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Statement of the problem

In Ly(R?), consider a nonlocal operator A.(t) given by

wettud) = =5 [ a(*ZE)u(E L S —utw) dy. ()

€ elele?

Here ¢ > 0 and t € R,.
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Statement of the problem
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Here ¢ > 0 and ¢t € R,. Such operator arises in the models of
mathematical biology and population dynamics.
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Statement of the problem

In Ly(R?), consider a nonlocal operator A.(t) given by

wettud) = =5 [ a(*ZE)u(E L S —utw) dy. ()

€ elele?

Here ¢ > 0 and ¢t € R,. Such operator arises in the models of

mathematical biology and population dynamics.
We assume that a € Li(R?), y € L (R* x R,) and

a(x) =a(—x) >0, x eR% 0< / (14 [x]*)a(x) dx < co; (2)
R4
0<p-< u(x,y,t) < py < 00
M(X7th) = M(Y7X7 t);
p(x+m,y +n,t+j) = p(x,y,t),
x,yeRY teR,, mneZ jeZ,.
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Statement of the problem

The operator A.(t) can be represented as

Ac(tyulx) = o (%, 5 )ut0) ~ Blt)u(x),

where the potential p(x,t) and the operator B.(t) are defined by

poct) = [ abe=y)ntxy.t) dy,

500 = s [ o Lo

Then A_(t) is a bounded selfadjoint operator in Lo(RY). We will
see that A_(t) > 0 and inf spec A_(t) = 0. The operator A_(t) is
periodic with respect to the lattice (¢Z)<.
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Statement of the problem

Let u.(x,t) be the solution of the Cauchy problem

Ouc(x,1)
ot
u(x,0) = p(x), xR,

= —A.(t)u.(x,t), xR teRy,

where ¢ € Ly(R?).
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Statement of the problem

Let u.(x,t) be the solution of the Cauchy problem

Ouc(x,1)
ot
u(x,0) = p(x), xR,

= —A.(t)u.(x,t), xR teRy,

where ¢ € Ly(R?). The solution exists and is unique; it is
Lipschitz function of ¢ with values in Ly(R?) and satisfies the
estimate (-, )] ey < o] e

Let S.(t) be the resolving operator for the problem (4). This
operator acts in Ly(R?) and takes ¢ to u.(-,t):

Se(t)p = u(+,1).
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Statement of the problem

Let u.(x,t) be the solution of the Cauchy problem

Ouc(x,1)
ot
u(x,0) = p(x), xR,

= —A.(t)u.(x,t), xR teRy,

where ¢ € Ly(R?). The solution exists and is unique; it is
Lipschitz function of ¢ with values in Ly(R?) and satisfies the
estimate (-, )] ey < o] e

Let S.(t) be the resolving operator for the problem (4). This
operator acts in Ly(R?) and takes ¢ to u.(-,t):

Se(t)p = u(+,1).

Our goal is to approximate the solution u. for small . In
operator terms, we wish to approximate the operator S.(t).

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026



Known results

In 2023, A. Piatnitski and E. Zhizhina proved that u.
converges to the solution ug of the homogenized problem

Jug(x,t)

ot
UO(Xv O) = (70<X)a X € Rd-

= —A%p(x,t), xeRY teR,,
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Known results

In 2023, A. Piatnitski and E. Zhizhina proved that u.
converges to the solution ug of the homogenized problem

Jug(x,t)

ot
UO(Xv O) = (70<X)a X € Rd-

= —A%p(x,t), xeRY teR,,

(5)

Here A° = —div ¢°V is the so called effective operator and ¢° is a
positive effective matrix. The solution can be represented as
up(-,t) = e A",
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Known results

In 2023, A. Piatnitski and E. Zhizhina proved that u.
converges to the solution ug of the homogenized problem

Jug(x,t)

ot
UO(Xv O) = (70<X)a X € Rd'

= —A%p(x,t), xeRY teR,,

(5)

Here A° = —div ¢°V is the so called effective operator and ¢° is a
positive effective matrix. The solution can be represented as
ug(-,t) = e A%, It was shown that for any 0 < T < oo

lin e = o 073124 = 0

Al

Tt means that S_(t) strongly converges to e 2", as & — 0.
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Known results

In 2023, A. Piatnitski and E. Zhizhina proved that u.
converges to the solution ug of the homogenized problem

Jug(x,t)

ot
UO(Xv O) = (70<X)a X € Rd-

= —A%p(x,t), xeRY teR,,

(5)

Here A° = —div ¢°V is the so called effective operator and ¢° is a
positive effective matrix. The solution can be represented as
ug(-,t) = e A%, It was shown that for any 0 < T < oo

lin e = o 073124 = 0

Tt means that S_(t) strongly converges to e 2", as & — 0.

We will show that S.(¢) converges in the operator norm.
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Effective operator

To formulate the results, we define the effective operator with
constant coefficients:

A% = —div ¢"V.

To define a constant effective matriz ¢°, we consider auziliary
problems. Let € := [0,1)? be the cell of the lattice Z%. Let vy(x,t)
(where k = 1,...,d) be a Z%periodic (in x) solution of the
problem

avké;c, 2 /Rd a(x=y)p(x,y, 1) (e (y, ) = vk(x, t) +ye — ) dy,

vp(x,t) =vp(x,t+ 1), x€Q, teRy; / vg(x,t)dx = 0.
Q
(6)
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Effective operator

To formulate the results, we define the effective operator with
constant coefficients:

A% = —div ¢"V.

To define a constant effective matriz ¢°, we consider auziliary
problems. Let € := [0,1)? be the cell of the lattice Z%. Let vy(x,t)
(where k = 1,...,d) be a Z%periodic (in x) solution of the
problem

0 1
Ll [ a3 D3 0) = ulos ) =) dy.
Rd
vp(x,t) =vp(x,t+ 1), x€Q, teRy; / vg(x,t)dx = 0.
Q
(6)

Problem (6) has a unique Z%periodic solution.
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Effective operator

The effective matrix ¢° = {g9;}x1=1....a is defined by

gi’z:%/dt/dX/dya(X—y)u(x,yi)
X ((wp — ye) (@0 — ) — iy, )z — yr) — e(y, ) (m — ). (7)

Here v,(x, t) is the Z%periodic solution of problem (6),
k=1,...,d. The matrix ¢° is positive definite. The effective
operator A” = —div ¢’V is defined on the Sobolev space H?(R?).
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Effective operator

The effective matrix ¢° = {g9;}x1=1....a is defined by

gi;Z%/dt/dX/dy&(X—y)u(x,yi)
X ((wp — ye) (@0 — ) — iy, )z — yr) — e(y, ) (m — ). (7)

Here v,(x, t) is the Z%periodic solution of problem (6),
k=1,...,d. The matrix ¢° is positive definite. The effective
operator A” = —div ¢’V is defined on the Sobolev space H?(R?).

Note that the operator A.(t) is nonlocal and bounded, while the
effective operator A° is unbounded differential operator.
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Main result

We prove that S.(t) converges to e " in the operator norm.

Theorem 1 [Piatnitski, Sloushch, Suslina and Zhizhina, 2026]

Suppose that conditions (2), (3) are satisfied. Then

Ce

S.(t) — e A <——, >0, teR;. (8
’ () LyRY)—Ly(RY) A/t I €2 v (8
Here A = —div ¢°V. In terms of the solutions, we have

Ce
Jue(:, ) = uo (5 D)l pymay < ﬁ”@”m(m e>0, teR;. (9)
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Main result

A

We prove that S.(t) converges to e " in the operator norm.

Theorem 1 [Piatnitski, Sloushch, Suslina and Zhizhina, 2026]

Suppose that conditions (2), (3) are satisfied. Then

Ce
S.(t) — A" <—, >0, teR,.
’ () LyRY)—Ly(RY) A/t I €2 *
Here A = —div ¢°V. In terms of the solutions, we have

Ce
Jue(:, ) = uo (5 D)l pymay < ﬁ”@”m(m >0, teR,.

For a fixed £ > 0 and small ¢ estimate (8) is order-sharp.
For a fixed € > 0 and large t estimate (8) is order-sharp.
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Operator-theoretic approach

The operator-theoretic approach was suggested and developed in
the works by M. Birman and T. Suslina, 2001-2006, where
selfadjoint second-order elliptic DOs A, with periodic coefficients
have been studied. This approach is based on
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Operator-theoretic approach

The operator-theoretic approach was suggested and developed in
the works by M. Birman and T. Suslina, 2001-2006, where
selfadjoint second-order elliptic DOs A, with periodic coefficients
have been studied. This approach is based on

e the scaling transformation;

e the direct integral decomposition for periodic operators;

e approximation for (A. + I)~! or e“<! in terms of the spectral
characteristics of the operator at the bottom of the spectrum.

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 9/33



Operator-theoretic approach

The operator-theoretic approach was suggested and developed in
the works by M. Birman and T. Suslina, 2001-2006, where
selfadjoint second-order elliptic DOs A, with periodic coefficients
have been studied. This approach is based on

e the scaling transformation;

e the direct integral decomposition for periodic operators;

e approximation for (A. + I)~! or e“! in terms of the spectral
characteristics of the operator at the bottom of the spectrum.
For DOs, methods of the analytic perturbation theory were
applied. But these methods are not applicable for nonlocal
operators.
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Operator-theoretic approach

The operator-theoretic approach was suggested and developed in
the works by M. Birman and T. Suslina, 2001-2006, where
selfadjoint second-order elliptic DOs A, with periodic coefficients
have been studied. This approach is based on

e the scaling transformation;

e the direct integral decomposition for periodic operators;

e approximation for (A. + I)~! or e“! in terms of the spectral
characteristics of the operator at the bottom of the spectrum.
For DOs, methods of the analytic perturbation theory were
applied. But these methods are not applicable for nonlocal
operators. We have modified the approach for nonlocal operators.
In 2023, A. Piatnitski, V. Sloushch, T. Suslina and

E. Zhizhina studied homogenization of elliptic problem with a
nonlocal convolution type operator. Now we study a parabolic
problem; moreover, we assume that A. depends on ¢ periodically.

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 9/33



Scaling transformation

Let A(t) = A, () be the operator A.(t) corresponding to ¢ = 1;
this operator is given by
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Scaling transformation

Let A(t) = A, () be the operator A.(t) corresponding to ¢ = 1;
this operator is given by

Atyu(x) = / alx— yulxy, O(ux) —uly) dy. (10)

Let T. be the unitary scaling transformation in Ly(IR?):

Tou(x) := e¥u(ex), u € Ly(RY). (11)
Then
A (t) = Tre?A(t)e)T.. (12)
Similarly, for the effective operator,
AY = Tre2A T, (13)
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Scaling transformation

In Ly(R?), consider the operator A(t) given by

A0u() = [ alc=y)uxy)(ux) - uy)dy. u € Lo(®).
R
Let u(x,t) be the solution of the Cauchy problem
Ju(x,t)
ot
u(x,0) = p(x), x€RY,
where ¢ € Ly(R?).

= —A(tu(x,t), xecR? teR,, (1)
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Scaling transformation

In Ly(R?), consider the operator A(t) given by

Altyu(x) = / alx = y)px Y)W - uly) dy, w€ Ly(RY)

Let u(x,t) be the solution of the Cauchy problem

% —A(u(x,t), xecRY teR,,

u(x,0) = p(x), x€RY,
where p € Lo(R?). Let S(t) be the resolving operator:

S()p = ul:1).

(14)
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Scaling transformation

In Ly(R?), consider the operator A(t) given by

Altyu(x) = / alx = y)px Y)W - uly) dy, w€ Ly(RY)

Let u(x,t) be the solution of the Cauchy problem
ou(x, t)

ot
u(x,0) = p(x), x€RY

)
where p € Lo(R?). Let S(t) be the resolving operator:

Then ||S(¢)|| < 1. Let S := S(1). Due to periodicity of p(x,y,t) in
t, we have S(N) = S¥ for N € Z, and

S(t) =S(e)s, N=[1, o= {t}.

—A(t)u(x,t), xeR? teR,, (1)

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 11 /33



Scaling transformation

Using A_(t) = Tre 2A(t/?)T., we obtain
S.(t) = T*S(t/e*)T.
Similarly, by A? = T*e 2A%T,,

—AO T* —AO¢/e? T )
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Scaling transformation

Using A_(t) = Tre 2A(t/?)T., we obtain
S.(t) = T2S(t/€*) T
Similarly, by A? = T*e 2A%T,,
—AO T* —AO¢/e? T
Since 7. is unitary, the required estimate
‘ - Ce
Ly®)>LaRY) A/t + €2
is equivalent to

S.(t) — e A%

5>0, tER+, (8)

C
<

< . teR,. 15
Lo Lo(Rd) T+ 1 - (15)

HS(t) e
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Nonlocal operator of convolution type

The direct integral decomposition

A(t)u(x) = p(x, t)u(x) — B(t)u(x), u € Ly(RY),

p(x,t) = /Rd a(x —y)u(x,y,t)dy,

a(x — y)u(x,y, t)u(y) dy.

d

&
=
£
o)

I

T
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Nonlocal operator of convolution type

The direct integral decomposition

A(t)u(x) = p(x, t)u(x) — B(t)u(x), u € Ly(RY),

p(x,t) = /Rd a(x —y)u(x,y,t)dy,

Blt)u(x) = [ alx— y)utxy. Duly) dy.
R
From our assumptions on the coefficients it follows that

p-llally <pt) < pallallny, Bz, < pellallL,-
The operator A(t) is bounded in L(R?) and selfadjoint.
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Nonlocal operator of convolution type

The direct integral decomposition

A(t)u(x) = p(x, t)u(x) — B(t)u(x), u € Ly(RY),

p(x,t) = /Rd a(x —y)u(x,y,t)dy,

Blt)u(x) = [ alx— y)utxy. Duly) dy.
R
From our assumptions on the coefficients it follows that

p-llally <pt) < pallallny, Bz, < pellallL,-

The operator A(t) is bounded in L,(R?) and selfadjoint.Moreover,
A(t) > 0 since the quadratic form of A(¢) can be represented as

(At u) = 5 / d / dxdy alx—y)u(x,y, Outx) —uly)l. (16)
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Nonlocal operator of convolution type

The direct integral decomposition

The operator A(t) is periodic. Therefore, it admits the direct
integral decomposition with the help of the Gelfand transform G.
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Nonlocal operator of convolution type

The direct integral decomposition

The operator A(t) is periodic. Therefore, it admits the direct
integral decomposition with the help of the Gelfand transform G.
First, this transform is defined on the Schwartz class by

Gu(&,x) = (2m)~%? Z u(x+n)e X x e £eq.

nezZd

Here ) := [, 7)4. Next, G is extended by continuity up to the
unitary mapping

G: Ly(RY) — Ly(Q x Q) = /

Q

& Ly (Q) de.
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Nonlocal operator of convolution type

The direct integral decomposition

The operator A(t) is periodic. Therefore, it admits the direct
integral decomposition with the help of the Gelfand transform G.
First, this transform is defined on the Schwartz class by

Gu(&,x) = (2m)~%? Z u(x+n)e X x e £eq.

nezZd

Here ) := [, 7)4. Next, G is extended by continuity up to the
unitary mapping

G : Ly(RY) — Ly(Q x Q) = /~ B Lo(€) de.
Q

We have
GA(1)G = / O A(t, €) de. (17)

Q
13 July 2026 14 /33
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Nonlocal operator of convolution type

The direct integral decomposition

We have
gA(t)Q*=/~@A(t,£) dg,
Q

where A(t, €) is a bounded selfadjoint operator in Ly(2) given by

A(t, €)u(x) = p(x, t)u(x) — Bt, €)u(x),
B(t,€)u(x) = / 3, x — y)ulx v, uly) dy,

a(,z) = Z a(z + n)e &zt

nezd

13 July 2026

Homogenization of paraboic equation

Tatiana Suslina (SPbSU)



Nonlocal operator of convolution type

The direct integral decomposition

We have
GA(1)G" = / © At €) de,
Q

where A(t, €) is a bounded selfadjoint operator in Ly(2) given by

A(t, €)u(x) = p(x, t)u(x) — Bt, €)u(x),
B(t,€)u(x) = / 3, x — y)ulx v, uly) dy,
a(g,z) = Z a(z + n)e &zt

nezd

Moreover, A(t,€) > 0 because of the representation

)>
(a(t. &)= [dx [ dyabe-y)uixy. D] uix) - uly)

Rd

13 July 2026 15 /33
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Cauchy problem

The direct integral decomposition for the resolving operator

Let u(x,t; &) be the solution of the Cauchy problem

% = -ALQuixtE), xeQ teRy

u(x,0;§) = p(x), x€Q,
where ¢ € Ly(€2). The solution exists and is unique; it is Lipschitz
function of ¢ with values in Lo (€2).

13 July 2026 16 /33
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Cauchy problem

The direct integral decomposition for the resolving operator

Let u(x,t; &) be the solution of the Cauchy problem

% = -ALQuixtE), xeQ teRy

u(x,0;§) = p(x), xe
where ¢ € Ly(€2). The solution exists and is unique; it is Lipschitz
function of ¢ with values in Ly(€2). Define the resolving operator:

S<t7 E)SO = U(', l; 5)

13 July 2026 16 /33
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Cauchy problem

The direct integral decomposition for the resolving operator

Let u(x,t; &) be the solution of the Cauchy problem

Ou(x, t;§)
ot
u(x,0;§) = p(x), xe
where ¢ € Ly(€2). The solution exists and is unique; it is Lipschitz
function of ¢ with values in Ly(€2). Define the resolving operator:

S<t7 E)SO = U(', t; 5)
Then [|S(¢,£)|| < 1. Due to periodicity of pu(x,y,t) in t, we have
S(t,€) =S(0,£)S(€)", S(&):=8(1,¢), N=[t], o={t}.

=A@ u(x, 1;§), xeQ teR,, (19)

13 July 2026 16 /33
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Cauchy problem

The direct integral decomposition for the resolving operator

Let u(x,t; &) be the solution of the Cauchy problem
du(x,t; §)

ot
u(x,0;§) = p(x), x€Q,

where ¢ € Ly(€2). The solution exists and is unique; it is Lipschitz
function of ¢ with values in Ly(€2). Define the resolving operator:

S<t7 5)90 = U(', t; 5)
Then [|S(¢,£)|| < 1. Due to periodicity of pu(x,y,t) in t, we have
S(t, &) =S(0,£)S(&)"™, S(€) =S(1,§), N=[t], o= {t}.
Using (17), we obtain

gs(t)g” :[@S(t,é) dg.

=A@ u(x, 1;§), xeQ teR,, (19)
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Cauchy problem

The direct integral decomposition for the resolving operator

The effective operator A° = D*¢°D also admits decomposition
01" = [ @ A%(€) de. (20)
Q

where A%(¢) is given by A%(&) = (D + £)*¢°(D + &) with periodic
boundary conditions.

13 July 2026 17 /33
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Cauchy problem

The direct integral decomposition for the resolving operator

The effective operator A° = D*¢°D also admits decomposition
01" = [ @ A%(€) de. (20)
Q

where AY(€) is given by A%(&) = (D + £)*¢°(D + &) with periodic
boundary conditions. So, we have
gs()g" = [ @S(t.e)de, Ge g = [ O e,
Since G is unitauryg,2 the required estimate "
sty - e < ¢

< , teR.. 15
La(R4)— Lo (R?) Vi+1 + ( )

is equivalent to
C
S(t,€) — e M@ <

. teR, £€Q. (21
Lo(Q)—=L2(Q) AT+ 1 + & (21)
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

By representation
(At €pu) =[x [ dyalemy)nlx.y, Dl € ux) ety
R

and condition p_ < pu(x,y,t) < py, we have
p—(Ao(&)u, u) < (AL, §)u, u) < py (Ao(§)u, u), (22)
where Ay(&) corresponds to the case p=1.

13 July 2026 18 /33
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

By representation
(At €pu) =[x [ dyalemy)nlx.y, Dl € ux) ety
and condition pu_ < u()ﬂi y,t) < pe, we have

p—(Ao(&)u, u) < (AL, E)u, u) < pig(Ao(§)u, u), (22)
where Ag(&) corresponds to the case p=1. This operator given by

Ao(€)u(x) = p(x)u(x) - / e x—yuy)dy  (23)

is diagonalized by the discrete Fourier transform
F: Ly(Q2) — £o(Z%). We have

Ao(€)=F* [a(0)—a(2m+&)] F, a(k):= /R alx)e 0 di. (24)
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

Using (22) and (24), we easily obtain the following results:
1°. The point A = 0 is a simple eigenvalue of the operator A(t,0);

we have Ker A(¢,0) = L{1q}.

13 July 2026 19/33
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

Using (22) and (24), we easily obtain the following results:
1°. The point A = 0 is a simple eigenvalue of the operator A(t,0);

we have Ker A(¢,0) = L{1q}.
2°. The operator A(t, £) satisfies the estimate

(A, &u,u) = CLIEPul?, ueL(Q), €€ (25)
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

Using (22) and (24), we easily obtain the following results:
1°. The point A = 0 is a simple eigenvalue of the operator A(t,0);

we have Ker A(¢,0) = L{1q}.
2°. The operator A(t, £) satisfies the estimate

(A, &u,u) = CLlEP|lul’, we Ly(Q), £€€Q (25
3°. The operator A(t, &) satisfies the estimate
(A(t, &)u,u) = Colul?, we Ly(Q) e L{ly}, £€€Q.  (26)
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

Using (22) and (24), we easily obtain the following results:
1°. The point A = 0 is a simple eigenvalue of the operator A(t,0);

we have Ker A(¢,0) = L{1q}.
2°. The operator A(t, £) satisfies the estimate

(A, &u,u) = CLlEP|lul’, we Ly(Q), £€€Q (25
3°. The operator A(t, &) satisfies the estimate
(A(t, &)u,u) = Colul?, we Ly(Q) e L{ly}, £€€Q.  (26)

4°. The operator A(t, &) is continuous in &:

13 July 2026 19/33

Tatiana Suslina (SPbSU) Homogenization of paraboic equation



Nonlocal operator of convolution type

Properties of the resolving operator on the fibers of the direct integral

Using the properties of A(t, &), we easily deduce the following
properties of the operator S(€) = S(1, ).
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Nonlocal operator of convolution type

Properties of the resolving operator on the fibers of the direct integral

Using the properties of A(t, &), we easily deduce the following

properties of the operator S(€) = S(1, ).
Conclusions: 1) the point A\ = 1 is a simple eigenvalue of the

operator S(0); we have Ker (S(0) — ) = L{1q}.
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Nonlocal operator of convolution type

Properties of the resolving operator on the fibers of the direct integral

Using the properties of A(t, &), we easily deduce the following

properties of the operator S(€) = S(1, ).
Conclusions: 1) the point A\ = 1 is a simple eigenvalue of the

operator S(0); we have Ker (S(0) — ) = L{1q}.
2) the subspace L(Q) := Ly(Q)) © L{1q} is invariant subspace for

S(0). We have
“S(O>HL8(Q)—>L3(Q) <e@=1- p <1l (28)

13 July 2026 20 /33

Tatiana Suslina (SPbSU) Homogenization of paraboic equation



Nonlocal operator of convolution type

Properties of the resolving operator on the fibers of the direct integral

Using the properties of A(t, &), we easily deduce the following

properties of the operator S(§) = S(1, &).

Conclusions: 1) the point A\ = 1 is a simple eigenvalue of the
operator S(0); we have Ker (S(0) — ) = L{1q}.

2) the subspace L(Q) := Ly(Q)) © L{1q} is invariant subspace for
S(0). We have

“S(O>HL8(Q)—>L3(Q) <e@=1- p <1l (28)
3) The operator S(&) satisfies
ISE@)] <e @k, geq. (29)
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Nonlocal operator of convolution type

Properties of the resolving operator on the fibers of the direct integral

Using the properties of A(t, &), we easily deduce the following
properties of the operator S(§) = S(1, &).

Conclusions: 1) the point A\ = 1 is a simple eigenvalue of the
operator S(0); we have Ker (S(0) — ) = L{1q}.

2) the subspace L(Q) := Ly(Q)) © L{1q} is invariant subspace for
S(0). We have

“S(O)HLS(Q)—)Lg(Q) e 2=1- p <l (28)
3) The operator S(&) satisfies
ISE)Il < e @eF, ged. (29)

4) The operator S(§) is continuous in &:

IS(€) —S(m)|| < Cul€ —ml, &me. (30)
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

Conclusions:

5) Let p:=1—e and § := 6. Then for ] < do the operator

S(&) has a simple eigenvalue \o(&) near point 1:

[Ao(€) — 1| < [Ao(€)] < 1.

§
The rest of the spectrum of S(€) is contained in the disk

N<1- 22
3

For our goal only the eigenvalue A\o(&) is important.
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Nonlocal operator of convolution type

Properties of the operators on the fibers of the direct integral

Conclusions:
5) Let p:=1—e and § := 6. Then for ] < do the operator

S(&) has a simple eigenvalue \o(&) near point 1:
Mo@® -1 < (@)l <L

§7
The rest of the spectrum of S(€) is contained in the disk

2
N<1- 22
3
For our goal only the eigenvalue A\o(&) is important.
6) By the condition [,(1 + [x|*)a(x) dx < oo, the operator-valued
function A(t,€) is C3-smooth in €. Then S(£) is also C3-smooth.
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Threshold approximations

Let [£] < d0p. Let F'(€) be the Riesz projection of the operator
S(&) corresponding to the eigenvalue A\g(§). In other words, F'(§)
is the Riesz projection of the operator S(§) — I corresponding to

the eigenvalue \y(&) — 1.
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Threshold approximations

Let [£] < d0p. Let F'(€) be the Riesz projection of the operator
S(&) corresponding to the eigenvalue A\g(§). In other words, F'(§)
is the Riesz projection of the operator S(§) — I corresponding to
the eigenvalue \o(&) — 1. The operator-valued functions F'(§) and
(S(&) — I)F (&) admit the following Riesz representations:

F§) = —5= $(8(€) =T - cnac, (31)
86 = NF©) = —5= $EE — 17 (32)

Here the contour I is the circle {C : |(| = p/2}.
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Threshold approximations

Let [£] < d0p. Let F'(€) be the Riesz projection of the operator
S(&) corresponding to the eigenvalue A\g(§). In other words, F'(§)
is the Riesz projection of the operator S(§) — I corresponding to
the eigenvalue \o(&) — 1. The operator-valued functions F'(§) and
(S(&) — I)F (&) admit the following Riesz representations:

1

F§) = —5m $(8(©) — 1 1), (31)
86 = NF©) = —5= $EE — 17 (32)

Here the contour I is the circle {C : |(| = p/2}.
We have F(0) = (-,1q)1g =: P. Then P is the Riesz projection of
S(0) corresponding to the eigenvalue \g = 1.
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Threshold approximations

Lemma 1

Let F (&) be the Riesz projection of S(§) corresponding to the
eigenvalue \o(€). Let P = (-,1q)1q. Then

|F(&) — Pllro—ro) < Csl€l,  &] < do. (33)
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Threshold approximations

Let F (&) be the Riesz projection of S(§) corresponding to the
eigenvalue \o(€). Let P = (-,1q)1q. Then

|F(&) — Pllro—ro) < Csl€l,  &] < do. (33)

Lemma 2
For €| < d¢ we have

(S(§) — D)F(&) = —(9"¢, )P + ¥ (§),

34
1) | aioroaey < Colél™ (34

Here ¢° is the positive effective matriz defined above.
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Threshold approximations

Proof of Lemma 1. We use the Riesz representations for F'(£)
and F'(0) = P:

F(&) - P=—-— d (R.C) — Rol0)) dc. (35)

21 r

where R(€,¢) := (S(&) — T —¢I)™" and Ry(¢) == (S(0) — T —¢I)~.

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 24 /33



Threshold approximations

Proof of Lemma 1. We use the Riesz representations for F'(£)
and F'(0) = P:
1
F(&) - P=—-= ¢ (R(§ () — Ro(¢)) dC, (35)

21 r

where R(&,¢) := (S(&) — I —¢I)~! and Ry(¢) := (S(0) — I —¢I)~!
We apply the resolvent identity
R(&,C) — Ro(¢) = —R(&, Q)AS(§) Ro(C), (36)

here AS(§) = S(§) — S(0). For €] < ¢ and ¢ € I the resolvents
R(&,¢) and Ro(¢) are uniformly bounded. Since ||AS(€)| < C4l€],
it follows from (35) that

IF(€) =PIl < C51€], €] < dg
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Threshold approximations

Proof of Lemma 2. We use the Riesz representations for

(S(§) = I)F(&) and (S(0) — I)P = 0:

(S(€) ~ DF(E) = ——— ¢ (RE.0) — Ro(C))CdC.  (37)

21 Jp
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Threshold approximations

Proof of Lemma 2. We use the Riesz representations for

(S(§) = I)F(&) and (S(0) — I)P = 0:

(S(€) ~ DF(E) = ——— ¢ (RE.0) — Ro(C))CdC.  (37)

21 Jp
We use the iterated resolvent identity

R(&, ¢) = Ro(C)—Ro(¢)AS(&) Ro(C)+ Lo (C) AS(€) 1o (C) AS(€) o (€)
— R(&, Q)AS(&) Ro(C)AS (&) Ro(C)AS (&) Fo(C)-
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Threshold approximations

Proof of Lemma 2. We use the Riesz representations for

(S(§) = I)F(&) and (S(0) — I)P = 0:

(S(€) ~ DF(E) = ——— ¢ (RE.0) — Ro(C))CdC.  (37)

21 Jp

We use the iterated resolvent identity

R(&, ¢) = Ro(C)—Ro(C)AS(&) Ro(¢)+Ro(C)AS(E) Ro(C) AS(&) Ro (<)
— R(&, ()AS(§) Ro(C)AS(£) Fo (C) AS (&) Ro(€).
Since S(&) is C*-smooth, we have

d
= 9;8(0)¢; + Z OuOS(0)&x&s + O([€[).
j=1

kll
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Threshold approximations

Substituting these representations in (37), we obtain

S(€) - DFE) = 3. Gi& +3 Y Gubti+0(¢P), (39

where

Gy = 5 ¢ R(QSOR(O)CAS, j =1, di (39)

2m Jr
1
Guu = 5=  RolQ)ADS(O)Ra(C)G G

- 5 § FolO (SO Ru(0a1S(0)+

+ S(0) Ro(C)0(0) ) FolC)¢ d,
kl=1,....d. (40)
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Threshold approximations

We use the following representation for the resolvent:

Ro<<>=R0<<>P+Ro<<>PL=—%P+R&<<>, Cel. (1)

Here Ry (C) := Ro(¢)P*. Obviously, the operator-valued function
R#(¢) is analytic inside T
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Threshold approximations

We use the following representation for the resolvent:

1
Ro(¢) = Ro(C)P + Ro(¢) P+ = _ZP +Ry(¢), ¢el.  (41)
Here Ry (C) := Ro(¢)P*. Obviously, the operator-valued function

R#(¢) is analytic inside I'. Substituting (41) into representations
(39), (40), we obtain:

G = 5 (2P + RH0)05S0) (~P+ BH(Q))<dé =
= % F(—%P) 2,5(0) (—%P)Cdg — P3,S(0)P = 0.

The last identity P0;S(0)P = 0 can be proved by using the
symmetry of coefficients.
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Threshold approximations

For Gj; we obtain

G = Pop0;S(0)P — PO,S(0) Ry (0)0;S(0) P

0 (42)
— P8,S(0)RL(0)9,S(0)P
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Threshold approximations

For Gj; we obtain

G = Pop0;S(0)P — PO,S(0) Ry (0)0;S(0) P

0 (42)
— P8,S(0)RL(0)9,S(0)P

As a result, we obtain:
le:_gl(c)lp7 k,lzl,...,d,

where the coefficients ¢!, are defined in (7).
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Threshold approximations

For Gj; we obtain

G = Pop0;S(0)P — PO,S(0) Ry (0)0;S(0) P

0 (42)
— P8,S(0)RL(0)9,S(0)P

As a result, we obtain:
le:_gl(c)lp7 k,lzl,...,d,

where the coefficients g, are defined in (7). Finally, we arrive at
the required representation

(S(€) = )F(&) = —(9"¢, &) P + O([€).

This completes the proof of Lemma 2.
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Proof of Theorem 1

Recall that our goal is to find approximation of the operator
S(€)N for large N with error O(N~1/2).
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Proof of Theorem 1

Recall that our goal is to find approximation of the operator
S(€)N for large N with error O(N~1/2).
e For [£| > J estimates are trivial, since

IS@Y]| < eV <N g > 8
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Proof of Theorem 1

Recall that our goal is to find approximation of the operator
S(€)N for large N with error O(N~1/2).
e For [£| > J estimates are trivial, since

IS@Y]| < eV <N g > 8

o Let [£] <. Let F(§) be the Riesz projection of the operator
S(&) corresponding to the eigenvalue A\o(£). Using that
IS(0)(I — P)|| < 1— p and applying Lemma 1, we prove that

IS - FE)<1-5

Then

IS(E) (I = F(&)Il <e ™72, € <6
Therefore, it suffices to approximate the operator S(&)™ F(&)
for |€] < 6.
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Proof of Theorem 1

Let |€] < §. From Lemma 1 and Lemma 2 it follows that

S(€)F(€) = (1— (g€, €)1 + T (&) F (&), (43)

where N
H‘Ij(€>HL2(Q)—>L2(Q) < C7|£‘37 ‘€| <.
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Proof of Theorem 1

Let |€] < §. From Lemma 1 and Lemma 2 it follows that

S(€)F(€) = (1— (g€, €)1 + T (&) F (&), (43)

where

19 (&) | o) 1002y < ColE]P, €] <6

Using representation (43), we deduce the following result.

<5
LQ(Q —>L2( ) N 1

[s©"Fe) - eveeop €] <6 (44)

Tatiana Suslina (SPbSU) Homogenization of paraboic equation 13 July 2026 30/33



Proof of Theorem 1

Recall that A°(&) = (D + £)*¢°(D + &) with periodic boundary
conditions. Obviously,

AYE)P = ("€, §)P.
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Proof of Theorem 1

Recall that A°(&) = (D + £)*¢°(D + &) with periodic boundary
conditions. Obviously,

AYE)P = ("€, §)P.
Hence, (44) can be written as

<5 <

SV F(§) — O P
H (E) (E) La(Q)—=La(Q) N+1
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Proof of Theorem 1

Recall that A°(&) = (D + £)*¢°(D + &) with periodic boundary
conditions. Obviously,

AYE)P = ("€, §)P.
Hence, (44) can be written as

<5 <

SV F(§) — O P
H (5) (E) La(Q)—=La(Q) N+1

Using trivial estimates for ||S(¢)N (I — F(£)| and [|e-N4"© pL]|,
and also trivial estimates in the case |£| > 0, we obtain
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Proof of Theorem 1

By the direct integral expansions for the operators S and A°, from
Lemma 4 it follows that
Cy

HLQ(Rd)—}LQ(Rd) < \/ﬁ) N € Z+. (46)

HSN B e—NAO
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Proof of Theorem 1

By the direct integral expansions for the operators S and A°, from
Lemma 4 it follows that

< O
HLQ(Rd)—wQ(Rd) = /N +1
Finally, using the properties of the operator S(o), we have

__ Cu

RO2LED = N+ T

o Cn
HLQ(Rd)—)IJQ(Rd) = /N + 1

[N — =N NeZ,.  (46)

HS(G SN”L2 NeZy, 0<o <1,

(N+0)A® _ ,—NA

He , NeZy, 0<o <1,
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Proof of Theorem 1

By the direct integral expansions for the operators S and A°, from
Lemma 4 it follows that
Cy

HLQ(Rd)—)LQ(Rd) < \/m’
Finally, using the properties of the operator S(o), we have
< Cho
R)SLRY S N 1)
o C1y
HL2(Rd)—>L2(Rd) SYUNEL

As a result, we obtain the required estimate

C
t
HLQ Rd)—)LQ(Rd) < \/.H_—l’

This completes the proof of Theorem 1.

[N — =N NeZ,.  (46)

HS(G SN”L2 NeZy, 0<o <1,

(N+0)A® _ ,—NA

He NeZy, 0<o<1.

IS(t) — e teR,.  (47)
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