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Motivation / Introduction

Motivation

Fractional partial differential equations of distributed order are related with physical processes involving
times-scales, for example, fractional kinetics, the Cauchy problem of time-fractional diffusion-wave, generalized
time-fractional diffusion, time-fractional reaction-diffusion, fractional sub-diffusion equations, and continuous
random walk processes.

A trapped particle undergoing variable waiting times (conceptual illustration generated by AI).
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Motivation

Basic/important references (one-dimensional case mostly):

Mainardi and his collaborators: connections with Fox H-functions via the use of integral transforms such
as Laplace, Fourier and Mellin transforms.

Chechkin and his collaborators: properties of diffusion equations with fractional derivatives of distributed
order for the description of anomalous relaxation and diffusion phenomena (subdiffusion and
superdiffusion process).

Luchko and his collaborators: in the cases of the time-fractional diffusion and wave equations of
distributed order in R × R+ the first fundamental solution can be interpreted as a spatial probability
density function evolving in time. Boundary value problems and maximum principles for the generalized
time-fractional diffusion equation of distributed order.

Tomovski and his collaborators: investigation of the solution of generalized distributed order diffusion
equations with composite time-fractional derivative by using the Fourier–Laplace transform method.
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Fractional integrals and fractional derivatives

Definition (Riemann-Liouville fractional integral)

Let a, b ∈ R with a < b and α > 0. The left Riemann-Liouville fractional integral Iγ

a+ of order γ > 0 is given by

(
Iγ

a+ f
)

(x) =
1

Γ (γ)

∫ x

a

f (t)
(x − t)1−γ

dt, x > a.

Definition (Caputo fractional derivative)

Let CDγ

a+ denote the left Caputo fractional derivative of order γ > 0 on [a, b] ⊂ R, which is defined by

(
CDγ

a+ f
)

(x) =
(

Im−γ

a+ Dmf
)

(x) =
1

Γ(m − γ)

∫ x

a

f (m) (t)
(x − t)γ−m+1 dt, x > a, (1)

where m = [γ] + 1 and [γ] means the integer part of γ.
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Integral transform

The Laplace transform of a real valued function f (t) is defined by

L {f (t)} (s) = f̃ (s) =

∫ +∞

0

e−st f (t) dt, Re (s) ∈ C

and when it is applied to the left Caputo fractional derivative leads to

L
{

CDγ

a+ f (t)
}

(s) = sγ f̃ (s) −
m−1∑
j=0

f (j)(a) sγ−j−1
, m = [γ] + 1. (2)

Theorem (Titchmarsh’s theorem)

Let f̃ (s) be an analytic function which has a branch cut on the real negative semiaxis, which has the following
properties

f̃ (s) = O(1), |s| → +∞, f̃ (s) = O
(

1
|s|

)
, |s| → 0,

for any sector |arg (s)| < π − η, where 0 < η < π. Then the inverse Laplace transform of f̃ (s) is given by

f (t) = L−1
{

f̃ (s)
}

(t) = −
1
π

∫ +∞

0

e−rt Im
(̃

f (reiπ)
)

dr .
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Integral transforms

The Laplace convolution operator of two functions is defined by the integral

(f ∗t g) (t) =

∫ t

0

f (t − w) g(w) dw , t ∈ R+
. (3)

The n-dimensional Fourier transform of a function f (x) of x ∈ Rn is defined by

F {f (x)} (κ) = f̂ (κ) =

∫
Rn

eiκ·x f (x) dx , κ ∈ Rn
,

while the corresponding inverse Fourier transform is given by the formula

f (x) = F−1
{

f̂ (κ)
}

(x) =
1

(2π)n

∫
Rn

e−ix·κ f (κ) dκ, x ∈ Rn
. (4)

The Fourier convolution operator of two functions is defined by the integral

(f ∗x g) (x) =

∫
Rn

f (x − z) g(z) dz, x ∈ Rn (5)

The Mellin transform of a function f locally integrable on ]0,+∞[ it is defined by

M {f (w)} (s) = f ∗ (s) =

∫ +∞

0

w s−1 f (w) dw , s ∈ C, (6)
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Integral transforms / Special functions

and the inverse Mellin transform is given by

f (w) = M−1 {f (s)} (w) =
1

2πi

∫ γ+i∞

γ−i∞

w−s f (s) ds, w > 0, γ = Re (s) . (7)

The Mellin convolution between two functions is defined by

(f ∗M g) (x) =

∫ +∞

0

f
(

x
u

)
g(u)

du
u
, (8)

and satisfies the Mellin Convolution Theorem

M {f ∗M g} (s) = M {f } (s) M {g} (s) .

Definition (Fox-H functions)

The Fox H-function Hm,n
p,q , which is defined, via a Mellin-Barnes type integral in the form, by

Hm,n
p,q

[
z

(a1, α1), . . . , (ap , αp)

(b1, β1), . . . , (bq, βq)

]
=

1
2πi

∫
L

∏m
j=1

Γ(bj + βj s)
∏n

i=1
Γ(1 − ai − αi s)∏p

i=n+1
Γ(ai + αi s)

∏q
j=m+1

Γ(1 − bj − βj s)
z−s ds, (9)

where ai , bj ∈ C, and αi , βj ∈ R+, for i = 1, . . . , p and j = 1, . . . , q, and L is a suitable contour in the
complex plane separating the poles of the two factors in the numerator.
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Formulation of the Problem

Time-fractional telegraph equation of distributed order

Let us consider the following time-fractional telegraph equation of distributed order∫ 2

1

b2(β)
[

C
0+∂

β
t u (x , t)

]
dβ + a

∫ 1

0

b1(α)
[

C
0+∂

α
t u (x , t)

]
dα − c2 ∆x u (x , t)

+ d2 u (x , t) = q (x , t) , (10)

for given order-density functions b2(β) > 0 and b1(α) > 0, subject to the following initial and boundary
conditions

u(x , 0) = f (x) ,
∂u
∂t

(x , 0) = g (x) , lim
|x|→+∞

u (x , t) = 0

∫ 2

1

b2(β) dβ = C2,

∫ 1

0

b1(α) dα = C1, (11)

where:
(x , t) ∈ Rn × R+,
∆x is the classical Laplace operator in Rn, and the partial time-fractional derivatives of order β ∈ ]1, 2]
and α ∈ ]0, 1] are in the Caputo sense,
a ∈ R+

0 , c, d ∈ R, and C1,C2 ∈ R+.

Remark

The positive constants C1 and C2 can be taken as 1 if we want to assume the normalization condition for the
integral.
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Solution in the Fourier-Laplace Domain

Solution in the Fourier-Laplace Domain

Strategy

Laplace transform: u (x , t) ⇒ u (x , s)

Fourier transform in Rn: u (x , s) ⇒ u (κ, s)

̂̃u(κ, s) =
f̂ (κ)

[
s B2 (s) + s B1 (s) − s d2

c2

]
s2 [B2 (s) + B1 (s) + |κ|2]

+
ĝ(κ)

[
B2 (s) − d2

c2

]
s2 [B2 (s) + B1 (s) + |κ|2]

+
̂̃q(κ, s)

c2 [B2 (s) + B1 (s) + |κ|2]
, (12)

where f̂ (κ) and ĝ (κ) are the Fourier transforms of the functions f (x) and g (x), respectively, and

B2 (s) =
1
c2

[∫ 2

1

b2(β) sβ dβ + d2

]
, (13)

B1 (s) =
a
c2

∫ 1

0

b1(α) sα dα. (14)
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Solution in the time-space domain

Solution in the time-space domain

Inversion of the integrals transforms

Step 1: Titchmarsh’s Theorem Laplace transform: u (κ, s) ⇒ u (κ, t)

Step 2: Mellin transform (Fourier transform): u (κ, t) ⇒ u (x , t)

Step 1:

û (κ, t) = −
f̂ (κ)
π

∫ +∞

0

e−rt
[

K1 (1, |κ| , r) −
d2

c2 K2 (1, |κ| , r)
]

dr

−
ĝ (κ)
π

∫ +∞

0

e−rt
[

K3 (2, |κ| , r) −
d2

c2 K2 (2, |κ| , r)
]

dr

−
q̂ (κ, t)
πc2 ∗t

∫ +∞

0

e−rt K2 (0, |κ| , r) dr ,
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Solution in the time-space domain

Solution in time-space

where

K1 (p, |κ| , r) =
B |κ|2

(−r)p
[(

A + |κ|2
)2

+ B2
] , K2 (p, |κ| , r) =

−B

(−r)p
[(

A + |κ|2
)2

+ B2
] ,

K3 (p, |κ| , r) =
ρ2
[
ρ1 sin (γ1π − γ2π) + |κ|2 sin (γ2π)

]
(−r)p

[(
A + |κ|2

)2
+ B2

] ,

the quantities A and B are given by

A = ρ2 cos (γ2π) + ρ1 cos (γ1π) and B = ρ2 sin (γ2π) + ρ1 sin (γ1π) , (15)

and the quantities ρ1, γ1, ρ2, and γ2 are given by{
ρ2 = ρ2 (r) =

∣∣B2
(

reiπ
)∣∣

γ2 = γ2 (r) =
1
π

arg
(

B2
(

reiπ
)) {

ρ1 = ρ1 (r) =
∣∣B1
(

reiπ
)∣∣

γ1 = γ1 (r) =
1
π

arg
(

B1
(

reiπ
)) (16)
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Solution in the time-space domain

Solution in the time-space domain

Step 2:

u (x , t)

= −
1
π

f (x) ∗x

[∫ +∞

0

e−rt |x |1− n
2

(2π)
n
2

∫ +∞

0

[
K1 (1,w , r) −

d2

c2 K2 (1,w , r)
]

w
n
2 J n

2 −1 (|x | w) dw︸ ︷︷ ︸
I1

dr

]

−
1
π

g (x) ∗x

[∫ +∞

0

e−rt |x |1− n
2

(2π)
n
2

∫ +∞

0

[
K3 (2,w , r) −

d2

c2 K2 (2,w , r)
]

w
n
2 J n

2 −1 (|x | w) dw︸ ︷︷ ︸
I2

dr

]

−
1
πc2 q (x , t) ∗t ∗x

[∫ +∞

0

e−rt |x |1− n
2

(2π)
n
2

∫ +∞

0

K2 (0,w , r) w
n
2 J n

2 −1 (|x | w) dw︸ ︷︷ ︸
I3

dr

]
.
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Solution in the time-space domain

Solution in the time-space domain

Mellin Transform ⇒ Calculation of I1, I2, and I3

For i = 1, 2, 3

Ii = M {gi ∗M f }
(

1
|x |

)
=

∫ +∞

0

gi (w) f
(

1
|x | w

)
dw
w

=
|x |1− n

2

(2π)
n
2

∫ +∞

0

gi (w) w
n
2 J n

2 −1 (|x | w) dw ,

where

g1 (w) = K1 (1,w , r) −
d2

c2 K2 (1,w , r) g2 (w) = K3 (2,w , r) −
d2

c2 K2 (2,w , r)

g3 (w) = K2 (0,w , r) f (w) =
1

(2π)
n
2 |x |n w

n
2 +1

J n
2 −1

(
1
w

)
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Solution in the time-space domain

Solution in the time-space domain

I1 =
B
(

A2 + B2
)− 1

2

r π
n−3

2 (2 |x |)n sin (ψ)
H1,2

4,3

 (
A2 + B2

)− 1
4

|x |

(1 − n, 1) ,
(

1,
1
2

)
,

(
0,

1
2

)
,

(
0,

ψ

2π

)
(

1,
1
2

)
,

(
1 − n

2
,

1
2

)
,

(
0,

ψ

2π

)


+
Bd2
(

A2 + B2
)−1

rc2 π
n−3

2 (2 |x |)n sin (ψ)
H0,2

3,2

 (
A2 + B2

)− 1
4

|x |

(1 − n, 1) ,
(

0,
1
2

)
,

(
−
ψ

π
,
ψ

2π

)
(

1 − n
2

,
1
2

)
,

(
−
ψ

π
,
ψ

2π

)


=
B
(

A2 + B2
)− 1

2

r π
n−3

2 (2 |x |)n sin (ψ)
H

((
A2 + B2

)− 1
4

|x |

)
+

Bd2
(

A2 + B2
)−1

rc2 π
n−3

2 (2 |x |)n sin (ψ)
H

((
A2 + B2

)− 1
4

|x |

)
,

where

ψ = arccos
(

A
√

A2 + B2

)
, (17)
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Solution in the time-space domain

Solution in the time-space domain

I2 =
ρ2 sin (γ2π)

(
A2 + B2

)− 1
2

r2 π
n−3

2 (2 |x |)n sin (ψ)
H

((
A2 + B2

)− 1
4

|x |

)

−

(
Ac2ρ2 sin (γ2π) − Bc2ρ2 cos (γ2π) + Bd2

)(
A2 + B2

)−1

r2c2 π
n−3

2 (2 |x |)n sin (ψ)
H

((
A2 + B2

)− 1
4

|x |

)
,

I3 =
B
(

A2 + B2
)−1

π
n−3

2 (2 |x |)n sin (ψ)
H

((
A2 + B2

)− 1
4

|x |

)
,

where

ψ = arccos
(

A
√

A2 + B2

)
.
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Solution in the time-space domain

Solution in time-space domain

Main Theorem

The solution of the time-fractional telegraph equation of distributed order (10) subject to the conditions (11) is
given, in terms of convolution integrals, by

u (x , t) =

∫
Rn

f (z) G1 (x − z, t) dz +

∫
Rn

g (z) G2 (x − z, t) dz

+

∫
Rn

∫ t

0

q (z, w) G3 (x − z, t − w) dw dz, (18)

where the fundamental solutions G1, G2, and G3 are given by

G1 (x , t) =
−1

π
n−1

2 (2 |x |)n

∫ +∞

0

B
(

A2 + B2
)− 1

2 e−rt

r sin (ψ)

×

[
H

((
A2 + B2

)− 1
4

|x |

)
+

d2

c2

(
A2 + B2

)− 1
2 H∗

((
A2 + B2

)− 1
4

|x |

)]
dr ,
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Solution in the time-space domain

Solution in time-space domain

Main Theorem (cont.)

G2 (x , t) =
−1

π
n−1

2 (2 |x |)n

∫ +∞

0

(
A2 + B2

)− 1
2 e−rt

r2 sin (ψ)

[
−ρ2 sin (γ2π) H

((
A2 + B2

)− 1
4

|x |

)

−
1
c2

(
Ac2

ρ2 sin (γ2π) − Bc2
ρ2 cos (γ2π) + Bd2

)(
A2 + B2

)− 1
2 H∗

((
A2 + B2

)− 1
4

|x |

)]
dr ,

G3 (x , t) =
−1

c2 π
n−1

2 (2 |x |)n

∫ +∞

0

B
(

A2 + B2
)−1

e−rt

sin (ψ)
H∗

((
A2 + B2

)− 1
4

|x |

)
dr ,

where ρ2 and γ2, A and B, and ψ are given, respectively, by relations (16), (15), and (17)
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Solution in the time-space domain

Solution in time-space domain

Corollaries

Eigenfunctions of the time-fractional telegraph equation of distributed order in Rn × R+.

f (x) = δ (x) =
n∏

i=1

δ (xi ) , g (x) = q (x , t) = 0, a = c = 1, d =
√
λ, λ ∈ R+

.

Eigenfunctions of the diffusion equation of distributed order in Rn × R+ ⇒ b2(β) = 0.

Eigenfunctions of the wave equation of distributed order in Rn × R+ ⇒ b1(α) = 0.

Solution of the time-fractional wave equation of distributed order (a = 0)∫ 2

1

b2(β)
[

C
0+∂

β
t u (x , t)

]
dβ − c2 ∆x u (x , t) + d2 u (x , t) = q (x , t)

which implies

B1 (s) = 0, A = ρ cos (γπ) , B = ρ sin (γπ) , A2 + B2 = ρ
2
, ψ = γπ.
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Particular Cases

Single-order case: Putting

b1 (α) = δ (α − α1) , 0 < α1 ≤ 1, b2 (β) = δ (β − β1) , 1 < β1 ≤ 2,

we get

B1 (s) =
a
c2 sα1 , B2 (s) =

1
c2 sβ1 . (19)

From (19) we have that

B1
(

reiπ
)

=
a
c2 rα1 eiα1π

, B2
(

reiπ
)

=
1
c2 rβ1 eiβ1π

and therefore {
ρ1 (r) =

a
c2 rα1

γ1 (r) = α1 (const.)
,

{
ρ2 (r) =

1
c2 rβ1

γ2 (r) = β1 (const.)
.

Other Particular Cases

Multi-order case, Uniform distributed case, Linear density functions, Sinusoidal density functions, Exponential
density functions.
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Fractional Moments in the Laplace Domain

Main Idea

Re-interpretation of the Mellin transform of the Laplace transform of the first fundamental solution.

M̃γ (s) =

∫ +∞

0

rγ−n+1−1 rnG̃1 (r , s) dr = M
{

rn G̃1 (r , s)
}

(γ − n + 1)

Fractional moments of arbitrary order γ in the Laplace domain

M̃γ (s) =

(
c2 B2 (s) + c2 B1 (s) − d2

)
(B2 (s) + B1 (s))

−γ+n−3
2

π
n
2 c2s

2γ−n Γ
(
γ + 1

2

)
Γ
(

3 + γ − n
2

)
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Fractional Moments in the Laplace Domain

Special Cases (k ∈ N0):

γ = 1 (mean value)

M̃1 (s) =

(
c2 B2 (s) + c2 B1 (s) − d2

)
(B2 (s) + B1 (s))

n
2 −2

π
n
2 c2s

21−n Γ
(

2 −
n
2

)
, n ̸= 4 + 2k.

γ = 2 (variance)

M̃2 (s) =

(
c2 B2 (s) + c2 B1 (s) − d2

)
(B2 (s) + B1 (s))

n−5
2

π
n−1

2 c2s
21−n Γ

(
5 − n

2

)
, n ̸= 5 + 2k.

γ = 3 (3rd moment)

M̃3 (s) =

(
c2 B2 (s) + c2 B1 (s) − d2

)
(B2 (s) + B1 (s))

n
2 −3

π
n
2 c2s

23−n Γ
(

3 −
n
2

)
, n ̸= 6 + 2k.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b2 (β) = 0 = B2 (s))

M̃2 (s) =
21−n Γ

(
5−n

2

)
π

n−1
2

(B1 (s))
n−3

2

s
, n ̸= 5 + 2k, k ∈ N0.

Remark

For n = 3, the moment does not depends on B1 (s) and it is given by

M̃2 (s) =
1

4π s
, so that M2 (t) =

1
4π
.

Slow-diffusion: Let

b1 (α) = κ1 δ (α − α1) + κ2 δ (α − α2) , 0 < α1 < α2 < 1, κ1, κ2 > 0, κ1 + κ2 = 1

which implies that

B1 (s) =
aκ1

c2 sα1 +
aκ2

c2 sα2 .

Behaviour when s → 0+

M̃2 (s) =
21−n a

n−3
2 Γ
(

5−n
2

)
π

n−1
2 cn−3

(κ1 sα1 + κ2 sα2 )
n−3

2

s
∼

21−n (a κ1)
n−3

2 Γ
(

5−n
2

)
π

n−1
2 cn−3

s
α1(n−3)

2 −1
.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b2 (β) = 0 = B2 (s))

Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t → +∞

M2 (t) ∼



c2

a κ1

tα1

Γ (1 + α1)
, n = 1

c
4√a κ1

t
α1
2

Γ
(

1 + α1
2

) , n = 2

21−n (a κ1)
n−3

2 Γ
(

5−n
2

)
π

n−1
2 cn−3

t
−α1(n−3)

2

Γ
(

1 − α1(n−3)
2

) , 0 < α1 < min
{

1, 2
n−3

}
∧ n = 4 + 2k

.

From the previous expressions we have:

It holds M2(t)
t → 0, as t → +∞, for all the dimensions, which corresponds to a slow-diffusion process.

Different behaviour along the dimensions.

Restriction of the parameter α1 for higher dimensions.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b2 (β) = 0 = B2 (s))

Behaviour when s → +∞

M̃2 (s) =
21−n a

n−3
2 Γ
(

5−n
2

)
π

n−1
2 cn−3

(κ1 sα1 + κ2 sα2 )
n−3

2

s
∼

21−n (a κ2)
n−3

2 Γ
(

5−n
2

)
π

n−1
2 cn−3

s
α2(n−3)

2 −1
.

Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t → 0+

M2 (t) ∼



c2

a κ2

tα2

Γ (1 + α2)
, n = 1

c
4√a κ2

t
α2
2

Γ
(

1 + α2
2

) , n = 2

21−n (a κ2)
n−3

2 Γ
(

5−n
2

)
π

n−1
2 cn−3

t
−α2(n−3)

2

Γ
(

1 − α2(n−3)
2

) , 0 < α2 < min
{

1, 2
n−3

}
∧ n = 4 + 2k

.

Other processes

Other processes studied in the manuscript:
Super slow-diffusion I: b1 (α) = κ1 (const.), 0 < α ≤ 1.

Super slow-diffusion II: b1 (α) = 2α, 0 < α ≤ 1.

Super slow-diffusion III: b1 (α) = π
2 sin (απ) , 0 < α ≤ 1.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b2 (β) = 0 = B2 (s))
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Representation of the slow-diffusion process for t → 0+ (left) and for t → +∞ (right), for α1 = 0.75, and
different values of n

From the previous plots we conclude that:
The diffusion along the dimensions is different and has a transition of the behaviour at n = 3.

For n = 1 and n = 2 the variance increases for large values of t with different slope.

For n = 3 the variance is constant.

For n = 4 (and also n = 4 + 2k, k ∈ N) the variance decreases for large values of t.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - wave case (b1 (β) = 0 = B1 (s))

M̃2 (s) =
21−n Γ

(
5−n

2

)
π

n−1
2

(B2 (s))
n−3

2

s
, n ̸= 5 + 2k, k ∈ N0.

Remark

For n = 3, the moment does not depends on B1 (s) and it is given by

M̃2 (s) =
1

4π s
, so that M2 (t) =

1
4π
.

Super fast-diffusion: Let

b2 (β) = κ1 δ (β − β2) + κ2 δ (β − β2) , 1 < β1 < β2 ≤ 2, κ1, κ2 > 0, κ1 + κ2 = 1, κ1 + κ2 = 1

which implies that

B2 (s) =
κ1

c2 sβ1 +
κ2

c2 sβ2 .

Behaviour when s → 0+

M̃2 (s) =
21−n Γ

(
5−n

2

)
π

n−1
2 cn−3

(
κ1 sβ1 + κ2 sβ2

) n−3
2

s
∼

21−n κ
n−3

2
1 Γ

(
5−n

2

)
π

n−1
2 cn−3

s
β1(n−3)

2 −1
.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b2 (β) = 0 = B2 (s))

Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t → +∞

M2 (t) ∼



c2

κ1

tβ1

Γ (1 + β1)
, n = 1

c
4√
κ1

t
β1
2

Γ
(

1 + β1
2

) , n = 2

√
κ1

8cπ
t− β1

2

Γ
(

1 − β1
2

) , n = 4 ∧ 1 < β1 < 2

21−n κ
n−3

2
1 Γ

(
5−n

2

)
π

n−1
2 cn−3

L−1
{

s
β1(n−3)

2 −1
}

(t) , n = 6 + 2k,

.

From the previous expressions we have:

For n = 1, 2 we can see that M2(t)
t → +∞, which corresponds to a super fast-diffusion process.

For n = 4 (and also n = 3) we have that M2(t)
t → 0, which shows a slow-diffusion process.

Different behaviour along the dimensions.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b2 (β) = 0 = B2 (s))

Behaviour when s → +∞

M̃2 (s) =
21−n Γ

(
5−n

2

)
π

n−1
2 cn−3

(
κ1 sβ1 + κ2 sβ2

) n−3
2

s
∼

21−n κ
n−3

2
2 Γ

(
5−n

2

)
π

n−1
2 cn−3

s
β2(n−3)

2 −1
.

Applying the Tauberian Theorem and Inverting the Laplace transform, we obtain for t → 0+

M2 (t) ∼



c2

κ2

tβ2

Γ (1 + β2)
, n = 1

c
4√
κ2

t
β2
2

Γ
(

1 + β2
2

) , n = 2

√
κ2

8cπ
t− β2

2

Γ
(

1 − β2
2

) , n = 4 ∧ 1 < β2 < 2

21−n κ
n−3

2
2 Γ

(
5−n

2

)
π

n−1
2 cn−3

L−1
{

s
β2(n−3)

2 −1
}

(t) , n = 6 + 2k

.

Other processes

Other processes studied in the manuscript: Fast-diffusion I, Fast-diffusion II, Fast-diffusion III.
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Tauberian analysis for the second-order moment (variance)

Tauberian analysis for the variance - diffusion case (b2 (β) = 0 = B2 (s))
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Representation of the super fast-diffusion process for t → 0+ (left) and for t → +∞ (right), for β1 = 11.75
and different values of n

From the previous plots we conclude that (some a equal to the slow-diffusion process):
The diffusion along the dimensions is different and has a transition of the behaviour at n = 3.

For n = 1 and n = 2 the variance increases for large values of t with approximately the same slope.

For n = 3 the variance is constant.

For n = 4 (and also n = 4 + 2k, k ∈ N) the variance decreases for large values of t.
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Conclusions

Study of the Cauchy problem for the time-fractional telegraph equation of distributed order in higher
dimensions.

Combination of Laplace, Fourier and Mellin transforms to obtain a representation of the solution in terms
of convolutions involving the Fox H-functions. The key points to obtain our main result are the use of the
classical Titchmarsh’s Theorem to invert the Laplace transform, and the use of the Mellin transform to
invert the Fourier transform.

Computation of the fractional moments of arbitrary order of the first fundamental solution in the Laplace
domain. We pay special attention to the second-order moment (variance) due to its importance to the
classification of the type of diffusion. We make use of the Tauberian theorems to study the asymptotic
behaviour near zero and near infinity of the second-order moment for the cases of fast/slow-diffusion and
super-fast/slow-diffusion.

Presentation and analysis of the graphical representation of the asymptotic expressions of second-order
moment M2 (t) associated to the first fundamental solution, for the diffusion and wave cases, when
t → 0+ and t → +∞.
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The End!

Thank you for your attention!
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