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ABSTRACT

Abstract:
In this talk we answer the following question: "Why did James Bond prefer shaken, not stirred martini 
with ice?" The answer is given by means of complete exact solution to the scalar Riemann-Hilbert 
problem

Re 𝜆𝜆𝑘𝑘 𝑡𝑡 𝜙𝜙 𝑡𝑡 = g𝑘𝑘 𝑡𝑡 , 𝑡𝑡 − 𝑎𝑎𝑘𝑘 = 𝑟𝑟𝑘𝑘 (𝑘𝑘 = 1,2, … , 𝑛𝑛)
for an arbitrary circular multiply connected domain with Hölder continuous coefficients. Relations to the 
ℝ-linear problem and the effective properties of 2D random composites are discussed.
The order (disorder) degree of dispersed random media is quantitatively described through the 
Riemann-Hilbert problem.



2D STATIONARY PROBLEM

bacteriacancer cells



2D, TWO-PHASE COMPOSITES

Al with SiC
inclusions

Composite with multiscale
reinforcements



2D STATIONARY PROBLEM

The present talk concerns the Riemann-Hilbert and ℝ-linear problems and their application to the
2D stationary conductivity problems for disks. First, the boundary value problem is solved for an
arbitrary data {𝑎𝑎𝑘𝑘}. Next, the centers {𝑎𝑎𝑘𝑘} are considered as a set of random variables. 

Microstructure of TiC–FeCr composite 



RECENT BOOKS 2018 (2D CONDUCTIVITY), 
2020 (2D ELASTICITY & VISCOSITY, 3D CONDUCTIVITY)

https://www.amazon.com/Vladimir-V.-Mityushev/e/B001K8D332



RIEMANN-HILBERT AND ℝ-LINEAR PROBLEMS

Z = a W + b W     ℝ-linear relation between Z and W

The Riemann-Hilbert (RH) problem is a particular case of the ℝ-linear 
problem when |𝑎𝑎(𝑡𝑡)| = |𝑏𝑏(𝑡𝑡)| (I. Sabitov 1959/60, published in 
Mikhajlov’s book (1963)): multiply connected domain

simply connected domain

In the case of multiply connected domain 𝐷𝐷+ = ∪𝑘𝑘=1𝑛𝑛 𝐷𝐷𝑘𝑘. 



FIRST WORKS ON ℝ-LINEAR PROBLEMS

N.I. Muskhelishvili (1932): To the problem of torsion and bending of beams constituted from different materials, Izv. AN SSSR, N 
7, 907-945 

I.N. Vekua, A.K. Rukhadze (1933): The problem of the torsion of circular cylinder reinforced by transversal circular beam.Izv. AN 
SSSR, 1933, n. 3, 373-386;      Torsion and transversal bending of the beam compounded by two materials restricted by confocal 
ellipses. Prikladnaya Matematika i Mechanika (Leningrad) 1, n. 2, 167-178.

(many thanks to Gia Giorgadze for literaturę)

G.M. Golusin: Solution of basic plane problems of mathematical physics for the case of Laplace equation and multiply connected 
domains bounded by circles (method of functional equations). Math. zb. 41:2 (1934), 246-276.

A.I. Markushevich: On a boundary value problem of analytic function theory. Uch. zapiski MGU 1 (1946), 100, 20-30.

B. Bojarski (1960): On generalized Hilbert boundary value problem, Soobsch. AN GruzSSR, 25, n. 4, 385-390;

extended to multiply connected domains [Bojarski & VM 2013] .        (the case 𝑎𝑎 𝑡𝑡 > |𝑏𝑏(𝑡𝑡)|)

L.G. Mikhailov (1963): A new class of singular integral equations and its application to differential equations with singular 
coefficients, Dushanbe, 

Rayleigh (1892): On the influence of obstacles arranged in rectangular order upon the properties of a medium, Phil. Mag. 34.

ℝ-linear problem in a class of doubly periodic functions (on torus)



RIEMANN-HILBERT AND ℝ-LINEAR PROBLEMS

The RH problem has been discussed in the classical books [Gakhov, Muskhelishvili, Vekua with Bojarski’s addition]. One 
can find the solution of RH problem in closed form for a simply connected domain (n = 1) in [Gakhov, Muskhelishvili]

For a doubly connected domain (n = 2) in [Vilat (1912), Dini (1913), Akhiezer (1929), Bancuri (1975)] and in other
special cases. Complete solution of the scalar problem RH problem was obtained in analytic form (VM 1996, 1998). 

For other similar historical notes see the book

(January 1, 2022):



RIEMANN-HILBERT FOR A SIMPLY CONNECTED DOMAIN

The RH problem Re[𝜆𝜆 𝑡𝑡 𝜙𝜙 𝑡𝑡 ] = 𝑔𝑔 𝑡𝑡 , 𝑡𝑡 ∈ 𝐿𝐿 for a simply connected domain is solved in  two steps

1. Conformal mapping of  𝐷𝐷+ onto the unit disk 𝑧𝑧 < 1

2. Factorization and application of Sochocki’s formulas

𝜆𝜆 𝜙𝜙 𝑡𝑡 + 𝜆𝜆 𝜙𝜙
1
𝑡𝑡

= 2𝑔𝑔 𝑡𝑡 , 𝑡𝑡 = 1

𝚽𝚽+ 𝑡𝑡 − 𝚽𝚽− 𝑡𝑡 = 2𝑔𝑔 𝑡𝑡 , 𝑡𝑡 = 1

𝚽𝚽+ 𝑡𝑡 − 𝚽𝚽− 𝑡𝑡 =



RIEMANN-HILBERT AND ℝ-LINEAR PROBLEMS

Scheme of solution: 

i) to reduce the problem to a multiply connected circular domain by a conformal
mapping;

ii) to apply the standard method of factorization to reduce to the blocks of problems

iii)   to reduce the RH with constant coefficients to the ℝ-linear problem;  

iv)   to reduce the ℝ-linear problem to functional equations;             (|𝜆𝜆𝑘𝑘| = 1)

Re 𝜆𝜆𝑘𝑘𝜙𝜙 𝑡𝑡 = g𝑘𝑘 𝑡𝑡 (𝑘𝑘 = 1,2, … , 𝑛𝑛) ⇔ 𝜙𝜙 𝑡𝑡 = 𝜆𝜆𝑘𝑘𝜙𝜙𝑘𝑘 𝑡𝑡 − 𝜆𝜆𝑘𝑘𝜙𝜙𝑘𝑘 𝑡𝑡 + 𝜆𝜆𝑘𝑘g𝑘𝑘 𝑡𝑡 ⇔

𝜆𝜆𝑘𝑘𝜙𝜙𝑘𝑘 𝑡𝑡 − 𝜙𝜙 𝑡𝑡 = 𝜆𝜆𝑘𝑘𝜙𝜙𝑘𝑘 𝑡𝑡 − 𝜆𝜆𝑘𝑘g𝑘𝑘 𝑡𝑡 ⇔ 𝜙𝜙𝑘𝑘 𝑧𝑧 = 𝜆𝜆𝑘𝑘
2𝜋𝜋 𝑖𝑖

∑𝑚𝑚=1
𝑛𝑛 ∫𝐿𝐿𝑚𝑚 𝜆𝜆𝑚𝑚

𝜙𝜙𝑚𝑚 𝑡𝑡
𝑡𝑡−𝑧𝑧

𝑑𝑑𝑡𝑡 + 𝑓𝑓 𝑧𝑧 , 𝑧𝑧 ∈ 𝐷𝐷𝑘𝑘
Sochotski’s formulas Alternating method of Schwarz

)𝜙𝜙𝑘𝑘(𝑧𝑧 = 𝜆𝜆𝑘𝑘�𝑚𝑚≠𝑘𝑘 𝜆𝜆𝑚𝑚 𝜙𝜙𝑚𝑚 𝑧𝑧∗ 𝑚𝑚 − )𝑓𝑓( 𝑧𝑧 , |z - ak| ≤ rk, 𝑘𝑘 = 1,2, … , 𝑛𝑛,

v) to derive the functional equations and solve them in terms of the Poincaré series

where 𝑧𝑧∗ 𝑚𝑚 = 𝑟𝑟𝑚𝑚2

𝑧𝑧−𝑎𝑎𝑚𝑚
_ + 𝑎𝑎𝑚𝑚



COMPLEX GREEN'S FUNCTION

Complex Green's function is represented in the form
𝑀𝑀 𝑧𝑧, 𝜁𝜁 = 𝑀𝑀0 𝑧𝑧, 𝜁𝜁 + ∑𝑚𝑚=1

𝑛𝑛 αm(ζ) ln(𝑧𝑧 − 𝑎𝑎m)- ln(ζ - z) +𝐴𝐴(𝜁𝜁),

where𝑀𝑀0 𝑧𝑧, 𝜁𝜁 is a single-valued analytic function of z in D (for any fixed ζ), 𝑀𝑀0 𝑤𝑤, 𝜁𝜁 = 0; 
αm(ζ),𝐴𝐴(𝜁𝜁) are unknown. The boundary value problem for 𝑀𝑀0 𝑧𝑧, 𝜁𝜁 :

𝑅𝑅𝑅𝑅[ 𝑀𝑀0 𝑧𝑧, 𝜁𝜁 + ∑𝑚𝑚=1
𝑛𝑛 αm(ζ) ln(𝑧𝑧 − 𝑎𝑎m)- ln(ζ - z) +𝐴𝐴 𝜁𝜁 ] = 0, |z - ak| = rk, 𝑘𝑘 = 1,2, … , 𝑛𝑛.

It is reduced to the system of functional equations solved by successive approximations

)𝜙𝜙𝑘𝑘(𝑧𝑧 = −�𝑚𝑚≠𝑘𝑘 𝜙𝜙𝑚𝑚 𝑧𝑧∗ 𝑚𝑚 − 𝜙𝜙𝑚𝑚 𝑤𝑤∗
𝑚𝑚 − )𝑓𝑓( 𝑧𝑧 , |z - ak| ≤ rk, 𝑘𝑘 = 1,2, … , 𝑛𝑛.

where 𝑧𝑧∗ 𝑚𝑚 = 𝑟𝑟𝑚𝑚2

𝑧𝑧−𝑎𝑎𝑚𝑚
_ + 𝑎𝑎𝑚𝑚 is the inversion with respect to the circle |t - am| = rm.

The composition of two inversions generate a Möbius transformation (of level 2)

𝛾𝛾𝑗𝑗 𝑧𝑧 = 𝑎𝑎𝑗𝑗𝑧𝑧+ 𝑏𝑏𝑗𝑗
𝑐𝑐𝑗𝑗𝑧𝑧+ 𝑑𝑑𝑗𝑗

= (𝑧𝑧∗ 𝑚𝑚 )∗
𝑘𝑘



COMPLEX GREEN'S FUNCTION

Application of successive approximations to the functional equations yields
the uniformly convergent series (product)

)𝑀𝑀0(𝑧𝑧, 𝜁𝜁 = �
𝑚𝑚=1

𝑛𝑛

(αm(ζ) ln �
𝑗𝑗=1,𝑗𝑗≠𝑚𝑚

∞

�𝜓𝜓𝑚𝑚
𝑗𝑗 (𝑧𝑧) + ln�

𝑗𝑗=1

∞

)ωj(𝑧𝑧 ,

consists of even order inversions (the classic Schottky group),
of odd order inversions



SCHWARZ'S OPERATOR

Theorem (Schwarz's operator for a circular multiply connected domain) 
The RH problem

Re 𝜙𝜙 𝑡𝑡 = 𝑓𝑓 𝑡𝑡 ,      |t - ak| = rk (𝑘𝑘 = 1,2, … , 𝑛𝑛)

with single-valued 𝜙𝜙 𝑧𝑧 in D is solvable if and only if a system of n linear algebraic 
equations (Bojarski’s system 1958) is solvable. 𝜙𝜙 𝑧𝑧 can be written explicitly in
terms of uniformly convergent series

Bojarski’s system: 



POINCARÉ SERIES
Let 𝐻𝐻(𝑧𝑧) be a meromorphic function. The Poincaré series is associated with the group of 
inversions with respect to |𝑡𝑡 − 𝑎𝑎𝑘𝑘| = 𝑟𝑟𝑘𝑘

H. Poincaré (1883) proved the absolute convergence of 𝜃𝜃4(𝑧𝑧) and just write
„Toujours dans le cas d’un groupe fuchsien, la serié

∑𝑚𝑚𝑚𝑚𝑑𝑑(𝑐𝑐𝑗𝑗𝑧𝑧 + 𝑑𝑑𝑗𝑗)−2

n’est par convergent ”.
W. Burnside (1891) gave examples of convergent series for Schottky groups and studied their absolute
convergence under some geometrical restrictions. In his study Burnside followed Poincaré’s proof of
the convergence of the 𝜃𝜃4-series.
Burnside wrote „I have endeavoured to show that, in the case of the first class of groups, this series is
convergent, but at present I have not obtained a general proof. I shall offer two partial proofs of
convergency; one of which applies only to the case of Fuchsian groups, and for that case in general,
while the other will also apply to Kleinian groups, but only when certain relations of inequality are
satisfied."



POINCARÉ SERIES

However, Myrberg (1916) gave an example of absolutely divergent series for a 64-connected domain.
Beginning from Myrberg many mathematicians justified the absolute convergence of the Poincaré series
under geometrical restrictions to the locations of the circles. Here, we present such a typical restriction
expressed in terms of the separated parameter ∆ introduced by Henrici

Theorem (VM 1998).The Poincaré θ2-series for any classical Schottky group
converges uniformly in every compact subset of D/{singular points of }.

Akaza (1964-1984) described domains of absolute convergence.
But the story had been finished by the following

The RH problem for an arbitrary circular multiply connected domain is solved
in terms of the Poincaré θ2-series and by its modifications.

The main reason of failure up to 1998: specialists in
Complex analysis like too much the infinite point.



APPLICATIONS TO OTHER PROBLEMS FOR 
A MULTIPLY CONNECTED DOMAIN

Bergman kernel (Moonja Jeong & VM, 2007), 
Schottky-Klein prime function (VM 1998, 2012), 
Jacobi inversion problem (VM 2012), 
Schwarz-Christoffel integral (VM 2011-2012)

angle

vertex

One of the solution of the RH problem is equal to ω(z). 



ℝ - LINEAR PROBLEM FOR A MULTIPLY
CONNECTED DOMAIN

ℝ-linear problem Contrast parameter Complex flux



RIEMAN-HILBERT AND ℝ -LINEAR PROBLEMS
FOR DOUBLY PERIODIC DOMAIN (TORUS)

Effective conductivity tensor



RIEMAN-HILBERT AND ℝ -LINEAR PROBLEMS
FOR DOUBLY PERIODIC DOMAIN (TORUS)

Let Em(z) denote the Eisenstein function.
Introduce the structural sums

For macroscopically isotropic composites e2 = π

S2 =

General structural sum



DECOMPOSITION SERIES FOR THE EFFECTIVE CONDUCTIVITY  
(PHYSICAL CONSTANTS, GEOMETRY, CONCENTRATION):



Percolation. Resummation techniques, 
S. Gluzman, VM, W. Nawalaniec (2014)

The main idea consists in the asymptotic study of the function:

𝑓𝑓 𝑥𝑥 = (𝑥𝑥 − xc)-s 𝑔𝑔(𝑥𝑥),
where s is unknown and xc is known. We have

ln 𝑓𝑓 𝑥𝑥 = −𝑠𝑠 ln 𝑥𝑥 − xc + ln𝑔𝑔 𝑥𝑥 ⟺

Remark. It is related to the Padé approximations which reveals the critical concentration xc.



Hexagonal array for 𝜌𝜌 = 1 (perfect conductor)

Here, v = 𝜋𝜋 𝑟𝑟2 denotes the concentration of disks per unit cell



Non-overlapping uniform distribution

Random walks by 1000 Monte Carlo computational experiments



CRITICAL POWER



Thank you for your attention 
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