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The experience of past centuries shows that the development of
mathematics was due not to technical progress (consuming most of the
efforts of mathematicians at any given moment), but rather to discoveries
of unexpected interrelations between different domains which were made
possible by these efforts.

Vladimir I. Arnold
Polymathematics: Is Mathematics a Single Science or a Set of Arts (IMU, 2000)

Question: Can
complexification, 

quanternionization,

symplectization...

uncover some unexpected connections in different domains?

There are no ready-made axioms for their use....



0. PRELUDE

What is the most important series?

One studies special functions not for their own sake, but to be able to
use them to solve problems.

Richard Askey (1933-2019)



The categorical answer of Walter Rudin.



After this statement follows:



But there is still something missing:

Important parts of Real and Complex Analysis
like in a nutshell:

• Series representation (analyticity)

• ODE with respect to df/dz

• Periodicity (Fourier series expansion)

• Mapping properties and analytic restriction/analytic extension

• The expansion of holomorphic funtions into power series
based on

Cauchy’s Integral formula



Relying on the geometrical series in the form:   

it follows immediately

• Is the geometric series the most important series? 



“By 1664 Newton had made his first important
contribution by advancing the binomial theorem, which he
had extended to include fractional and negative
exponents. ….
He showed a willingness to view infinite series not only as
approximate devices, but also as alternative forms of
expressing a term.” R. Calinger

(A Contextual History of Mathematics, 1999)

Learning from the history:

Indeed, 



Complex Analysis was a different story. Even though officially "continuous", 
it has the feel of discrete math, and one can "cheat" and consider power 
series as formal power series, and I really loved it.

D. Zeilberger in a paper dedicated to G. P. Egorychev on his 70th birthday

BOTH SERIES play an important role in Concrete Analysis, a blend of 
CONtinuous and disCRETE) mathematics. (D. Knuth)



And what about analogues of

Cauchy’s Integral Formula 
for 

FUNCTION THEORIES IN ALGEBRAS?

"It was shown by K. Habetha* that, if one wishes to generalize
classic function theory by considering algebra-valued functions in
such a way that a 'simple' Cauchy Formula still holds then one
has to restrict to the algebra of complex numbers, the algebra of
quaternions or a Clifford algebra."

(Brackx F., Delanghe R., Sommen F.: Clifford Analysis  (1982), p. 139)

*) [Eine Bemerkung zur Funktionentheorie in Algebren (German) , in Funct.
theor. Meth. part. Differ. Equat., Proc. int. Symp., Darmstadt 1976, Lect.
Notes Math. 561, 502-509 (1976)],



• has its roots in quaternionic analysis, which was developed
from the 1930s onwards as a counterpart of
the theory of two complex variables.

Clifford analysis and the roots of function theories in algebras
(quaternionic, hypercomplex analysis/function theory)

• studies functions with values in a Clifford algebra, and, as
such, can be considered a direct generalization to higher
dimensions of the classical Function Theory of one Complex
Variable (FTCV) .

• was initiated and systematically studied since the
1930 by Rudolf Fueter (1880 – 1950).



About 50 years ago, a influential paper of E. M. Stein and G. Weiss
[Stein,Weiss, 1968] directed the attention of physicists and mathema-
ticians to

They showed how certain aspects of complex one-dimensional function
theory extend to solutions of those systems of PDE. The list of systems
includes the generalized Riesz system, the Moisil-Theodoresco system,
spinor systems as n - dimensional generalization of Dirac equations, Hodge -
de Rham equations, etc. All systems can be treated with Clifford algebras.

``... the correspondence of irreducible representations of several rotation
groups to first order constant coefficient partial differential equations
generalizing the Cauchy-Riemann equations.''

A second incentive from Representation Theory:

But their motivation for proving that correspondence between
representation groups and PDE were merely of qualitative nature
and deeply connected with properties of harmonic functions in
several real variables.



BASICS of HYPERCOMPLEX ANALYSIS (HA)



HA as a generalized one complex variable theory

• Exist analogues of Cauchy's theorem, Cauchy's integral formula, Laurent -

expansion etc. HA is different from, but in some sense dual to  ℂ𝐧 - Function 

Theory. 

• For example: implies harmonicity of a monogenic 𝒇. HA has a 

wide range of applications in PDE's, Harmonic Analysis, Operator Theory, 

Approximation Theory, Quantum Physics etc.



• Applying methods of conformal mappings based on power
series as orientation for the construction of those 3D-
mapping functions by appropriate polynomials.

[Kantorovich/Krylov: Expansion in a power series of a small parameter in
the case of the transformation of a region into a circle (1941/1957)]

1. ON THE WAY TO THE CROSSROADS OF CONTINUOUS AND
DISCRETE HYPERCOMPLEX ANALYSIS

A mapping problem triggered our investigations:
• Construction of a set of special algebra-valued polynomials

in a hypercomplex variable with low numerical costs for
approximation of 3D-mappings by Clifford algebra valued
functions 𝒇 𝒙 :ℝ 𝟑 ≅ 𝓐𝟑 → 𝓐𝟑 ⊂ 𝑪𝓵𝟎,𝟑 ℝ

• Multiplication and composition are not closed operations
in the set of monogenic functions!

HOW ?

What we can do “without” polynomials ?



(*) 

1.1. A monogenic power-like polynomial – a modified paravector 



The binomial expansion of a monogenic hypercomplex power-like
polynomial :

(A) 

A straightforward solution, depending on a suitable 
determined one-parameter sequence of coefficients:

𝑑! =
1
𝑛 .



Non-symmetric Pascal triangle as result of binomial expansion



1.2  Paravectors versus several hypercomplex variables

A monogenic power-like polynomial in n-fold copies of one complex 
variable – a hypercomplexification that leads into co-dimension 1

A different look to the complex variable 𝒛 = 𝒙 + 𝒊𝒚

Introducing the vectors





Consequently one arrives to the general form of a monogenic
polynomial of degree k

where the sum  is taken over all permutations of

Moreover, all functions 𝑓 = 𝑓 𝒛 = 𝒛"𝜖 𝒜#

are left and right monogenic and - linear independent.𝒞ℓ",$



We also have: 

( B )



Since these polynomials are automatically monogenic and their
hypercomplex derivative is defined 𝝏 = 𝝏𝟎, they satify with respect to the
hypercomplex derivative (similar to the real and complex powers) the
characteristic relations

(*)



Hypercomplex monogenic power-like polynomial sequences as 

extension of 𝒙𝟎𝒌 resp. 𝒛𝒌 𝐰𝐢𝐭𝐡 𝐚𝐧𝐝

NO change to other metrics (H. Leutwiler,
1991), or higher order differential operators
(G. Laville, I. Ramadanoff (1998), or leaving
harmonic functions (slice regularity and
others; D. Struppa, G. Gentili; R. Ghiloni,
A. Perotti, 2006,2011)



The last step is the comparison of both types of monogenic
hypercomplex polynomials by using the uniqueness of their
Taylor expansions and the coincidence of their restriction to the
hyperplane 𝒙𝟎 = 𝟎:

⟹

Additional remark:

the binomial expansion of the first type of polynomials transforms into a
binomial expansion with respect to the paravektor x and its conjugate,
which is for 𝒏 ≥ 𝟐 essentially diffferent from the complex case where
holomorphic functions only depend on z.

By the obvious substition



where

Real



The first rows in the non-symmetric real Pascal triangle for n=2 are

presented together with the values of the common denominators and

their relations to the elements of a new sequence (A283208) in the

Online Encyclopedy of Integer Sequences. (Sloane).

REMARK:

𝒎𝒓

Moreover, for 𝒙𝟎 = 𝟎,

shows another interesting relation between the coefficients in the
different representations of the power-like polynomials



Short résumé:





• Reminding the behavior of 𝒛𝒌, 𝒕he properties of the special
polynomials led to monogenic Appell polynomials as the
generalization of complex powers, admitting 3 (or more)
different representations. 𝒙𝒌, 𝒙𝝐ℝ , is the prototyp of AP.

• The properties of the Appell set immediately allowed the
definition of rational (RGF) as well as exponential genera-
ting functions (EGF) in the context of hypercomplex analysis
and initiated further studies in the framework of
combinatorial analysis.

The decisive steps towards the crossroads:  
• The solution of the initial mapping problem used the
hypercomplex derivative operator1) 𝝏 for normalizing the
mapping like in the complex case by f(0)=0 and f’(0)=1
(class S of univalent functions) and led to a recursive
definition of the considered polynomials.

1) Gürlebeck, K. ; HM; Compl. Variables., 1999, 39, 3



• It stresses the function theoretic origins of Clifford analysis by
considering hypercomplex holomorphic functions as hypercomplex
differentiable functions of several hypercomplex variables
(Weierstrass – approach) thereby recognizing a dual relationship of HFT to

FUNCTIONS OF SEVERAL COMPLEX VARIABLES.

Moreover:

• is obtained by embedding the binary non-commutative  Clifford algebra -
multiplication into a k - nary symmetric operation (the ×−product)

• The concept of the hypercomplex derivative (Cauchy-approach) instead of 
the restriction to generalized Cauchy-Riemann systems (Riemann –
approach) led to an alternative approach, i. e.  to a  

FUNCTION THEORY IN CO-DIMENSION  1. 

• The hypercomplex derivative is locally an areolar derivative (limit of ratio 
of surface integrals ) in the sense of Pompeiu, obtained by the calculus of 
alternating differential forms 1) build by the  𝒅𝒛𝒌 = 𝒅𝒙𝒌 − 𝒆𝒌𝒅𝒙𝟎.

1) Gürlebeck, K. ; HM; Compl. Variables., 1999, 39, 3



We came along a new
road, the hypercomplex road

2000-2001-2004-2006

Remarks on the generation of monogenic functions
M. I. Falcão, J. F. Cruz, HM, (2006)



2006

2020

But how Sturm-Liouville
showed up?           



2006

2020

But how Sturm-Liouville
showed up?           

This has to do with an ocasional
discovery…



Leopold Vietoris
(1891-2002)

In:

Über das Vorzeichen gewisser trigonometrischer Summen
Sitzungsber. Österreich. Akad. Wiss. 167 (1958), 125–35 
the rational numbers

are the coefficients of a positive trigonometric sum and
exactly the same as             in the generalized  hypercomplex  
Appell polynomials .   

𝒄𝒌(𝟐)





• Vietoris' results are embedded in general problems for Jacobi       
polynomials and extensions of inequalities considered by Fejér
(R. Askey/J. Steinig)

• In real analysis trigonometric sums are relevant in Fourier
analysis in general. 

• … have relations to the Method of trigonometric sums in 
number theory (I. M.Vinogradov; Goldbach conjecture)

• … have relations to the mathematical concept of total    
positivity  (S. Karlin)

• … have relations to hypercomplex function theory: 
(e.g. combinatorial identities with generators of Clifford algebras)  

• … have relations to complex function theory: 
(St. Ruscheweyh/Salinas (2004); concept of stable functions) 



• Jean Bourgain:  Harmonic analysis and combinatorics: How much may    
they contribute to each other?

• R. Stanley:         Positivity problems and conjectures in algebraic    
combinatorics

• M. T. Gowers:  The Two Cultures of Mathematics
(…Combinatorics appears to many to consist of a large   

number of isolated problems and results…)

In:  V. Arnold, M. Atiyah, P. Lax, and B. Mazur, (Eds.) :
Mathematics: Frontiers and Perspectives , IMU-AMS, 2000

V. I. Arnold:  Polymathematics: Is Mathematics a Single Science or a Set 
of Arts.                                                           (see the epigraph)

COMBINATORICS  AND HARMONIC ANALYSIS:



http://oeis.org/A283208

[1]  I. Cação; M. I. Falcão, HRM: 
Hypercomplex Polynomials, Vietoris' Rational Numbers and
a Related Integer Number Sequence,
Complex Analysis and Operator Theory (2017), 11: 1059-1076

Vietoris’ sequence 𝓥𝟐 and its generalization to arbitrary
𝒏 𝝐 ℕ𝟎 through the sequences of 𝒄𝒌 𝒏 𝝐 𝓥𝒏 can be

found in 

This discovery was the beginning of a more intensive study on
combinatorial and number theoretic properties of Vietoris number
sequence and its properties:

[2]  I. Cação; M. I. Falcão, HRM: 
On generalized Vietoris’ number sequences
Discrete Applied Mathematics (2019) , 269, 77-85 

http://oeis.org/A283208


0, 2, 3, 6, 7, 9, 10, 14, 15, 17, 18, 21, 22, 24, 25, 30, 31, …

Vietoris’ numbers could not only be generalized through their 
relationship with hypercomplex Appell polynomials, but they 
also could be associated with a sequence of integers called 

which were used in [1] to solve a       
divisibility problem of central binomial coefficients.

Minimal exponent integer sequence (MEIS, A283208) 

Paper [2] shows an approach totally free of hypercomplex
background and presents the RGF of Vietoris’ numbers 𝒄𝒌(𝒏)
for arbitrary values of n. The approach is based on the use of 
Jacobi polynomials. For n=2 a recurrence property could be 
proved.





R. Askey, Vietoris’s inequalities and hypergeometric series, in: 
Recent progress in inequalities Kluwer,  1998,   pp. 63–76.

R. Askey, J. Steinig, Some positive trigonometric sums,     
Transactions AMS 187 (1) (1974) 295-307.

R. Askey Orthogonal polynomials and special functions (1975)

Only in 1974, he importance of 
Vietoris’ positivity result of 1958 for 
the theory of orthogonal polynomials 
was recognized by  R. Askey.

Richard Askey (1933 - 2019)





R. Askey, Vietoris’s inequalities and hypergeometric series, in: 
Recent progress in inequalities Kluwer,  1998,   pp. 63–76.



Stephan Ruscheweyh
(1944-2019)



1958

1974

2004

2020



1958

1974

2004

2006

2020

1994

But where came the inspiration from for going in new
directions connecting continuous (function theoretical)
and discrete (enumerative combinatorial) hyper-
complex analysis ?



1958

1974

2004

2006

2020

2005

2006

1998 Leroy P. Steele Prize

1994



Herbert Wilf (1931 -2012)

Doron Zeilberger (*1950)

Donald Ervin Knuth (*1938)

Mathematics is not a deductive science-that's a cliché. When you try to
prove a theorem, you don't just list the hypotheses; and then start to reason.
What you do is trial and error, experimentation, guesswork.

Paul R. Halmos







This is a hint to consider now Gauss’ hypergeometric function



Theorem 1

Examples in closed form



Theorem 2

Theorem 3

In the usual way, by transforming the explicite representation of the
generating function for n=2 and n=4 into a quadratic algebraic
equation and comparing the coefficients, we get recurrence relations
(“discrete by continuous”)



But in the case n=3 one has to deduce an ordinary differential equation by using

which leads to 

Using

Theorem 4: The elemements of 𝓥𝟑 satisfy the recurrence relation



Theorem 5:  The elemements of 𝓥𝒏 satisfy the recurrence relation

The proof by simple induction shows that

Knowing the recurrence relation we can now look for an
exponential generating function EGF of 𝓥𝒏 of the form:

(“continuous by discrete”)



Theorem 6:  The EGF F(t;n) of 𝓥𝒏 satisfies the holonomic Sturm-Liouville equation **) 

with the initial conditions

Its solution is given in the form

where  𝑴 𝒂, 𝒃, 𝒛 is Kummer’s confluent hypergeometric function

**) Particular case of



In 2007 2), the sequence of generalized hypercomplex Appell
polynomials, i.e. the sequence of polynomials of the form

has been used to construct a monogenic exponential function and

shows its representation by Bessel functions of the first kind.

Final remarks:

2) I. Falcão, HM, 2007, AIP, 963

“(cos, sin)- approach” 



Kummer’s confluent hypergeometric function for particular values

leads to a representation of the exponential generating
function of Vietoris’ numbers 𝓥𝒏 in the form

by modified Bessel functions of the first kind. 3)

3) G. Laville, I. Ramadanoff, 2006, MMAS 29

arrived to this representation by integral 
transforms --- “(cosh, sinh)- approach” 



The different recurrent relations as well as the now detected role of a Sturm-Liouville
equation on the crossroads of continuous and discrete confirm in some sense the opinion of
V. I. Arnold in the epigraph that no axiomatic scheme should petrify the free flow of
generalizations. Both approaches, by Appell polynomials as well as by integral transforms
can enrich our knowledge about the role of hypergeometric functions in the setting of
hypercomplex analysis bridging real, complex and hypercomplex analysis.



1958

1974

2004

2006

2020

2005

2006

1998 Leroy P. Steele Prize

1994
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