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On Distributed-Order Time-Fractional Telegraph E ions in Higher Di
Motivation / Introduction

Motivation
Fractional partial differential equations of distributed order are related with physical processes involving

times-scales, for example, fractional kinetics, the Cauchy problem of time-fractional diffusion-wave, generalized
time-fractional diffusion, time-fractional reaction-diffusion, fractional sub-diffusion equations, and continuous

random walk processes.

A trapped particle undergoing A time-fractional partial differential
variable waiting times equation of distributed order

1
/ u(a)CD,f'u(x, t)da = EVQZL(X, t) + f(x,1),
0

CDgu(x,t) : Caputo fractional derivative of order a € (0, 1)

(@) >0 weight function on (0.1), ;' pu(e)da = 1

o
very short 57 = medium u(x,t)  : unknown field
eyt @ wat

£>0  : generalized diffusion coefficient
f(x,t)  : source term
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A trapped particle undergoing variable waiting times (conceptual illustration generated by Al).



Motivation

Basic/important references (one-dimensional case mostly):

@ Mainardi and his collaborators: connections with Fox H-functions via the use of integral transforms such
as Laplace, Fourier and Mellin transforms.

O Chechkin and his collaborators: properties of diffusion equations with fractional derivatives of distributed
order for the description of anomalous relaxation and diffusion phenomena (subdiffusion and
superdiffusion process).

O Luchko and his collaborators: in the cases of the time-fractional diffusion and wave equations of
distributed order in R x R the first fundamental solution can be interpreted as a spatial probability
density function evolving in time. Boundary value problems and maximum principles for the generalized
time-fractional diffusion equation of distributed order.

O Tomouvski and his collaborators: investigation of the solution of generalized distributed order diffusion
equations with composite time-fractional derivative by using the Fourier—Laplace transform method.
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On Distributed-Order Time-Fractional Telegraph E ions in Higher Dil
Preliminaries

Fractional integrals and fractional derivatives

Definition (Riemann-Liouville fractional integral)

Let a, b € R with a < b and a > 0. The left Riemann-Liouville fractional integral I:+ of order v > 0 is given by

@)
( ) (x) = r(’y) / m dt, X > a.

Definition (Caputo fractional derivative)

Let CD:+ denote the left Caputo fractional derivative of order v > 0 on [a, b] C R, which is defined by

(D2, #) (0 = (1m D" f)(x)f — 7/( 0y s 1)

X—t’Y m+1

where m = [y] + 1 and [y] means the integer part of ~.




On Distributed-Order Time-Fractional Telegraph Equations in Higher Dimensions
Preliminaries

Integral transform

The Laplace transform of a real valued function f (t) is defined by

+oo
L{F()}(s) = F(s) :/ e % f(t) dt, Re(s) €C
0

and when it is applied to the left Caputo fractional derivative leads to
m—1
c{ D0} =50 - Y @9 m=pl+1 @)
j=0

Theorem (Titchmarsh’s theorem)

Let f (s) be an analytic function which has a branch cut on the real negative semiaxis, which has the following
properties

F(s) = O(1), |[s| = +oo, f(s)=0 (é) . sl = o0,

for any sector |arg (s)| < m — n, where 0 < 1 < 7. Then the inverse Laplace transform of?(s) is given by
1

Fiy = {f&)}® = —= / e " 1m (F(re'™)) dr.
0

™




The Laplace convolution operator of two functions is defined by the integral

(f*tg>(t>=/ F(t—w)gw)dw, teR"
0

The n-dimensional Fourier transform of a function f (x) of x € R” is defined by

FF(0)} (5) = F(r) :/ e

F (x) dx, Kk ER",
RN
while the corresponding inverse Fourier transform is given by the formula

Fo) =7 {fm} () = o )n/ e " f(r)dr, xER"

The Fourier convolution operator of two functions is defined by the integral

(f *x g) (x) :/ f(x — z) g(2) dz, x €R"
RN

The Mellin transform of a function f locally integrable on ]0, +o00[ it is defined by

+o0
MA{f(w)}(s) = F* (s) :/ wl f(w)dw, seC,
0
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Preliminaries

Integral transforms / Special functions

and the inverse Mellin transform is given by

fw) = MTH{F ()} (w) = % / wf(s)ds, w>0, ~v=Re(s). @)

—ioco

The Mellin convolution between two functions is defined by

e X du
(F *aa 8) () :/ (%) s 2. @
0

and satisfies the Mellin Convolution Theorem

MA{f xr g} (s) = MA{f}(s) M{g}(s).

Definition (Fox-H functions)

The Fox H-function H:", which is defined, via a Mellin-Barnes type integral in the form, by

p.q’
(a1, 1), (3, p) m " T(b + Bjs) H (1l —a — a;s)
Hp | e ik o as
(bis B1)s- - (Bys o) A1 Hf:mﬂ =5=5
where a;, b; € C, and o, 5 € RY, fori=1,...,pand j=1,...,q, and L is a suitable contour in the

complex plane separating the poles of the two factors in the numerator.

<
= = = — —




Formulation of the Problem
Time-fractional telegraph equation of distributed order

Let us consider the following time-fractional telegraph equation of distributed order
2 1
/ ba(B) [ 50 u(x,1)] dB +a / bi(a) [ 08 u(x, t)] da — & Au(x, 1)
1 0

+d? u(x,t) =q(x,t), (10)

for given order-density functions b,(3) > 0 and b;(«) > 0, subject to the following initial and boundary
conditions

u(x,0) = f(x), %(x, 0) =g(x), lim u(x,t)=0

|x]—=+o0

2 1
/ b2(ﬂ) dB = Cz, / bl(()l) da = C1, (11)
1 0
where:

0 (x,t) € R" x RY,
@ A, is the classical Laplace operator in R", and the partial time-fractional derivatives of order 8 €11, 2]
and « €]0, 1] are in the Caputo sense,

0 aeRf, c,d€R, and G, G € RY.
Remark

The positive constants C; and C, can be taken as 1 if we want to assume the normalization condition for the
integral.




Laplace transform: u (x, t)

=
Fourier transform in R": u(x,s)

u(x,s)
=

u(k,s)

~

u(k,s) =

T(w) [sB2(5) +5B1(s) s 5] 2 [B(s) - 5]
2 [Ba (s) + Bi(s) + |x[?] 2 [Ba (s) + Bi(s) + |x[?]

3ms)

e [Ba(s) + Bi (s) + |5/

(12)

where /f\(n) and /g\(n) are the Fourier transforms of the functions f (x) and g (x), respectively, and

2
B.(9) = V ba(8) s dﬂ+d2],
1

(13)
1
Bi(s) = ciz / bi(a)s® da.
0

(14)
40> «F»r 4«
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Step 1: Titchmarsh's Theorem Laplace transform: u (%, s)

=  u(r,t)
Step 2: Mellin transform (Fourier transform): u (x, t)
Step 1:

=

u(x,t)
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where

Ki (Il 1) = Bl kel = -
o [(a+ 1)+ ]

(=r)? {(A + |n|2)2 + Bz] ’

p2 [prsin(am — pom) + 5[ sin (o)
Ks(p, |sl,r) =

(—r)? [(A+|n|2)2+82] ’

the quantities A and B are given by

A = ps cos (y27) + p1 cos (y17) and

B = pasin (y2m) + pisin (nw), (15)
and the quantities p1, v1, p2, and 2 are given by
e = m(0) = [ ()| =)= [os ()|
(16)
Y2 =72(r) = % arg (Bz (re”')) n=mn() = % arg (B1 (re""))
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Step 2:

u(x,t)

1 +o0 |X‘1_g +oo d2
— n
= — = f(x) *x et - |:K1 (Lw,r) = = Ko (1, w, r):| w2 Jy_y (Ix|w) dw dr
T 0 (2m)2  J, c 3

-~

h

+oo 1on ptoo .
! e IxI72 d n

— =g (x) *x e — Ks(2,w,r) — = Ko (2,w,r)| w2 Jg_, (|x|w) dw dr
T 0 (2m)z  J, c s

Vv
12

1 Foo MISE I
— = q(x, 1) *¢ %x et L~ K> (0, w, r) wg Jn 1 (|x| w) dw dr
e 0 (2m) 0 2

I3

NI
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where

Solution in the time-space domain

Solution in the time-space domain

Mellin Transform = Calculation of Iy, I, and I3
Fori=1,2,3

L= M {g *a f} (|71|>
[ e ()
_x 2

+0o
= o / g (W) w? Jg_y (x| w) dw,
™
0

dw

w

o2
g (w) =Ki(l,w,r) — = Ka (1, w,r)

g3 (w) = K> (0, w,r)

F(w) = !

1
P el B <—)
@m)? |x|" wi

=

2

w

d
& (w) =K (2,w,r) — = Ka (2, w, r)
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h =

+

where

-1
2

B (A2 + Bz)

- =3
rm=2 (2]x])" sin (¢)

B> (A4* + B?) -t

re? 7I'"T_3 (21x])" sin ()

H}’32 (A2+Bz)_%

|x| 1—n 1 _f i
2 '2)° m 2n
1 1 1
B (A% +B2) 2 A4 g2\ 3 Bd? (A% + B2 -1 A2 p2) s
o Gy I G Pwes)” (W)
ra"T (2x1)" sin (¥) d re w5 (2 |x1)" sin (1) 4
1) = arccos (;>
- VETR)’
«O>» «Fr «=)r» «=)» =




where

1
p2 sin (y27) (A2 + Bz) 2
b =

_1
N (A2+B2) 3
R T (21x])" sin (1) I~

-1
(Aczpz sin (y27) — Bc2pa cos (ya) + de) (A2 + Bz)

r2c? 7rn__73 (2]x])" sin (¥)

H

(A2 +87)"

Fu

2 2\ 1 2 0\~ %
ni(A +B) y (A +B) Z
77T (2|x))" sin () I

A
= arccos [ ——— | .
v (\/A2 + 32>

Ix|
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On Distributed-Order Time-Fractional Telegraph Equations in Higher Dimensions
Time-fractional telegraph equation of distributed order
Solution in the time-space domain

Solution in time-space domain

Main Theorem

|
The solution of the time-fractional telegraph equation of distributed order (10) subject to the conditions (11) is
given, in terms of convolution integrals, by

u(x,t):/ f(z) Gi (x — z, t)dz+/g(z) G (x — z, t)dz
RM RN

t
+ / q(z, w) G3(x — z, t — w) dw dz, (18)
iy 0

where the fundamental solutions G;, Gy, and G3 are given by

1
1 te g (A4B) e
Gy (x,t) =
0

=7 (2 %)) 7 ()




Solution in the time-space domain

Solution in time-space domain

Main Theorem (cont.)

-1
Gy (X7 t) =

/+oo (A2+B2)_% =1
n—1
m 2 (2|x])" Jo

r2 sin (v)

_1
(a2 +87)°"
—pasin(y2m) H M

2 2\~
1 -1 A+ B
== (Ac2p2 sin (yam) — Bc®pa cos (ya7) + de) (A2 4 Bz) 2y u
_1 too g (M4 B) et
Gs(x,t) = —F———
c2r 2z (2]x|)" Jo

. (Az + Bz)_
an@)

dr,
Ix|
where p, and ¥, A and B, and v are given, respectively, by relations (16), (15), and (17)

ENTH

RN Ge



On Distributed-Order Time-Fractional Telegraph E
Time-fractional telegraph equation of distributed order
Solution in the time-space domain

in Higher Dii
Solution in time-space domain

Corollaries

O Eigenfunctions of the time-fractional telegraph equation of distributed order in R” x R™.
n
f(x) =6 (x) =H5(x,), g(x) =q(x,t)=0, a=c=1 d=+vX, AeR".
i=1

o Eigenfunctions of the diffusion equation of distributed order in R” x R™ = by(8) = 0.

o Eigenfunctions of the wave equation of distributed order in R” X R" = by(a) = 0.

O Solution of the time-fractional wave equation of distributed order (a = 0)
2
/ ba(B) [ §:07u(x,1)] dB — & Buu(x,t) + & u(x,t) = q(x, ¢)
1
which implies

Bi(s)=0, A=pcos(ym), B=psin(yr), A+B=p", ¢=qm




Single-order case: Putting

by (o) =6 (a —a1), 0<a <1, b (B) =46(B8—B1), 1<p <2,

we get
B()_ioq B()_lﬁl 19
15—C25, 2s—czs. (19)
From (19) we have that
. a . . 1 )
B (renr) _ ; o1 el&lﬂ" B, (renr) _ g rBl elﬁl‘/r
and therefore
_ 2 o B1
Pl(’)—gf p2(r) = —r
b
71 (r) = o (const.) 72 (r) = B1(const.)

Multi-order case, Uniform distributed case, Linear density functions, Sinusoidal density functions, Exponential
density functions.

= = - - =



Re-interpretation of the Mellin transform of the Laplace transform of the first fundamental solution.

+o00o
M7 (s) = / PTG (rys) dr = M {r" G (r, s)} (y—n+1)
0

M7 (s) =

(2B +EBI(E) &) (Ba(e) + B ()2

n
T2 c2s

e (1) (3o
2 2
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Special Cases (k € Np):

@ ~ =1 (mean value)

n_

M (s) = (C2 2O IBE) _ndz) EO+BEE i, r (2 - ﬂ) , n# 442k
T2c2%s 2

@ ~ = 2 (variance)
n—5
M (s) = (Gl :1]2) BLFBENT r (5 7 ") . n# 542k
T2 c?s 2
@ ~ = 3 (3rd moment)

oo RO EBO ) B mEE
s) = n

72c2s

23—"r(3—g), n# 64 2k.

RN Ge
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n—1 s

s

n#5+ 2k, k€ Np.

For n = 3, the moment does not depends on Bj (s) and it is given by

~ 1 1
M2(s) = —, that  M?(t) = —.
(s) 4T sotha (® 4w

Slow-diffusion: Let

bi(a) = k16 (ax— 1) + K26 (a0 — az),
which implies that

0<ar <ax <1,

K1, k2 >0, K1+ K2
ar1 o arp
_ P ag  GR2 can
Bi(s) = —; + —s72
Behaviour when s — 0"

1-n 253 —n n—3
M) = M(%28) (ms™ 4 ras2) "
- n—1

n—3
217" (aky)Z T (
- ~

5—n
> ) aq(n—3

)
n—1 S
T2 cn—3

«4O> «Fr «=)r « =)
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Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t — +o0o
2

( c t1

ary T(L+a1)’
ay

, c t2

M (t) ~ 4./a k1 r(1+%):

5—n
2

-3
2l=n (am)n_r r(

1
cn—3

)

—o(n—3)
t 2

n—

2

™

F(l— ~ (;73)), 0< g <min{1,

From the previous expressions we have:

2
O It holds M-

@ Different behaviour along the dimensions.

O Restriction of the parameter «; for higher dimensions.

«O» «F»

— 0, as t — +o0, for all the dimensions, which corresponds to a

2
n—

s} A =442k

slow-diffusion process.

<
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Fractional Moments
Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b (8) = 0 = B> (s))
Behaviour when s — 400

n—3 n—3

1—n 5—n n—3 1—n 5—n
W2 (s) = 27"a 2 T (7) (k181 + Kps™2) 2 277" (ak2) 2 F( p ) 22(r=3)
n—1 s °

Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t — 0"

2 92

c
—, n=1
arky I (1 + Oéz)
ag
2 < e 2
- , n—=
M*(t) ~ < 4 /ar, F(l—&-%)
n—3 Cao(n—
ol—n (2!{2) =T (5;/7) ¢ zén 3)
— Y O<az<min{1,%}/\n:4+2k
xT cn—3 r (1 22 )
Other processes
Other processes studied in the manuscript:
O Super slow-diffusion I: by (o)) = k1 (const.), 0<a<l
O Super slow-diffusion II: b () = 2c, 0<a<l
O Super slow-diffusion Il1: b; (o) = % sin(am), 0<a<l
=7 ™ = A S




001 002 003 004 005 006 007 008 0.09 10" 10? 10° 10°
t

Representation of the slow-diffusion process for t — 07 (left) and for t — oo (right), for a; = 0.75, and

different values of n

From the previous plots we conclude that:

@ The diffusion along the dimensions is different and has a transition of the behaviour at n = 3.
@ For n =1 and n = 2 the variance increases for large values of t with different slope.

@ For n = 3 the variance is constant.

@ For n =4 (and also n = 4 + 2k, k € N) the variance decreases for large values of t.




-, ol—np (57n
M (s) =

) (B.(5)"T

. n#5+2k keN.
S

For n = 3, the moment does not depends on Bj (s) and it is given by

~ 1 ) 1
M2(s) = —, that M- (t) = —.
s) 4rs sotha ® 4
Super fast-diffusion: Let
b2 (B) = k16 (B — B2) + k26 (B — B2), 1<f1<B2<2, Ki,k2>0, ki+ra=1 rK1i+rr=1
which implies that
B, (s) = K—zls’f’1 + K—zsﬁz.
c c
Behaviour when s — 0"
n—3 n—3
_ 270 (352) (mas® 4+ ms®2) T 277k 7 T(52) sy
M (s) = —— ~ —z -
77 cn—3 s

n

n—1
T2 ch—3
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( c?

71

Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t — +oc0

ki T(1+B1)

1
c t2

VR (14 8)°
o ~ (1+%)

SR

=l

_2
t~ 2
8cm (1 _ %1) ’
1on T (s
—n —n
277" Ky F( >
n—1
T2 en—3

From the previous expressions we have:

@ For n =1, 2 we can see that

M2(1)
t

@ For n =4 (and also n = 3) we have that

t

Lo fue2 ) o,

n=4 AN1<p1 <2

n =6+ 2k,

— +00, which corresponds to a super fast-diffusion process.
M2 (1)
@ Different behaviour along the dimensions.

— 0, which shows a slow-diffusion process.
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Behaviour when s — +oco

n-3 n-3

-, 2= (5;") (nl sP1 4 ko 532) 2 27"k, 2 T (5;") Baln=3) _,

M”(s) = —— ~ — s 2 .
T2 ch3 s T2 ch—3

Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t — 0

( th2
_ n=1
k2 T(14 B2)
B2
c t2 5
. n=
W (14 )
M2 (t) ~ _5
V/ t
szm, n=4 A1<fB<2
err(1- 2
1 (s
217 2 (252 Bo(n—3)
il—(z)ﬁ_l{s_r_l}(t), n=6+2k
\ T2 cn—3

Other processes studied in the manuscript: Fast-diffusion |, Fast-diffusion Il, Fast-diffusion IlI.




Tauberian analysis for the variance - diffusion case (b (8) = 0 = B> (s))

n=1

=2
-~ 03

e nsa

100,

Representation of the super fast-diffusion process for t — 07 (left) and for t — oo (right), for 1 = 11.75
and different values of n

From the previous plots we conclude that (some a equal to the slow-diffusion process):

@ The diffusion along the dimensions is different and has a transition of the behaviour at n = 3.

@ For n =1 and n = 2 the variance increases for large values of t with approximately the same slope.
@ For n = 3 the variance is constant.

@ For n =4 (and also n = 4 + 2k, k € N) the variance decreases for large values of t.

[} = =
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Conclusions

Conclusions

@ Study of the Cauchy problem for the time-fractional telegraph equation of distributed order in higher
dimensions.

@ Combination of Laplace, Fourier and Mellin transforms to obtain a representation of the solution in terms
of convolutions involving the Fox H-functions. The key points to obtain our main result are the use of the
classical Titchmarsh's Theorem to invert the Laplace transform, and the use of the Mellin transform to
invert the Fourier transform.

@ Computation of the fractional moments of arbitrary order of the first fundamental solution in the Laplace
domain. We pay special attention to the second-order moment (variance) due to its importance to the
classification of the type of diffusion. We make use of the Tauberian theorems to study the asymptotic
behaviour near zero and near infinity of the second-order moment for the cases of fast/slow-diffusion and
super-fast/slow-diffusion.

@ Presentation and analysis of the graphical representation of the asymptotic expressions of second-order
moment M? (t) associated to the first fundamental solution, for the diffusion and wave cases, when
t — 0% and t — +oo.
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