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Statement of the problem

In L2(Rd), consider a nonlocal operator Aε(t) given by

Aε(t)u(x) =
1

εd+2

∫
Rd

a
(x− y

ε

)
µ
(x
ε
,
y

ε
,
t

ε2

)
(u(x)−u(y)) dy. (1)

Here ε > 0 and t ∈ R+.

Such operator arises in the models of
mathematical biology and population dynamics.
We assume that a ∈ L1(Rd), µ ∈ L∞(R2d × R+) and

a(x) = a(−x) > 0, x ∈ Rd; 0 <

∫
Rd

(1 + |x|3)a(x) dx <∞; (2)

0 < µ− 6 µ(x,y, t) 6 µ+ <∞;

µ(x,y, t) = µ(y,x, t);

µ(x + m,y + n, t+ j) = µ(x,y, t),

x,y ∈ Rd, t ∈ R+, m,n ∈ Zd, j ∈ Z+.

(3)
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Statement of the problem

The operator Aε(t) can be represented as

Aε(t)u(x) =
1

ε2
p
(x
ε
,
t

ε2

)
u(x)− Bε(t)u(x),

where the potential p(x, t) and the operator Bε(t) are de�ned by

p(x, t) :=

∫
Rd

a(x− y)µ(x,y, t) dy,

Bε(t)u(x) =
1

εd+2

∫
Rd

a
(x− y

ε

)
µ
(x
ε
,
y

ε
,
t

ε2

)
u(y) dy.

Then Aε(t) is a bounded selfadjoint operator in L2(Rd). We will
see that Aε(t) > 0 and inf specAε(t) = 0. The operator Aε(t) is
periodic with respect to the lattice (εZ)d.
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Statement of the problem

Let uε(x, t) be the solution of the Cauchy problem

∂uε(x, t)

∂t
= −Aε(t)uε(x, t), x ∈ Rd, t ∈ R+,

uε(x, 0) = ϕ(x), x ∈ Rd,
(4)

where ϕ ∈ L2(Rd).

The solution exists and is unique; it is
Lipschitz function of t with values in L2(Rd) and satis�es the
estimate ‖uε(·, t)‖L2(Rd) 6 ‖ϕ‖L2(Rd).
Let Sε(t) be the resolving operator for the problem (4). This
operator acts in L2(Rd) and takes ϕ to uε(·, t):

Sε(t)ϕ = uε(·, t).

Our goal is to approximate the solution uε for small ε. In
operator terms, we wish to approximate the operator Sε(t).
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Known results

In 2023, A. Piatnitski and E. Zhizhina proved that uε
converges to the solution u0 of the homogenized problem

∂u0(x, t)

∂t
= −A0u0(x, t), x ∈ Rd, t ∈ R+,

u0(x, 0) = ϕ(x), x ∈ Rd.
(5)

Here A0 = − div g0∇ is the so called e�ective operator and g0 is a
positive e�ective matrix. The solution can be represented as
u0(·, t) = e−A

0tϕ. It was shown that for any 0 < T <∞

lim
ε→0
‖uε − u0‖L∞((0,T );L2(Rd)) = 0.

It means that Sε(t) strongly converges to e−A
0t, as ε→ 0.

We will show that Sε(t) converges in the operator norm.
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E�ective operator

To formulate the results, we de�ne the e�ective operator with
constant coe�cients:

A0 := − div g0∇.

To de�ne a constant e�ective matrix g0, we consider auxiliary
problems. Let Ω := [0, 1)d be the cell of the lattice Zd. Let vk(x, t)
(where k = 1, . . . , d) be a Zd-periodic (in x) solution of the
problem

∂vk(x, t)

∂t
=

∫
Rd

a(x−y)µ(x,y, t)(vk(y, t)−vk(x, t)+yk−xk) dy,

vk(x, t) =vk(x, t+ 1), x ∈ Ω, t ∈ R+;

∫
Ω

vk(x, t) dx = 0.

(6)

Problem (6) has a unique Zd-periodic solution.

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 6 / 33



E�ective operator

To formulate the results, we de�ne the e�ective operator with
constant coe�cients:

A0 := − div g0∇.

To de�ne a constant e�ective matrix g0, we consider auxiliary
problems. Let Ω := [0, 1)d be the cell of the lattice Zd. Let vk(x, t)
(where k = 1, . . . , d) be a Zd-periodic (in x) solution of the
problem

∂vk(x, t)

∂t
=

∫
Rd

a(x−y)µ(x,y, t)(vk(y, t)−vk(x, t)+yk−xk) dy,

vk(x, t) =vk(x, t+ 1), x ∈ Ω, t ∈ R+;

∫
Ω

vk(x, t) dx = 0.

(6)
Problem (6) has a unique Zd-periodic solution.
Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 6 / 33



E�ective operator

The e�ective matrix g0 = {g0
kl}k,l=1,...,d is de�ned by

g0
kl=

1

2

1∫
0

dt

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x,y, t)

× ((xk − yk)(xl − yl)− vl(y, t)(xk − yk)− vk(y, t)(xl − yl)) . (7)

Here vk(x, t) is the Zd-periodic solution of problem (6),
k = 1, . . . , d. The matrix g0 is positive de�nite. The e�ective
operator A0 = − div g0∇ is de�ned on the Sobolev space H2(Rd).

Remark

Note that the operator Aε(t) is nonlocal and bounded, while the

e�ective operator A0 is unbounded di�erential operator.

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 7 / 33



E�ective operator

The e�ective matrix g0 = {g0
kl}k,l=1,...,d is de�ned by

g0
kl=

1

2

1∫
0

dt

∫
Ω

dx

∫
Rd

dy a(x− y)µ(x,y, t)

× ((xk − yk)(xl − yl)− vl(y, t)(xk − yk)− vk(y, t)(xl − yl)) . (7)

Here vk(x, t) is the Zd-periodic solution of problem (6),
k = 1, . . . , d. The matrix g0 is positive de�nite. The e�ective
operator A0 = − div g0∇ is de�ned on the Sobolev space H2(Rd).

Remark

Note that the operator Aε(t) is nonlocal and bounded, while the

e�ective operator A0 is unbounded di�erential operator.

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 7 / 33



Main result

We prove that Sε(t) converges to e−A
0t in the operator norm.

Theorem 1 [Piatnitski, Sloushch, Suslina and Zhizhina, 2026]

Suppose that conditions (2), (3) are satis�ed. Then∥∥∥Sε(t)− e−A0t
∥∥∥
L2(Rd)→L2(Rd)

6
Cε√
t+ ε2

, ε > 0, t ∈ R+. (8)

Here A0 = − div g0∇. In terms of the solutions, we have

‖uε(·, t)− u0(·, t)‖L2(Rd) 6
Cε√
t+ ε2

‖ϕ‖L2(Rd), ε > 0, t ∈ R+. (9)

For a �xed t > 0 and small ε estimate (8) is order-sharp.
For a �xed ε > 0 and large t estimate (8) is order-sharp.
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Operator-theoretic approach

The operator-theoretic approach was suggested and developed in
the works by M. Birman and T. Suslina, 2001-2006, where
selfadjoint second-order elliptic DOs Aε with periodic coe�cients
have been studied. This approach is based on

• the scaling transformation;
• the direct integral decomposition for periodic operators;
• approximation for (Aε + I)−1 or e−Aεt in terms of the spectral
characteristics of the operator at the bottom of the spectrum.
For DOs, methods of the analytic perturbation theory were
applied. But these methods are not applicable for nonlocal
operators. We have modi�ed the approach for nonlocal operators.
In 2023, A. Piatnitski, V. Sloushch, T. Suslina and
E. Zhizhina studied homogenization of elliptic problem with a
nonlocal convolution type operator. Now we study a parabolic
problem; moreover, we assume that Aε depends on t periodically.
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Scaling transformation

Let A(t) = A1(t) be the operator Aε(t) corresponding to ε = 1;
this operator is given by

A(t)u(x) =

∫
Rd

a(x− y)µ(x,y, t)(u(x)−u(y)) dy. (10)

Let Tε be the unitary scaling transformation in L2(Rd):

Tεu(x) := εd/2u(εx), u ∈ L2(Rd). (11)

Then
Aε(t) = T ∗ε ε

−2A(t/ε2)Tε. (12)

Similarly, for the e�ective operator,

A0 = T ∗ε ε
−2A0Tε. (13)
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Scaling transformation

In L2(Rd), consider the operator A(t) given by

A(t)u(x) =

∫
Rd

a(x− y)µ(x,y)(u(x)− u(y)) dy, u ∈ L2(Rd).

Let u(x, t) be the solution of the Cauchy problem

∂u(x, t)

∂t
= −A(t)u(x, t), x ∈ Rd, t ∈ R+,

u(x, 0) = ϕ(x), x ∈ Rd,
(14)

where ϕ ∈ L2(Rd).

Let S(t) be the resolving operator:

S(t)ϕ = u(·, t).
Then ‖S(t)‖ 6 1. Let S := S(1). Due to periodicity of µ(x,y, t) in
t, we have S(N) = SN for N ∈ Z+ and

S(t) = S(σ)SN , N = [t], σ = {t}.
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Scaling transformation

Using Aε(t) = T ∗ε ε
−2A(t/ε2)Tε, we obtain

Sε(t) = T ∗ε S(t/ε2)Tε.

Similarly, by A0 = T ∗ε ε
−2A0Tε,

e−A
0t = T ∗ε e

−A0t/ε2Tε.

Since Tε is unitary, the required estimate∥∥∥Sε(t)− e−A0t
∥∥∥
L2(Rd)→L2(Rd)

6
Cε√
t+ ε2

, ε > 0, t ∈ R+, (8)

is equivalent to∥∥∥S(t)− e−A0t
∥∥∥
L2(Rd)→L2(Rd)

6
C√
t+ 1

, t ∈ R+. (15)
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Nonlocal operator of convolution type
The direct integral decomposition

A(t)u(x) = p(x, t)u(x)− B(t)u(x), u ∈ L2(Rd),

p(x, t) =

∫
Rd

a(x− y)µ(x,y, t) dy,

B(t)u(x) =

∫
Rd

a(x− y)µ(x,y, t)u(y) dy.

From our assumptions on the coe�cients it follows that

µ−‖a‖L1 6 p(x, t) 6 µ+‖a‖L1 , ‖B(t)‖L2→L2 6 µ+‖a‖L1 .

The operator A(t) is bounded in L2(Rd) and selfadjoint.Moreover,
A(t) > 0 since the quadratic form of A(t) can be represented as

(A(t)u, u) =
1

2

∫
Rd

∫
Rd

dx dy a(x−y)µ(x,y, t)|u(x)− u(y)|2. (16)
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Nonlocal operator of convolution type
The direct integral decomposition

The operator A(t) is periodic. Therefore, it admits the direct
integral decomposition with the help of the Gelfand transform G.

First, this transform is de�ned on the Schwartz class by

Gu(ξ,x) = (2π)−d/2
∑
n∈Zd

u(x + n)e−i〈ξ,x+n〉, x ∈ Ω, ξ ∈ Ω̃.

Here Ω̃ := [−π, π)d. Next, G is extended by continuity up to the
unitary mapping

G : L2(Rd)→ L2(Ω̃× Ω) =

∫
Ω̃

⊕L2(Ω) dξ.

We have

GA(t)G∗ =

∫
Ω̃

⊕A(t, ξ) dξ. (17)
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Nonlocal operator of convolution type
The direct integral decomposition

We have

GA(t)G∗ =

∫
Ω̃

⊕A(t, ξ) dξ,

where A(t, ξ) is a bounded selfadjoint operator in L2(Ω) given by

A(t, ξ)u(x) = p(x, t)u(x)− B(t, ξ)u(x),

B(t, ξ)u(x) =

∫
Ω

ã(ξ,x− y)µ(x,y, t)u(y) dy,

ã(ξ, z) :=
∑
n∈Zd

a(z + n)e−i〈ξ,z+n〉.

Moreover, A(t, ξ) > 0 because of the representation

(A(t, ξ)u, u)=
1

2

∫
Ω

dx

∫
Rd

dy a(x−y)µ(x,y, t)|ei〈ξ,x〉u(x)−ei〈ξ,y〉u(y)|2.

(18)
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Cauchy problem
The direct integral decomposition for the resolving operator

Let u(x, t; ξ) be the solution of the Cauchy problem

∂u(x, t; ξ)

∂t
= −A(t, ξ)u(x, t; ξ), x ∈ Ω, t ∈ R+,

u(x, 0; ξ) = ϕ(x), x ∈ Ω,
(19)

where ϕ ∈ L2(Ω). The solution exists and is unique; it is Lipschitz
function of t with values in L2(Ω).

De�ne the resolving operator:

S(t, ξ)ϕ = u(·, t; ξ).

Then ‖S(t, ξ)‖ 6 1. Due to periodicity of µ(x,y, t) in t, we have

S(t, ξ) = S(σ, ξ)S(ξ)N , S(ξ) := S(1, ξ), N = [t], σ = {t}.
Using (17), we obtain

GS(t)G∗ =

∫
Ω̃

⊕S(t, ξ) dξ.
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Cauchy problem
The direct integral decomposition for the resolving operator

The e�ective operator A0 = D∗g0D also admits decomposition

GA0G∗ =

∫
Ω̃

⊕A0(ξ) dξ, (20)

where A0(ξ) is given by A0(ξ) = (D + ξ)∗g0(D + ξ) with periodic
boundary conditions.

So, we have

GS(t)G∗ =

∫
Ω̃

⊕S(t, ξ) dξ, Ge−A0tG∗ =

∫
Ω̃

⊕ e−A0(ξ)t dξ.

Since G is unitary, the required estimate∥∥∥S(t)− e−A0t
∥∥∥
L2(Rd)→L2(Rd)

6
C√
t+ 1

, t ∈ R+. (15)

is equivalent to∥∥∥S(t, ξ)− e−A0(ξ)t
∥∥∥
L2(Ω)→L2(Ω)

6
C√
t+ 1

, t ∈ R+, ξ ∈ Ω̃. (21)
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Nonlocal operator of convolution type
Properties of the operators on the �bers of the direct integral

By representation

(A(t, ξ)u, u)=
1

2

∫
Ω

dx

∫
Rd

dy a(x−y)µ(x,y, t)|ei〈ξ,x〉u(x)−ei〈ξ,y〉u(y)|2

and condition µ− 6 µ(x,y, t) 6 µ+, we have

µ−(A0(ξ)u, u) 6 (A(t, ξ)u, u) 6 µ+(A0(ξ)u, u), (22)

where A0(ξ) corresponds to the case µ=1.

This operator given by

A0(ξ)u(x) = p(x)u(x)−
∫

Ω

ã(ξ,x− y)u(y) dy (23)

is diagonalized by the discrete Fourier transform
F :L2(Ω)→`2(Zd). We have

A0(ξ)=F∗ [â(0)−â(2πn+ξ)]F , â(k) :=

∫
Rd

a(x)e−i〈k,x〉 dk. (24)
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Nonlocal operator of convolution type
Properties of the operators on the �bers of the direct integral

Using (22) and (24), we easily obtain the following results:
1◦. The point λ = 0 is a simple eigenvalue of the operator A(t,0);
we have KerA(t,0) = L{1Ω}.

2◦. The operator A(t, ξ) satis�es the estimate

(A(t, ξ)u, u) > C1|ξ|2‖u‖2, u ∈ L2(Ω), ξ ∈ Ω̃. (25)

3◦. The operator A(t, ξ) satis�es the estimate

(A(t, ξ)u, u) > C2‖u‖2, u ∈ L2(Ω)	 L{1Ω}, ξ ∈ Ω̃. (26)

4◦. The operator A(t, ξ) is continuous in ξ:

‖A(t, ξ)− A(t,η)‖ 6 C3|ξ − η|, ξ,η ∈ Ω̃. (27)
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Nonlocal operator of convolution type
Properties of the resolving operator on the �bers of the direct integral

Using the properties of A(t, ξ), we easily deduce the following
properties of the operator S(ξ) = S(1, ξ).

Conclusions: 1) the point λ0 = 1 is a simple eigenvalue of the
operator S(0); we have Ker (S(0)− I) = L{1Ω}.
2) the subspace L0

2(Ω) := L2(Ω)	 L{1Ω} is invariant subspace for
S(0). We have

‖S(0)‖L0
2(Ω)→L0

2(Ω) 6 e−C2 =: 1− ρ < 1. (28)

3) The operator S(ξ) satis�es

‖S(ξ)‖ 6 e−C1|ξ|2 , ξ ∈ Ω̃. (29)

4) The operator S(ξ) is continuous in ξ:

‖S(ξ)− S(η)‖ 6 C4|ξ − η|, ξ,η ∈ Ω̃. (30)
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Nonlocal operator of convolution type
Properties of the operators on the �bers of the direct integral

Conclusions:
5) Let ρ := 1− e−C2 and δ0 := ρ

3C4
. Then for |ξ| 6 δ0 the operator

S(ξ) has a simple eigenvalue λ0(ξ) near point 1:

|λ0(ξ)− 1| 6 ρ

3
, |λ0(ξ)| 6 1.

The rest of the spectrum of S(ξ) is contained in the disk

|λ| 6 1− 2ρ

3
.

For our goal only the eigenvalue λ0(ξ) is important.

6) By the condition
∫
R3(1 + |x|3)a(x) dx <∞, the operator-valued

function A(t, ξ) is C3-smooth in ξ. Then S(ξ) is also C3-smooth.
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Threshold approximations

Let |ξ| 6 δ0. Let F (ξ) be the Riesz projection of the operator
S(ξ) corresponding to the eigenvalue λ0(ξ). In other words, F (ξ)
is the Riesz projection of the operator S(ξ)− I corresponding to
the eigenvalue λ0(ξ)− 1.

The operator-valued functions F (ξ) and
(S(ξ)− I)F (ξ) admit the following Riesz representations:

F (ξ) = − 1

2πi

∮
Γ

(S(ξ)− I − ζI)−1dζ, (31)

(S(ξ)− I)F (ξ) = − 1

2πi

∮
Γ

(S(ξ)− I − ζI)−1ζdζ. (32)

Here the contour Γ is the circle {ζ : |ζ| = ρ/2}.
We have F (0) = (·,1Ω)1Ω =: P . Then P is the Riesz projection of
S(0) corresponding to the eigenvalue λ0 = 1.
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Threshold approximations

Lemma 1

Let F (ξ) be the Riesz projection of S(ξ) corresponding to the

eigenvalue λ0(ξ). Let P = (·,1Ω)1Ω. Then

‖F (ξ)− P‖L2(Ω)→L2(Ω) 6 C5|ξ|, |ξ| 6 δ0. (33)

Lemma 2

For |ξ| 6 δ0 we have

(S(ξ)− I)F (ξ) = −〈g0ξ, ξ〉P + Ψ(ξ),

‖Ψ(ξ)‖L2(Ω)→L2(Ω) 6 C6|ξ|3.
(34)

Here g0 is the positive e�ective matrix de�ned above.
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Threshold approximations

Proof of Lemma 1. We use the Riesz representations for F (ξ)
and F (0) = P :

F (ξ)− P = − 1

2πi

∮
Γ

(R(ξ, ζ)−R0(ζ)) dζ, (35)

where R(ξ, ζ) := (S(ξ)− I − ζI)−1 and R0(ζ) := (S(0)− I − ζI)−1.

We apply the resolvent identity

R(ξ, ζ)−R0(ζ) = −R(ξ, ζ)∆S(ξ)R0(ζ), (36)

here ∆S(ξ) = S(ξ)− S(0). For |ξ| 6 δ and ζ ∈ Γ the resolvents
R(ξ, ζ) and R0(ζ) are uniformly bounded. Since ‖∆S(ξ)‖ 6 C4|ξ|,
it follows from (35) that

‖F (ξ)− P‖ 6 C5|ξ|, |ξ| 6 δ0.
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Threshold approximations

Proof of Lemma 2. We use the Riesz representations for
(S(ξ)− I)F (ξ) and (S(0)− I)P = 0:

(S(ξ)− I)F (ξ) = − 1

2πi

∮
Γ

(R(ξ, ζ)−R0(ζ)) ζ dζ. (37)

We use the iterated resolvent identity

R(ξ, ζ)=R0(ζ)−R0(ζ)∆S(ξ)R0(ζ)+R0(ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ)

−R(ξ, ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ)∆S(ξ)R0(ζ).

Since S(ξ) is C3-smooth, we have

∆S(ξ) =
d∑
j=1

∂jS(0)ξj +
1

2

d∑
k,l=1

∂k∂lS(0)ξkξl +O(|ξ|3).
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Threshold approximations

Substituting these representations in (37), we obtain

(S(ξ)− I)F (ξ) =
d∑
j=1

Gjξj +
1

2

d∑
j=1

Gklξkξl +O(|ξ|3), (38)

where

Gj =
1

2πi

∮
Γ

R0(ζ)∂jS(0)R0(ζ)ζ dζ, j = 1, . . . , d; (39)

Gkl =
1

2πi

∮
Γ

R0(ζ)∂k∂lS(0)R0(ζ)ζ dζ−

− 1

2πi

∮
Γ

R0(ζ)
(
∂kS(0)R0(ζ)∂lS(0)+

+ ∂lS(0)R0(ζ)∂kS(0)
)
R0(ζ)ζ dζ,

k, l = 1, . . . , d. (40)
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Threshold approximations

We use the following representation for the resolvent:

R0(ζ) = R0(ζ)P +R0(ζ)P⊥ = −1

ζ
P +R⊥0 (ζ), ζ ∈ Γ. (41)

Here R⊥0 (ζ) := R0(ζ)P⊥. Obviously, the operator-valued function
R⊥0 (ζ) is analytic inside Γ.

Substituting (41) into representations
(39), (40), we obtain:

Gj =
1

2πi

∮
Γ

(
−1

ζ
P +R⊥0 (ζ)

)
∂jS(0)

(
−1

ζ
P +R⊥0 (ζ)

)
ζ dζ =

=
1

2πi

∮
Γ

(
−1

ζ
P
)
∂jS(0)

(
−1

ζ
P
)
ζ dζ = P∂jS(0)P = 0.

The last identity P∂jS(0)P = 0 can be proved by using the
symmetry of coe�cients.
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Threshold approximations

For Gkl we obtain

Gkl = P∂k∂lS(0)P − P∂kS(0)R⊥0 (0)∂lS(0)P

−P∂kS(0)R⊥0 (0)∂lS(0)P.
(42)

As a result, we obtain:

Gkl = −g0
klP, k, l = 1, . . . , d,

where the coe�cients g0
kl are de�ned in (7). Finally, we arrive at

the required representation

(S(ξ)− I)F (ξ) = −〈g0ξ, ξ〉P +O(|ξ|3).

This completes the proof of Lemma 2.
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Proof of Theorem 1

Recall that our goal is to �nd approximation of the operator
S(ξ)N for large N with error O(N−1/2).

For |ξ| > δ estimates are trivial, since

‖S(ξ)N‖ 6 e−C1N |ξ|2 6 e−C1Nδ2 , |ξ| > δ.

Let |ξ| 6 δ. Let F (ξ) be the Riesz projection of the operator
S(ξ) corresponding to the eigenvalue λ0(ξ). Using that
‖S(0)(I − P )‖ 6 1− ρ and applying Lemma 1, we prove that

‖S(ξ)(I − F (ξ))‖ 6 1− ρ

2
.

Then
‖S(ξ)N(I − F (ξ))‖ 6 e−Nρ/2, |ξ| 6 δ.

Therefore, it su�ces to approximate the operator S(ξ)NF (ξ)
for |ξ| 6 δ.
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Proof of Theorem 1

Let |ξ| 6 δ. From Lemma 1 and Lemma 2 it follows that

S(ξ)F (ξ) =
(
I − 〈g0ξ, ξ〉I + Ψ̃(ξ)

)
F (ξ), (43)

where
‖Ψ̃(ξ)‖L2(Ω)→L2(Ω) 6 C7|ξ|3, |ξ| 6 δ.

Using representation (43), we deduce the following result.

Lemma 3

∥∥∥S(ξ)NF (ξ)− e−N〈g0ξ,ξ〉P
∥∥∥
L2(Ω)→L2(Ω)

6
C8√
N + 1

, |ξ| 6 δ. (44)
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Proof of Theorem 1

Recall that A0(ξ) = (D + ξ)∗g0(D + ξ) with periodic boundary
conditions. Obviously,

A0(ξ)P = 〈g0ξ, ξ〉P.

Hence, (44) can be written as∥∥∥S(ξ)NF (ξ)− e−NA0(ξ)P
∥∥∥
L2(Ω)→L2(Ω)

6
C8√
N + 1

, |ξ| 6 δ.

Using trivial estimates for ‖S(ξ)N(I − F (ξ)‖ and ‖e−NA0(ξ)P⊥‖,
and also trivial estimates in the case |ξ| > δ, we obtain

Lemma 4∥∥∥S(ξ)N − e−NA0(ξ)
∥∥∥
L2(Ω)→L2(Ω)

6
C9√
N + 1

, ξ ∈ Ω̃. (45)
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Proof of Theorem 1

By the direct integral expansions for the operators S and A0, from
Lemma 4 it follows that∥∥SN − e−NA0∥∥

L2(Rd)→L2(Rd)
6

C9√
N + 1

, N ∈ Z+. (46)

Finally, using the properties of the operator S(σ), we have∥∥S(σ)SN − SN
∥∥
L2(Rd)→L2(Rd)

6
C10√
N + 1

, N ∈ Z+, 0 6 σ < 1,

∥∥e−(N+σ)A0 − e−NA0∥∥
L2(Rd)→L2(Rd)

6
C11√
N + 1

, N ∈ Z+, 0 6 σ < 1.

As a result, we obtain the required estimate∥∥S(t)− e−A0t
∥∥
L2(Rd)→L2(Rd)

6
C√
t+ 1

, t ∈ R+. (47)

This completes the proof of Theorem 1.
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