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Smale’s problem list (1998,2000)
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Smale’s 18 major problems plus 3 minor problems

Simple statement. Also preferably mathematically precise.

Personal acquaintance with the problem. I have not found it easy.

A belief that the question, its solution, partial results, or even
attempts at its solution are likely to have great importance for
mathematics and its development in the next century.
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Smale’s 12th problem

In this talk, we should consider an entire function version of the following
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Smale’s 10th problem
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A Non-Wandering Point for a Diffeomorphism S : M → M

p

U (neighborhood of p)
S(p)

S2(p)

S3(p)

Sk(p) ∈ U

Can we perturb S slightly to T
so that p becomes periodic, i.e.
Tm(p) = p ?
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Smale’s 11th problem

Problem 11: Is one-dimensional dynamics generally hyperbolic ?

A fixed point x of a diffeomorphism T : M → M is hyperbolic if the
derivative DT (x) of T at x (as a linear automorphism of the tangent
space) has no eigenvalue of absolute value 1.

If x is a periodic point of period p, then x is hyperbolic if it is a hyperbolic
fixed point of T p.

The notion of hyperbolic extends naturally to Ω, the closure of the set
of non-wandering points.

A dynamical system T ∈ Diff (M) is called hyperbolic (or satisfies Axiom
A) if the periodic points are dense in Ω and Ω is hyperbolic.
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Smale’s 11th problem

Problem 11: Is one-dimensional dynamics generally hyperbolic ?

The concept of hyperbolicity extends from the invertible dynamics to the
case of polynomial maps from C to C.

(a) Can a polynomial map T : C → C be approximated by one which is
hyperbolic ?

Classical complex variable theory permits recasting the problem to an
equivalent one:

(a’) Can a complex polynomial T be approximated by one of the same
degree with the property that every critical point tends to a periodic sink
under iteration ?
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Smale’s 11th problem

Problem 11: Is one-dimensional dynamics generally hyperbolic ?

There is a parallel field of real 1-dimensional dynamics of a smooth map
T : I → I , I = [0, 1].

(b) Can a smooth map T : [0, 1] → [0, 1] be C r approximated by one
which is hyperbolic, for all r > 1 ?

Completely resolved by O.Kozlovski, W. Shen and S. van Strien in
2007.
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Smale’s 12th problem

Problem 12: Centralizers of diffeomorphisms.

Can a diffeomorphism of a compact manifold M onto itself be C r

approximated, all r ≥ 1, by one T : M → M which commutes with only its
iterates ?
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Smale’s 12th problem

Problem 12: Centralizers of diffeomorphisms.

Can a diffeomorphism of a compact manifold M onto itself be C r

approximated, all r ≥ 1, by one T : M → M which commutes with only its
iterates ?

Solved in the C 1 topology by Christian Bonatti, Sylvain Crovisier and
Amie Wilkinson in 2009.

Still open in the C r topology for r > 1.

Intensive studies on a similar problem for centralizers of vector fields
and flows.
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Smale’s 12th problem for entire functions

Problem: Centralizers of entire functions.

Can an entire function f : C → C be approximated by some entire
function g : C → C which commutes with only its iterates ?

We shall equip the entire function space with the topology of
locally uniform convergence.

A solution of this problem is basically contained in my old paper:

T.W. Ng, Permutable entire functions and their Julia sets,
Mathematical Proceeding of Cambridge Philosophical Society 131
(2001), no.1, 129-138.
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Fatou set and Julia set of entire functions

Let f be a nonlinear entire function of one complex variable.

Let f n = f ◦ · · · ◦ f (n−th iterates).

Fatou set F (f ) = {z ∈ C|{f n} is normal at z}.

Julia set J(f ) = C \ F (f ).

Fatou set and Julia set of a rational function can be defined as subsets of
C∞ = C ∪ {∞} in a similar way.

Basic property : J(f ) = J(f n).
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Fatou set and Julia set of entire functions

In 1922-23, Julia and Fatou independently proved the following result.

Theorem (Julia and Fatou,1922-23)

For any two rational functions f and g of degree at least two such that f
and g are permutable, i.e. f ◦ g = g ◦ f , then

J(f ) = J(g)

It is natural to ask the following open problem which was first posed by
I.N. Baker in 1984.

Problem A : Let f and g be nonlinear entire function. If f and g are
permutable, is J(f ) = J(g) ?
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Permutable polynomials

Julia and Fatou’s works were motivated by the problem of characterizing
all permutable rational functions f and g . Julia and Fatou solved this
problem when both f and g are polynomials.

They proved that for permutable nonlinear polynomials f and g , there exist
natural numbers m, n such that (up to a conjugacy of linear maps) either

i) f m(z) = gn(z); or

ii) f (z) = zm and g(z) = zn; or

iii) f (z) = Tm(z) and g(z) = Tn(z),

where Tk is the Tchebycheff polynomial determined by the equation
cos kw = Tk(cosw).

The rational case was first solved completely by J.F. Ritt in 1923 and
A.E. Eremenko in 1989.
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Permutable entire functions

Problem B : Is there a complete classification of all pairs of nonlinear
permutable entire functions?

In 1958-59, I.N. Baker and V.G. Iyer started the investigations of
permutable entire functions.

They both proved that if a nonconstant polynomial f is permutable with a
transcendental entire function g , then f (z) = e2mπi/kz + b for some
m, k ∈ and complex number b.

It follows from this result, as well as Julia and Fatou’s results, that in order
to answer problem A and B, we only need to consider permutable
transcendental entire functions.
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Permutable entire functions

Example 1: Let m, n ∈ N and h be a trancendental entire function. If

f = hm and g = hn, then f ◦ g = g ◦ f . Moreover,

J(f ) = J(hm) = J(h) = J(hn) = J(g).

Example 2: Let m, n ∈ N and h be a trancendental entire function
which permutes with a linear function L(z) = az + b (e.g. h(z) = sin z + z
permutes with −z + 2π, z + 2π, z + 4π, etc).

Then f = L ◦ hm permutes with g = hn. Note that f n = Ln ◦ hmn and

gm = hmn and f n permutes with gm.

By a result of I.N. Baker, one can show that J(f n) = J(gm) and hence

J(f ) = J(g).
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Permutable entire functions

We can produce more examples by using the following observation.

Observation: Let m, n, r , s ∈ N and L be a linear function.

If h permutes with k , then

(i) f = L ◦ h ◦ L−1 permutes with g = L ◦ k ◦ L−1;

(ii) f = hm ◦ kn permutes with g = hr ◦ ks .

Furthermore, if J(h) = J(k), then one can show that J(f ) = J(g).
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Permutable entire functions

Example 3 (X.H. Hua, X.L. Wang, C.C. Yang, 2000)

Let a ∈ C such that e4ai = −1.

Let f (z) = 2i cos( a2z
2) and g(z) = 2i sin( a2z

2).

Then
f ◦ g = g ◦ f .

Moreover,
f ◦ f = g ◦ g

and hence
J(f ) = J(g).
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Permutable entire functions

In 1958, I.N. Baker characterized all nonlinear entire functions permute
with the expontential function.

Theorem (I.N. Baker,1958). Let g be a nonlinear entire function
which is permutable with f (z) = aebz + c (ab ̸= 0, a, b, c ∈), then g = f n.
Hence J(f ) = J(f n) = J(g).

Concerning problem A, I.N. Baker proved the following result in 1984.

Theorem (I.N.Baker,1984). Suppose that f and g are transcendental
entire functions such that g(z) = af (z) + b, where a and b are complex
numbers. If g permutes with f , then J(f ) = J(g).
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Permutable entire functions

In 1992, W.Schmidt showed that for two permutable rational functions,
the periodic Fatou components which correspond are of the same nature.

However, the dynamical behavior may be very different for permtable
transcendental entire functions.

Example 4 (Herman 1984, Sullivan, 1985). Let f (z) = z − 1 + e−z

and g(z) = z − 1 + e−z + 2πi .

Then, f ◦ g = g ◦ f and J(f ) = J(g).

However, all components of the Fatou set of f are periodic while g has a
wandering domain.
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Centralizer of entire functions

We have seen that for some entire function f , its centralizer

Z (f ) := {g : C → C, entire |f ◦ g = g ◦ f }

is non-trivial, i.e.
Z (f ) ̸= {f n : n ∈ N ∪ {0}}.

The following result which says that in certain sense, the answers Baker’s
Problems for almost all entire functions.

Theorem 1 (N., 2001). Let f be a transcendental entire function and
define fa(z) := f (z) + az .

Then there exists a countable set Ef ⊂ such that for each a /∈ Ef , any
nonlinear entire function g permutes with fa is of the form
g(z) = cf na (z) + d , where c is a k-th root of unity and d ∈ C.

Hence J(fa) = J(g).
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Prime entire functions

To explain our method, we recall that an entire function F is prime
(left-prime) in entire sense if whenever

F (z) = f (g(z))

for some entire functions f , g , then either f or g is linear (f is linear
whenever g is transcendental).

ez + z , zez , sin z + z are prime functions.

Any polynomial P with deg(P)− 1 distinct critical values.
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Left-prime entire functions

Theorem 2 (N., 2001). Let f be a transcendental entire function which
satisfies the following conditions.

A1) f is not of the form H ◦ Q, where H is periodic entire and Q is a
polynomial.

A2) f is left-prime in the entire sense.

A3) f ′ has at least two distinct zeros.

A4) There exists a natural number N such that for any complex number c ,
the simultaneous equations f (z) = c , f ′(z) = 0 have at most N solutions.

A5) The orders of zeros of f ′ are bounded by M for some M ∈ N.

Let g be a nonlinear entire function permutes with f , then
g(z) = af n(z) + b, where a is a k-th root of unity and b ∈ C.

Hence J(f ) = J(g).
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Left-prime entire functions

The conditions A4 and A2 are related.

For example, M. Ozawa (1975) proved that if f is of finite order and for
any c ∈, the simultaneous equations f (z) = c , f ′(z) = 0 has finite number
of solutions, then f is left-prime in entire sense.

It is possible to check that for any non-constant polynomial p, ez + p(z)
and sin z + p(z) satisfy conditions A1-A5.

The conditions A1-A4 are not restrictive. In certain sense, almost all entire
functions satisfy these conditions as can be seen from the following result
of Y. Noda (1981).
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Prime entire functions

Theorem (Y. Noda, 1981). Let f be a transcendental entire function.
There exists a countable set Ef ⊂ such that for all a /∈ Ef ,
fa(z) := f (z) + az satisfies the following conditions.

B1) fa is nonperiodic.

B2) fa is prime in entire sense.

B3) f ′a has infinitely many zeros.

B4) For any complex number c , the simultaneous equations
fa(z) = c , f ′a(z) = 0 has at most one solution.

B5) The orders of zeros of f ′a(z) are equal to 1.

Clearly, Bi implies Ai for i = 2, 3, 4.

This is not difficult to check that conditions B1 and B2 together
imply condition A1.
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Smale’s 12th problem for entire functions

Theorem 1 then follows from Noda’s Theorem and Theorem 2.

Theorem 1 (N., 2001). Let f be a transcendental entire function and
define fa(z) := f (z) + az .

Then there exists a countable set Ef ⊂ such that for each a /∈ Ef , any
nonlinear entire function g permutes with fa is of the form
g(z) = cf na (z) + d , where c is a k-th root of unity and d ∈ C.

Hence J(fa) = J(g).

We now outline the proof of the following

Theorem 3 (N.). The set of entire functions with trivial centralizer is
dense in the space of entire functions, equipped with the topology of
locally uniform convergence.
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Ideas of proving Theorem 3

Let f be an entire function.

Case 1: f is transcendental.

By using Theorem 1, one can choose arbitrarily small a and b such that
f (z) + az + bz2 has a trivial centralizer.

Case 2: f is a polynomial of degree d ≥ 2.

Recall that from the result of I.N. Baker and V.G. Iyer, any entire function
permutes with f must be a polynomial.

Alan Beardon (2001) showed that any non-prime degree d polynomials are
lying in a hypersurface in Cd+1.

Also, there are only countably many Tn and zn.

Therefore, by applying Fatou and Julia’s classification of permutable
polynomials and J. Ritt’s theory of prime factorizations of polynomials
(1923), we can approximate f by a prime polynomial g so that g has a
trivial centralizer.

Patrick, Tuen Wai Ng The University of Hong KongAn entire function analogue of Smale’s 12th problem on centralizers of diffeomorphismsMay 23, 2026 28 / 43



Common right factor

To prove Theorem 2, we first prove the Common Right Factor Theorem
which gives a sufficient condition for the existence of a nonlinear
generalized common right factor of two entire functions.

Definition (Common right factor)

Let F (z) be an nonconstant entire function.
A nonconstant entire function g(z) is a right factor of F (denoted by
g ≤ F ) if there exists a function f , which is analytic on the image of g ,
such that F = f ◦ g .

If h ≤ f and h ≤ g , we say that h is a common right factor of f and g .
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Common right factor

The following lemma is extracted from the proof of Theorem 1.1 in the
paper of A. Eremenko and L. Rubel(1996).

Lemma

Let f , g be two entire functions.
For i = 1, ...k, k ≥ 2, let Si = {zin}n∈N be a sequence of distinct complex
numbers with limit point zi .
Suppose that all the limit points zi are distinct and for all n ∈ N,{

f (z1n) = f (z2n) = · · · = f (zkn)
g(z1n) = g(z2n) = · · · = g(zkn).

Then there exists a nonconstant entire function h (which depends on f
and g only and is independent of k and S ′

i s) satisfying h ≤ f , h ≤ g and
h(z1) = h(zi ) for all 2 ≤ i ≤ k.
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Common right factor

Example: Let f (z) = cos z and g(z) = sin z .

Let z1n = 1
n , z2n = 2π + 1

n and z3n = −2π + 1
n .

Then limn→∞ z1n = 0, limn→∞ z2n = 2π, limn→∞ z3n = −2π.

For all n ∈ N, {
f (z1n) = f (z2n) = f (z3n)
g(z1n) = g(z2n) = g(z3n).

Note that there exists an entire function h(z) = ez satisfying

h ≤ f , h ≤ g and
h(0) = h(−2π) = h(2π).
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Common right factor

Theorem (Common Right Factor Theorem, N., 2001). Let f , g be
two nonconstant entire functions and z1, . . . , zk be k ≥ 2 distinct complex
numbers such that{

f (z1) = f (z2) = · · · = f (zk) = A
g(z1) = g(z2) = · · · = g(zk) = B.

Suppose that there exist nonconstant functions f1 and g1 such that
f1 ◦ f ≡ g1 ◦ g on ∪k

i=1Ui , where Ui is some open neighborhood containing
zi .
If f1 is analytic in a neighborhood of A and the order of f1 at A is K < k ,
then there exists a nonconstant entire function h (which depends on f and
g only and is independent of k and zi ) with h ≤ f , h ≤ g .
Moreover, among the zi s, there exist at least m = [k−1

K ] + 1 distint points
zn1 , . . . znm such that

h(zn1) = · · · = h(znm).
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Common right factor

We immediately have the following

Corollary. Let f , g be two nonconstant entire functions and {zn}n∈N be
an infinite sequence of distinct complex numbers such that for all n ∈ N,
f (zn) = A and g(zn) = B.

Suppose that there exist nonconstant functions f1 and g1 such that

f1 ◦ f ≡ g1 ◦ g

on ∪∞
i=1Ui , where Ui is some open neighborhood containing zi .

If f1 is analytic in a neighborhood of A, then there exists a transcendental
entire function h such that

h ≤ f , h ≤ g .
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Common right factor

Applying Nevanlinna theory or value distribution theory of meromorphic
functions, we can prove the following

Lemma

Let f be a trancendental entire function such that f ′ has at least two
distinct zeros.

Let g be a nonlinear entire function permutes with f .

Then for each K ∈ N, there exists aK ∈ C, g ′(aK ) = 0 such that f − aK
and f ′ ◦ g have at least K common distinct zeros.
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Left-prime entire functions

Theorem 2 (N., 2001). Let f be a transcendental entire function which
satisfies the following conditions.

A1) f is not of the form H ◦ Q, where H is periodic entire and Q is a
polynomial.

A2) f is left-prime in the entire sense.

A3) f ′ has at least two distinct zeros.

A4) There exists a natural number N such that for any complex number c ,
the simultaneous equations f (z) = c , f ′(z) = 0 have at most N solutions.

A5) The orders of zeros of f ′ are bounded by M for some M ∈ N.

Let g be a nonlinear entire function permutes with f , then
g(z) = af n(z) + b, where a is a k-th root of unity and b ∈ C.

Hence J(f ) = J(g).
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Proof of Theorem 2

f (g(z) = g(f (z))

f ′(g(z))g ′(z) = g ′(f (z))f ′(z)

Now for each natural number K which divides 2N(M + 1), by the previous
lemma, we can find some aK ∈ C, g ′(aK ) = 0 such that f − aK and f ′(g)
has at least K distinct common zeros, say z1, . . . , zK .

f (zi ) = aK implies that f (g(zi )) = g(f (zi )) = g(aK ).

Moreover, f ′(g(zi )) = 0.

By condition A4, the system of equations f (z) = g(aK ), f
′(z) = 0 have at

most N solutions.

Therefore, at least K
N of g(zi ) are equal (say g(z1), . . . , g(zK/N)).

Patrick, Tuen Wai Ng The University of Hong KongAn entire function analogue of Smale’s 12th problem on centralizers of diffeomorphismsMay 23, 2026 36 / 43



Proof of Theorem 2

Hence we have {
f (z1) = f (z2) = · · · = f (zK/N) = aK
g(z1) = g(z2) = · · · = g(zK/N) = B.

According to condition A5, the order of f at B is at most M + 1 and

K
N > M + 1.

By the Common Right Factor Theorem, there exists a nonconstant entire
function h (which depends on f and g only) with h ≤ f , h ≤ g .

Moreover, among the z1, . . . zK/N , there exist at least m = K
N(M+1) distinct

points at which h takes the same value. Since K as well as m can be
arbitrarily large, h is transcendental.
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Proof of Theorem 2

As h ≤ f and h ≤ g , f = f1 ◦ h and g = g1 ◦ h for some f1, g1 which are
analytic on the image of h.

h is transcendental entire, by Little Picard Theorem, h can omit at most
one complex number.

If the image of h is C\{a} for some a ∈, then h = a+ eq for some entire
function q and f (z) = f1(a+ ew ) ◦ q(z).

q cannot be transcendental because by condition A2, f is left-prime.

Therefore, q must be a polynomial which is also impossible by condition
A1.
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Proof of Theorem 2

So the image of h must be the whole plane.

This implies that both f1, g1 are entire.

f1 must be linear as f is prime and h is transcendental.

Hence h = f −1
1 ◦ f and g = g1 ◦ f −1

1 ◦ f = g2 ◦ f where g2 = g1 ◦ f −1
1 .

From f ◦ g = g ◦ f , we have f ◦ g2 ◦ f = g2 ◦ f ◦ f .

Note that the image of f equals that of h. Therefore, f ◦ g2 ≡ g2 ◦ f on C.

If g2 is linear, then we are done.

If g2 is nonlinear, by repeating the same arguments, we can find an entire
g3 such that g2 = g3 ◦ f and g = g3 ◦ f 2.
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Proof of Theorem 2

Inductively, we have g = gm+1 ◦ f m provided that gm is nonlinear.

It can be shown that there exists some m such that gm is linear and we are
done.
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Prime entire functions

The method is also useful for solving some functional equations.

Theorem 4 (N., 2001). Let q be a nonconstant entire function and p
be a polynomial with at least two distinct zeros.

Suppose that f (z) = p(z)eq(z) is prime in entire sense.

Then any nonlinear entire function g permutes with f is of the form
g(z) = af n(z) + b, where a is a k-th root of unity and b ∈. Hence
J(f ) = J(g).

It is known that if q is a polynomial and p and q do no have a
nonlinear common right factor, then f (z) = p(z)eq(z) is prime in
entire sense.
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Smale’s 12th problem

Question (Smale, 1991 and 1998).

Consider the set of C r diffeomorphisms of a compact manifold M with
trivial centralizer.

1. Is this set dense in Diff r (M) ?

2. Is it residual in Diff r (M) ? That is, does it contain a dense Gδ set ?

3. Does it contain an open and dense subset of Diff r (M) ?

We can ask similar questions for the entire function space.

The answers are Yes, Yes, No.
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Thank You!
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