
κ
′

κ
− τ

′

τ

)
x
′
= 0 .

(4)

Using  y = x
′
:

y
′′′−
(

2
κ
′

κ
+
τ
′

τ

)
y
′′
+

(
κ2 + τ2 − κκ

′′ − 2κ
′2

κ2

)
y
′
+

(
κ
′

κ
− τ

′

τ

)
y = 0 .

(5)
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FROM THE THIRD ORDER ODE TO THE RICCATI

EQUATION AND BACK R1

Fresnel integrals satisfy the linear third order ode [17]

zw′′′ − w′′ + π2z3w′ = 0 , (6)

which can be reduced by using w′(z) = v(z) to

v ′′ − 1
z

v ′ + π2z2v = 0. (7)

and further to the harmonic oscillator by letting z2 = ζ

d2v
dζ2

+
(π

2

)2
v = 0 . (8)

Thus, the solution for (7) is

v(z) = c1 cos
(π

2
z2
)

+ c2 sin
(π

2
z2
)
, (9)

and by one integration the solution to (6) is

w(z) = c1C(z) + c2S(z) + w(0) (10)
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CONT’D R2

On the other hand, using y(z) = v′(z)
v(z)

, (7) becomes the Riccati equation

y ′ + y2 =
1
z

y − π2z2 (11)

with particular solution
yp(z) = iπz. (12)

Since v(z) = c1e
∫

ypdz , then a particular solution for (7) is

vp(z) = c1e i π2 z2
, (13)

which can be also obtained from (9) by setting c2 = ic1.

Thus, the particular solution of (6) for w(0) = 0 is

wp(z) = c1
∫ z

0 ei π2 s2
ds . (14)
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THE GENERAL RICCATI SOLUTION R3

When a particular solution yp is known, the general solution of Riccati equation is
constructed by the Bernoulli Ansatz

y(z) = yp(z) +
1

u(z)
, (15)

where u satisfies the linear equation

u′ +

(
1
z
− 2yp

)
u = 1 . (16)

The solution of (16) is

u(z) =
γ +

∫ z
0 µ(s)ds
µ(z)

, (17)

where µ(z) is the integrating factor

µ(z) = ze−2
∫

yp(z)dz , (18)

which gives the general solution

yg(z) = yp(z) +
µ(z)

γ +
∫ z

0 µ(s)ds
, (19)

and γ arbitrary.
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GENERAL RICCATI SOLUTION FOR THE CLOTHOID R4

In the Fresnel (clothoid) case, the integrating factor is

µ(z) = ze−iπz2
. (20)

So, the general solution of Riccati equation is

yg(z) = πz

(
i +

2

i + (2πγ − i)eiπz2

)
. (21)

By redefining the constant γ = i(θ+1)
2π , (21) takes the simpler form

yg(z) = iπz

(
θeiπz2 − 1

θeiπz2 + 1

)
. (22)
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CONT’D R5

For the limiting cases of θ → 0, and θ →∞

yg(z)→ −iπz , and yg(z)→ iπz

respectively.

When θ → 1, and θ → −1,

yg(z)→ −πz tan

(
πz2

2

)
, and yg(z)→ πz cot

(
πz2

2

)

respectively.

To find the general solution for (7), we use vg(z) = R e
∫

yg (z)dz to obtain

vg(z) = R
(

e−i π2 z2
+ θei π2 z2)

. (23)

By one integration, assuming w(0) = 0 and using Euler’s formula, the deformed
solution of (6) is given by

wg(z) = R[(1 + θ)C(z) + i(−1 + θ)S(z)] . (24)
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CONT’D R6

By writing the solution as
wg(z) = wR(z) + iwI(z) (25)

and letting θ = a + ib, we obtain

wR(z) = R[(a + 1)C(z)− bS(z)] ,
wI(x) = R[bC(z) + (a− 1)S(z)].

(26)

The Argand plots Y = wI(z), X = wR(z) are presented in the next slide
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ARGAND PLOTS FOR THE RICCATI DEFORMED CORNU SPIRALS (1) R7

Figure: Argand plots for the Riccati deformed Cornu spirals for
different values of a and b. The a = 0,b = 0 case at the centre
corresponds to the nonparametric supersymmetric partner equation,
while all the other cases correspond to equation (32).
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ARGAND PLOTS FOR THE RICCATI DEFORMED CORNU SPIRALS (2) R8

Figure: The up centre: nonparametric susy partner Cornu spiral; all the others:
eq. (32). Haret C. Rosu DARBOUX PARAMETRIC DEFORMATIONS método de Darboux-Lie para las hélices



FACTORIZATION OF EQ. (7) AND SUPERSYMMETRIC

APPROACH R9

Equation (7) can be written in the factorized form

A−A+v = 0

using the differential operators given by

A+ = 1√
z

d
dz + π

√
z tan πz2

2

A− = d
dz

1√
z
− π√z tan πz2

2 .
(27)

Proceeding like in supersymmetric quantum mechanics, the supersymmetric partner
equation of (7) is

A+A−Ψ ≡ Ψ′′ − 1
z

Ψ′ +
(
π2z2 + ∆Darb(z)

)
Ψ = 0 . (28)
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CONT’D R10

The extra term in (28) with respect to (7) given by

∆Darb(z) = −2π2z2 +
3

4z2
− π tan

πz2

2
− 2π2z2 tan2 πz2

2
(29)

is the Darboux distortion of (7).

To find out the 2nd-order linear ODE that corresponds to the parametrically-deformed
Cornu spirals, we first write the general Riccati solution in the trigonometric form

yg(z) = −πz tan

(
πz2

2
+ φ

)
, θ =

1
R

eiφ , (30)

and simply substitute it instead of the particular Riccati solution in the factorization (28)[
1√
z

d
dz
− yg(z)√

z

] [
d
dz

1√
z

+
yg(z)√

z

]
Ψ̃ = 0 . (31)
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EQUATION OF THE DEFORMED CORNU SPIRALS R11

One obtains the equation

Ψ̃′′ − 1
z

Ψ̃′ +
[
π2z2 + ∆Darb(z;φ)

]
Ψ̃ = 0 , (32)

with the Darboux distortion depending parametrically on the phase shift φ

∆Darb(z;φ) = −2π2z2 + 3
4z2 − π tan

(
πz2

2 + φ
)

−2π2z2 tan2
(
πz2

2 + φ
)
. (33)

To find the general solution to (32), we let A−Ψ̃ = Φ̃, thus the homogenous equation
A+Φ̃ = 0 has solution

Φ̃(z;φ) = b1 cos

(
πz2

2
+ φ

)
. (34)
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CONT’D R12

By solving the nonhomogeneous equation A−Ψ̃ = Φ̃ we obtain the general solution of
(32)

Ψ̃(z;φ) =

√
z

4

b2 + 2b1z +
√

2b1

[
cos 2φ C(

√
2z)− sin 2φ S(

√
2z)
]

cos
(
πz2

2 + φ
) . (35)

Denoting

C̃(z;φ) =

∫ z

0
cos(πs2 + 2φ)ds (36)

and choosing the arbitrary constants to be b1 = 2, b2 = 0, (35) takes the compact form

Ψ̃(z;φ) =
√

z
z + C̃(z;φ)

cos
(
πz2

2 + φ
) . (37)
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R13

The factorization patterns discussed here unravel the Darboux transform origin of this
deformation, which is a counterpart of the same construction in supersymmetric
quantum mechanics, where parametric families of supersymmetric isospectral
potentials have been obtained with the property that all the members of those families
have the same supersymmetric partner potential [12,13,15]. The initial potential and its
supersymmetric partner are reproduced for extremal values of the parameters.

In the case of the Cornu spiral, our parametrization has been chosen such that when a
and b are nought the supersymmetric partner spiral is obtained, whereas the standard
Cornu spiral is obtained when a→∞ and b = 0.

This is graphically demonstrated in the figure in the next slide, where even for the
rather small value of a = 10 and b = 0, the spiral is very close to the standard one as
known from textbooks [2].
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SUPERSYMMETRIC PARTNER CLOTHOIDS R14

Figure: The Cornu supersymmetric partner spiral, a = 0, b = 0, from the centre of Fig. (4) and the parametric

Cornu spiral for a = 10, b = 0 which is already very close to the standard Cornu spiral. Notice also that in the limit

a→∞ the supersymmetric partner spiral is the image of the standard spiral under real axis reflection.
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GENERALIZATION (GRAY-TYPE) FN-1

We consider the following trigonometric functions

cos
( p

n zn) , (38)

sin
( p

n zn) , (39)

where p > 1 is an arbitrary positive constant, which can be chosen as p = π. The
spirals, Fn, are defined through the Argand plane representation, Fn = Xn + iYn, with
Xn and Yn, as the following integrals

Cn(z) ≡ Xn(z) =

∫ z

0
cos

(p
n

sn
)

ds , (40)

Sn(z) ≡ Yn(z) =

∫ z

0
sin
(p

n
sn
)

ds , (41)
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CONT’D FN-2

In principle, n can be any positive integer, but here we will discard the cases n = 0,
which is the logarithmic spiral, and n = 1 since the spiral F1 is the circle.

For the case n = 2 and p = π, C2(z) and S2(z) are the Fresnel integrals and the spiral
F2 is the Cornu spiral.

The planar curves are characterized by the relationship between the curvature and the
arc length (Cesàro formula),

In the case of the generalized Cornu spirals, the Cesàro equation has the form

ρ(s) = s1−n/p ,

For n = 1 one obtains the constant radius of curvature of the circle, and for n = 0, the
radius of curvature is proportional to the arc length which yields to the logarithmic
spiral.
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THE Fn SPIRALS: THE 3 'd AND 2 'nd ORDER ODES

AND THE RICCATI EQ. FN-3

zw′′′ − (n − 1)w′′ + p2z2n−1w′ = 0 (42)

is satisfied by the generalized Fresnel integrals Cn(z) and Sn(z), and so the general
solution can be written as the superposition

w(z) = αCn(z) + βSn(z) + w(0) . (43)

In addition, (42) can be reduced to the second order ODE

v ′′ − (n − 1)

z
v ′ +

(
pzn−1

)2
v = 0 (44)

by using w′(z) = v(z), with ′ = d
dz . Letting zn = ζ, we obtain the simple harmonic

oscillator equation
d2v
dζ2

+
(p

n

)2
v = 0 . (45)
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CONT’D FN-4

Thus, the solution for (44) is

v(z) = c1 cos
(p

n
zn
)

+ c2 sin
(p

n
zn
)
, (46)

and by one integration, one obtains the solution (43).
On the other hand, using the logarithmic derivative y(z) = v′(z)

v(z)
, (44) becomes the

Riccati equation

y ′ + y2 =
n − 1

z
y − p2z2n−2 (47)

with particular solution
yp(z) = ipzn−1 . (48)

To construct the general solution of Riccati equation (47) using yp , we write the
Bernoulli ansatz

yg(z) = yp(z) +
1

u(z)
, (49)

where u satisfies the linear equation

u′ +

(
n − 1

z
− 2yp

)
u = 1 . (50)
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GENERAL SOLUTIONS FN-5

the general Riccati solution

yg(z) = ipzn−1

(
θe2i p

n zn − 1

θe2i p
n zn

+ 1

)
. (51)

We then find a polar form of the general solution for (44) using vg(z) = Re
∫

yg (z)dz to
obtain

vg(z) = R
(

e−i p
n zn

+ θei p
n zn)

, (52)

By one integration, assuming w(0) = 0 and using Euler’s formula, the deformed
solution of (42) is given by

wg(z; n) = R[(1 + θ) Cn(z) + i(−1 + θ)Sn(z)] (53)

and letting θ = a + ib 6= 0, we obtain

wR(z; n) = R
[
(a + 1) Cn(z)− b Sn(z)

]
,

wI(z; n) = R
[
b Cn(z) + (a− 1)Sn(z)

]
.

(54)
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THE GENERALIZED FRESNEL INTEGRALS FN-6

To find the analytical expressions of the generalized Fresnel integrals for n ≥ 2,
together with their foci corresponding to z → ±∞, we proceed as follows. First, we let
ϕ(s) = p

n sn, and we notice that dϕ = ds
ρ(s)

, and by inverting we find

ρ(ϕ) = n
1−n

n

p
1
n
ϕ

1−n
n , thus (40) and (41) become

Cn(z?) =
n

1−n
n

p
1
n

∫ z?

0
ϕ

1−n
n cosϕ dϕ , (55)

Sn(z?) =
n

1−n
n

p
1
n

∫ z?

0
ϕ

1−n
n sinϕ dϕ , (56)

with the upper limit given by z? = p
n zn. These integrals can now be found in closed

form in terms of the hypergeometric function, as they are

Cn(z?) =

(
nz?

p

) 1
n

1F2

[
1

2n
;

1
2
, 1 +

1
2n

;−
(

z?

2

)2
]
, (57)

Sn(z?) =
z?

1 + n

(
nz?

p

) 1
n

(58)

1F2

[
1
2

(
1 +

1
n

)
;

3
2
,

1
2

(
3 +

1
n

)
;−
(

z?

2

)2
]
.
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LOCATION OF THE FOCI FN-7

The location of the foci of the generalized undeformed spirals are obtained from (57)
and (58) by letting z? → ±∞. The focus in the first quadrant has the coordinates given
by

xFn
=

(
n
p

) 1
n

Γ

(
1 +

1
n

)
cos

( π
2n

)
, (59)

yFn
=

(
n
p

) 1
n

Γ

(
1 +

1
n

)
sin
( π

2n

)
, (60)

whereas the second focus can be found in the second quadrant at (−xFn
, yFn

) if n is
odd and in the third quadrant at (−xFn

, −yFn
) if n is even. Both foci lie on the circle of

radius

rn =

(
n
p

) 1
n 1

n
Γ

(
1
n

)
.

Moreover, for n� 1, we use the expansion

Γ

(
1
n

)
≈ n − γ +

1
2

(
γ2 +

π2

6

)
1
n

+ O
(

1
n2

)
,

where γ = 0.577 is the Euler-Mascheroni constant, and the limit
(
n1/n)

n→∞ = 1, to
show that yF∞ → 0 and xF∞ → 1. Consequently, at ever increasing n, these spirals
are stretched more and more along the [-1,1] segment of the abscissa axis with the two
foci at the end points.
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COORDINATES OF DEFORMED FOCI FN-8

Concerning the deformed spirals, the coordinates of the foci are related to the
undeformed foci through (54)

xd
Fn

= R
[
(a + 1) xFn

− b yFn

]
, (61)

yd
Fn

= R
[
b xFn

+ (a− 1) yFn

]
, (62)

or in matrix form(
xd
Fn

yd
Fn

)
=

(
cos δ − sin δ
sin δ cos δ

)(
xFn
yFn

)
+

1√
a2 + b2

σ3

(
xFn
yFn

)
(63)

with cos δ = a/
√

a2 + b2, sin δ = b/
√

a2 + b2, and σ3 the Pauli z-spin-flip matrix
showing the rotation part and the flip part of the deformation.
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THE ODD CASE n = 3 FN-9

To illustrate these results, we choose the odd case n = 3. Using the value of z? for
n = 3 and p = π, (57) and (58) are

C3(z) = z 1F2

1
6

;
1
2
,

7
6

;−
(
πz3

6

)2
 , (64)

S3(z) =
π

12
z4

1F2

2
3

;
3
2
,

5
3

;−
(
πz3

6

)2
 (65)

with the following coordinates of the foci

xF3
= ±

√
3

6

(
3
π

) 1
3

Γ

(
1
3

)
≈ ±0.762 , (66)

yF3
=

1
6

(
3
π

) 1
3

Γ

(
1
3

)
≈ 0.440 . (67)
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DARBOUX-DEFORMED F3 SPIRALS FN-10

Figure: The generalized F3 spiral for different values of the
parameters a and b.
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GENERALIZED FRESNEL INTEGRALS FOR n = 3 FN-11
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Figure: GFI for same values of the parameters a and b as given in the
previous figure.
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CONCLUSIONS C1-1

• A parametric deformation of the Cornu spiral and its generalizations has been 
introduced based on the usage of the corresponding general Riccati solution in the 
Darboux transformation method.

• Geometrically, the origin of this kind of deformation lies in the two independent shifts, 
a and b, along the two orthogonal axes of the plane in which the spiral is plotted. These 
shifts can generate not only the deformation of the rolls of the spiral but also its global 
rotation as seen in the plots.

• Foreseen applications are in the same range as those of the standard Cornu spiral.
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3

A less known result, but not less important, has been obtained towards the end of the
19th century, by S. Lie and G. Darboux, who devised a method by which

the spatial curves could be described by a first-order nonlinear equation of
Riccati type with coefficients expressed in terms of the curvature and
torsion.

The Lie-Darboux (LD) method is mentioned in some classic textbooks in differential
geometry, such as Eisenhardt’s treatise [1] and Struik’s lectures [2].

Goal here: to introduce a more general presentation of the method, which generates
two Riccati equations associated with the change of sign of the torsion.
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THE STANDARD LD METHOD 4

To have an appropriate understanding of the LD method, one should
first recall the so-called spherical indicatrix mapping associated to a
spatial curve in three-dimensional Euclidean space E3 [1].

Spherical indicatrix mapping (SIM) := a one-to-one mapping between
a spatial curve and a corresponding curve lying on the unit sphere
centered at the origin.

SIM is constructed by joining all the extremities of the radii parallel to
the positive directions of the tangents to the given spatial curve.

By this means one reduces the study of spatial curves in E3 to the
study of curves on S2.

For an arbitrary spherical indicatrix curve, its tangent, normal, and
binormal unit vectors satisfy the Frenet-Serret linear system (1) and
also the algebraic equation of the unit sphere S2

α2 + β2 + γ2 = 1 . (5)
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THE IDEA OF THE LD METHOD 5

To turn this additive definition of S2 into the factored form

(α+ iβ)(α− iβ) = (1 + γ)(1− γ) (6)

and introduce the complex conjugate functions w and −z−1

w =
α+ iβ
1− γ

=
1 + γ

α− iβ
,

−1
z
=
α− iβ
1− γ

=
1 + γ

α+ iβ
,

from which one can obtain the tangent, normal, and binormal in
rational forms in terms of the functions w and z

α =
1− wz
w − z

, β = i
1 + wz
w − z

, γ =
w + z
w − z

. (7)
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6

Likewise in the case of the FS system, one may be interested in the
evolution in the arclength variable of the functions w and −1/z. For
the derivative of w , we have

w ′ =
α′ + iβ′

1− γ
+

α+ iβ
(1− γ)2 γ

′ = −iκw + τ
iγ − βw

1− γ
, (8)

where in the last step the derivatives from the FS system has been
used. The trick in order now is to get α from the first definition of w
and substitute it in the second definition. In the resulting equation,
one solves for β and substitute it in the last equation in (8). The
surprising result of the trick is that γ is eliminated from the equation
which becomes

w ′ = −iκw +
i
2
τw2 − i

2
τ , (9)

which is a Riccati equation in which the torsion provides both the free
term and the coupling to the nonlinearity.
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THE SECOND PART OF THE LD METHOD 7

Obtaining the parametric equations of the curve starting from the
Riccati equation (9) −→ by integrating the three components of the
unit tangent vector in (7). The most convenient expression for these
Riccati solutions is the rational form

w =
cf1 + f2
cf3 + f4

, z =
df1 + f2
df3 + f4

, (10)

c and d are constants that should fulfill the orthogonality relations of
the FS vectors written in terms of w and z, and the fi are functions of
the arc length s. The formulas for the components of the unit tangent
have been first obtained by G. Scheffers [3]:

α1 =
(f 2

1−f 2
3 )−(f

2
2−f 2

4 )
2(f1f4−f2f3)

,

α2 = i (f
2
1−f 2

3 )+(f 2
2−f 2

4 )
2(f1f4−f2f3)

, (11)

α3 = f3f4−f1f2
(f1f4−f2f3)

.
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8

The parametric equations of the curve are then obtained by
integrating these αi along the curve

x(s) =
∫ s

α1(σ)dσ , y(s) =
∫ s

α2(σ)dσ , z(s) =
∫ s

α3(σ)dσ .

(12)
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A MORE GENERAL APPROACH 9

Instead of (5), we consider now the more general algebraic equation

k2
1α

2 + k2
2β

2 + k2
3γ

2 = 1 , (13)

which for k1 = k2 = k3 = k is the equation of the sphere of radius k−1

in the Euclidean space E3. Its factored form is

(k1α+ ik2β)(k1α− ik2β) = (1 + k3γ)(1− k3γ) .

The function w is defined in the two ways

w =
k1α+ ik2β

1− k3γ
=

1 + k3γ

k1α− ik2β
, (14)

and derivating the first definition, we obtain

w ′ =
k1α
′ + ik2β

′

1− k3γ
+

(k1α+ ik2β)k3γ
′

(1− k3γ)2 .
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Substituting the derivatives of α, β, and γ from the Frenet-Serret
system and using (14) we obtain

w ′ = −iκ
k2α+ ik1β

1− k3γ
+ τ

ik2γ − k3βw
1− k3γ

.

One can see that we should take k1 = k2 = k to obtain

w ′ = −iκw + τ
ikγ − k3βw

1− k3γ
. (15)

On the other hand, we can also obtain α from the first definition of w
in equation (14)

w(1− k3γ)− ikβ = kα ,

so

α =
w(1− k3γ)− ikβ

k
=

(1− k3γ)

k
w − iβ .
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Substituting this expression of α in the second definition of w from
equation (14), we obtain

w =
1 + k3γ

k [ (1−k3γ)
k w − iβ]− ikβ

=
1 + k3γ

(1− k3γ)w − 2ikβ
.

Thus

(1− k3γ)w2 − 2ikβw = 1 + k3γ .

So, we obtain β as

β =
1 + k3γ − (1− k3γ)w2

−2ikw
=

i
2
(1 + k3γ)

kw
− i

2
1− k3γ

k
w ,

which upon substitution in equation (15), and after a few easy
calculus steps, gives

w ′ = −iκw + τ
i
2

k3

k
w2 +

iτ
2

2k2γ − k3(1 + k3γ)

k(1− k3γ)︸ ︷︷ ︸
Q

.
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Taking k3 = k , we obtain Q = −1, which leads to the Riccati equation

w ′ = −iκw +
i
2
τw2 − iτ

2
. (16)

On the other hand, if we take k3 = −k , then Q = 1, which leads to the
Riccati equation

w̃ ′ = −iκw̃ − i
2
τ w̃2 +

iτ
2
. (17)
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EXAMPLE: CYLINDRICAL HELICES 13

simplest case of curves of constant slope, i.e., curves having the ratio
κ/τ = const. For such curves, the Riccati equations are separable
and can be used to show how the LD method works.

The case k3 = k

The Riccati equation corresponding to this case has the form

dw
ds

=
iτ
2
(w2 − 2ξw − 1) , (18)

where ξ = κ/τ = a/b is a constant.
Using separation of variables and integrating, one obtains

ln
(

w − w1

w − w2

)
= i

c
b

∫ s

τ(σ)dσ + ln K (19)

where w1 = ξ +
√
ξ2 + 1 and w2 = ξ −

√
ξ2 + 1 are the roots of

w2 − 2ξw − 1 = 0, c =
√

a2 + b2, and the arbitrary integration
constant has been written as ln K for convenience.
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Solving for w , one obtains

w =
Kw2ei c

b φ(s) − w1

Kei c
b φ(s) − 1

, φ(s) =
∫ s

τ(s′)ds′ , (20)

from where the set of functions fj , j = 1,2,3,4, is

f1 = w2ei c
b φ(s) , f2 = −w1 , f3 = ei c

b φ(s) , f4 = −1 .
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This set leads to the following expressions for the three components
αi ,

α1(s) =
w2

2 − 1
w1 − w2

ei c
b φ(s) −

(
w2

1−1
w2

2−1

)
e−i c

b φ(s)

2
= i

a
bc

(a− c) sink

(c
b
φ(s)

)
,

α2(s) = i
w2

2 − 1
w1 − w2

ei c
b φ(s) +

(
w2

1−1
w2

2−1

)
e−i c

b φ(s)

2
= i

a
bc

(a− c) cosk

(c
b
φ(s)

)
,

(21)

α3(s) = −
1√
ξ2 + 1

= −b
c
,

where sink
( c

b φ(s)
)
= ei c

b φ(s)−Ck e−i c
b φ(s)

2i ,

cosk
( c

b φ(s)
)
= ei c

b φ(s)+Ck e−i c
b φ(s)

2 , and Ck =
w2

1−1
w2

2−1 = a+c
a−c .
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Solving for x , y , z, according to equation (12), we find,

x(s) = i
a
bc

(a− c)
∫ s

sink

(c
b
φ(s′)

)
ds′ ,

y(s) = i
a
bc

(a− c)
∫ s

cosk

(c
b
φ(s′)

)
ds′ , (22)

z(s) = −
∫ s 1√

ξ2 + 1
ds′ = − s√

ξ2 + 1
= −b(s/c) ,

where the integration constants have been taken zero for simplicity.
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Further ‘easy’ calculations only if τ(s) = τ , so φ = τs, and one can
write

x(s) = i
a
bc

(a− c)
∫ s

sink

(c
b
τs′
)

ds′ = −i
a
b
(a− c) cosk (s/c) ,

y(s) = i
a
bc

(a− c)
∫ s

cosk

(c
b
τs′
)

ds′ = −i
a
b
(a− c) sink (s/c) ,

(23)

z(s) = − s√
ξ2 + 1

= −b(s/c) ,

where the constant torsion has been chosen as τ = b/c2 in the last
step. Using sin2

k (s/c) + cos2
k (s/c) = Ck , one finds that

x2 + y2 = a2 , (24)

which together with the expression of z(s) above shows that the helix
is a cylindrical one.
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THE CASE k3 = −k 18

In this case, the Riccati equation (17) reads

dw̃
ds

= − iτ
2
(w̃2 + 2ξw̃ − 1) . (25)

Notice that w̃1,2 = −w2,1 that we shall use in the expressions for the
functions fj , j = 1, ...,4 as inferred from equation (25),

f1 = −w1e−i c
b φ(s) , f2 = w2 , f3 = e−i c

b φ(s) , f4 = −1 .

When these functions are used to calculate the components αi for
this case, they provide the same results as (23). Therefore the
parametric coordinates obtained in the two cases k3 = ±k coincide.
This fact confirms a statement of Struik that the sign of torsion cannot
be determined from the parametric equations of the curve and one
should use the defining differential equations to set the sign ambiguity
of the torsion.
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Moving to physical applications, one should consider material
equivalents of the ideal geometric concept of curve, such as
filaments, ribbons, rods, and waveguides.
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We notice that the two Riccati equations that differ by the sign of the 
torsion could enter the discussion of the interesting phenomenon of 
helix hand reversal, i.e., the spontaneous switching of a single helical 
structure of one handedness to its mirror image, as studied in the 
context of tendrils of climbing plants.
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Hierarchical Structured Nanohelices of ZnS
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