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This presentation is based on the paper

Grand Lebesgue space for p = oo and its application to
Sobolev-Adams embedding theorems in borderline cases
by H. Rafeiro, S. Samko, and S. Umarkhadzhiev
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Grand Lebesgue spaces for finite p (GLS)

o GLS were introduced in 1992 by T. Iwaniec and C. Sbordone when
dealing with the problem of the integrability properties of the Jacobian.
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Definition (Grand Lebesgue spaces)

Lg)(SZ), l<p<o00,60>0,QCR" |Q| < oo, are defined by the norm

1
pP—&

<e<p-—1

I lpi=, s | [lr@ra] . (1)
Q
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o GLS were introduced in 1992 by T. Iwaniec and C. Sbordone when
dealing with the problem of the integrability properties of the Jacobian.

o GLS were generalized in 1997 by Greco, T. Iwaniec, and C. Sbordone.

Definition (Grand Lebesgue spaces)

Lg)(SZ), l<p<o00,60>0,QCR" |Q| < oo, are defined by the norm

1
pP—&

I lpi=, s | [lr@ra] . (1)
Q

<e<p-—1

o Few names involved in the study of GLS: A. Fiorenza, V. Kokilashvili,
A. Meskhi, J.M. Rakotoson, P. Jain, etc.

H. Rafeiro (S. Samko) Grand Lebesgue space for p = 0o



Grand Lebesgue spaces for p = 0o (GLS-00)

o [t was natural to think about defining the space for p = oo.
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Grand Lebesgue spaces for p = 0o (GLS-00)

o [t was natural to think about defining the space for p = oo.

o Since such a space must be larger than L°°, this space might be a
candidate for improving BMO results for Riesz fractional operator in
the borderline case, which was one of the motivation for considering
such a space, apart from just a mathematical curiosity.
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Grand Lebesgue spaces for p = oo (GLS-00)

o [t was natural to think about defining the space for p = co.

o Since such a space must be larger than L°°, this space might be a
candidate for improving BMO results for Riesz fractional operator in
the borderline case, which was one of the motivation for considering
such a space, apart from just a mathematical curiosity.

o The answer for us was in fact immediate, namely

Definition (Grand L;O) spaces)

LOWO)(Q) may be realized via the norm

1
s =sup —— 2
P e FAL (2)
where
inf y(¢g) >0 and lim ¥ (q) = oo. (3)
q>1 q—>00
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Grand Lebesgue spaces for p = 0o (GLS-00)

o However later we realized that such a construction in fact is not new, more

precisely, such construction appear in the one dimensional case in the study

of the Riemann-Liouville fractional integrals in the limiting case & = %.
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o However later we realized that such a construction in fact is not new, more
precisely, such construction appear in the one dimensional case in the study

of the Riemann-Liouville fractional integrals in the limiting case & = %.

o The one-dimensional case appeared in:

@ N. K. Karapetyants, B. S. Rubin, Local properties of fractional
integrals and the BMO spaces on the segment of real axis
(Russian), Deposited in VINITI, Moscow, no. 669-B (1985).
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o However later we realized that such a construction in fact is not new, more
precisely, such construction appear in the one dimensional case in the study

of the Riemann-Liouville fractional integrals in the limiting case & = %.

o The one-dimensional case appeared in:

@ N. K. Karapetyants, B. S. Rubin, Local properties of fractional
integrals and the BMO spaces on the segment of real axis
(Russian), Deposited in VINITI, Moscow, no. 669-B (1985).

@ N. K. Karapetyants, B. S. Rubin, Fractional integrals with a limit
exponent (Russian), Izv. Vyssh. Uchebn. Zaved. Mat. (3) (1988)
69—72, 86, Engl. transl. in Soviet Math. (I1z. VUZ) 32(3) (1988)
98—102.
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Grand Lebesgue spaces for p = 0o (GLS-00)

o However later we realized that such a construction in fact is not new, more
precisely, such construction appear in the one dimensional case in the study

of the Riemann-Liouville fractional integrals in the limiting case & = %.

o The one-dimensional case appeared in:

@ N. K. Karapetyants, B. S. Rubin, Local properties of fractional
integrals and the BMO spaces on the segment of real axis
(Russian), Deposited in VINITI, Moscow, no. 669-B (1985).

@ N. K. Karapetyants, B. S. Rubin, Fractional integrals with a limit
exponent (Russian), Izv. Vyssh. Uchebn. Zaved. Mat. (3) (1988)
69—72, 86, Engl. transl. in Soviet Math. (Iz. VUZ) 32(3) (1988)
98—102.

o The proof was based on direct obtaining asymptotics of the L? — L4 norms
of one-dimensional fractional operator% = % —aasp— %, which

essentially used one-dimensional techniques.
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Grand Lebesgue spaces for p = 0o (GLS-00)

o From papers[1,2] of N. Karapetyants and B. Rubin, we have a hint
that these GLS-o0 are useful in studying mapping properties of Riesz
potential operator in the borderline case.
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o From papers[1,2] of N. Karapetyants and B. Rubin, we have a hint
that these GLS-o0 are useful in studying mapping properties of Riesz
potential operator in the borderline case.

o Our approach is based on estimations of the growth of constants as p
tends to the borderline cases when using Hedberg approach
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Grand Lebesgue spaces for p = 0o (GLS-00)

o From papers[1,2] of N. Karapetyants and B. Rubin, we have a hint
that these GLS-o0 are useful in studying mapping properties of Riesz
potential operator in the borderline case.

o Our approach is based on estimations of the growth of constants as p
tends to the borderline cases when using Hedberg approach

IE f ()| < CrreMf(x) + Cor® ? || fllp@y T > 0.

H. Rafeiro (S. Samko) Grand Lebesgue space for p = 0o



Grand Lebesgue spaces for p = oo (GLS-00)
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Grand Lebesgue spaces for p = oo (GLS-00)

@ We show that such spaces are useful in the study of mapping
properties of the Riesz potential operator in the borderline cases
ap = n for Lebesgue spaces and ap = n — A for Morrey and Morrey
type spaces.
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@ We show that such spaces are useful in the study of mapping
properties of the Riesz potential operator in the borderline cases
ap = n for Lebesgue spaces and ap = n — A for Morrey and Morrey
type spaces.

@ Some statements on improving BMO results for Lebesgue spaces
were known, as regards to Morrey and Morrey type spaces, there was
no improving BMO results.
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Grand Lebesgue spaces for p = oo (GLS-00)

@ We show that such spaces are useful in the study of mapping
properties of the Riesz potential operator in the borderline cases
ap = n for Lebesgue spaces and ap = n — A for Morrey and Morrey
type spaces.

@ Some statements on improving BMO results for Lebesgue spaces
were known, as regards to Morrey and Morrey type spaces, there was
no improving BMO results.

@ We also show that the obtained results are sharp in a certain sense.
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Riesz potential operator

Definition (Riesz potential operator)

I3 f(x) == / P f(y|31 — 4y, x € 2,
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Lebesgue spaces

Known results for mapping property in the borderline case

H. Rafeiro (S. Samko) Grand Lebesgue space for p = 0o



Lebesgue spaces

Known results for mapping property in the borderline case

I L? < BMO, o= — (Steinand Zygmund, 1967)
p
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Lebesgue spaces

Known results for mapping property in the borderline case

I L? < BMO, o= — (Steinand Zygmund, 1967)
p

I L?P — L:X%pa (Gilbarg, Trudinger, 1983)
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Lebesgue spaces

Known results for mapping property in the borderline case

I L? < BMO, o= — (Steinand Zygmund, 1967)
p
I L?P — L:X%pa (Gilbarg, Trudinger, 1983)

12 LPO < BMO, « = — (S.,2013)
P
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1
1 ooy = P @) £ llLa (@) (4)
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Lfﬁo) spaces

£ llLa (@) (4)

1
(A o) Sup
Ly @ 1 v(q)

Example (Function in GLS-00)

Y
Let @ = B(0,R), R > 0, and f(x) = (m (%)) with y > 0. Then

f e L;o)(B(O, R))ifand onlyify < 6.
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Lebesgue spaces

Theorem (Pointwise estimate for the Riesz potential)

Let @ C R" beanopenset,p =75, f € ﬂ LP7%(Q), and
O<e<p-—1
0<e< p—1.Then

1§ /)] < C (r"‘Mf(x)+ L jasts ||f||Lp—e(m), (5)

er

where C does not depend on f and e.
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Lebesgue spaces

Theorem (Estimate for the Riesz potential of a function)

Letl < p<oo,e>01/p+e<1, and

1
fx) = — e L?”(B), B=B(0,R), C=R>é.
n C ;“r‘é‘
|x| 7 (ln —)

|x]
Then

1
1\»°
Igf(x):(lnm)p as x — 0,

when o =

ST
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Main result on Lebesgue spaces

Theorem (Lebesgue spaces)
Let |Q| < 00,0 <a <n,and p = 2. Then the operator 1§ is bounded

from the classical Lebesgue space L?(R2) to L;o)(Q) with 6 = # and
this choice of 0 is sharp.
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Theorem (Lebesgue spaces)

Let |Q| < 00,0 <a <n,and p = 2. Then the operator 1§ is bounded

from the classical Lebesgue space L?(R2) to L;o)(Q) with 6 = # and
this choice of 0 is sharp.

Sharp in the sense that 1 : L? — Lzo), 0 < %, is not true.
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Main result on Lebesgue spaces

Theorem (Lebesgue spaces)

Let |Q| < 00,0 <a <n,and p = 2. Then the operator 1§ is bounded

from the classical Lebesgue space L?(R2) to L;o)(Q) with 6 = # and
this choice of 0 is sharp.

Sharp in the sense that 1 : L? — Lzo), 0 < %, is not true.

The operator 1§ is also bounded from the grand space Lg)(Q) to the
space L?)(Q), where & = 0 + # and this choice of & is sharp.
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Main result on Lebesgue spaces

Theorem (Lebesgue spaces)

Let |Q| < 00,0 <a <n,and p = 2. Then the operator 1§ is bounded

from the classical Lebesgue space L?(R2) to L;o)(Q) with 6 = # and
this choice of 0 is sharp.

Sharp in the sense that 1 : L? — Lzo), 0 < %, is not true.

The operator 1§ is also bounded from the grand space Lg)(Q) to the
space L?)(Q), where & = 0 + # and this choice of & is sharp.

Theorem (Lebesgue spaces)

Under the assumptions of Theorem above, the operator 13 maps the
Lebesgue space LP () into BMO(2) N Lzo)(Q), 0 = #.
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Sketch of the Proof

@ We minimize the right-hand side in the pointwise estimate for the Riesz potential,
yielding
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Sketch of the Proof

@ We minimize the right-hand side in the pointwise estimate for the Riesz potential,

yielding
& 5 -5
er ISfHqu(g) < CHMfuzp—e(Q)”f“Lpfe(Q)- (6)
1 _ 1 —
where o= = S — & = p(pe_s).
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yielding
& 5 -5
er ISfHqu(g) < CHMfuzp—e(Q)”f“Lpfe(Q)- (6)
1 _ 1 —
where o= = S — & = p(pe_s).

@ By the boundedness of M in L?~¢ and some estimates, from (6) we obtain
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Sketch of the Proof

@ We minimize the right-hand side in the pointwise estimate for the Riesz potential,

yielding
& 5 -5
er ISfHqu(g) < CHMfuzp—e(Q)”f“Lpfe(Q)- (6)
1 _ 1 —
where o= = S — & = p(pe_s).

@ By the boundedness of M in L?~¢ and some estimates, from (6) we obtain

1 0
sup —— |14/ [pu@y <€ sw I flLre)
q>p’+n q 7 O<e<p—1-4

= Clf o)
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Morrey spaces

Definition (Morrey spaces)

Letl < p <ooand0 < A < n. We recall that Morrey spaces LPA(Q) are
defined as the set of measurable functions on € such that

1
1 12
I/ lLr @)= sup _(/ |f(x)|pdx) < 9,
Q(x,r)

A
r>0,xeQ yp

where Q(x,r) := B(x,r) N Q.
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Morrey spaces

Definition (Morrey spaces)

Letl < p <ooand0 < A < n. We recall that Morrey spaces LPA(Q) are
defined as the set of measurable functions on € such that

1

1 2
IflLrr@y = sup — (/ | f(x)]? dx) < oo,
Q(x,r)

A
r>0,xeQ yp

where Q(x,r) := B(x,r) N Q.

Definition (grand Morrey spaces)

We recall that grand Morrey spaces Lg)’)L (2) are defined as the set of
measurable functions on € such that

1/l o2y = sup &8l fllprenqy < oo (7)
o O0<e<p—1
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Morrey spaces

Known results for mapping property in the borderline case

_2
I&: LP* < BMO, o= ——2(R.andS.,2019)
p
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Morrey spaces

Theorem (Pointwise estimate for the Riesz potential)

Letl<p<o00,0<A<n, feLP Q) and0<e<p—1. 1Inthe
caseo = % the estimate

1800 <€ (1M + 37 U f Ires)  (8)

holds, where C does not depend on f and e.
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Sketch of the Proof

112 £(0)] < / dy = I (x) + Lo (x).

Ix—y|<r |X —

FASD] LSO
— 2 7 d + 7
J

ypr x—y|>r |x — y|—«
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Sketch of the Proof

112 £(0)] < / dy = I (x) + Lo (x).

Ix—y|<r |X —

FASD] LSO
— 2 7 d + 7
J

ypr x—y|>r |x — y|—«

0 dy (p—e)

1
(p—e)

k=0 p(p—e—T)

SC Y I xpgar+inlre@ /2kr §1+<n—x)g+xp

o0
_ _ae _f o
<Cr re ”f”Lﬁ—s.A(Q) Z 2 " pme,
k=0
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Morrey spaces

Theorem (Estimate for the Riesz potential of a function)

Lletl < p<o00,0<A<n, and f(x):= |x|A;n € L?X(B(0, R)). Then
1
Iz f(x) :lnﬁ as x —0
X

when o = =2,

S
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Lolr,,o)’A spaces

Definition (_Lowo)‘)t spaces)

1 gy 7= 50 s ey < oo )

1
1 ¥(q)
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Lf,,o)”\ spaces

Theorem (L?’)L spaces)

Let Q be a bounded open set, 0 < A < n, ¥ satisfy the conditions (3)
and be doubling: ¥ (2t) < Cy(t),t > 0. Then

LY Q) = LY (), (10)

up to equivalence of norms.
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Morrey spaces

Theorem (grand Morrey spaces)

Let Q2 be a bounded set,0 <o <n,0 <A <n,and p = % Then the
operator I3 is bounded from the classical Morrey space LPXM(Q) to

Lgo)(Q) with 6 = 1 and this choice of 6 is sharp.
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Morrey spaces

Theorem (grand Morrey spaces)

Let Q be a bounded set,0 <o <n,0< A <n,and p = % Then the
operator I3 is bounded from the classical Morrey space LPXM(Q) to
Lgo)(Q) with 6 = 1 and this choice of 6 is sharp.

Sharp in the sense that 13 : LPA s Lgo), is not trueif 6 < 1.
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Morrey spaces

Theorem (grand Morrey spaces)

Let Q be a bounded set,0 <o <n,0< A <n,and p = % Then the
operator I3 is bounded from the classical Morrey space LPXM(Q) to
Lgo)(Q) with 6 = 1 and this choice of 6 is sharp.

Sharp in the sense that 13 : LPA s Lgo), is not trueif 6 < 1.

The operator 1§ is also bounded [rom the grand space Lg)’A(Q) to the
space L?)(Q) withE =1+46.
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Morrey spaces

Theorem (grand Morrey spaces)

Let Q be a bounded set,0 <o <n,0< A <n,and p = % Then the
operator I3 is bounded from the classical Morrey space LPXM(Q) to
Lgo)(Q) with 6 = 1 and this choice of 6 is sharp.

Sharp in the sense that 1& : LP* — Lgo), is not trueif 6 < 1.
The operator 1§ is also bounded [rom the grand space Lg)’A(Q) to the

space L?)(Q) withE =1+46.

Jump:

Though L?*|,_¢ = LP, the above sharpness yields that the results for
LP?* does not turn into the result for L? by taking A = 0.
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Sketch of the Proof

o We minimize the right-hand side in the pointwise estimate for the

Riesz potential, yielding
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Sketch of the Proof

o We minimize the right-hand side in the pointwise estimate for the
Riesz potential, yielding

pP—€

1 £ < SMI TS v (11)
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Sketch of the Proof

o We minimize the right-hand side in the pointwise estimate for the
Riesz potential, yielding

pP—€

1 £ < SMI TS v (11)

1 _ 1 e 1
where ol e ey Wl

SIE

1
1 a e " < ¢ » N 12
[7 Qe.0) |I§2f(y)| y ~ ?”Mf”Lp—s,A(Q)”.f”Lp—s,)L(Q)' ( )
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Sketch of the Proof

o We minimize the right-hand side in the pointwise estimate for the
Riesz potential, yielding

pP—€

1 £ < SMI TS v (11)

1 _ 1 e 1
where ol e ey Wl

STE

1
1 a e " < ¢ » N 12
[7 Qe.0) |I§2f(y)| y ~ ?”Mf”Lp—s,A(Q)”.f”Lp—s,)L(Q)' ( )

sup

1
&l Lary <C  sup ) flireaey  (13)
q>p’+n ql+0 @ = @

0<e<p—1-§
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Morrey spaces

Theorem (grand Morrey spaces)

Under the assumptions of Theorem above, the operator 13 maps the
Morrey space LP*(2) into BMO(S2) N Lgo)(Q), 6 =1.
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Morrey type spaces

Definition (Morrey type spaces)

The Morrey type space LP>4*(Q) is defined as the set of measurable functions on € such
that

1
a q

I/ f°° 5[ o Ta ) veq. (14)
gA(oy = Sup — y y — 00, .
Lraer@ = tallo \rd Jaan r
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Definition (Lowo)’q’A spaces)

Let ¢ satisfy the conditions (3). By Lowo)’q’)L () we denote the space of
measurable functions such that

1
> ) 1flLraa(g)y < oo (15)

”f”LOO)c/A(Q) Sllp
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Theorem (Pointwise estimate for the Riesz potential)

Let 1 <p<oo,1Sq<oo,0<)k<n,fELP_S’q’A(Q),ana’
0<e<p—1.Inthecasea = %, the estimate

ed

IEf(x)| < C (r"‘Mf(x)+ Lr—p‘”fe ||f||Lp—s.q,»(m) (16)

holds, where C does not depend on f and e.
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Lolr,,o)’q')k spaces

Theorem (Riesz potential)

LetO<A<n 1<p<oo1<qg<oo, and

Jfp(x) = -
B(x = (lnﬁ)ﬂ
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Lolr,,o)’q')k spaces

Theorem (Riesz potential)

LetO<A<n 1<p<oo1<qg<oo, and

fp(x) =

Ix|"7" (1n ﬁ)ﬂ'

IfB > L then fg e LP4A(B(0,1/2)).
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Lolr,,o)’q')k spaces

Theorem (Riesz potential)

LetO<A<n 1<p<oo1<qg<oo, and

Jp(x) = —— 5
Ix|"7 (1n ﬁ)
IfB > L then fg e LP4A(B(0,1/2)).

1f$<,8<1,then

1515 ¢ | L3"(B0.1)2)

o<u<n

when9<1—,3+é.
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Lf,,o)’q'k spaces

Theorem (grand Morrey type spaces)

Letl<p<oo,1<g<o00,0<p<A<n 020 anda="=2 Then
the operator 1§ is bounded from the classical Morrey type space
LP9*(Q) to Lgo)’q’“(Q), where £ = 1.
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Lf,,o)’q'k spaces

Theorem (grand Morrey type spaces)

Letl<p<oo,1<g<oo,0<pu<A<n,0=0anda ="=2 Then
the operator 1§ is bounded from the classical Morrey type space
LP9*(Q) to Lgo)’q’”(Q), where £ = 1.

The operator 1§ is also bounded [rom the grand space Lg)’q’)t (R) to

the space Lgo)’q’“(Q), where & = 1+ 6. The choice of & in both cases is
sharp.
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